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Existence and multiplicity of positive radial
solutions to the Dirichlet problem for non-
linear elliptic equations on annular domains

Noureddine Bouteraa and Slimane Benaicha

Abstract. In this paper, we study the existence and nonexistence of
monotone positive radial solutions of elliptic boundary value problems
on bounded annular domains subject to local boundary condition. By
using Krasnoselskii’s fixed point theorem of cone expansion-compression
type we show that there exists A* > A, > 0 such that the elliptic
equation has at least two, one and no radial positive solutions for 0 <
A< A, A <A< A" and A > A" respectively. We include an example
to illustrate our results.
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1. Introduction

In this paper, we are interested in the existence of radial positive solutions
to the following, boundary value problem BVP

{ —Du(z) = M (2], u (), ©€ 2,

u(zx) =0, x € 012, (L.1)

where 2 = {z €RY :a<|z|<b} with 1 < a < b is an annulus in
RN (N > 3), f € C([a,b] x [0,00),]0,00)) and A is a positive parameter.
The study of such problems is motivated by a lot of physical applications
starting from the well-known Poisson-Boltzmann equation (see [2, 20, 30]),
also they serve as models for some phenomena which arise in fluid mechanics,
such as the exothermic chemical reactions or autocatalytic reactions (see
[27], Section 5.11.1). The nonlinearity f in applications always has a special
form and here we assume only the continuity of f and some inequalities at
some points for the values of this function. However, we know that in the
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integrand should stay a superposition of u with a given function (usually the
exponent of u in applications) instead of u alone, but we treat this paper as
the first step in this direction. The method we use is typical for local boundary
value problems. We shall formulate an equivalent fixed point problem and
look for its solution in the cone of nonnegative function in an appropriate
Banach space. The most popular fixed point theorem in a cone is the cone-
compression and cone-expansion theorem due to M. Krasnosel’skii [19] which
we use in the form taken from [16]. We also point out the fact that problems
of type (1) when equation does not contain paramete A, are connected with
the classical boundary value theory of Bernstein [1] (see also the studies of
Granas, Gunther and Lee [15] for some extensions to nonlinear problems).
The existence and uniqueness of positive radial solutions for equations of
type (1.1) when equation does not contain paramete A, were obtained in [5],

[21], [32]. Wang [32] proved that if f : (0,00) — (0,00) satisfies zmé@ =
z—

oo and lim @ = 0 then problem (1.1) when equation does not contain
Z—00

paramete A, has a positive radial solution in Q = {x eRN, N > 2}. That
result was extended for the systems of elliptic equations by Ma [24]. We
quote also the research of Ovono and Rougirel. [29] where the diffusion at
each point depends on all the values of the solutions in a neighborhood of this
point and Chipot et al. [12, 14]. For example in [12] considred the solvability
of a class of nonlocal problems which admit a formulation in term of quasi-
variational inequalities. There is a wide literature that deals with existence
multiplicity results for various second-order, fourth-order and higher-order
boundary value problems by different approaches, see [6,7,8,9,12,17, 22, 23].
In 2011, Bohneure et al. [4] Studied the existence of positive increasing radial
solutions for superlinear Neumann problem in the unit ball B in RNV, N > 2,

—Au+u=a(lz]) f(u), inB,

u > 0, in B,
Oru = 0, on 0B,
where a € C1 ([0,1],R), a (0) > 0 is nondecreasing, f € C* ([0,1],R), f (0) =
0, lim I&) — g and lim {8 > 1
s—0t+ ° s—+oo ¢ a(0)

In 2011, Hakimi and Zertiti, [17] studied the nonexistence of radial positive
solutions for a nonpositone problem when the nonliearity is superlinear and
has more than one zero,

—Au(x) =Af (u(z)), ze€i,
U(I):O, IBG@Q,

where f € C ([0,400),R).

In 2014, Sfecci [31], obtained the existence result by introduced the limsup
and liminf types of nonresonance condition below the first positive eigen-
value for the following Neumann problems defined on the ball B =
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{z e RV, |z| < R},

{ —Au(z) = f(u(2)) +e(|z|), inBg,
u(z) =0, on OBg,

where f € C (R,R) and e € C ([0, R],R).
In 2014, Butler et. al, [5] studied the positive radial solutions to the boundary
value problem

—Au+u=Ma(z|) f(u), z€Q,

g—;;—l—é(u)u:O, |z = ro,

u(x) =0, |z] — oo,

where f € C([0,00),R), Q@ = {z € RN : N> 2, [z| > rqwithrg >0}, X is
a positive parameter, a € C ([rg,o0),R") such that lima(r) =0, % is the
r—0o

outward normal derivative and ¢ € C ([0, 00), (0, 00)).

Instead of working directly with (1.1), we note that the change of vari-
able u () = u(|z|), t = |z| transforms (1.1) into the following boundary
value problem (for details, see [14] ):

{ —u () — XL (8) = Af (t,u (b)), t € (a,b),
u(a) =u(b) =0,

where where A > 0 is a positive parameter and f € C ([a, b] x [0,00) , [0, 0)).

Inspired and motivated by the works mentioned above, we deal with
existence and nonexistence of radial positive solutions to the BVP (1.1) i.e.,
an equivalant problem (2.1) by using of the fixed point theorem together with
the properties of Green’s function and we impose certain conditions on f. The
paper is organized as follows. In Section 2, we present that a nontrivial and
nonnegative solution of BVP (2.1) is monotone positive solution. In Section 3,
we obtain some results of the existence, multiplicity and nonexistence positive
solutions for BVP (2.1) depends on the parameter A and we give an exemple
to illustrate our results.

2. Preliminaries

We shall consider the Banach space F = C'[a,b] equipped with sup norm
lul| = maz |u (t)| and C'* [a, b] is the cone of nonnegative functions in C [a, b],

where 1 < a <b.

Definition 2.1. Anonempty closed and convex set P C E is called a cone of
E if it satisfies

(i) w e P, r > 0 implies ru € P,

(ii) uw € P, —u € P implies u = 0, where 0 denote the zero element of E.

Definition 2.2. A cone P is said to be normal if there exists a positive number
N called the normal constant of P, such that 0 < u < v implies ||ul] < N |jv]|.
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We are interested in finding radial solutions for problem (1.1). We pro-
ceed as in introduction, setting u (x) = u (|x|) t = |z|, we have the following
equivalent boundary value problem

—u" (t) = Ftu(t) = Af (tu(t), t € (ab),
{ u(a) =u(b) =0. 1)

We observe that the existence and nonexistence of radial positive
solutions of (1.1) is equivalent to the existence and nonexistence of positive
solutions of the problem (2.1).

In arriving our results, we need the following six preliminary lemmas.
The first one is well known.

Lemma 2.3. (see, [13]) Let y (-) € C[a,b]. If u € C*[a,b], then the BVP
{ (1) = XFu () =y (1), t € (a.h),

has a unique solution

b
/N G (t,8)y(s)ds, N > 2,

where

(=()" )((_3():;:2;)7 a<t<s<b
)

G (s )%N) (2(E Nr) ’ (2.2)
N rarry, a<s<t<bh
Lemma 2.4. For any (t,s) € [a,b] X [a,b], we have
N—2 b N2
- ByNTE g
(=) e (@)

(N =2) (V=2 —aN=2) — (N =2) ("2 —al=2)’

and
e (5" —1) (S22
Oga(tas)é ((N—2) (bN_>2(_aN_223 (t,S)

Proof. The proof is evident, we omit it. O

€lab] x [a,b].  (2.4)

Lemma 2.5. (see [12]) For y(-) € C™ [a,b]. Then the unique solution u (t) of

BVP
{ —u (1) = Yu(t) =y (1), t€ (ad),
u(a) =u(b) = 0.

s nonnegative and satisfies

] t) >
i, (t) = cull,
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b ay .
where ¢ = el (2) ,2_171_(%>N72} and ay,b1 € (a,b) with a1 < by.
If we let
— + . : >
P {u e C™la,b): i, (t)>c ||u} , (2.5)

then it is easy to see that P is a cone in C [a, b]. It is evident that BVP (2.1)
has an integral formulation given by

b
w(t) = A/SN’lG(t,s) £ (s,u(s)) ds,

where G defined in (2.2).
Now, we define an integral operator T : P — C'[a,b] by

b

(Thu) (t) = )\/SN*IG (t,s) f (s,u(s))ds.

a

Lemma 2.6. Lety € CT [a,b]. If u € C?[a,b] satisfies

{ W)=y (t), a<t<b,
u(a) =0, u(b) =0,

then
(i) u(t) >0 fort € [a,bl],
(#3) v (t) > 0 fort € [a,b].

Proof. From Lemma 2.4, we obtain u (¢) > 0 and v (¢) > 0 for ¢ € [a,b]. O
Lemma 2.7. T (P) C P.

Proof. For any u € P, we have

t
A a\ N—2
a;’llz:gy TAU (t) - (N - 2) (bN_2 - aN_2) al@ngl / (1 B (g) ) SN*]f (S, m (S))

()7 ) /( @) (8 1) rsaiona
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= Tyu (t) = c | Thull -
emaz T (t) = cl| Tyull

In other words, we find,

max Thu (t) = | Thul|, Yu € P.
a1<t<b;

Thus, we get that Ty : P — P is well defined. Moreover, it is easy to show
that T’ is completely continuous. O

If we let
K ={u € P/u(t) is nondecreasing},

then, it is easy to show that K C P is also a cone in F.

Lemma 2.8. T (P) C K.

Proof. Tt follows from Lemma 2.6 (i) and Lemma 2.7. O
Lemma 2.9. T : K — K is completely continuous.

Proof. Let D C K is a bounded subset. Then there exists a positive constanty
M such that

|lu|| < My, Yu € D

Now, we shall prove that Ty (D) is relatively compact in K. Suppose that
(U )gen € A (D). Then there exist (24),cn. C D, such that

Yk = Axy,
Let My = sup |f (¢t,u(t))| for all (t,u) € [a,b] x [0, M;] . For any k € N*,

a<t<b
by Lemma 2.2, we have

b

v ()] = [(Tnzr) ()] = A /SN_lG(t,S)f(vak (s)) ds

a

b
< /\Mg/sN_lG(t,s) ds

< o (@N - 1) /b o

N — oV b\
SNy —av ) (() - 1) |

which implies that (y (t)),cy- is uniformly bounded.

Now, we show that A is equicontinuous. For any v € K, n > 2, and
t1,t2 S [a,b] with |t1 — t2| < 5, we have

lyk (t1) — i (t2)| = |Tow (t1) — Thu (t2)]
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b

< /\/sN‘l (G (11, 5) — G (t2, 5)) | (5,2 (5)) ds
b

<A, [ 4G (1,5) - G (12,9 ds.
It follows from the uniform continuity of Green’s function G on [a, b] X [a, b],
that for any € > 0, we have

eN
|G (tl,s) - G(t2,3)| S m, fO'r t17t278 S [a,b} s |t1 - tQ‘ < 6.
Then
lyr (t1) = yi (t2)| = [Tau (t1) — Thu (t2)]

<A [G (t5) - G (12,9 ds

<e.
Therefore, A is equicontinuous. By the Ascoli-Arzela Theorem, we know that
A is completely continuous. O

By Lemmas 2.8 and 2.9, we know that if u € P\ 0 is solution for BVP
(2.1), then u is positive solution for BVP (2.1) and it is obvious from Lemma
2.8 that if uw € P\ {6} is a solution for BVP (2.1) then u € K\ {6}.

3. Existence and nonexistence results

In this section we will apply theorem due Krasnoselskii to study the existence,
multiplicity and nonexistence of solutions for BVP (2.1) in K \ {6}.

Theorem 3.1. (See [19]) Let E be a Banach space and K C E be a cone
in E. Assume € and Qg are open subset of E with 0 € Q; and Q; C Qy,
T:KnN (QQ \Ql) — K be a completely continuous operator such that

(A) |Tu| < |lu|l, Yu € K N0y and ||[Tu|| > |jul|, Yu € K NOQs; or

(B) |Tul| > |Jull, Vu € KNOQ and || Tu|| < |lul|, Vu € K NN

Then T has a fized point in K N (Qg \ Ql).

We adopt the following assumptions:
(Hy) f(t,u(t)) € C((a,b),]0,00)) is nondecreasing in u € [0,00) for fixed
t € la,b.
(Hz)

(Hs)

F, —f sN=1f(s,0)ds > 0,
foo = lim  min f(zu)z—koo.

’u—}oote[aib ,b}

Set
A ={\>0/there exists uy € K \ {0} such that Thuy = uy},

and
A" = supA.
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Lemma 3.2. Suppose that (Hy) — (Hs) hold. If X' € A, then (0,N] C A.
Proof. )\ € A means that there exists uy € K \ {6} such that Thruy = uy .
Therefore, for any A € (0, \'] we have
Thuy < Thuyx = uy,
Set
wo = Un, Wy = Thw,_1, n=1,2,...
From (H,), we obtain
a

wo (1) > wy (1) > .o > wy (t) > . > (N —2) (bl;?faAz —aN-2) (1 - (t)Nz) )

by Lemma 2.9 and (Hz), {wy} converges to fixed point of Ty in K'\{#}. Thus
(0, \'] € A. The proof is complete. O

Let

(bN72 _ aN72)

b
_ [ N1
A < 5 Fy /8 f(
a

0= v (1 (5) ) w0 - (@N i 1) ,

and

Fy = lim supmax
U—00 a<t<b u

Theorem 3.3. Suppose that (Hy) — (Hs) hold. Then Ty has minimal and
mazimal fized point in [ug,vo] for A € (0,.]. Moreover, there exists \* >
A« > 0 such that Ty has at least one and has no fized points in K \ {0} for
0 <A< A" and A > \*, respectively.

Proof. From (H;) — (Hs3) and (2.3), we have A, > 0. For any A € (0, \.], we
obtain

b
(Thue) (£) = )\/sN’lG(t,s) F (5,0 () ds

a

Vv

b
A/sNﬁlG(t, s) f(s,up(a))ds
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b

< FHeTe ((?)M - 1) [ e e

a

A F b\ N
< (N —2) (bNJ; —aN-2) <<t) - 1) = (1),

Up = T\Up—1, Vo =Thvp—1, n=1,2,...,

Set

then from (Hy), we have
ug (t) <up (8) < oo <y (8) < oo <1 (t) <wg (). (3.1)

Lemma 2.9 implies that {u,} and {v,} converge to fixed points uy and vy of
T\, respectively.

From (3.1) it is evident that uy,vy € K \ {6} are the mimimal fixed point
and maximal fixed point of T in [ug, vo], respectively.

By the definition of \*, there exists a nondecreasing sequence {)\n}foo such
that nl—éTooA” = \*. Let {uy, }7™ is bounded subset in K. Then there exists

a constant M > 0 such that

llua, || < M, forn e N*,

which implies that {uy, }7° is uniformly bounded.

Now, we show that {uy, }7° is equicontinuous. For any uy, € K, n € N*
and t1,te € [a,b], with |t; — 2] < §, we have

b

[za, (B1) = 2, (2)] SA*/SNAIG(% 5) = G (t2,8)| f (s, M) ds

a

b

sx*/sN*\G(tl, $) = G (ts,5)| f (5, M) ds,

a

which implies that {z )\n}iﬁ-oo is equicontinuous subset in K. Consequently, by
an application of the Arzela-Ascoli theorem we conclude that {z )\n}1+oo is a
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relatively compact set in K. So, there exists a subsequence {x )‘"i} C {xa,}
converging to * € K. Note that

b

(CU)\W) (t) = A\n, /SN_lG(t7S) ! (s,x;w (s)) ds.
By taking the limit we have x* (t) = (Th~x*) (t). Therefore Ty has at least
one fixed point for 0 < A < A*. Finaly, for T has no fixed point for A > A\*.
The proof is complete. (I

Theorem 3.4. Suppose that (Hy), (Hs) and (2.3) hold. If (Fyo < 400), then

when Fy, > 0, there exists A\* > N(V-2) (o7 2;:1\, ?) (oY —a") > 0 such that
T\ has at least one and has no fized points in K \ {0} for 0 < XA < X\* and
A > \*, respectively. When Foo = 0, Ty has at least one fized points in K\ {0}
for A > 0.

Proof. Since F, < 00, for any € > 0, there exists Ny > 0 such that f (t,u) <
(Foo +¢)u for u > Ny, t € [a,b].

Let wq (t) = Ny ((%)N_2 — 1) and )\ =

then \p > 0 and
b

(Th,wo) (t) = )\o/SN_lG (t,8) f (s,wp (8))ds

a

< Ao b\ / N-1
< NI <<t> —1) [ Ft gun ) as
(0")

N(N=2)(bN"2—aV~2) (b —a™)
((g)N_2)(Fm+s) ’

a

b
/sNﬁlds

Aow (£) (Fao + €) b\ V2
S NIV D) (0N~ aVB N ) <<a) - 1)

< wo (t),

Mot () (Foe + ) b)“ L
= (N-2) (V-2 —aV-2) \ \t

S|

Now, set wq (t) = Ny ((%)N_Q - 1),
Wy =Ty, Wp_1, n=1,2,....

From (H;), we obtain

F a\ N—2
o (1) w1 () 2 2 0, () 2 > o (1 (5) )
(3.2)

Therefore, the sequence {w,} is bounded in K \ {#}. By Lemma 2.9 and the
definition of \*, the operator Ty, completely continuous. Hence the sequence
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{wy} is compact in K \ {6} , its also monotone. Then it is uniformly con-
vergent to fixed points u* of Ty, in K \ {#}. When we pass to the limit we
get

uw* = Th-u*
For A > X\*, there exists {\,}{", with nlingo)\n = )\, we prove that problem

has no positive solution. suppose the contrary that the problem has a positive
solution x,, then we get

= (T, ux,) ((2)N_2 - 1)
A N2 /
< (N —2) (bNTiQ —aN-2) (( ) - 1) /SNilf (s,un, (s))ds

a

N-2 b
(N —2) (bi\rz —aV-2) ((Z - 1) /5N71 (Fso +€)un, (b)ds

SN(NA %N a2 ((
(

[[wx,,

Q| o

IN

Q| o
v

) 1) (Foo +€) |lua, || < |lua=

Q|

< An (bN
— N(N - )(bN2—aN2
Taking the limit we obtain

[Juxll < [luxll,
which is a contradiction. The proof is complete. (]

Lemma 3.5. Assume that (Hy),(H2) and (Hs) hold. If A is nonempty, then
(i) A is bounded from above, that \* < +oo.
(#) A* € A.
Proof. Suppose to the contrary that there exists an increasing sequence
{An}7™ C A such that liT An, = +00. Set x5, € K/ {0} is a fixed point of
n—-+0o0
T, that is ,
T)\nuhn = Ux,-
There are two cases to be considered.

Case 1. {uAn}foo is bounded, that is there exists a constant /M > 0 such
that
|

Hence, from (Hi), (Hz), and (Hs) and Lemma 2.3, we have
M = flux, || = (T, ux,) ()

g Ly oo

b

= (N _2) (bzn2 ) (1 - (Z)NQ) /SN_lf(S’O) ds

a
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A ) a\ N—2 "
T(N-2) (BN 2 —aN-2) ( - (6) ) a = 00,
which is a contradiction.

Case 2. {u ,\n}foo is unbounded, that is there exists subsequence of {u >\n}1+°°
still denoted by {uy, }7° such that lim |luy, | = +oo.
' n—+00

_ N-—2_ /N-2
When (Hj), take L > NV =2)(b =5 ) there exists N7 > 0 such that
(1=(5)" )™

f(t,u) > Lu, foru> Ny, t € [a,b]. Choose n; such that ||u>\n1
Thus, for ¢ € [a,b] , we have

1 1
(gl ) = 2 o]

Moreover, from (H;) and the definition of K, we have

2, | = (T, ) )

> e (G ) /b T (s, (2) ds

Z<N—2M;&5—aN*><l(Zywa>jlef<&é””“”$”>“

a\N-2

L (1= ()"
- N (N —2) (bN-2 = gN-2) Hu/\nl
which is a contradiction.
Consequently, we find that A is bounded from above.

(#) From the definition of A*, there exists a nondecreasing sequence
{An}{ % such that liT An = X Let {uy, }7°° € K\ {8} be a fixed point

n—-+0o0

of T}, . Arguing similarly as above in Case 2, we can show that {uAn}foo

is bounded subset in K, that is there exists a constant M > 0. Hence from
(H1),(Hs2), and (Hs), we have

Jun, Il = (Ta, un,) (( ’ )M _ 1>

_ An b
= (N —2) (V-2 — gN-2) (a

| > fJua

wlls

IN
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A b\ h
= (N —2) (bNiz —aN-2) <<a> - 1) /SN_lf (s,0)ds

AiF b\ N2 MF, (5N
T (N-2) (0N a2 <<a) - 1) ) (ng—2 = aJ)V—2) =M

as n — 0o.
Therefore

lux, || < M, n=1,2,...

which shows that {uy, };*° is uniformly bounded.

From the proof of Theorem 3.3 we know that {uy,}] ™ is equicontinuous
subset in K and by an application of the Arzela-Ascoli theorem we conclude
that {u ,\n}foo is a relatively compact set in K. So, there exists a subsequence
{u,\ni} C {un, } converging to u* € K. Note that

1
(qu) (t) = Ao, | sN1G(t,5) f (s,u,\ni (s)) ds.
0
By taking the limit we have

* * . a N-—2
w (8) = (Theu) (8) = gyt Biarsy (1= (9)"7),
that is A* € A. The proof is complete. O

Theorem 3.6. Suppose that (Hy)— (Hs) holds. Then there exists \* > A, > 0
such that BVP (2.1) has at least two, one and no positive solutions for 0 <
A< A, A < AN and A > \* respectively.

Proof. From (H,), (Hz) and (Hs) we have (0, \,] CA. So A* > A\, >0.
From Lemma 3.2 and 3.5, we have (0, \*] = A. Therefore, from the definition
of \* we only to prove that Ty has at least two fixed points in K \ {6} for
A€ (0, ]

Now, given A € (0, \,]. Theorem 3.3 means that T) has at least one
fixed point uy 1 € K \ {6} which satisfies |Juy 1] < (g)Nﬁ2 —1.

Let
p\ V-2
Klz{x€K||u||<<a> —1}.

For t € [a,b], so for u € K with ||u|| = (g)Nﬁ2 —1,1eu € 0Ky, we have

N—-2
lull = I Tall = (Tho) ((”) . 1>
b

< (N —2) (bz\;\z —aN-2y ((Z)N_2 - 1) /SN_lf (s;u(s))ds

a




Existence and multiplicity of positive radial solutions to the Dirichlet problem for nonlinea
A\ b\ V2 b p\ N2
< * - -1 N-1 - —1]d
SN -0 ) (() ) [ ( () > ’

(3.3)
there exists N7 > 0 such that

N(N-2)(bN72—aN?)

(1—(%)N’2)A1
ft,u) > Lu, foru> Ny, t€lab].
Set Ko ={u : ||u|| < NN1}. Then K; C Ks. If u € 0K», we have

lull = [ Tau = (Tu) ((b)N . 1>

z (N —2) (bl\?\Q —aN-2) (1 - (Z>N2> /bSN_lf(SaU(S))dS
b
> g () ) [ (s ) s

> g (6 /b N7 (o 5 o) s

AL (1= (5)"7)
>
T N(N—-2)(bN-2—-aN-2)
Consequently, Applying Theorem 3.1 that T has a fixed point uy o € K2\ Kj.
Equation (3.3) implies that T has no fixed point in 0K;. In conclusion, for
A € (0, ], T\ has at least two fixed points uy 1 and uy o in K. The proof is
complete. 0O

When (Hj), take L >

[l > el -

We present an example to illustrate the applicability of the results shown
before.

Example 3.7. Consider in R? the elliptic boundary value problem

{ —Au(z) =A(|z| +u+In(1+u), €2, (54)
u(z) =0, x € 012,

To the system (3.4) we associate the the second order boundary value problem
—u”" () =A{t+u+in(l+uw), tEla,bl,
u(a) =u(b) =0,

By direct computation, we have

1 1 2 48 — 91
Fo=2 Fp=-, F1==-+4+-(1 2 . = .
=2 Fo=g Fi=g+3(+n(2) andd = egmmes
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So, the assumptions (H;), (Hz2) and (Hs) are satisfied, it follows from The-
orem 3.4 there exists A* = 3 > A, such that boundary value problem (3.4)
has at least one positive solution for 0 < A < 3 and has no positive solution
for A > A\*.
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