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Abstract. In the present paper we propose a new generalization of
Széasz-Mirakjan-type operators. We discuss their weighted convergence
and rate of convergence via weighted modulus of continuity. We also
give an asymptotic estimate through Voronovskaja type result for these
operators.
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1. INTRODUCTION

Rempulska [7] et al. introduced the following operators of Szdsz-
Mirakjan type

n

Lo(fix) = gpn,k<x>f (%) (1)

where
1 (na)*
n = , ke Ny =NUA{0 1.2
Po(2) coshnz (2k)! € Mo {0} (12)
where f € Cp and Cp is the space of real-valued functions uniformly
continuous and bounded on Rt = [0, 00) and the norm in Cp is given

as

Il = sup [f(x)|

zeRT

In [8, 9] a Voronovskaja-type theorem was proved for these operators.
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In 2014, Aral et al. [1] introduced a very interesting generalization
of the Szasz-Mirakjan operators [10] using a function p as

sitfin) =S (rop) (5) AP )

where the function p satisfies following properties
(p1) p is continuously differentiable on R¥,

(p2) p(0) =0, inf p'(z) 2 1.
We propose a similar generalization of the operators (|1.1)) as follows

1 = 1 (2K (np(z))*
Li(f;x) = mkz:o(fop ) (W) % (1.5)

where z € RT,n € Nk € Ny = NU {0} and function p satisfies
conditions (p1) and (ps).
We see that these new operators are positive linear operators. For

p(x) = x, these operators (1.5) reduce to the operators ((1.1). Also
from conditions (p;) and (py) we can draw out that

(i) lim p(z) = 00

z€RT
(ii) |t — z| < |p(t) — p(x)| for all z,t € RT

In this paper we study some approximation properties of these new
operators. Firstly we prove a theorem for the weighted convergence
of LP f to f with the help of a weighted Korovkin-type theorem [3, [4].
Then we determine an estimate of the rate of the weighted convergence
using weighted modulus of continuity defined in [5]. At the end we
prove a Voronovskaja type result for these new operators.

2. WEIGHTED CONVERGENCE OF LA(f;x)

From the definition of the operators L? one can easily derive the
following results.

Lemma 2.1. For the operators defined in (1.5)) we have
LA (1;2) =1
Ly (p; x) =p(z) tanh(np(z))
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246% ) =) + P2 tanb(np() (23)
L4('s2) =0 (@) tan(p(e)) + 2 4 2 @) (2.)

L2 (p*; ) =p*(z) + 6'0;@) tanh(np(z)) + 7pjff) + % tanh(np(z))

(2.5)
Lemma 2.2. For the operators defined in we have
Ly (p(t) — p(x); x) =p(z)(tanh(np(z)) — 1)

() = p(o) i) = (200) - #) (1~ tanh(np(z))) + 2
L2((p(0) = p(o))'s0) = (se) = 22120 4 0 2D (1 (o

32) | pla)

+
n? n3

Now we give a very useful lemma.

Lemma 2.3. For the operators defined in (1.5) we have
lim nLy(p(t) — p(x);x) =0

Tim nLf((p(t) — p(2))* 2) = p(x)

Proof. From Lemma
nLy(p(t) — p(x); x) =np(z)(tanh(np(z)) — 1)

_ —2np(x)
_QQTLP(I) +1

Thus
lim nLy(p(t) — p(x); x) =0

n—oo

Again from Lemma
nLE((p(t) — ()% ) = (2p<:c> - 1) nple)(1 — tanh(np(x))) + p(x)

n

~ (200 3) (a7 ) + ot
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thus we have
lim nLf((p(t) — p(x))*; ) = p(x)

n—oo

O

We prove the convergence theorem using weighted Korovkin type
theorem. Korovkin’s theorem [6] was extended to unbounded intervals
and a weighted Korovkin type theorem in a subspace of continuous
functions on the real axis R was proved in [3|[4]. It was shown that the
test functions 1,, 22 of original Korovkin’s theorem can be replaced
by 1, p, p> under certain additional conditions on the function p. We
recall some notations and results given in [1], 3, 4].

Let p(x) = 1+ p%(z), where p satisfies conditions (p;) and (ps). Thus
we see that p is continuous and strictly increasing function on positive
real axis. We will consider following weighted space:

B,(R") ={f:R" = R| [f(z)| < Msp(z),x € R"}

where M/ is positive constant depending only on f. B,(R%) is a
normed space with the norm

@)
171l = sup 5

zERT

We denote the subspace of all continuous function in B, (R™) by C,,(R™).
CE(R™) denotes the subspace of all functions f € C,(R¥) with the
property

VLG

=00 (p(z)
where k; is a constant depending on f. U,(R™) be the subspace of
all functions f in C,(R™) such that % is uniformly continuous. Then
obviously

CERY) C Uy(RT) C Cy(RT) C By(RY)

Lemma 2.4 ([3,4]). The linear positive operators L,,n > 1, act from
Co(RT) to B,(RY) if and only if

| Ln(p;2)| < Ko(2)
where x € RY | ¢(x) is the weight function and K is a positive constant.

Theorem 2.5 ([3, 4]). Let (L,),>1 be the sequence of positive linear
operators which act from C,(RY) to B,(R") satisfying the conditions

lim ||L,(p") — p'l], =0,i=0,1,2
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then for any function f € C’;(R*)
tim [|Lu(f) — fll, = 0.
Lemma 2.6. The linear positive operators Lf,n € N, act from C,(R™)
to B,(R") where (x) = 1+ p*(x) is the weight function.
Proof. In view of and we see that operators L?, n € N satisty
the condition of the lemma 2.4l Thus the result follows. 0
In [§] the following inequality was proved
0 < 2"(1 —tanh(nx)) <2'""rln™",n,r € N, and x > 0
Similarly for p(x) satisfying p; and py and n,r € N we can get the
following inequality
0 < p"(x)(1 — tanh(np(z)) < 2""rin™" (2.6)
Now we prove the convergence theorem for the operators (L?).

Theorem 2.7. Let (L),en be the sequence of linear positive operators
defined by (1.5)). Then for any f € C:;(]RJF) we have

Jim [|Z(f) ~ fll, = 0.

Proof. Using theorem we see that in order to prove the theorem, it
is sufficient to prove the following three conditions

Tim |[L7(p") = p"[lp = 0,0 = 0,1,2.
Now from ([2.1)) we have
Jim [|L(1) = 1], = 0
From we get
122000 = sl < sup 250 (1 = tanb(np(o)
S0 using for r = 1 we have
1

I[Lo(p) — plle < -

This leads to
Tim [[L7(p) = pllp =0
Again from ([2.3))
Lo(p?) — p* =22 (@)
n

:$ — ?(1 — tanh(np(z)))

tanh(np(x))
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thus

125,(0*) = P*lle stelJle [n(l i(zz(x)) + i i(iz(x)) (1-— tanh(np(x)))]

and using ([2.6) we get

1 1 2
L2 (p?) — p? <[— —}:— 2.7
1Ln(p7) =Ml <| -+ ] = = (2.7)
so we have
Tim L5 (p*) = p*ll, = 0
This completes the proof. 0

3. RATE OF CONVERGENCE VIA WEIGHTED MODULUS OF
CONTINUITY

In this section we compute the rate of convergence of the operators
defined in in terms of weighted modulus of continuity. In [5]
Holhog defined for all f € C,(R™) and for every ¢ > 0, the weighted
modulus of continuity as

/() — f(=z)|
) = e S S
wp(f? ) z€R+,|pS(glzp(m)|§6 Qp(t) + 90(37)

We see that w,(f,0) =0 for all f € C,(R") and also that w,(f,0) is a
nonnegative and nondecreasing function with respect to 6. The prop-
erties of weighted modulus of continuity were discussed in [5]. The
following results were given by Holhos [5].

Lemma 3.1 ([5]). For every f € U,(RT) , (lsin(l)wp(f’ 5) =0.

Theorem 3.2 ([5]). Let (L,)n>1 be a sequence of linear positive
operators acting from Cy,(RT) to B,(RT) with

1Za(6") = Pllo =a

1 Ln(p) = pll 3y =bn

1La(p?) = [l g =cn

1Ln(p") = P°l] g =dln
where ay, by, ¢, and d,, tend to zero as n goes to infinity. Then

1 Ln(f) = Fll g < (7 + dan + 2¢n)w, (£, 00) + [[ fll pan
for all f € C,(RY) where

6n = 2/ (an + 2b, + ) (1 + ay) + an + 3b, + 3¢, + .
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Theorem 3.3. For all f € C,(RY), we have

220) =l < (742 )l 8

where
4 15

- Vn T
Proof. From (2.1)) and ({2.2]) we see that
|1 Za(p°) = p°ll0 = an = 0

plx)
by =||Ln(p) — pl| 1 < sup ——=—=(1 — tanh(np(z
1L () = pll sup 1+/)2(56)( (np(x))
and using ([2.6) we get

b = ||Ln(p) — pl|
From ([2.7) we have
Cn = HLn(p2) - PQHSZJ <
Again from ([2.4)) we obtain
_ 3 3
o =I1La(6Y) — 1]

= Su ; 3 X ) tann{nplxr — xXr 3p2(x)

= s ) () — ) +
+ %tanh(np(a:)))

< sup ———[3(@)(1 — tanh(np(@)) + 2 (1 — tanh(np(2)))
zert (14 p?(x))2 n

3p%(x x

L) oto)
n n

1 1 3 N 1

n n?> n n?

using (2.6) and by the fact that n—lz < % we obtain

6

_ 3 3

dn =[|La(p”) = p7ll 3 = —

Thus we see that a,, b,, ¢, and d, tend to zero as n goes to infinity. So
on applying theorem [3.2] we get

4
1L6(F) = Fl g < (7+ = )wnlfs00)
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where
P T
"/n o on

This completes the proof. U

Remark 3.4. We see from Theorem[3.3 that as n — 00,0, — 0. Thus
using lemma |3. 1| we have

lim [|Z6(f) — 1| 3 =0

n— o0 »

for every f € Uy(RT).

4. VORONOVSKAJA TYPE THEOREM

Now we give a Voronovskaja-type result using the technique of Cardenas-
Morales et al. [2].

Theorem 4.1. Let f € C,(RY),z € RT and suppose that the first and
second derivatives of fo p~t exist at p(x) . If the second derivative of
fop~tis bounded on R*, then we have

lim n[22(f;2) — F@) = P (f 0 p YV (pla)

n—oo 2

Proof. By the Taylor expansion of f o p~! at the point p(z) € R* |
there exists £ lying between x and ¢ such that

F@) =(fop™)(p(t)) = (f o p™)p(x)) + (f o p) (p(2))(p(t) = p(x))
+ %(f o p~ 1) (p(x))(p(t) — p(x))? + h(t; x)(p(t) — p(2))?,
where

sy - L2 0l0) = (f ™) (p(a)
’ 2
On applying the operator
nlLy(fiz) — f()]
=(f o p™ ) (p(x))nLi(p(t) — p(z);7) + %(f o p~ ) (p(x))nLs((p(t) — pl(x))*; 2)
T LA (h(t2) (1) — p(a))% ) (4:2)
Now using Lemma in we get

lim n[L7(f;2) — f(z)] = @(f op~!)"(p(x)) + lim nLy(h(t;z)(p(t) — p(2))* @)

(4.1)

n—oo 2 n— oo
(4.3)
From the hypothesis of the theorem we have |h(t;z)| < M and
limh(t;z) =0

t—zx
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Thus, for any € > 0 there exist a ¢ > 0 such that
|h(t;z)| < e for|t—az| <6
But from the condition (py) we have
1t — 2] < |o(t) — p(a)
Therefore if |p(t) — p(x)| < J then

[A(t; 2)(p(t) — p(x))?] < e(p(t) — pl))*

and if
o(t) = pla)] > 6
then v
|h(t; ) (p(t) — p())?] < 52 (p(t) = p(z))*
Hence

Ly (h(t; ) (p(t) —p())*; 2) < Lo ((p(t)—p(x))*; x)+%LZ((p(t)—p(l’))4; x)

From Lemma 2.2 we see that

LE((p(t) = plx))%52) = O (L)

n2
thus we get

lim nLf (h(t;2)(p(t) — p(x))*2) =0
on applying this to (4.3) we get the desired result. O
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