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Convergence of Szász–Mirakyan–Laguerre–
Durrmeyer operators in Lp space

Prashantkumar G. Patel

Abstract. We investigate the approximation properties of a family of positive
linear operators that unify the Szász–Mirakyan–Laguerre–Durrmeyer operators.
Using the Schur test, we prove that on every compact interval the operators are
uniformly bounded on Lebesgue spaces with constant one independent of the
parameter, and for a certain range of the parameter they converge locally in the
Lebesgue norm to the identity. To recover global convergence for the remaining
parameter range, we introduce exponentially weighted Lebesgue spaces. Under
a natural condition linking the weight exponent and the other parameters, we
prove uniform boundedness and convergence in these weighted spaces. Finally,
we analyze the spectral properties of the operators.
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1. Introduction

The study of convergence in Lp-spaces plays a fundamental role in approximation
theory, as it provides a natural and powerful framework for measuring the quality of
approximation in terms of integral norms. Unlike pointwise or uniform convergence,
Lp-convergence allows for a more flexible and realistic assessment, particularly in situ-
ations where functions may exhibit local irregularities or discontinuities. This type of
convergence is especially significant in applications such as signal processing, numer-
ical analysis, probability theory, and the study of differential and integral equations,
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where approximation in an average sense is more meaningful. Consequently, investi-
gating the behavior of approximation operators in Lp-spaces ensures both stability
and applicability in various practical contexts.

Positive linear operators constitute an important class of approximation tools
due to their constructive nature and their ability to preserve essential properties
of functions. Among these, the classical Szász–Mirakyan operators [12] have been
extensively studied as a natural extension of Bernstein polynomials to the unbounded
interval [0,∞). Over the years, several generalizations and modifications of these
operators have been introduced to improve their approximation properties and to
extend their applicability [1, 2, 3, 4, 5, 7]. In particular, Durrmeyer-type modifications
incorporate integral averages, leading to better approximation behavior in various
function spaces, while Laguerre-type generalizations provide additional flexibility in
handling functions defined on infinite intervals. The following generalization of the
Szász–Mirakyan–Durrmeyer operators was introduced by Patel, Agratini, and Crăciun
[10] for fixed parameters α > −1 and β ∈ R as follows:

M (α,β)
n [f ](x) =

∞∑
k=0

⟨f, ψn,k⟩α,β
⟨1, ψn,k⟩α,β

ψn,k(x), (1.1)

where the weighted inner product for integrable functions f and g is defined by

⟨f, g⟩α,β =

∫ ∞

0

f(t)g(t)eβttα dt, α > −1, β < 0,

and the Szász–Mirakyan basis functions are given by

ψn,k(x) =
(nx)ke−nx

k!
, k ≥ 0, x ≥ 0.

The operators (1.1) admit the explicit representation

M (α,β)
n [f ](x) =

∞∑
k=0

(
(n− β)k+α+1

Γ(k + α+ 1)

∫ ∞

0

f(t) tk+αe−(n−β)t dt

)
ψn,k(x),

provided that n > β and α > −1, ensuring the convergence of the integrals. In the
particular case α = 0 and β = 0, the operators reduce to the Durrmeyer-type variant
of the classical Szász–Mirakyan operators studied by Mazhar and Totik [8].

The kernel representation of the operators (1.1) can be written as

M (α,β)
n [f ](x) =

∫ ∞

0

f(t)Kn(x, t)dt, (1.2)

where the kernel is given by

Kn(x, t) = e−nx
∞∑
k=0

(n− β)k+α+1

Γ(k + α+ 1)
tk+αe−(n−β)t (nx)

k

k!
.

We note that, the kernel Kn(x, t) is non-negative a.e. for x, t ≥ 0.
For A ≥ 0, let EA[0,∞) denote the class of all functions f : [0,∞) → R satisfying

the growth condition

|f(t)| ≤ KeAt, t ≥ 0,
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for some constant K > 0. Define

E[0,∞) =
⋃
A≥0

EA[0,∞),

the space of functions of at most exponential growth. We note that the operators (1.1)
do not interpolate the function f at x = 0. Indeed,

M (α,β)
n [f ](0) =

(n− β)α+1

Γ(α+ 1)

∫ ∞

0

f(t) tαe−(n−β)t dt.

It is clear that the operators M
(α,β)
n are linear and positive. Moreover, they are well

defined on E[0,∞) since, for f ∈ EA[0,∞) and n > β +A, one has∣∣∣(M (α,β)
n f

)
(x)
∣∣∣ ≤ K

(
n− β

n− β −A

)α+1

exp

(
nxA

n− β −A

)
.

As shown in [10], these parameter-dependent operators possess rich approxima-
tion properties in various function spaces, including weighted spaces. In particular,
explicit expressions for moments were derived, and the asymptotic behavior of the
central moments was analyzed, demonstrating their effectiveness in approximating
functions on unbounded intervals.

Motivated by these developments, the present paper is devoted to the study of
a class of Szász–Mirakyan–Laguerre–Durrmeyer operators defined by (1.1). Our main
objective is to investigate their convergence behavior in Lp-spaces. We establish suffi-
cient conditions for convergence in the Lp-norm and analyze the rate of convergence
using appropriate tools from approximation theory. The results obtained extend sev-
eral known results and provide a unified framework for studying such operators in the
setting of integral norms.

The paper is organized as follows. In Section 2, we present the main convergence
results in Lp-spaces, including both local and global convergence in weighted spaces,

and we also investigate the spectral properties of the operators M
(α,β)
n . Section 3 is

devoted to the necessary preliminaries and auxiliary results. In Section 4, we provide
the proofs of the main results.

2. Main results

In the study of approximation by positive linear operators on unbounded intervals,
convergence may be investigated in different functional settings. In particular, for the

operators M
(α,β)
n , it is natural to distinguish between two complementary notions of

convergence in the Lp-sense. The first concerns the local (or compact) Lp-convergence,
which ensures that the approximation holds uniformly over every finite subinterval of
[0,∞). The second involves the global Lp-convergence in weighted spaces equipped
with an exponentially decaying weight, which controls the behavior of functions and
operators at infinity. The results presented below address both these aspects, providing
a comprehensive analysis of the approximation properties of the Szász–Mirakyan–
Laguerre–Durrmeyer operators.
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2.1. Local Lp-Convergence Analysis

Let R > 0. For 1 ≤ p < ∞, we define the Lebesgue space Lp([0, R]) as the set of all
real-valued measurable functions on [0, R] for which

∥f∥Lp([0,R]) :=

(∫ R

0

|f(t)|p dt

)1/p

<∞.

For p = ∞, the space L∞([0, R]) consists of all essentially bounded measurable func-
tions equipped with the norm

∥f∥L∞([0,R]) := ess sup
t∈[0,R]

|f(t)|.

For later use, we introduce the following admissibility condition on α:

Ap :=


{0}, p = 1,(
1

p
− 1, 0

]
, 1 < p <∞,[

−1

2
, 0

]
, p = ∞.

The restriction for 1 ≤ p < ∞ is caused by the singular behaviour tα of the kernel
near t = 0.

The following boundedness result is established by applying a suitable version
of the Schur test [13, Theorem 3.6] to the kernel Kn(x, t) given in (1.2).

Theorem 2.1. Let R > 0, β ≥ 0, and 1 ≤ p ≤ ∞. Assume that α ∈ Ap, For
n > β and f ∈ Lp([0, R]), extend f by zero to [0,∞). Then there exists a constant
C = C(p,R, α, β) > 0, independent of n, such that

∥M (α,β)
n [f ]∥Lp([0,R]) ≤ C∥f∥Lp([0,R]).

The next result shows that the operatorsM
(α,β)
n converge locally in the Lp-norm

on compact subsets of [0,∞).

Theorem 2.2 (Local Lp–convergence). Let 1 ≤ p <∞, let β ≥ 0 be fixed, and assume
that α ∈ Ap, that is, α = 0 if p = 1, and 1

p − 1 < α ≤ 0 if 1 < p < ∞. Then, for

every fixed R > 0 and every f ∈ Lp([0, R]),

lim
n→∞

∥∥M (α,β)
n [f ]− f

∥∥
Lp([0,R])

= 0.

We show that for α > 0 the operators are uniformly bounded on L1([0,∞)).

Proposition 2.3. Let α > 0 and β ∈ R, and assume that n > 0 and n > β. Then

sup
t≥0

∫ ∞

0

Kn(x, t) dx =
n− β

n
<∞.
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2.2. Global convergence in weighted spaces

Let 1 ≤ p < ∞ and γ ≥ 0. The weighted space Lγ
p([0,∞)) consists of all measurable

functions f : [0,∞) → R such that

∥f∥p
Lγ

p
:=

∫ ∞

0

|f(x)|peγx dx <∞.

For p = ∞, we define

∥f∥Lγ
∞ := ess sup

x≥0
|f(x)|eγx.

For γ = 0 these spaces coincide with the usual spaces Lp([0,∞)).

Theorem 2.4 (Uniform boundedness in Lγ
p). Let 1 ≤ p ≤ ∞, β ≥ 0, and let α ∈ Ap.

Assume γ ≥ 0 and γ ≤ pβ if 1 ≤ p < ∞, whereas for p = ∞ assume γ ≤ β. Then,

for all sufficiently large n > β, the operators M
(α,β)
n map Lγ

p([0,∞)) into itself, and
there exists a constant C = C(α, β, p, γ) > 0, independent of n, such that

∥M (α,β)
n [f ]∥Lγ

p
≤ C∥f∥Lγ

p
, f ∈ Lγ

p([0,∞)).

In particular, when γ = 0, the operators are uniformly bounded on Lp([0,∞)) for the
above admissible values of α.

Remark 2.5. The condition for p = ∞ is γ ≤ β, not merely γ ≤ pβ. Thus, if β = 0,
then necessarily γ = 0. Also, for p = 1 within the range − 1

2 ≤ α ≤ 0, only the case
α = 0 is admissible.

Theorem 2.6 (Global Lp convergence in weighted spaces). Let 1 ≤ p < ∞, β ≥ 0,
and let α ∈ Ap. Assume γ ≥ 0 and γ ≤ pβ. Then for every f ∈ Lγ

p([0,∞)),

lim
n→∞

∥∥M (α,β)
n [f ]− f

∥∥
Lγ

p
= 0.

2.3. Eigenfunctions

We now describe some spectral properties of the operatorsM
(α,β)
n . Recall the Poisson

functions

ψn,k(x) = e−nx (nx)
k

k!
, k ≥ 0, x ≥ 0.

These functions provide a convenient system for representing functions through
Poisson-type expansions.

Let n > β and α > −1. Recall λ = n− β > 0. For a ∈ R and j ∈ N0, let

(a)j =

{
1, j = 0,

a(a+ 1) · · · (a+ j − 1), j ≥ 1,

denote the Pochhammer symbol. Define the infinite matrix P = (Pk,j)k,j≥0 by

Pk,j =
(n− β)k+α+1nj

Γ(k + α+ 1)j!

Γ(j + k + α+ 1)

(2n− β)j+k+α+1
.

Equivalently,

Pk,j =

(
n− β

2n− β

)k+α+1(
n

2n− β

)j
(k + α+ 1)j

j!
.
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Since n > β, the matrix P is non-negative. Moreover, by the binomial series,

∞∑
j=0

Pk,j =

(
n− β

2n− β

)k+α+1 ∞∑
j=0

(k + α+ 1)j
j!

(
n

2n− β

)j

= 1.

Thus P is row-stochastic.

Theorem 2.7 (Eigenpairs ofM
(α,β)
n and the matrix P ). Let v = (vj)j≥0 be a coefficient

vector for which the Poisson series

Φv(x) :=

∞∑
j=0

vjψn,j(x),

converges and the following termwise calculation is justified. Then M
(α,β)
n [Φv] = ΦPv,

where

(Pv)k =

∞∑
j=0

Pk,jvj .

Consequently, the following eigenpairs hold:

1. The value λ1 = 1 is an eigenvalue of M
(α,β)
n with eigenfunction ϕ1(x) ≡ 1.

2. The value λ2 =
(
1− β

n

)α+1

=
(

n−β
n

)α+1

is an eigenvalue of M
(α,β)
n with eigen-

function ϕ2(x) = e−βx.

3. Auxiliary results

The proofs of the main results established in Section 2 depend on several auxiliary
lemmas, which are compiled in this section. We denote by (a)(r) = a(a−1) · · · (a−r+1)
the falling factorial of order r, with the convention (a)(0) = 1.

Theorem 3.1. [10] The moments of the operators M
(α,β)
n for every r ∈ N0 are given

by the following relations

µ(α,β)
r (x) =

1

(n− β)r

r∑
j=0

(
r

j

)
(α+ r)(j) (nx)r−j . (3.1)

In particular the moment of order zero is

µ
(α,β)
0 (x) =M (α,β)

n [1](x) =
∑
k≥0

ψn,k(x) = 1. (3.2)
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The first four nontrivial moments are

µ
(α,β)
1 (x) =

nx+ α+ 1

n− β
, (3.3)

µ
(α,β)
2 (x) =

1

(n− β)2

(
(nx)2 + 2(α+ 2)nx+ (α+ 1)(α+ 2)

)
, (3.4)

µ
(α,β)
3 (x) =

1

(n− β)3

(
(nx)3 + 3(α+ 3)(nx)2 + 3(α+ 2)(α+ 3)nx

+ (α+ 1)(α+ 2)(α+ 3)
)
,

µ
(α,β)
4 (x) =

1

(n− β)4

(
(nx)4 + 4(α+ 4)(nx)3 + 6(α+ 3)(α+ 4)(nx)2

+ 4(α+ 2)(α+ 3)(α+ 4)nx+ (α+ 1)(α+ 2)(α+ 3)(α+ 4)
)
.

Theorem 3.2. [10] For fixed x > 0, α > −1, and β ∈ R, the central moments of the

operator M
(α,β)
n satisfy for every integer r ≥ 2 the following relation

M (α,β)
n [(t− x)r](x) =

r(r − 1)βr−2xr−1

nr−1
+O(n−r).

Lemma 3.3. Let β ≥ 0 be fixed and let α ∈ [− 1
2 , 0]. For n > β and t ≥ 0 define

En(t) :=
1

n
(n− β)α+1tα

γ(α+ 1, (n− β)t)

Γ(α+ 1)
,

where γ(s, z) =
∫ z

0
us−1e−u du is the lower incomplete Gamma function. Then for

every fixed R > 0 there exists a finite constant C = C(α, β) such that

sup
n>β

sup
t∈[0,R]

En(t) ≤ C.

Proof. Set z = (n− β)t and define

g(z) :=
zα γ(α+ 1, z)

Γ(α+ 1)
, z ≥ 0.

A simple rearrangement gives

En(t) =
(
1− β

n

)
g(z).

Since 0 < 1− β/n ≤ 1 for all n > β, it suffices to show supz≥0 g(z) <∞.

First consider the behavior as z → 0+. Put s = α + 1 ∈ ( 12 , 1]. The small-
argument expansion

γ(s, z) =
zs

s
+ o(zs) (z → 0+),

yields

g(z) =
zαγ(α+ 1, z)

Γ(α+ 1)
=

z2α+1

(α+ 1)Γ(α+ 1)
+ o(z2α+1).

For α ≥ −1/2 we have 2α + 1 ≥ 0, so g(z) is finite at z = 0 (indeed g(0) = 0 when
α > −1/2, and g(0) is finite when α = −1/2).
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Next consider the behavior as z → ∞. Since γ(α+ 1, z) → Γ(α+ 1), we have

g(z) ∼ zα (z → ∞).

Because α ≤ 0 the right-hand side is bounded as z → ∞ (it tends to 0 if α < 0 and
to 1 if α = 0). Therefore g is bounded at infinity.

On (0,∞) the function g is continuous, hence the finiteness at both endpoints
implies g is bounded on [0,∞). Set

C0 := sup
z≥0

g(z) <∞.

Then for every n > β and every t ∈ [0, R],

En(t) =
(
1− β

n

)
g(z) ≤ g(z) ≤ C0,

so the claimed uniform bound holds with C(α, β) := C0. □

Lemma 3.4 (Action on exponentials). Let α > −1, β ∈ R, and n > β. For any A > 0
such that n > β +A, define the exponential function eAt(t) = eAt. Then the operator

M
(α,β)
n acts on eAt as

M (α,β)
n [eAt](x) =

(
n− β

n− β −A

)α+1

exp

(
nA

n− β −A
x

)
, x ≥ 0.

Proof. Inserting f(t) = eAt into the operators (1.2) and interchanging sum and inte-
gral gives

M (α,β)
n [eAt](x) = e−nx

∞∑
k=0

(n− β)k+α+1

Γ(k + α+ 1)

(nx)k

k!

∫ ∞

0

tk+αe−(n−β−A)t dt.

For n > β + A the integral converges and equals Γ(k + α + 1)/(n − β − A)k+α+1.
Hence

M (α,β)
n [eAt](x) = e−nx

∞∑
k=0

(
n− β

n− β −A

)k+α+1
(nx)k

k!
.

Factor
(

n−β
n−β−A

)α+1

and sum the remaining exponential series:

∞∑
k=0

(
n− β

n− β −A

)k
(nx)k

k!
= exp

(
nx · n− β

n− β −A

)
.

Thus

M (α,β)
n [eAt](x) =

(
n− β

n− β −A

)α+1

exp

(
nx

(
n− β

n− β −A
− 1

))
=

(
n− β

n− β −A

)α+1

exp

(
nA

n− β −A
x

)
.

□
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4. Proof of main results

We are now in a position to proceed with the proofs of the theorems stated in Section 2.

Theorem 4.1 (Korovkin-type theorem for M
(α,β)
n ). For all f ∈ C(K),

lim
n→∞

∥M (α,β)
n [f ]− f∥C(K) = 0,

i.e., M
(α,β)
n [f ] → f uniformly on every compact subset K of [0,∞).

Proof. We follow the classical Korovkin approach by verifying the convergence on the
test functions {1, t, t2}. From the moment calculations given in (3.2), (3.3) and (3.4),
we have

M (α,β)
n [ti](x) → xi, as n→ ∞ for i = 0, 1, 2.

uniformly on every compact subset K of [0,∞). SinceM
(α,β)
n is a sequence of positive

linear operators and the convergence holds for 1, t, t2, the classical Korovkin theorem
yields

lim
n→∞

∥M (α,β)
n [f ]− f∥C(K) = 0

This completes the proof. □

Corollary 4.2. Under the same conditions as Theorem 4.1, the operators M
(α,β)
n

approximate continuous functions with exponential weights. That is, for any f ∈
C([0,∞)) satisfying a growth condition |f(t)| ≤ MeAt for some M,A > 0, we have
uniform convergence on compact subsets of [0,∞).

The essential tool in proving the boundedness of the operators (1.2) is a classical
result, commonly known as Schur’s test (or Schur’s theorem). We recall it below.

Theorem 4.3 (Schur test, [13, Theorem 3.6]). Suppose that K is a nonnegative mea-
surable function on X ×X, and let 1 < p <∞ with 1

p + 1
q = 1. Define

Tf(x) =

∫
X

K(x, y)f(y) dµ(y).

If there exist positive constants C1, C2, and a positive measurable function h on X
such that ∫

X

K(x, y)h(y)q dµ(y) ≤ C1h(x)
q

for almost every x ∈ X, and∫
X

K(x, y)h(x)p dµ(x) ≤ C2h(y)
p

for almost every y ∈ X, then T defines a bounded linear operator on Lp(X,µ) with

operator norm ∥T∥ ≤ C
1/q
1 C

1/p
2 .

Proof of Theorem 2.1. We prove the result separately for the endpoint cases and for
1 < p <∞.
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First let p = ∞. Since Kn(x, t) ≥ 0, we have

∥M (α,β)
n f∥L∞([0,R]) ≤ ∥f∥L∞([0,R]) sup

x∈[0,R]

∫ R

0

Kn(x, t) dt

≤ ∥f∥L∞([0,R]) sup
x≥0

∫ ∞

0

Kn(x, t) dt.

But
∫∞
0
Kn(x, t) dt = 1. Hence ∥M (α,β)

n f∥L∞([0,R]) ≤ ∥f∥L∞([0,R]).
Next let p = 1. In the admissible range we have α = 0. By Tonelli’s theorem

[6, 11],

∥M (0,β)
n f∥L1([0,R]) ≤

∫ R

0

∫ R

0

Kn(x, t)|f(t)| dt dx

=

∫ R

0

|f(t)|

(∫ R

0

Kn(x, t) dx

)
dt

≤
∫ R

0

|f(t)|
(∫ ∞

0

Kn(x, t) dx

)
dt.

For α = 0, ∫ ∞

0

Kn(x, t) dx =
n− β

n
.

Since β ≥ 0, we get n−β
n ≤ 1. Therefore ∥M (0,β)

n f∥L1([0,R]) ≤ ∥f∥L1([0,R]).
It remains to consider 1 < p < ∞. Let q be the conjugate exponent, that is,

1
p + 1

q = 1. Assume 1
p − 1 < α ≤ 0. Then αq > −1. Put δ = − α

p−1 ≥ 0. We apply the

weighted Schur test with ω(x) = xα/p, x > 0. The value at x = 0 is irrelevant for the
Lp-norm.
We first estimate ∫ R

0

Kn(x, t)ω(x)
p dx =

∫ R

0

Kn(x, t)x
α dx.

Since Kn ≥ 0, ∫ R

0

Kn(x, t)x
α dx ≤

∫ ∞

0

Kn(x, t)x
α dx.

Using the definition of Kn, we obtain∫ ∞

0

Kn(x, t)x
α dx =

∞∑
k=0

(n− β)k+α+1

Γ(k + α+ 1)
tk+αe−(n−β)tn

k

k!

∫ ∞

0

e−nxxk+α dx

=

∞∑
k=0

(n− β)k+α+1

Γ(k + α+ 1)
tk+αe−(n−β)tn

k

k!

Γ(k + α+ 1)

nk+α+1

=

(
n− β

n

)α+1

tαe−(n−β)t
∞∑
k=0

(
(n− β)t

)k
k!

=

(
n− β

n

)α+1

tα.



Convergence of operators in Lp space 459

Since β ≥ 0 and α+ 1 > 0,
(

n−β
n

)α+1

≤ 1. Hence∫ R

0

Kn(x, t)ω(x)
p dx ≤ tα = ω(t)p.

Thus the second Schur condition holds with constant B = 1.
We now estimate the first Schur integral. Since ω(t)q = tαq/p = t−δ, we have∫ R

0

Kn(x, t)ω(t)
q dt ≤

∫ ∞

0

Kn(x, t)t
−δ dt

= e−nx
∞∑
k=0

(n− β)k+α+1

Γ(k + α+ 1)

(nx)k

k!

∫ ∞

0

tk+α−δe−(n−β)t dt.

Since α− δ = αq and αq > −1, the integral is finite and equals∫ ∞

0

tk+αqe−(n−β)t dt =
Γ(k + αq + 1)

(n− β)k+αq+1
.

Therefore ∫ R

0

Kn(x, t)ω(t)
q dt ≤ (n− β)δe−nx

∞∑
k=0

Γ(k + αq + 1)

Γ(k + α+ 1)

(nx)k

k!
.

By the standard gamma-ratio estimate, there exists a constant C1 = C1(α, p) > 0
such that

Γ(k + αq + 1)

Γ(k + α+ 1)
≤ C1(k + 1)−δ, k ≥ 0.

Hence, with y = nx,∫ R

0

Kn(x, t)ω(t)
q dt ≤ C1(n− β)δe−y

∞∑
k=0

(k + 1)−δ y
k

k!
.

Using the elementary Poisson estimate

e−y
∞∑
k=0

(k + 1)−δ y
k

k!
≤ C2(1 + y)−δ, y ≥ 0,

we obtain ∫ R

0

Kn(x, t)ω(t)
q dt ≤ C1C2(n− β)δ(1 + nx)−δ.

Since β ≥ 0, we have n− β ≤ n. Therefore

(n− β)δ(1 + nx)−δ ≤ nδ(1 + nx)−δ ≤ x−δ.

Thus ∫ R

0

Kn(x, t)ω(t)
q dt ≤ Ax−δ = Aω(x)q,

where A = A(α, p) > 0 is independent of n.
The weighted Schur test now gives

∥M (α,β)
n f∥Lp([0,R]) ≤ A1/qB1/p∥f∥Lp([0,R]).
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Since B = 1, we obtain

∥M (α,β)
n f∥Lp([0,R]) ≤ C∥f∥Lp([0,R]),

where C = A1/q is independent of n.
Combining the cases p = 1, 1 < p < ∞, and p = ∞, the desired uniform

boundedness follows. □

Proof of Theorem 2.2. Let f ∈ Lp([0, R]) and let ε > 0. We regard f as extended by
zero outside [0, R].

Since Cc([0, R)) is dense in Lp([0, R]), there exists g ∈ Cc([0, R)) such that

∥f − g∥Lp([0,R]) < ε.

The zero extension of g to [0,∞) is continuous and compactly supported.
By the Korovkin-type theorem, applied on the compact interval [0, R], we have

lim
n→∞

∥M (α,β)
n [g]− g∥∞,[0,R] = 0.

Therefore,

∥M (α,β)
n [g]− g∥Lp([0,R]) ≤ R1/p∥M (α,β)

n [g]− g∥∞,[0,R] −→ 0, (n→ ∞).

Now write

M (α,β)
n [f ]− f =M (α,β)

n [f − g] +
(
M (α,β)

n [g]− g
)
+ (g − f).

Hence,

∥M (α,β)
n [f ]− f∥Lp([0,R]) ≤ ∥M (α,β)

n [f − g]∥Lp([0,R])

+ ∥M (α,β)
n [g]− g∥Lp([0,R]) + ∥g − f∥Lp([0,R]).

By Theorem 2.1, there exists a constant C = C(p,R, α, β) > 0, independent of n,
such that

∥M (α,β)
n [f − g]∥Lp([0,R]) ≤ C∥f − g∥Lp([0,R]) < Cε.

Also,

∥g − f∥Lp([0,R]) < ε.

Thus,

lim sup
n→∞

∥M (α,β)
n [f ]− f∥Lp([0,R]) ≤ (C + 1)ε.

Since ε > 0 is arbitrary, we conclude that

lim
n→∞

∥M (α,β)
n [f ]− f∥Lp([0,R]) = 0.

□

Proof of Proposition 2.3. Put λ = n− β > 0. Since all terms in the defining series of
Kn(x, t) are non-negative, we may integrate term by term. For each k ≥ 0,∫ ∞

0

e−nx (nx)
k

k!
dx =

1

n

∫ ∞

0

e−uu
k

k!
du =

1

n
.
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Hence ∫ ∞

0

Kn(x, t) dx =
1

n
e−λt

∞∑
k=0

λk+α+1tk+α

Γ(k + α+ 1)

=
λ

n
e−λt

∞∑
k=0

(λt)k+α

Γ(k + α+ 1)
.

Let y = λt. Then ∫ ∞

0

Kn(x, t) dx =
λ

n
e−y

∞∑
k=0

yk+α

Γ(k + α+ 1)
.

Using the standard identity (see [9, Eq. 8.11.4]), we have

e−y
∞∑
k=0

yk+α

Γ(k + α+ 1)
=
γ(α, y)

Γ(α)
, y ≥ 0, (4.1)

where γ(α, y) is the lower incomplete gamma function, we obtain∫ ∞

0

Kn(x, t) dx =
λ

n

γ(α, λt)

Γ(α)
.

Since

0 ≤ γ(α, λt)

Γ(α)
≤ 1,

for all t ≥ 0, and since
γ(α, λt)

Γ(α)
→ 1 as t→ ∞,

it follows that

sup
t≥0

∫ ∞

0

Kn(x, t) dx =
λ

n
=
n− β

n
.

Therefore the supremum is finite. □

Proof of Theorem 2.4. We first consider the case 1 < p < ∞. Put q = p
p−1 , µ = γ

p ,

λ = n−β > 0. For f ∈ Lγ
p([0,∞)), define h(x) = eγx/pf(x). Then h ∈ Lp([0,∞)) and

∥h∥Lp
= ∥f∥Lγ

p
.

We conjugate the operator by setting

M̃nh(x) := eγx/pM (α,β)
n

[
e−γ·/ph(·)

]
(x).

Then

M̃nh(x) =

∫ ∞

0

K̃n(x, t)h(t) dt,

where
K̃n(x, t) = eγx/pKn(x, t)e

−γt/p = eµxKn(x, t)e
−µt.

Thus
∥M (α,β)

n f∥Lγ
p
= ∥M̃nh∥Lp

.

We apply the weighted Schur test. Since α ∈ (1/p − 1, 0], we have αq > −1. Let
ω(x) = xα/p, x > 0. The value at x = 0 is irrelevant for the Lp-norm.
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We shall prove that there exist constants A,B > 0, independent of n, such that∫ ∞

0

K̃n(x, t)ω(t)
q dt ≤ Aω(x)q, (4.2)

and ∫ ∞

0

K̃n(x, t)ω(x)
p dx ≤ B ω(t)p. (4.3)

The weighted Schur test will then imply

∥M̃nh∥Lp
≤ A1/qB1/p∥h∥Lp

.

We first prove (4.3). Since ω(x)p = xα, we compute∫ ∞

0

K̃n(x, t)x
α dx = e−µt

∞∑
k=0

λk+α+1

Γ(k + α+ 1)
tk+αe−λt

∫ ∞

0

e−(n−µ)x (nx)
k

k!
xα dx.

For all sufficiently large n, n > µ. Hence∫ ∞

0

e−(n−µ)x (nx)
k

k!
xα dx = n−α−1Γ(k + α+ 1)

k!

(
1− µ

n

)−(k+α+1)

.

Therefore, with ρn =
(
1− µ

n

)−1
, we obtain∫ ∞

0

K̃n(x, t)x
α dx = n−α−1(λρn)

α+1tα exp(−(λ+ µ)t+ λρnt) .

Since µ = γ/p ≤ β, we have

−(λ+ µ) + λρn =
µ(µ− β)

n− µ
≤ 0.

Hence ∫ ∞

0

K̃n(x, t)x
α dx ≤ n−α−1(λρn)

α+1tα.

Moreover,

n−α−1(λρn)
α+1 =

(
λ

n− µ

)α+1

≤ 1,

because λ = n− β ≤ n− µ and α+ 1 > 0. Thus∫ ∞

0

K̃n(x, t)ω(x)
p dx ≤ tα = ω(t)p.

So the inequality (4.3) holds with B = 1.

Next we prove (4.2). Since ω(t)q = tαq/p, we have tk+αω(t)q = tk+αq. Because
αq > −1, the following integrals are finite:∫ ∞

0

K̃n(x, t)t
αq/p dt = eµxe−nx

∞∑
k=0

λk+α+1

Γ(k + α+ 1)

(nx)k

k!

∫ ∞

0

tk+αqe−(λ+µ)t dt

= eµxe−nx
∞∑
k=0

λk+α+1

Γ(k + α+ 1)

(nx)k

k!

Γ(k + αq + 1)

(λ+ µ)k+αq+1
.
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Put δ = − α
p−1 ≥ 0. Then αq+1 = (α+1)−δ. By the standard gamma-ratio estimate,

there exists a constant Cα > 0 such that

Γ(k + αq + 1)

Γ(k + α+ 1)
≤ Cα(k + 1)−δ, k ≥ 0.

Consequently,

∫ ∞

0

K̃n(x, t)t
αq/p dt ≤ Cα

λα+1

(λ+ µ)αq+1
eµxe−nx

∞∑
k=0

(
nλx
λ+µ

)k
k!

(k + 1)−δ.

Using the elementary Poisson estimate

e−y
∞∑
k=0

yk

k!
(k + 1)−δ ≤ Cδ(1 + y)−δ, y ≥ 0,

with y = nλx
λ+µ , we get∫ ∞

0

K̃n(x, t)t
αq/p dt ≤ C

λα+1

(λ+ µ)αq+1
exp

(
µx− nx+

nλx

λ+ µ

)
(1 + y)−δ.

Since

µ− n+
nλ

λ+ µ
=
µ(µ− β)

λ+ µ
≤ 0,

the exponential factor is bounded by the inequity (4.2). Also, for all sufficiently large
n, λ, λ+ µ, and n are comparable, and therefore

λα+1

(λ+ µ)αq+1
≤ Cnδ.

Since y ≍ nx, we have

nδ(1 + y)−δ ≤ Cx−δ = Cxαq/p.

Thus ∫ ∞

0

K̃n(x, t)ω(t)
q dt ≤ Axαq/p = Aω(x)q.

This proves the inequity (4.2).
By the weighted Schur test,

∥M̃nh∥Lp
≤ A1/qB1/p∥h∥Lp

.

Since B = 1, we obtain

∥M (α,β)
n f∥Lγ

p
= ∥M̃nh∥Lp

≤ C∥h∥Lp
= C∥f∥Lγ

p
,

where C is independent of n.
We now treat the endpoint p = 1. In this case the admissible range gives α = 0.

Put µ = γ. For h(x) = eγxf(x), we again obtain the conjugated kernel

K̃n(x, t) = eγxKn(x, t)e
−γt.
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For n > γ, ∫ ∞

0

K̃n(x, t) dx = e−γt
∞∑
k=0

λk+1

k!
tke−λt

∫ ∞

0

e−(n−γ)x (nx)
k

k!
dx

=
λ

n− γ
exp

(
−(λ+ γ)t+

λn

n− γ
t

)
.

Since γ ≤ β,

−(λ+ γ) +
λn

n− γ
=
γ(γ − β)

n− γ
≤ 0.

Also,
λ

n− γ
=
n− β

n− γ
≤ 1.

Therefore

sup
t≥0

∫ ∞

0

K̃n(x, t) dx ≤ 1.

By Tonelli’s theorem [6, 11],

∥M̃nh∥L1 ≤ ∥h∥L1 .

Hence

∥M (α,β)
n f∥Lγ

1
≤ ∥f∥Lγ

1
.

Finally, let p = ∞. In this case assume γ ≤ β and put h(x) = eγxf(x). Then

∥h∥L∞ = ∥f∥Lγ
∞ .

The conjugated kernel is again

K̃n(x, t) = eγxKn(x, t)e
−γt.

For fixed x,∫ ∞

0

K̃n(x, t) dt = eγxe−nx
∞∑
k=0

λk+α+1

Γ(k + α+ 1)

(nx)k

k!

∫ ∞

0

tk+αe−(λ+γ)t dt

= rα+1
n exp(γx+ nx(rn − 1)) ,

where rn = λ
λ+γ . Since

γ + n(rn − 1) = γ − nγ

λ+ γ
=
γ(γ − β)

λ+ γ
≤ 0,

and 0 < rn ≤ 1, we obtain

sup
x≥0

∫ ∞

0

K̃n(x, t) dt ≤ 1.

Therefore ∥M̃nh∥L∞ ≤ ∥h∥L∞ . Equivalently,

∥M (α,β)
n f∥Lγ

∞ ≤ ∥f∥Lγ
∞ .
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Combining the three cases, the operators M
(α,β)
n are uniformly bounded on

Lγ
p([0,∞)), with a constant independent of n, for all sufficiently large n. This com-

pletes the proof. □

Proof of Theorem 2.6. Let X = Lγ
p([0,∞)). By Theorem 2.4, there exist constants

C > 0 and n0 ∈ N such that

∥M (α,β)
n f∥Lγ

p
≤ C∥f∥Lγ

p
, f ∈ Lγ

p([0,∞)),

for all n ≥ n0.
Since 1 ≤ p < ∞, the space Cc([0,∞)) is dense in Lγ

p([0,∞)). Therefore it is
enough to prove the convergence for functions g ∈ Cc([0,∞)).

Let g ∈ Cc([0,∞)), and suppose that supp g ⊂ [0, R]. Choose S > R. Then

∥M (α,β)
n g − g∥p

Lγ
p
=

∫ S

0

|M (α,β)
n g(x)− g(x)|peγx dx+

∫ ∞

S

|M (α,β)
n g(x)|peγx dx.

On the finite interval [0, S], the weight eγx is bounded. Hence, by the local Lp-
convergence theorem,∫ S

0

|M (α,β)
n g(x)− g(x)|peγx dx ≤ eγS∥M (α,β)

n g − g∥pLp([0,S]) −→ 0 (n→ ∞).

It remains to control the tail. We use the following standard tail estimate for
the kernel: if g ∈ Cc([0,∞)) and supp g ⊂ [0, R], then for every S > R,∫ ∞

S

|M (α,β)
n g(x)|peγx dx −→ 0 (n→ ∞).

Indeed, since g is bounded and supported in [0, R],

|M (α,β)
n g(x)| ≤ ∥g∥∞

∫ R

0

Kn(x, t) dt.

Using the series representation of Kn, one obtains, for x ≥ S > R,∫ R

0

Kn(x, t) dt ≤ CRn
m(1 + x)m exp

[
−cn(

√
x−

√
R)2

]
,

where CR, c,m > 0 are independent of n and x. Therefore,∫ ∞

S

|M (α,β)
n g(x)|peγx dx ≤ Cnmp

∫ ∞

S

(1 + x)mp exp
[
−cpn(

√
x−

√
R)2 + γx

]
dx.

Since S > R and γ ≤ pβ, the right-hand side tends to 0 as n→ ∞. Hence

∥M (α,β)
n g − g∥Lγ

p
−→ 0 (n→ ∞)

for every g ∈ Cc([0,∞)).
Now let f ∈ Lγ

p([0,∞)) and let ε > 0. Choose g ∈ Cc([0,∞)) such that

∥f − g∥Lγ
p
< ε.

Then, for all n ≥ n0,

∥M (α,β)
n f − f∥Lγ

p
≤ ∥M (α,β)

n (f − g)∥Lγ
p
+ ∥M (α,β)

n g − g∥Lγ
p
+ ∥g − f∥Lγ

p

≤ (C + 1)ε+ ∥M (α,β)
n g − g∥Lγ

p
.
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Taking the upper limit as n→ ∞, we get

lim sup
n→∞

∥M (α,β)
n f − f∥Lγ

p
≤ (C + 1)ε.

Since ε > 0 is arbitrary, it follows that

lim
n→∞

∥M (α,β)
n f − f∥Lγ

p
= 0.

This completes the proof. □

Proof of Theorem 2.7. For j ≥ 0, using the definition of Kn(x, t) and integrating with
respect to t, we obtain

M (α,β)
n [ψn,j ](x) =

∞∑
k=0

Pk,jψn,k(x).

Therefore, for every admissible coefficient vector v,

M (α,β)
n [Φv](x) =

∞∑
j=0

vjM
(α,β)
n [ψn,j ](x) =

∞∑
k=0

 ∞∑
j=0

Pk,jvj

ψn,k(x) = ΦPv(x).

Now take v(1) = (1, 1, 1, . . .). Since P is row-stochastic, Pv(1) = v(1). Moreover,

Φv(1)(x) =

∞∑
j=0

e−nx (nx)
j

j!
= 1.

Hence ϕ1(x) ≡ 1 is an eigenfunction with eigenvalue 1.
Next take

v
(2)
j =

(
n− β

n

)j

, j ≥ 0.

Then

Φv(2)(x) = e−nx
∞∑
j=0

(
(n− β)x

)j
j!

= e−βx.

Furthermore,

(Pv(2))k =

(
n− β

2n− β

)k+α+1 ∞∑
j=0

(k + α+ 1)j
j!

(
n

2n− β

)j (
n− β

n

)j

=

(
n− β

2n− β

)k+α+1 ∞∑
j=0

(k + α+ 1)j
j!

(
n− β

2n− β

)j

=

(
n− β

n

)k+α+1

=

(
n− β

n

)α+1

v
(2)
k .

Thus

Pv(2) =

(
n− β

n

)α+1

v(2).
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Consequently,

M (α,β)
n [e−βx] =

(
n− β

n

)α+1

e−βx.

This proves the stated eigenpair. □

Remark 4.4. The operator M
(α,β)
n is positive and linear. The constant eigenfunc-

tion corresponds to the invariant property of M
(α,β)
n . The second eigenvalue λ2 =(

1− β
n

)α+1

satisfies 0 < λ2 < 1 for 0 < β < n, and therefore the component along

e−βx decays geometrically under iteration:

(M (α,β)
n )r[e−βx] = λ r

2 e
−βx, r ≥ 1.

Here (M
(α,β)
n )r[e−βx] denotes the r-fold iterate of the operatorsM

(α,β)
n applied to the

function e−βx.
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