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Abstract. One way to generalize the concept of iterated function system was
proposed by R. Miculescu and A. Mihail under the name of generalized iterated
function system (for short GIFS). More precisely, given m € N* and a metric
space (X, d), a generalized iterated function system of order m is a finite family of
functions fi, ..., f, : X — X satisfying certain contractive conditions. Another
generalization of the notion of iterated function system, due to F. Georgescu, R.
Miculescu and A. Mihail, is given by those systems consisting of ¢-max contrac-
tions. Combining these two lines of research, we prove that the fractal operator
associated to a possibly infinite generalized iterated function system comprising
p-max contractions is a Picard operator (whose fixed point is called the attractor
of the system). We associate to each possibly infinite generalized iterated function
system comprising ¢-max contractions F (of order m) an operator Hz : C™ — C,
where C stands for the space of continuous and bounded functions from the shift
space on the metric space corresponding to the system. We prove that Hr is a
Picard operator whose fixed point is the canonical projection associated to JF.
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INTRODUCTION

One way to generalize the concept of iterated function system was pro-
posed by R. Miculescu and A. Mihail (see [6] and [8]) under the name of
generalized iterated function system. More precisely, given m € N* and a
metric space (X, d), a generalized iterated function system (for short a GIFS)
of order m is a finite family of functions fi, ..., f, : X™ — X satisfying certain
contractive conditions.

They proved that there exists a unique attractor of a GIFS, studied some
of its properties and provided examples showing that GIFSs are real general-
izations of iterated function systems. In addition, F. Strobin (see [13]) proved
that, for any m € N, m > 2, there exists a Cantor subset of the plane which



is the attractor of some GIFS of order m, but is not the attractor of any GIFS
of order m — 1. This kind of iterated function system was generalized in sev-
eral ways (see [1], [2], [10], [12], [14] and [15]). In addition, the Hutchinson
measure associated with a GIFS was studied in [7] (for GIFS with probabil-
ities), in [4] (for generalized iterated function systems with place dependent
probabilities) and in [11]

Another generalization of the notion of iterated function system in given
by those systems consisting of ¢-max-contractions (see [3]).

Combining these lines of research, we prove that the fractal operator
associated to a possibly infinite generalized iterated function system com-
prising p-max contractions is a Picard operator (whose fixed point is called
the attractor of the system).

The main tool in the study of topological properties of the attractor of
an iterated function system is the canonical projection. Paper [9] inspired
us to associate to each possibly infinite generalized iterated function system
comprising ¢-max contractions F (of order m) an operator Hr : C™ — C,
where C stands for the space of continuous and bounded functions from
the shift space on the metric space corresponding to the system. We prove
that Hz is a Picard operator whose fixed point is the canonical projection
associated to F.

PRELIMINARIES

For a metric space (X, d) and m € N*, we consider:

e P, (X) the set of all non-empty, bounded and closed subsets of X;

e the Hausdorff-Pompeiu metric b : P, 4(X) X P, 4(X) — [0, 00) given by
h(A, B) = max{d(A, B),d(B, A)},

for every A, B € P, 4(X), where d(A, B) = supinfd(z,y);

r€AYEB

e the Cartesian product X™ endowed with the maximum metric dyax
defined by

dmax((xb teey iUm), (yla ceey ym)) = max{d(xl’ y1)7 ] d(‘rﬁh ym)}7

for all (z1,....,zm), (Y1, .-y Ym) € X™;



e the spaces X, X, ...., Xj, ..., defined inductively in the following way:

Xi=XxXx.xX=X"
m times

and
Xk-Jrl IXk X Xk X ... X Xk

m times
for every k € N*. We endow X with the maximum metric for every k € N*.
Note that X}, is isometric to X™" with the maximum metric for every k € N*
and that we will identify X, and X™";
o F¥' = {0 : {1,2,...m'} — {1,2,...,mP}}, where p € N* and ¢ €

(2

{0,1,...,p—1}

* 1, = (To01), ...,xa(mi)) and yo = (Yo(1), ...,ya(mi)), where r = (1, %9, ..., Tpp ),y =
(Y1, Y2, - Ymr) € X™  p e N* i € {0,1,....,p— 1} and 0 € F’.

Definition 1.1. A possibly infinite generalized iterated function system
of order m € N* is a pair F = ((X,d), (fi)icr), where (X,d) is a metric
space, f; : X™ — X is continuous for every v € I and the family of functions
(fi)ier is bounded (i.e. U f;(B) is bounded for each bounded subset B of

el

Xm).
The function Fr : (Ppa(X))™ — Py a(X), described by

F]:(Bl, 7Bm) = UIfl<Bl X ... X Bm),
S

for all (By,...,Bn) € (Poa(X))™, is called the fractal operator associated to
F.

If there exists a unique A € Dy 4(X) such that Fr(A,...,A) = A, then
we say that F has attractor and A, which is denoted by Ar, is called the
attractor of F.

Now we recall the concept of code space associated to a possibly infinite
generalized iterated function system which was considered by A. Mihail and
F. Strobin & J. Swaczyna.

Let us consider m € N* and a set /. One can define inductively the sets
Q1, Qo ..., i, ... in the following way:



lefand Qk-Jrl:Qk XQk X ... XQk,

m times

for every k € N*.
We are also dealing in the sequel with the following sets:

Q=07 xQy x ... x QY X ..

and
k2= Q1 X Qg X ... X Qy,
where k£ € N*.
For i € {1,2,...m}, k € N, k > 2 and a = ala?..a* € 1, where
a? = a2a3...a? € Oy, ..., oF = akab..ak € ., we consider
a(i) = a?ad..af € 10

For o« € Q and i € {1,2,...,m}, a(i) € Q could be similarly defined in a
similar manner.

Definition 1.2. Q is called the Mihail-StrobinésSwaczyna generalized
code space.

) becomes a complete metric space if it is furnished with the metric d

given by

d(a,8) = C*d(a*, 8",
keN

for every o = a'a?..afaitt.. B = B2 AL € Q, where d(oF, %) =
1, of #£p"
{ 0’ Oék — Bk
provided that I is finite.

and C' € (0,1). Moreover, the metric space (€2, d) is compact

To a possibly infinite generalized iterated function system F = ((X, d), (f:)ier)

of order m, one can associate, for every k € N* a family of functions
{fo: X — X | @ € 12} defined inductively in the following way:

i) For k = 1, the family is (fi)icr-

ii) If the functions f,, where o € ;€2, have been defined, then, we set

foz(xla T2, ..y xm) = fa1 (fa(l)(x1>7 ey fa(m)(xm))



for every a = ata?...afaf ™t € 1 Q, (21, 29, .o, ) € Xpy1 = Xp X Xp X ... X X

m times
Note that if m = 1, then ;,Q = I* and if w = w'w?. Wk € ,Q, then
fo = foro...0 fx. Hence the above introduced families of functions are
natural generalizations of compositions of functions.

Given a set X, m € N* and a function f : X™ — X, we define inductively
a family of functions ¥ : X™" — X, k € N*, in the following way:
i)
M=y

ii) assuming that we have defined f*, then

f[k+1](x17 ,l‘m) = f(f[k](le)? ) f[k](xm»?

for every (z1,...,2m,) € X % ox XMt = Xt = Xkaq-

m times

Note that for m = 1, we have f¥ = fo...o f. We remark that maps f*!

k times
are special cases of f, defined earlier.

Definition 1.3. Given a set X, m € N* and a function f: X™ — X,
an element x of X such that f(x,...,x) = z is called a fixed point of f.

Definition 1.4. Given a metric space (X,d) and m € N*, a func-
tion f: X™ — X is called contraction if there exists C € [0,1) such that

d(f(@), f(y)) < Cdmax(x,y) for all z,y € X™.

Definition 1.5. A function ¢ : [0,00) — [0,00) is called comparison
function provided that it satisfies the following properties:

i) it is nondecreasing;

i1) it is right-continuous;

i) p(t) < t for every t > 0.

Definition 1.6.
a) Given a metric space (X,d), m € N* and a comparison function
¢, a function f : X™ — X s called p-contraction if d(f(x), f(y)) <

O(dmax(,y)) for all x,y € X™.

b) Given a metric space (X,d), a comparison function ¢ and m € N*, a
function f: X™ — X 1s called p-max generalized contraction if there exists
p € N* such that

d(f¥(x), fP(y)) < sa(max{ggggd(fm(%), Fyo)) [ €{0, 1,2, ...,p = 1}}),
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for all v,y € X™".

Now let us introduce an important tool that will be used in this paper,
namely the operator Hz associated to a generalized possibly infinite gener-
alized iterated function system F.

To a possibly infinite generalized iterated function system F = (X, d), (f;)ier)
of order m, we associate the operator Hr : C"™ — C described by

Hr (g1, gm) (@) = far(92((1)), -, gm((m))),

for every gi,...,gm € C and every a = a'a?...a”... € , where the metric

space (C,d,) is described by C = {f : 2 — X | f is continuous and bounded}
and dy(f,g) = sup d(f(e), g(a)) for every f,g € C.
acQ)

Remark 1.7.
i) Hr(g1, ..., gm) is continuous for all gy, ..., g, € C. This results from
the following facts: the maps o — «(i) are continuous, 2 = ‘UJQi’ where
1€

Q' ={a=a'a?. .a'a.. € Q| a' =i}, and the restriction of Hz (g1, ..., gm)
to the open set ' is continuous for every i € I.

ii) Hx(g1,-..,9m) is bounded for all gq,...,¢,, € C. This results from
the boundedness of the family of functions (f;);cr, the boundedness of the
functions g1, ..., g,, and from the fact that

H]—‘(Ql, ) gm)(Q) = Hf(gla ) gm)(zLéJIQl) =
= iLEJIHﬂgl, e g) () = iglfi(gl(Q) X oo X gm(€2)).
iii) Hr is well defined. This results from i) and ii).
Remark 1.8. (C,d,) is complete provided that (X,d) is complete.

Finally we introduce the canonical projection associated to a possibly
infinite generalized iterated function system F.

Definition 1.9. A possibly infinite generalized iterated function sys-
tem F = ((X,d),(fi)icr) of order m € N* admits canonical projection if
has attractor (denoted by Ax) and for every a = a'..a"... € Q the set
nQNfalh_an(Af, ..., AF) consists of a single element denoted by w(«). In this

case the function w: Q — X s called the canonical projection associated to

F.



THE MAIN RESULTS

Theorem 2.1. Let (X, d) be a complete metric space, ¢ : [0,00) — [0, 00)
a comparison function, m,p € N* and a continuous function f : X™ — X
such that

d(fP(z), fP(y)) < <P(maX{Héé})éd(fm(%)’ yo)) [0 €{0,1,2,....,p = 1}}),
for all v,y € X™".

Then:

a) There exists a unique o € X such that f(o,...,a) = a.

b) If f is bounded on bounded subsets of X™, then, for every B € P, 4(X)
and every xp € B™* klim () = a, the convergence being uniform with
respect to xy. o

Proof.

a) Note that the continuous function ¢ : X — X given by g(x) =
f(x,...,z) satisfies the inequality

d(g¥(x), g (y)) < p(max{d(g"(z),g"(y)) | i € {0.1,...p —1}}), (1)

for all z,y € X. Then, based on (1), using Theorem 3.1 from [5], we infer
that there exists a unique o € X such that g(a) = @ and lim ¢gI"/(z) = « for

every = € X. Hence there exists a unique o € X such that f(«,...,a) = a.
b) In the sequel, for B € P, 4(X) and k € N, we shall use the following
notations:
My(B) "™ sup d(a, f¥(x))

zeBm”

and
not

Ni(B) = max{M;;(B)|i€{0,1,...,p—1}}.
As Mo(f(B)) = sup d(a, fM(y)) = sup d(a, f'(z)) = Myy1(B)

ye(f(B))™" zepmntl
for all B € P, (X) and all n € N, the mathematical induction method leads

us to the following conclusion:

Mm(f[n](B)) = Mm+n(B)7 (2)

for every B € P, (X), m,n € N.



Moreover, we have
Myip(B) < p(max{M,;(B) [i € {0,1,....p — 1}}), (3)

for every B € P, 4(X) and n € N.
Indeed,

Moip(B) 2 M, (fP(B)) = sup d(a, f™ (@) <

xEan+p
< sup y(maxid(a, fr@) 1ief{0,1,...,p—1}}) <
xeBm" TP
< p(max{ sup#d(oz,f[””](w)) |i€{0,1,...p—1}}) =
xeBm" T

= Qp(maX{Mn+i<B> ’ L€ {07 15 P 1}})
In addition, from (3), we have N,;1(B) < N,(B) < ... < Ny(B) < ©
and N,1,(B) < ¢(N,(B)) for every n € N.
Hence N, (B) < ') (max{M;(B) | i € {0,1,...,p—1}}) and consequently
lim N, (B) = lim M,(B) =0 for every B € P, 4(X). O

Theorem 2.2. Let F = ((X,d), (fi)icr) be a possibly infinite generalized
iterated function system of order m € N* and p € N such that

d(fa(@), fa(y)) < p(maximaxd(fs(zo), fo(yo)) | B €4 20 €{0,1,....p—1}),

for all z,y € X™". Then:

a) There exists a unique Ar € P, q(X) such that Fr(Ar,...,Ar) = Ar,
i.e. F has attractor.

b) JLIEOF][?](B”) — Ay for all B € P,y(X) and B, = (B?,...,B",) C
B™" with B € Pyq(X) for all i € {1,2,....,m"}.

c) For all a = ol...a™... € Q, the set nQNfala2man(A_'F,...,A}‘> has only

one element denoted by a,, so F admits canonical projection.

d) For all o = a'...a™... € Q, B € P,y(X) and B, = (B},...,B.) C
B™" with B € Py (X)) for eachi € {1,2,...,m"}, we have lim fa142_ on(By) =
{aa} and the convergence is uniform with respect to o and the sets B,.

Proof.



a) The function F : B, 4(X) — P, 4(X) given by F(B) = Fr(B, ..., B)
for every B € P, (X) has the property that

h(FP(B,), FP)(By)) < p(max{h(F"(B,), F(By)) | i € {0,1,...,p — 1} }),

for all By, By € P, (X). Theorem 2.1 assures the existence and the unique-
ness of a set Ax € P, 4(X) such that F(Ax) = Ar (i.e. Fr(Ar,...,Ax) =
Ag) and lim FI"(B) = Az for every B € P, 4(X).

b) For By, By € P, 4(X), p,n € N and a € ,, in the sequel, we shall use
the following notations:

Mo(By, By) = sup d(fa(z), fa(y)),

z€B yeByY

Mp(Bl, BQ) = Sup Ma(Bb BQ)

ag pQ

and
Nn<B1, Bg) = maX{Mn(Bl, BQ), ceey Mnerfl(Bl; Bg)}

Then, we have
d(fa(2), fa(y) < p(max{maxd(fs(zo), fo(ya) | B € 2 q €{0,1,....p=1}) <

< gp(max{ma}éMw(Bl, By))lie{0,1,...p—1}) <
wWE ;

< p(max{M;(B1, Bs)) | i € {0,1,...,p — 1}),
for all By, By € B, 4(X) and x € B,y € By, so

Ma<Bl, Bg) S QO(m&X{Mo(Bl, Bg), . Mp_1<Bl, Bg)})

and
Mp(Bl, Bg) S gp(maX{Mo(Bl, Bg), ceey Mp—l(Bh Bg)}), (]_)

for all By, By € P, 4(X) and « € ;€. Moreover
M;,;(By, By) = M;(F¥\(By, ..., By), F¥(B,, ..., B,)), (2)

for all By,By € B,a(X), i,7 € N. By replacing, in (1), the set By by
F][:"}(Bl, ..., By) and the set By by FJ[;]}(BQ, .y Ba), we get

Mn+p(B17 B2) S @(maX{Mn(Bla B2)7 (ERE) Mn+p—1(B17 BQ))7 (3)
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for all By, By € P, 4(X), n € N. From (3) we infer that
Nyi1(B1, B2) < N, (By, By) and Ny 4p,(By, Ba) < @(N,(By, B)),
for all By, By € P, 4(X) and n € N. Therefore
N, (By, By) < @5 (max{My(By, By), ..., M,_1(By, B)}),
for all By, By € B, 4(X) and n € N, so

lim N, (B1, Bp) = lim M, (B, By) = lim WFM (B, ..., By), FY(B,, ..., By)) = 0,

(4)

for all By, By € B, 4(X). In particular, for By = Ax, we obtain that

lim A(FY(By, ..., By), As) = 0, ie. lim FY(By,...,B)) = Ag,

n—oo n—oo

for each By € P, 4(X). Moreover, we have
My (B1, By) < M, (Ch,Cy) and M, (By, By) < M,(Ch,Cy),

for all By, By, C1,Cy € Py y(X), By CCy, By C C’Q, n € Nand a € ,0.

Iffor B,C € P, y(X)andn € N, B, = (B}, ..., Bl.), C,, = (C},...,C.) C
B™" with B, C" € P, 4(X) and B C B,Cr g C for all i € {1,...,m"},
then lim F' ][f J(B,) = Ar. Indeed, we have only to take into account (4) and
the ir;LeTqu;ality

B(EF (B), F2(Ch)) < Ma(B, O),
which is valid for all n € N, for C' = Ag.

c) Let us note that, as h(fuo(By), fa(Ch)) < M,(B,C) for all a € ,9,
taking into account (4), we infer that lirgoh(f (Bn), fa(Cr)) = 0 for all
B,C € B, 4(X) and a € ,, Q. "

In the sequel, for a = at...a™... € Q, we shall use the following notation:

fozl...a” (A]-‘, ceey Af) Tgt Aal...a"‘

Note that diam (A on) = Mai_on(Ax, AF) for all a = al...a™... € Q and
n € N. As Aggnantt € Agion, we obtain that diam(Agr gnant1) <
diam(Agt. on) < M,(Ar, AF) for all @ = o'...a"... € Q and n € N and,
based on (4), we conclude that the set nQN fataz..an(Ag, ..., Ax) has only one

element denoted by a,.
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Let us note that h(for_ on(Ax, ..., Ax), {aa}) < diam(for on(Ag, ..., Ar)) <
M, (Ag, AF) for all @ = a'...a"... € Q and n € N. Therefore, using (4), we

get lim falaQ...oz" (A]:, ceny Aj:) = {aa}.

d) Because lim fo1 on(Ax, ..., Ar) = {an} and lim fo1_ on(Ag, ..., Ax) =
lim fo1 on (B, ..., Bln), we conclude that lim fu1,2 o0 (B, ..., BlL) = 0 for
all « = a'..a.. € Q, B € P,y(X) and B, = (BY},...,B".) C B™ with
B! € P, 4(X) for each i € {1,2,...,m"}.

Concerning the rate of the convergence we have the following estimation:

h(fa1a2...a” (Bn)> {aa}) < h(falocQ...a" (Bn), Aal...a") + h(Aozl...oc"a {aa}) <

< Mn(A]-—a B)+Mn(A.7:7A.7:) < QSO[%](maX{MZ(A]-—?B) | [AS {07 17 7p_1}});

foralla=a'...a”...e¢ Qandn eN. O

Theorem 2.3. Let F = ((X,d), (fi)icr) be a possibly infinite generalized
iterated function system of order m € N* and p € N such that

d(fa(2), fa(y)) < p(maximaxd(fs(zo), fo(yo)) | B €420 €{0,1,....p—1}),

for all z,y € X™". Then there exists a unique m € C such that:

a) He(m,....,m) =7 and ©(2) = Ar.

b) T}LHSOH%}(fn) =7 for all B € Pou(X) and f, = (f7', ... fm) € C2",
where Cg = {f : @ — X | f is continuous} is endowed with the uniform
metric, the convergence being uniform with respect to B.

¢) 7 is the canonical projection associated to F.

Proof.

a) Using the mathematical induction method, one can easily prove that

Hg}](gb ;gm”)(&) =

= fataz..an(g1((11...1)), .., gm(a(11..0m)), ...y Grn ((mm...m))), (1)

for all @ = a'...a™... € Q and all n € N, where we adopted the following
notation: )
Q(21)<22)(2k) =z O((lezzk)
For a fixed n € N, for each [ € {1,...,m"} there exists a unique ordered
subset {l1,...,1,} of {1,2...,m} such that [ — 1 = lym" ' + lom" ™2 + ... + I,
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so we can consider the function v : {1,2,...,m"} — {1,2,...,m}" given by
u(l)=(L+1,lb+1,.,0,+1) foralll € {1,2,...,m"} and rewrite (1) in the
following form:

HE g1, s ) (@) = faraz_an (g1(@((1)), s g (au(m™))),

for all a = at...a™... € Q and all n € N.
Claim. Hr is a ¢-max generalized contraction.
Justification of the claim. Indeed, we have

du(HP (g1, ... g ), HE (R, ooy B )) =

supd(Hy_f’} (91, s Gmr ) (@), H][f](hl, ) (@) <

ae)

< suposup p)egw(ie R max max d(f3(9o (i) (o (w(i))))), fa(ho(iy (a(o(u(i))))))) <

< su max  Imax max su d o) (a(o(u(i , Ja(hoey(a(o(u(e <
Se(sw | omex | maxmas s d(fs(an (o)) Sk (ol (u(i)

< p(max{max d,(H7 (9,). H (ho)) | i € {0,1,...p = 1}}),

oeF;

for all g1, ..., gw, A1, ..., Ay € C.
The Claim and Theorem 2.1 assure us that there exists a unique © € C
such that Hg(m,...,m) = 7.

Moreover, we have 7(£2) = Ar.

Indeed,

m(Q) = He(m,...,m)(Q) =
=U U film(aa),...,m(am) = U fi(m(Q) x ... x 7()) =

i€l aq,..., am €N el
fi continuous — — — =
L fi(7(Q) % e x (@) = Fr(r(@) X .o x 7()

and 7w(Q) € Py (X) (since m € C). In view of Theorem 2.2, a), we conclude
that 7(Q) = Ar.
b) Let us consider B € P, 4(X) and f, = (f7, ..., f") € C&", n € N.

Note that the family of function (f{")icf1,2,....m»} is bounded (as U () C

¢ ie{1,2,...mn}""
B) for all n € N.
Claim 1. Hz(C; X ... x C1) is bounded for every bounded subset C; of C.
Justification of Claim 1. Let us consider C; a bounded (with respect
to d,) subset of C. Then there exists g € C and r > 0 such that C; C

12



B(g,r). It follows that fUc f(£2) € B(g(2),r) and we shall use the follow-
€1

ing notation: B "< fUc f(Q) € Pu(X). The inclusion Hg(Cy,...,C;) C
€C1
C(Q Fg(B,...,B))={f:Q— Fx(B,...,B) | fis bounded} is valid as

Hr(f1, - fm) () = U Y g i1@(D); s frn(e(m))) €

i€l a(l),...,a(m

forall fi,..., fm € C1. Hence dy,(Hz(f1, ..., fm), HF (g1, -y gm)) < diam(Fx(B, ..., B))
for all fi,..., fom, 915 s Gm € C1, so Hx(Cy X ... x C;) is bounded for every
bounded subset C; of C. The justification of the claim is done.

Let C; be a bounded subset of C. Since du(HJ[ﬁ} (g7 ey glin), Hl[ﬁ}(h’f,. ) <

diam(FY(B,...B)) for all n € N and g}, ..., g, h, ..., B € Cy U {7}, using
Theorem 2.1, b), we conclude that lim H][?](fn) = .
c) Note that

m(a) = He(m,...,m) (@) = far(m(a(l)), ..., m(a(m))), (2)

for all o € Q.
Claim 2.

T(Fpiaz an(A1, ooy Apn)) = faraz.an (T(A1) X oo X w(Apn)), (3)

foralln e N*, ol € I,a? € Qy,....,a" € Q, and Ay, ..., Ajn C Q.
Justification of Claim 2.
We are going to use the mathematical induction method.
Using (2), we get Claim 2 for n = 1.
Let us suppose that (3) is valid for n. We shall prove that it is also true
for n + 1. We have

T(Fa1a2manan+1 (Al, coey Amn+1)) =
@)
= W((Fa(l)(Al, ceey Amn), ceey Fa(m)(Amn-‘rl,anrl, ceey Amn+1>>> =
= fal W(Fa(l)(Al, <eey Amn)), ceny W(Fa(m)<Amn+1,mn+1, R Amn+1>>)) =
Claim 2 for n
= far (fa)(m(A1), ooy T(Apn))s ooy fa(m) (T(Apnti—imng1), ooy T(Agyntn))) =
= fa1a2_”anan+1 (71’(/\1) X ... X W(Amnﬂ)),
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for all Aq,...,Ani1 C Q, where a = ata?...a™....

Finally, we have

m(a) € 1( O Farge an(Qy s Q) € O 7(Fargz.an (9, ..., Q) 27

neN* neN*

= N faraz. an(m(Q),...,m(Q)) C ng\]*faloﬂman (Ax, ..., Afr),

neN*

for all a = ala?...a™... € Q, so, based on Theorem 2.2, b), 7 is the canonical
projection associated to F. [
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