POSITIVE SOLUTIONS FOR FRACTIONAL DIFFERENTIAL
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ABSTRACT. In this paper, we investigate a class of nonlinear fractional differ-
ential equations that contain both the multi-term fractional integral boundary
condition and the multi-point boundary condition. By the Krasnoselskii fixed
point theorem we obtain the existence of at least one positive solution. Then we
obtain the existence of at least three positive solutions by the Legget-Williams
fixed point. Examples are given to illustrate our main results.

1. INTRODUCTION

Differential equations of fractional order is one of the fast growing area of research
in the field of mathematics and have recently been proved to be valuable tools in
the modeling of many phenomena in various fields of science and engineering. In-
deed, one can find numerous applications of fractional order differential equations in
viscoelasticity, electro-chemistry, control theory, movement through porous media,
electromagnetics, and signal processing of wireless communication system, etc (see
[6] [7, @9, 10} [16], 20, 2T, 23] 27, 28]). Now, there are many papers dealing with the
problem for different kinds of boundary value conditions such as multi-point bound-
ary condition (see [T}, 12], 13, T4 [T9] 22} 28] 29]), integral boundary condition (see
[2, [, 51 [8l, 151 [30L B1]), and many other boundary conditions (see [3} 111 18] 29, [33]).

In this paper, we are dedicated to considering fractional differential equations
that contain both the multi-term fractional integral boundary condition and the
multi-point boundary condition:

{ Diu(t)+ f(t,u(t) =0, 1<q¢g<2,0<t<l,

w(0) =0, u(l)=3" a;(IPu) () + 3%, Biu (&),
where D? is the standard Riemann-Liouville fractional derivative of order ¢, IP¢ is
the Riemann-Liouville fractional integral of order p; > 0, ¢ =1,2,....m, 0 < & <
Eo < o <& <1, f:]0,1] Xx[0,00) = [0,00) and «;, B; > 0 with ¢ = 1,2,...,m,

pitg—1

are real constants such that ' (¢) >_1", % +>0 ﬁigg_l <L

Zhou and Jiang [34] considered the fractional boundary value problem
{ Dgiu(t) + f(t,u(t) =0, 0 <f3< 1,
u'(0) = Bu(€) = 0, w' (1) + 325" yiu (1) = 0
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where « is a real number with 1 < <2, 0<8<1, 0<% <1, i=1,2,....m—
3,0 <8< <m < ... <3 <1, Dg, is the Caputo’s derivative. The
authors used the fixed point index theory and Krein-Rutman theorem to obtain
the existence results.

Ji et al. [26] investigated the existence and multiplicity results of positive solu-
tions for the following boundary value problem:

{Dgﬁru(t)—i—f(t u (), D0+u()):07 0<t<1,
w(0)=0, “w(l)+ D (1) = ku () + 1D, u(n),

where D, is the Riemann-Liouville fractional derivative of order 1 < a < 2,
0<B<1L&ne(01),0<pu<l,1<a-B 1<a—p 1—n "1 and
f:10,1] x [0, 400) X (—00, +00) — [0, 4+00) is continuous. They used the Leggett-
Williams fixed point theorem to obtain the existence and multiplicity results of
positive solutions.

Wang et al. [32] considered the following boundary value problem

Dou (t) + f (t,u(t)) =0, te]0,1],
u®(0)=0, i=0,1,2,....n—2,
u(l) =73 712[31]01 d5+21 1 'Yz u (i),

where D7 represents the standard Riemann-Liouville fractional derivative of order
o satisfying n — 1 < ¢ < n with n > 3. The authors used Krasnoselkii’s fixed
point theorem, Schauder type fixed point theorem, Banach’s contraction mapping
principle and nonlinear alternative for single-valued maps to obtain the existence
results.

Inspired from the above works, in this paper, we establish the existence and
multiplicity of positive solutions of the boundary value problem . Our paper
is organized as follows. After this section, some definitions and lemmas will be
established in Section 2. In Section 3, we give our main results in Theorems [2.10)
and Finally, in Section 4, as applications, some examples are presented to
illustrate our main results.

2. PRELIMINARIES

In this section, we introduce some notations and definitions of fractional calculus
, which can be found in [I6], 24, 28]. We also state two fixed-point theorems due to
Guo—Krasnosel’skii and Leggett—Williams.

Definition 2.1. The Riemann-Liouville fractional integral of order o > 0 for a
function f: (0,+00) — R is defined as

18 £ (1) = ﬁ / (t— 9)*  (s) ds,

provided the right side is pointwise defined on (0,+00) where I' () is the Gamma
function.

Definition 2.2. The Riemann-Liouville fractional derivative order o > 0 of a
continuous function u : (0,00) = R is defined by

O e (jt) / (= s () ds,
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where n = [o] + 1, [a] denotes the integer part of number «, provided that the
right side is pointwise defined on (0,00).

Lemma 2.3. (i) Ifu € L?(0,1), 1 <p < 400, 8> a > 0, then I(‘)"+Ig+u(t) =
Ig‘fﬁu(t).

(it) If o > 0 and v € (—1,+00), then I§;t7 = %t”‘*'y.

Lemma 2.4. Let o > 0 and for any y € L' (0,1). Then, the general solution of
the fractional differential equation DS, u(t) +y(t) =0, 0 <t <1 is given by
t
u(t) = oy / (t— )"y (s)ds + crt®t + ot 2 o et ",
0
where ¢y, C1, ..., Cn_1 are Teal constants and n = [a] + 1.

Definition 2.5. Let E be a real Banach space. A monempty convex closed set
K C E is said to be a cone provided that

(i) au € K for allu € K and all a > 0, and

(i1) u, —u € K implies u = 0.

Definition 2.6. The map « is defined as a nonnegative continuous concave func-
tional on a cone K of a real Banach space E provided that o : K — [0,400) is
continuous and

altz+ 1=ty >ta(z)+ (1 —t)a(y)
forallz,y € K and 0 <t < 1.

+q—1

Lemma 2.7. Let A = 1-T(q) 3", % — Y BT >0, i, B 20,
pi >0,1=1,2,.m, and h € C[0,1]. The unique the solution v € AC'[0,1] of the
boundary value problem

Diu(t)+h(t)=0, te(0,1), qe(1,2] (2.1)

m

w(0) =0, w(l) =3 ai(I"u)(n)+_ P (&) (2.2)
is given by B -
1
u(t) = /0 G (t,s) h(s)ds, (2.3)

where G (t, s) is the Green’s function given by

a1 1&

G(ts) =gt i (n, i\ 8 2.4

(t,s) =g/(t,s) A;Fpﬁ—qgn 2 g (&, s) (2.4)
where

L fet1—s)t — (=5, 0<s<t<1

t - - _ ’ - - -7 25

g(t,s) p(q){tq—l(l_)ql, 0<t<s<1, 25
and

(2.6)



4 H. DJOURDEM, S. BENAICHA

Proof. By Lemma [2.4] the general solution for the above equation (2.1)) is

t
u(t) = ,%q) / (t— )7 h(s)ds+ et + cpt972,

0
where ¢1,co € R. The first condition of (2.2)) implies that ¢; = 0. Thus

u(t) = —ﬁ/(t—s)‘I*lh(s)ds+c1tq—1. (2.7)

0

Taking the Riemann-Liouville fractional integral of order p; > 0 for (2.7)) and using
Lemma [2.3] we get that

i _ ! (t— S)pFl q—1 *(s— 7")(#1
(1" u) (t)*/o TTo) (Cls */0 I‘(q)dr> h(s)ds

ty _ \Pi—l g1 tp_ o \Pi—l ps o g1
me [ g [P [T o) s
0 0 0

' (p:) I (p:) I'(q)
—¢ trita=IT (g) _ 1 ! _ Pt (6) ds
“ T T(pita) F(pi+Q)/(J(t ) h(s)ds.

The second condition of (2.2) yields

1 ! _galy, < e anpz-irq T (q)
@ gl 09 d‘lz

pz+q

- ; T (p?:_ q) /n (77 - S)pi+q_1 h (5) ds

m

+c Z Bielt — Z Bi / & — s) h(s) ds.
=1

Then, we have that
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Hence, the solution is

wl) =i [ = n s+ g / (1= 8" h(s) ds
ta—1 m a; n pitq1 t—l m i q 1
- ;I‘(pz—i—q)/ (n—s) h(s) Z; / h(s)ds
1 ! g—1 ! ! q—1
=~ /. (t —s) h(s)ds+r(q)/0 (1—=9)""h(s)ds
tqfl m «; pit+q—1 m q—1 q—1
+ {X;FZDZH Zﬁzﬁ }/ —8)" h(s)ds
_tq_l = Q; " _ )Pt () ds — ! ¢ ) & ) h(s)ds
< ;F(piJrq)/o (n—s) h(s)d Ar(q);&/() (& — )" h(s)d
1 =1 & Q; !
:/0 g(t.5)h(s)ds + — ;F(pi+q)/() gi (n,s)h(s)ds
g—1 ™ 1
e LY I LICEE

= G (t,s) h(s)ds.

Lemma 2.8. The Green’s function G (t, s) has the following properties:
P1) G(t,s) is continuous on [0,1] x [0, 1].
Py) G(t,8) >0 forall0 <s,t < 1.

(

( m

(P3) G (t,s) <maxg<i<1 G(t,8) < g(s,s) (1 + M) + 30t ATpFg I (1, 5)
(

(

1 T’Ll B T m-%—q 1 i _
Py) [y maxo<e<i G (¢, s)ds < (1 + Zig b ) O+ T Sl (qu(rgi(iq;]))

. -1 m Bi(&] g )nrt
Py) mingerer G (ts) 2 S0, 8 g () +(g — 1) S, 2SI g (s, 6)

for s €0,1].
Proof. Tt is easy to check that (P;) holds. To prove (P,), we will show that g (¢,s) >
0 and g; (n,8) > 0,4 =1,2,....m, for all 0 < s,t < 1. For t < s, it is clear that

G (t,s) > 0, we only need to prove the case s < t.
Then

g(tvs) = F( ) [tqil (1 - S)q—l _ (t _ S)q—l]
[(t — ts)q_l _ (t _ S)q—l}

> o[-t = -9 =0
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For 0 < s <7 <1, we have

gi (n,8) = 77pi+q_1 (1- s)q*1 —(n— S)Pi+Q*1
= npi (77 _ ns)Q*l - (77 B S)pi+q71
>qpPtin—s)T = (n—s)Pte?

== (P = (n—s)™)
> 0.

When 0 < < s <1, g;(n,s) =nit9 (1 —5)?" > 0. Therefore, g; (n,s) > 0,
1=1,2,..,mforall 0 <s<1
Now, we prove (P3). For a given s € [0,1], when 0 < s <t <1

T(q)g(ts)=t""(1—s)"" —(t—s)""

and thus

T(q)79(ts) = (g1t (1 =) —(¢g—1)(t—s5)""
(q=1)(t—ts) "2 (1—5) = (g —1) (t—5)"
(@=1) (=) (1—s) = (g—1)(t—9)""
—s(qg—1)(t—s)T7.

IN

Hence, g (t,s) is decreasing with respect to t. Then we have g (t,s) < g (s,s) for
0<s<t<1l. For0<t<s<l1

D(@) o (ts) = (g~ D12 (-5 20,

which means that g (¢, s) is increasing with respect to t. Thus g (¢,s) < g (s,s) for
0 <t <s<1. Therefore g (t,s) < g(s,s) for 0 <s,t <1
From the above analysis, we have for 0 < s < 1 that

< =
G(t,s) < fax, G (t,s) [nax (g (t,s)

-1 m
t? 1 (673

+
A I'(pi+gq

=1
S B\ N~
< i= E ; .
= g (8? S) (1 + A + — AF (pl + q) g’L (n? S)

)gi (n,8) + % Zﬂvﬁg (&, 5))
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To prove (Py), by direct integration, we have

i=1

- (14 B [,
" i o / P s ds

- 2 m (/On [77“*’1‘1 1-s)"' = (- S)mq_l} ds)

_ i B T(g) ot (g (1—n)
_<1+ A )F(QQ)+i_1AF(Pi+Q)< q(pi+4q) )

1 1
max G (t,s)ds < /
o 0<t<1 0

Now, we shall prove (Ps).
Firstly, let k1 (&;,8) = % for0<s< & <1,i=1,2,...,m, then we get

(q—1) [ 29 %da

R U A it
k1 (gza ) sa—1 (1 B S)qfl ga—1 (]_ . s)q,1

Since the function z — 292 is continuous and decreasing on [¢; — s, & (1 — s)],
we have
(q=1) (& (1—9)""[& (1—s) = (& — )]
i) = PRI
(- D21 —9)""s(1-¢)

s0-1(1— )7 !

> (- (1-6)s

Let ks (&,5) = % for0< & <s<1,i=1,2,...,m, then we get

gt gt ] 1
k2(§i75)2827_1 > 827_2253_ ST (-1 (1-&)s

Therefore, we have
9(€9) = (a=Vsglss) (&7 —€) for O<s&<l  (28)

Furthermore, the inequality in (2.8)) is satisfied for s € {0,1}. Hence

g (&,8) > (q—1)sg(s,s) (ff_l — ff) for 0<s,& <1 (2.9)
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Secondly, from g (t,s) >0, g; (n,8) > 0,i=1,2,...,m and from (2.9, we have

. . ti—t & (%
Juin G (t,s) = min (g(t,SH % s 9 (0, )
tq_l m
+T25i9(5i75)
=1
ta—t i o,
> i i )
> win g (ts) + min —¢ 2 Tt (n,5)
-
+nr£t121 A Z;ﬂig(&,s)
m m . q-1 _ 9 g—1
a1 G (& =€)
> —q;(n,s)+(¢g—1 sg(s,s
_;Ap(pﬁq)g (n,) + (g ); A 9(s,s)
for 0 < s < 1. This completes the proof. O

Let £ = C ([0,1],R) be the Banach space of all continuous functions defined on
[0,1] that are mapped into R with the norm defined as [lu| = sup;¢po ) [u ()] If
u € E satisfies the problem and u (t) > 0 for any ¢ € [0,1], then u is called
a nonnegative solution of the problem . If u is a nonnegative solution of the
problem with |lul| > 0, then w is called a positive solution of the problem
(1.1). Define the cone K € E by

K={ueFE: u(t)>0},

and the operator A : K — E by

Au(t) = /0 Gt s) f (s,u(s)) ds. (2.10)

In view of Lemma the nonnegative solutions of problem (L.1)) are given by the
operator equation u (t) = Au (t)

Lemma 2.9. Suppose that f :[0,1] x [0,00) — [0,00) is continuous. The operator
A: K — K is completely continuous.

Proof. Since G (t,s) > 0 for s,t € [0, 1], we have Au (t) > 0 for all u € K. Therefore,
A:K— K.
For a constant R > 0, we define 2 = {u € K : |Ju|| < R}.

Let

L= tu)l. 2.11
Ogt;ggg@w,un (2.11)
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Then, for u € Q, from Lemma 2.8 we have

A (1)) = / Gt s) f (s,u(s)) ds

<L/ G(t,s)
gL/O <g<s ) <1+Zgﬁ’) +Zml)gi<ms>> ds

< (10 ) Tl S g ()

(2.12)

Hence, ||Au|| < M, and so A () is uniformly bounded. Now, we shall show that
A (Q) is equicontinuous. For u € Q, t1,ts € [0,1], t1 < ta, we have

A (t2) = Au(t)] < L |16 (t2,9) = G (0. ds.

where L is defined by (2.11)). Since G (¢, s) is continuous on [0, 1] x [0, 1], therefore
G (t, s) is uniformly continuous on [0, 1] x [0, 1]. Hence, for any € > 0, there exists
a positive constant

5— 1|l (g) 1
T 2| L aigrita=l (pi+q(1-n) T(q) X0, Bi
q +ZZ 1 Ag(zn-&-q) ( q(pitq) >+ Tq) B

whenever |ty — t1| < §, we have the following two cases.

Casel. § <t <ty<1
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Therefore,

1
\Au<t2>fAu<t1>|§L/0 G (t2,5) — G (11, 5)|ds
:L{/OlG(tg,s) (t1,s )\ds+/t'2 (G (12, 5) — G (11, )| ds
1
Jr/t |G (ta2, 8) — G (t1, )|ds}

< <tg_1_t(11_1)L/01(1—5)q1ds+ (tg il 1)L/ i: 1. 5) ds

I'(q) 0

(tg’l — tifl) L

A

— (g -4z

_ (tgilittllfl)L 1—’— m ainpi+Q*1 (pﬂ—q(l—n)) N F(q) 22152]
I'(q) ¢ “AT(pit+q) \ q(pit+aq) I'(2g) A

. (¢g—1)671L l;+ M qpital (pi+q(1—n)> N T (q) Z;’;lﬂl}

1
/Bi/o g(S,,S)dS

amPitet (pi4+q(1—n) I'(q) Z:,ilﬁz
+ZAF pﬁq( q(pi +q) >+F(2q) A }

KMS

—

1=

I'(q) — AT'(pi+a) \ a(pi+aq) I'(2q) A
<€

Case2. 0<t; <1, ta <26
Hence

\AU(tz)—Au(tl)ISL/O G (t2,5) — G (t1, 5)| ds

(t%‘l - t’f_l) L

ST T

LR T i (pﬂrq(l—n)) L L@ Zl’llﬂi]
¢ —HAUpi+a \ qlpitq) I'(29) A

2 amP T (pitq(l—n)\ | T(g) 32, 6
q+i:1AF(pi+ )( qa(pi +4q) )+F(2q) A ]

1, ittt (pﬁq(l—n)) A0 Zﬁlﬁi]
¢ S A(pi+a) \ qa(pi+q) I'(2g) A

tr
=T

(26) 'L
=TT

= €.

Thus, A (Q) is equicontinuous. In view of the Arzela-Ascoli theorem, we have that

A(Q) is compact, which means A : I — K is a completely continuous operator.
This completes the proof. (I

Theorem 2.10. [10] Let E be a Banach space, and let K € E be a cone. Assume
that 1, Q9 are open subsets of E with 0 € Q1, Q1 C Qo, and let T : KN (QQ \ Ql) —
K be a compeletely continuous operator such that:
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(i) | Tu|| > |lu|l, v € KNI, and |[Tu|| < ||ul|, v € KN OQs; or

(i) [|[Tul] < ||ull, w € KN U, and ||Tul| > [Jull, u € KN OQ:.
Then T has a fized point KN (Qg \ Ql).

Theorem 2.11. [I7] Let K be a cone in the real Banach space E and ¢ > 0 be a
constant. Assume that there exists a concave nonnegative continuous functional 0
on K with 6§ (u) < ||ul| for allu € K.. Let A: K. — K. be a completely continuous
operator. Suppose that there exist constants 0 < a < b < d < ¢ such that the
following conditions hold:

(i) {u e K(0,b,d): 6(u)>0b}#0 and 6 (Au) > b for u € K(0,b,d);

(i) [ Aull < a for ||ull < a;

(iii) 0 (Au) > b for u € K (0,b,c) with ||Au| > d.

Then A has at least three fized points ui, us and uz in KC. such that

luil] < a, b <0 (uz), a < ||us|| with 6 (us) < b.

Remark 2.12. If there holds d = ¢, then condition (i) implies condition (iii) of
Theorem [2.111

3. MAIN RESULTS

In this section, in order to establish some results of existence and multiplicity
of positive solutions for BVP (1.1]), we will impose growth conditions on f which

allow us to apply Theorems and

For convenience, we denote

a2 (it q(1-0) O Clts) KA R
Ay = Oéznp+ (pz+q( 77) 1 q
VAT (i) \ apita) +(q )i:Zl A “T(2q+ 1)

Zyilﬂz) T(q) | ~~ aippite? <pz'+(I(1—77)>
A JT(2q) < Al(pi+a \ qpi+q)

n G (67— €)= (1= )T (g + 1)
AT (2q + 1)

e (i

m amm+2(q—1) (1— 77)q
As = +(g—1
8= 2 AT (pi +q) q (@=1)

i=1 i=1

Theorem 3.1. Let f : [0,1] X [0,00) — [0,00) be a continuous function. Assume
that there exist constants ro > r1 > 0, My € (Afl,oo) and My € (O,A;l) such
that:

(Hy) f(t,u) > Myry, for (t,u) € [0,1] x [0,r1];

(Hs) f(t,u) < Mars, for (t,u) € [0,1] x [0, r2].

Then boundary value problem has at least one positive solution u such that
1 < flull < 7o.

o O

Proof. From Lemma [2.9] the operator A : K — K is completely continuous. We
divide the rest of the proof into two steps.
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Step 1. Let Qy = {u € E: |Ju|]| <ri}, then for any u € X N Qq, we have 0 <
u(t) <ry forall t € [0,1]. From (Hy), it follows for ¢ € [n, 1] that

t):/o Gt s) f (s,u(s)) ds

> min G (t,s) f (s,u(s))ds

— Jo n<t<a

m m . qg—1 _ ¢ q—1 1

o 77‘1 1 1 ﬂl (61 gz) n

> My ZAF oD /gv:(m )ds+(q— 1)) X s (s,s)ds
=1 i=1

m . _ m . fl—l _ ¢4 -1
= My a2y (pﬁq(l—n)) +(q—1)zﬁ’ G L o Ll+1)
< Al'(pi+q) \ q(pi+a)

zr = [ul,

which means that
|Au|| > |lul|  forue KNoQ. (3.1)
Step 2. Let Qy = {u€ E: |lul]| <rg}, then for any u € K N 9Qs, we have

0 <wul(t) <rgforallte|0,1]. It follows from (Hz) that for ¢ € [0, 1],
1
t) = / G (t,s) f(s,u(s))ds
0
22’1151) I (q) Pt (pﬁq(l—n))
<M2T2{(1+ A )T (2 EAF Pit+a) \ a(pit+q

<ry = |luf,

which means that

|Au|| < |lul| for any u € KN ON,. (3.2)
By (i) of Theorem [2.10] we get that A has a fixed point u in K w1th r1 < Jul| < rq,
which is also a positive solution of boundary value problem ({1 O

Theorem 3.2. Let f: [0,1] x [0,00) — [0,00) be a continuous function. Suppose
that there exist constants 0 < a < b < ¢ such that the following assumptions hold:
(H3) f (t,u) < Ay'a for (t,u) €[0,1] x [0,a];

(Hy) f(t,u) > A3'b for (t,u) € [n,1] x [b,c];

(Hs) f (t,u) < Ay'e for (t,u) € [0,1] x [0,].

Then boundary value problem has at least one monnegative solution u; and
two positive solutions us, ug in K, with

luill <a, b< nréltlgl ug (t)and a < |lug|| with nréltlgl us (t) < b.
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Proof. We show that all the conditions of Theorem are satisfied.

If u € K., then |ju|| < c¢. Condition (Hs) implies f (t,u (t)) < Ay e for ¢ € [0,1].
Consequently,

) :/O Gt s) f (5,u(s)) ds

Lo i ~ ai” T pitg(l-m)
<1+ ) s, 8 +ZAI‘ (pi + ( q(pi +q) )gz(n,s)]ds

— ATl > i Bi (q) Pt (g4 q(1— )
= A; {<1+ A )F(QQ)+i_1AF(pi+Q)< q(pi +4q) >}

)

which implies || Au|| < ¢. Hence, A : K. — K, is completely continuous.

If u € K,, then (Hs) yields

i <az [ |(1+ “ﬂ’)g<s7s>+§mgmgi<n,s>

A1 S8\ T(g) N Pt g 4q(1— )
=4 a{<1+ A >T(2q +i_1AF(pi+q)< q(pi +9q) )}

= a.

ds

Thus ||Aul|| < a. Therefore, condition (i¢) of Theorem holds.

Define a concave nonnegative continuous functional 6 on IC by 6 (u) = min, << |u (t)].
To check condition (i) of Theorem we choose u (t) = &€ for t € [0,1]. It is
easy to see that u(t) € K (6,b,c) and 0 (u) = 0 (%£¢) > b, which means that
{K (8,b,c):0(u) > b} # 0. Hence, if u € K (6,b,¢), then b <u (¢) < cfort € [n,1].
From assumption (Hy), we have

0(Au) = min |(Au)(?)]

> min G (t,s) f (s,u(s))ds

n n<t<1
m q—1 1 m ﬁz (621—1 _ fz) UQ*l 1
>A1b L/ i (n,8)ds+ (g —1 s,8)ds
ZMpﬁq)ng(n) @Dy X 969
SYVLTR S Pl Gk 1 Z@ (& —€Hn (L=n)*"T(q+1)
Py ATita)g AT (20 +1)
=b.

Thus 6 (Au) > b for all w € K (0,b,¢). This shows that condition (i) of Theorem
211l is also satisfied.
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By Theorem and Remark boundary value problem (1.1) has at least

one nonnegative solution u; and two positive solutions us, ug, which satisfy

lui]] < a, b < 77rgntlg1 lug ()]  a < ||lus]| w@thnréltlgl |u (t)] < b.
The proof is complete. ([

4. EXAMPLES

4.1. Example. Consider the fractional differential equations with boundary value
as follows:

D3u(t)+ f(tu(t) =0, 0<t<l,

w(0)=0

w() =2 (L) (3) + 4 (1Fu) (1) + £ () (3) + Su(3) + Hu () +hu(d)
(4.1)
where
u(l—u?)+4(1+32t),0<t<1;0<u<13
F(tu) 4(1+3t) el +sin®(r(1—2), 0<t<1;1<u<20
4 ’ =v =4 = >~

Setm:?)aﬂz%aq:%,0!1:27042:%7043:%7131:%472:%,]73:%,

51:%7ﬂ2:%,ﬁ3:%,§1:%,é_2:%andg?;:%

-+

Consequently, we ca

=

ge
m ampﬁqfl B
—~ T'(pi+4q)

Then, by direct calculations, we can obtain that

—1 _

™ 2= [ p g (1= ) m_ B (53 _ 5?) T

Ay = +@-1) x ~ 0.45478
~ AT'(pi+q) \ q(pi+a) Pt A T (2q+1)

moog. m pitg—1 ) _
Ay = (1 T 2221 Bz) r (q) ;1) <pz +4q (1 77)) ~ 2.63219.
A JI(2q) = Al(pi+a \ qlpitq)
Choose 11 = 1, 19 = 20, M; = 3 and My = 0.35, f (t,u) satisfies
f(t7u)2423:M1T17 V(t,U)E[O,l]X[O,l]

Z Bl ~ 0.265299.

=1

A=1-T(q)

and

ft,u) <6.5<7= Mayry V(t,u) €]0,1] x [1,20]
Thus, (H;) and (Hz) hold. By Theorem 3.1} we have that boundary value problem
(4.1) has at least one positive solution u such that 1 < [Ju| < 20.

4.2. Example. Consider the following boundary value problem:
D3u(t)+ f(tu(t)=0, 0<t<l,

u(0)=0
w() = ¢ (rhu) (3) +5 (1) (1) + 4 (1) ) + 3o () + e (D) + Fu ().
(4.2)
where
u(3—u)+ 3 (12 +2), 0<t<1,0<u<3,
f(t,u) i(t2+2)cosz(%’ru)+75(%—u)2, 0<t<1, 2<u<3,
+ (2 4+ 677) +sin® (u — &) m, 0<t<1, 5 <u<oco.
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Setm=3n=g¢g=3 a1 =g 0=7303=71p1 =5 P2=73 D3=3,
ﬂlzévﬁQ 5753_7751:%752:iand53:%
Consequently, we can get
m 1
amPita— 1
A=1-T 7% 2 0.689554.
(q); Tt 2615

Then, by direct calculations, we can obtain that

D 51) L(g) -~ aito! (pH'Q(l—??))
Ay = ~ 0,89554
’ ( A )T " ~ AT (pi+a) \ a(pi+4q) 8904

n i (67— €)= (1= )T (g + 1)
AT (2¢+1)

m Pit+2(g—1) 1—n)?
I A=n) o ~ 0, 030807085.

& Al +9)q

Choose a = %, b= % and ¢ = 42.5, then f (¢,u) satisfies

=1

45 3
f(tu) < o7 < 077063113 ~ Ata, Y(tu)€[0,1] x [o, 4} ,

43329 1 1 3
> oo ~ - 2 42.
ftu) > 1004 > 39.4002257 = A5 b, V(t,u) € {87 1} X [2,42 5]

and
47
Fltu) < % < 43,6690972 ~ Aye, V(tu) € [0,1] x [0,42.5].

Thus, (Hs), (Hy4) and (Hs) hold. By Theorem we have that boundary value

problem (4.2)) has at least one nonnegative solution u; and two positive solutions us,

ug such that [lu[| < 2, 3 < mini ¢,<; u2 (t) and a < |Jug|| withminy <<, uz () < 3.
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