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Korovkin type criterion for some Voronovskaja
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Abstract. In this note we present a simple criterion to validate some Voronovskaja
type formulae. We show that it is sufficient to check the validity of the
Voronovskaja formula on the test functions φi, i = 0, ..., 4, where φ is a func-
tion satisfying some conditions, to get the validity for the general case.
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1. Introduction

Let n ∈ N and f ∈ C[0, 1]. The most famous positive linear operator is the classical
Bernstein operator Bn : C[0, 1] → C[0, 1] defined by

Bnf(x) =

n∑
k=0

pn,k(x)f

(
k

n

)
, x ∈ [0, 1], (1.1)

where

pn,k(x) =

(
n

k

)
xk(1− x)n−k, k = 0, ..., n. (1.2)

It was introduced by Bernstein in [4] in order to give a constructive proof of the
Weierstrass theorem.

The monomial functions are noted by ei, i.e. ei(x) = xi, i = 0, 1, ...
A general and simple criterion for the convergence of the sequences of positive

linear operators is the following Korovkin theorem.
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Theorem 1.1. Let Ln : C[a, b] → C[a, b], n = 1, 2, ... be a sequence of positive linear
operators having the property that

lim
n→∞

Lnei = ei, i = 0, 1, 2

uniformly on the interval [a, b]. Then, for every f ∈ C[a, b], we have

lim
n→∞

Lnf = f,

uniformly on the interval [a, b].

From Theorem 1.1 it follows that for a sequence of positive linear operators it
is sufficient to check the convergence on the test functions ei, i = 0, 1, 2 and the
convergence holds for every continuous function.

For the Bernstein operator we have

Bne0(x) = 1, Bne1(x) = x, Bne2(x) = x2 +
x(1− x)

n
. (1.3)

Thus, the conditions from Theorem 1.1 are satisfied and the limit

lim
n→∞

Bnf = f

holds uniformly on the interval [0, 1].
For generalizations of Theorem 1.1 and more about the positive linear operators

the readers can consult the excellent monograph [2].
Another tools for the study of the convergence of the positive linear operators

are the Voronovskaja type formulae. For the Bernstein operators the result is proved
by Voronovskaja in [15].

Theorem 1.2. (Voronovskaja theorem) If f ∈ C[0, 1] is a function having derivative
of order two at a point x ∈ [0, 1], then we have

lim
n→∞

n (Bnf(x)− f(x)) =
x(1− x)

2
f ′′(x). (1.4)

The following result is proved in [11, Theorem 1.2] (see also [10, Theorem 10]
for generalization).

Theorem 1.3. If Ln : C[0, 1] → C[0, 1], n = 1, 2, ... be a sequence of positive linear
approximation operators, f ∈ C2[0, 1] and x ∈ [0, 1], then

Lnf(x)− f(x)− f ′(x)Ln(· − x)(x)− 1

2
f ′′(x)Ln(· − x)2(x)

= o
(√

Ln(· − x)4(x)
)
, as n → ∞.

Next, we present some criterions for Voronovskaja theorems for positive linear
operators.

Let φ be an infinite times continuously differentiable function on [0, 1], such that
φ(0) = 0, φ(1) = 1 and φ′(x) > 0, x ∈ (0, 1). Let

exφ,i(t) = (φ(t)− φ(x))i.

The following theorem is a light modification of the Theorem 2.1 from [8].
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Theorem 1.4. Let Ln : C[0, 1] → C[0, 1], n = 1, 2, ... be a sequence of positive linear
operators and λn, n = 1, 2, ... be a sequence of positive real numbers. Let x ∈ (0, 1) be
fixed.

If there exist three functions p, q, r ∈ C[0, 1], p being strictly positive on (0,1),
such that

lim
n→∞

λn(Lne0(x)− 1) = r(x),

lim
n→∞

λn(Lne
x
φ,1(x)) = p(x)φ′′(x) + q(x)φ′(x),

lim
n→∞

λn(Lne
x
φ,2(x)) = 2p(x)φ′2(x),

lim
n→∞

λn(Lne
x
φ,4(x)) = 0,

then for each f ∈ C[0, 1], twice differentiable at the point x, we have

lim
n→∞

λn (Lnf(x)− f(x)) = p(x)f ′′(x) + q(x)f ′(x) + r(x)f(x).

If we take r(x) = 0, x ∈ [0, 1] we get [8, Theorem 2.1].
The next theorem is proved in [7].

Theorem 1.5. Let Ln,k : C[0, 1] → C[0, 1], k = 0, 1, 2, n = 1, 2, ... be positive linear
operators and x ∈ (0, 1).

We assume that

Ln,1ei(x) ≤ Ln,0ei(x) ≤ Ln,2ei(x), i = 0, ..., 4

and there are two functions p, q ∈ C[0, 1], p being strictly positive on (0, 1) such that

lim
n→∞

n(Ln,kei(x)− ei(x)) = p(x)e′′i (x) + q(x)e′i(x), k = 1, 2, i = 0, ..., 4. (1.5)

Then for every f ∈ C[0, 1], twice differentiable at the point x, we have

lim
n→∞

n(Ln,0f(x)− f(x)) = p(x)f ′′(x) + q(x)f ′(x).

In this note we give a generalization of Theorem 1.5. As a consequence of this
theorem we obtain a simple criterion for some Voronovskaja type formulae. We show
that for positive linear operators it is sufficient to check that the Voronovskaya formula
is valid for the functions φi, i = 0, ..., 4 and the formula holds in the general case. If
we choose φ(t) = t, then the test functions are the monomials ei, i = 0, ..., 4. Thus, in
this case, the criterion is similar with that of Korovkin type from Theorem 1.1. In the
last section of this article we present three examples, but the criterion can be easily
applied to more other positive linear operators.

2. Main results

Theorem 2.1. Let Ln,k : C[0, 1] → C[0, 1], k = 0, 1, 2, n = 1, 2, ... be positive linear
operators, λn, n = 1, 2, ... be a sequence of positive real numbers and x ∈ (0, 1) be
fixed. We assume that

Ln,1φ
i(x) ≤ Ln,0φ

i(x) ≤ Ln,2φ
i(x), i = 0, ..., 4
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and there are three functions p, q, r ∈ C[0, 1], p being strictly positive on (0, 1) such
that, for k = 1, 2, and i = 0, ..., 4, we have

lim
n→∞

λn(Ln,kφ
i(x)− φi(x)) = p(x)

(
φi
)′′

(x) + q(x)
(
φi
)′
(x) + r(x)φi(x). (2.1)

Then for every f ∈ C[0, 1], twice differentiable at the point x, we have

lim
n→∞

λn(Ln,0f(x)− f(x)) = p(x)f ′′(x) + q(x)f ′(x) + r(x)f(x). (2.2)

Proof. By elementary calculations we have(
φ2

)′
= 2φφ′,

(
φ3

)′
= 3φ2φ′,

(
φ4

)′
= 4φ3φ′ (2.3)

and(
φ2

)′′
= 2(φ′2 + φφ′′),

(
φ3

)′′
= 3φ(2φ′2 + φφ′′),

(
φ4

)′′
= 4φ2(3φ′2 + φφ′′). (2.4)

Then:

• from the inequalities

lim
n→∞

λn(Ln,0e0(x)− 1) ≥ lim
n→∞

λn(Ln,1e0(x)− 1) = r(x),

lim
n→∞

λn(Ln,0e0(x)− 1) ≤ lim
n→∞

λn(Ln,2e0(x)− 1) = r(x)

we get

lim
n→∞

λn(Ln,0e0(x)− 1) = r(x);

• from the inequalities

lim
n→∞

λnLn,0(φ− φ(x)e0)(x)

≥ lim
n→∞

λn(Ln,1φ(x)− φ(x)) + φ(x) lim
n→∞

λn(1− Ln,2e0(x))

= p(x)φ′′(x) + q(x)φ′(x) + r(x)φ(x)− r(x)φ(x)

= p(x)φ′′(x) + q(x)φ′(x)

and

lim
n→∞

λnLn,0(φ− φ(x)e0)(x)

≤ lim
n→∞

λn(Ln,2φ(x)− φ(x)) + φ(x) lim
n→∞

λn(1− Ln,1e0(x))

= p(x)φ′′(x) + q(x)φ′(x) + r(x)φ(x)− r(x)φ(x)

= p(x)φ′′(x) + q(x)φ′(x)

we get

lim
n→∞

λnLn,0(φ− φ(x)e0)(x) = p(x)φ′′(x) + q(x)φ′(x);
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• from the inequalities

lim
n→∞

λnLn,0(φ− φ(x)e0)
2(x)

= lim
n→∞

λnLn,0(φ
2 − 2φ(x)φ+ φ2(x)e0)(x)

≥ lim
n→∞

λn(Ln,1φ
2(x)− 2φ(x)Ln,2φ(x) + φ2(x)Ln,1e0(x))

= lim
n→∞

λn(Ln,1φ
2(x)− φ2(x))− 2φ(x) lim

n→∞
λn(Ln,2φ(x)− φ(x))

+φ2(x) lim
n→∞

λn(Ln,1e0(x)− 1)

and

lim
n→∞

λnLn,0(φ− φ(x)e0)
2(x)

≤ lim
n→∞

λn(Ln,2φ
2(x)− 2φ(x)Ln,1φ(x) + φ2(x)Ln,2e0(x))

= lim
n→∞

λn(Ln,2φ
2(x)− φ2(x))− 2φ(x) lim

n→∞
λn(Ln,1φ(x)− φ(x))

+φ2(x) lim
n→∞

λn(Ln,2e0(x)− 1),

by using the formulas (2.1), (2.3) and (2.4) we get

lim
n→∞

λnLn,0(φ− φ(x)e0)
2(x) = 2p(x)φ′2(x);

• from the inequalities

lim
n→∞

λnLn,0(φ− φ(x)e0)
4(x)

= lim
n→∞

λnLn,0(φ
4 − 4φ(x)φ3 + 6φ2(x)φ2 − 4φ3(x)φ+ φ4(x)e0)(x)

≤ lim
n→∞

λn

(
Ln,2(φ

4)(x)− φ4(x)
)
− 4φ(x) lim

n→∞
λn

(
Ln,1(φ

3)(x)− φ3(x)
)

+6φ2(x) lim
n→∞

λn

(
Ln,2(φ

2)(x)− φ2(x)
)

−4φ3(x) lim
n→∞

λn (Ln,1(φ)(x)− φ(x)) + φ4(x) lim
n→∞

λn(Ln,2e0(x)− 1),

by using the formulas (2.1), (2.3) and (2.4) we get

lim
n→∞

λnLn,0(φ− φ(x)e0)
4(x) ≤ 0

and therefore
lim

n→∞
λnLn,0(φ− φ(x)e0)

4(x) = 0.

Thus, the conditions from Theorem 1.4 are satisfied. It follows that the formula
(2.2) holds and the proof is ended. □

The next theorem contains the Korovkin type criterion for the Voronovskaja
formulas of the form (2.5).

Theorem 2.2. Let Ln : C[0, 1] → C[0, 1], n = 1, 2, ... be positive linear operators, λn,
n = 1, 2, ... be a sequence of positive real numbers and x ∈ (0, 1) be fixed. Let the
functions p, q, r ∈ C[0, 1], p being strictly positive on (0, 1) such that

lim
n→∞

λn(Lnφ
i(x)− φi(x)) = p(x)

(
φi
)′′

(x) + q(x)
(
φi
)′
(x) + r(x)φi(x), i = 0, ..., 4.
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Then for every f ∈ C[0, 1], twice differentiable at the point x, we have

lim
n→∞

λn(Lnf(x)− f(x)) = p(x)f ′′(x) + q(x)f ′(x) + r(x)f(x). (2.5)

Proof. The limit (2.5) follows from Theorem 2.1 choosing Ln,0 = Ln,1 = Ln,2 :=
Ln. □

The following criterion is a particular case of Theorem 2.2.

Theorem 2.3. Let Ln : C[0, 1] → C[0, 1], n = 1, 2, ... be positive linear operators, the
functions r, q, p given by

r = lim
n→∞

n(Lne0 − e0), (2.6)

q = lim
n→∞

n(Lne1 − e1)− e1r, (2.7)

p =
1

2

(
lim

n→∞
n(Lne2 − e2)− e2r − 2e1q

)
(2.8)

and x ∈ (0, 1) be fixed. If

lim
n→∞

n(Lnei(x)− ei(x)) = p(x)e′′i (x) + q(x)e′i(x) + r(x)ei(x), i = 0, ..., 4, (2.9)

then for every f ∈ C[0, 1], twice differentiable at the point x, we have

lim
n→∞

n(Lnf(x)− f(x)) = p(x)f ′′(x) + q(x)f ′(x) + r(x)f(x). (2.10)

Proof. The proof follows from Theorem 2.2 by choosing φ = e1 and λn = n. The
functions r, q and p are obtained from (2.9) for i = 0, 1, 2 respectively. □

From Theorem 2.3 we get that it is sufficient to validate the Voronovskaja for-
mula (2.10) for the functions f := ei, i = 0, ..., 4 and the formula holds in the general
case.

3. Applications

In this section we present applications of Theorem 2.2 for some positive linear oper-
ators.

3.1. Bernstein operator

We consider the classical Bernstein operator Bn given by the formula (1.1). We have

Bne3(x) = x3 +
2− 3n

n2
x3 +

3(n− 1)

n2
x2 +

1

n2
x (3.1)

and

Bne4(x) = x4 +
6n2 − 11n+ 6

n3
x4 +

6(n− 1)(n− 2)

n3
x3 +

7(n− 1)

n3
x2 +

1

n3
x. (3.2)

Using (1.3), (3.1) and (3.2), the next limits follow easily, for x ∈ (0, 1):

lim
n→∞

n (Bne0(x)− e0(x)) = 0 =
x(1− x)

2
· e′′0(x),

lim
n→∞

n (Bne1(x)− e1(x)) = 0 =
x(1− x)

2
· e′′1(x),
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lim
n→∞

n (Bne2(x)− e2(x)) = x(1− x) =
x(1− x)

2
· e′′2(x),

lim
n→∞

n (Bne3(x)− e3(x)) = 3x2(1− x) =
x(1− x)

2
· e′′3(x),

lim
n→∞

n (Bne4(x)− e4(x)) = 6x3(1− x) =
x(1− x)

2
· e′′4(x).

Thus, the conditions from Theorem 2.2 are satisfied for φ = e1, λn = n and

p(x) =
x(1− x)

2
, q(x) = r(x) = 0. (3.3)

It follows the validity of the formula (1.4) for every function f ∈ C[0, 1] in every point
x ∈ (0, 1) for which there exists f ′′(x). The formula (1.4) is also true for x ∈ {0, 1}
due interpolation properties of the Bernstein operator at the endpoints.

3.2. Bernstein type operators which preserve the functions e0 and ej , j ≥ 1

Let n, j ∈ N, j ≤ n. In [5] we constructed the following Bernstein-Durrmeyer type
operator which preserves e0 and ej :

Dn,jf(x) =

j−1∑
k=0

pn,k(x)f (0) + pn,n(x)f (1)

+(n− j)

n−1∑
k=j

pn,k(x)

∫ 1

0

pn−j−1,k−j(t)f(t)dt, x ∈ [0, 1].

For j = 1 we get the classical Bernstein-Durrmeyer operator defined first in [9] and
[12]. A more general class of positive linear operators of Bernstein-Durrmeyer type
was constructed in [14, pg. 151].

For i = 1, 2, ... we have

(n− j)

∫ 1

0

pn−j−1,k−j(t)t
idt

= (n− j)

(
n− 1− j

k − j

)
B(k − j + i+ 1, n− k)

= (n− j) · (n−1−j)!
(k−j)!(n−k−1)! ·

(k−j+i)!(n−k−1)!
(n−j+i)!

= (k−j+1)·...·(k−j+i)
(n−j+1)·...·(n−j+i) .

where B(·, ·) is Euler-Beta function. For x ∈ (0, 1) we get

lim
n→∞

n(Dn,je0(x)− e0(x)) = 0 = x(1− x) · e′′0(x) + (1− x)(1− j) · e′0(x),
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lim
n→∞

n(Dn,je1(x)− e1(x))

= lim
n→∞

n
(
pn,n(x) +

n−1∑
k=j

pn,k(x)
k−j+1
n−j+1 − x

)
= lim

n→∞
n
( n∑

k=0

pn,k(x)
k−j+1
n−j+1 − x

)
= (1− j)(1− x)

= x(1− x) · e′′1(x) + (1− j)(1− x) · e′1(x),

lim
n→∞

n(Dn,je2(x)− e2(x))

= lim
n→∞

n
(
pn,n(x) +

n−1∑
k=j

pn,k(x)
(k−j+1)(k−j+2)
(n−j+1)(n−j+2) − x2

)
= lim

n→∞
n
( n∑

k=0

pn,k(x)
(k−j+1)(k−j+2)
(n−j+1)(n−j+2) − x2

)
= 2(2− j)x(1− x)

= x(1− x) · e′′2(x) + (1− j)(1− x) · e′2(x),

lim
n→∞

n(Dn,je3(x)− e3(x))

= lim
n→∞

n
(
pn,n(x) +

n−1∑
k=j

pn,k(x)
(k−j+1)(k−j+2)(k−j+3)
(n−j+1)(n−j+2)(n−j+3) − x3

)
= lim

n→∞
n
( n∑

k=0

pn,k(x)
(k−j+1)(k−j+2)(k−j+3)
(n−j+1)(n−j+2)(n−j+3) − x3

)
= 3(3− j)x2(1− x)

= x(1− x) · e′′3(x) + (1− j)(1− x) · e′3(x),

lim
n→∞

n(Dn,je4(x)− e4(x))

= lim
n→∞

n
(
pn,n(x) +

n−1∑
k=j

pn,k(x)
(k−j+1)(k−j+2)(k−j+3)(k−j+4)
(n−j+1)(n−j+2)(n−j+3)(n−j+4) − x4

)
= lim

n→∞
n
( n∑

k=0

pn,k(x)
(k−j+1)(k−j+2)(k−j+3)(k−j+4)
(n−j+1)(n−j+2)(n−j+3)(n−j+4) − x4

)
= 4(4− j)x3(1− x)

= x(1− x) · e′′4(x) + (1− j)(1− x) · e′4(x).

Using Theorem 2.2 with φ = e1, λn = n and

p(x) = x(1− x), q(x) = (1− j)(1− x), r(x) = 0, (3.4)
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it follows that the Voronovskaja formula

lim
n→∞

n(Dn,jf(x)− f(x)) = x(1− x)f ′′(x) + (1− j)(1− x)f ′(x) (3.5)

holds for every x ∈ (0, 1) for the function f ∈ C[0, 1] which has derivative of order two
in the point x. The formula (3.5) is also valid for x = 0 due interpolation property
of the operator Dn,j in this point. If f ′(0) = 0 the limit (3.5) holds uniformly on the
interval [0, 1] (see [1]).

In [6] starting with the operator Dn,j and using some quadrature formulas we
construct positive linear operators which preserve e0 and ej . Under some conditions
these operators have the same moments as the operator Dn,j (at least) up to order
four. Therefore they have the same Voronovskaja formula as the operator Dn,j .

Remark 3.1. The formulas (1.4) and (3.5) can also be obtained using Theorem 2.3
and the functions r, q, p from (3.3) and (3.4) are given by formulas (2.6)-(2.8).

3.3. A Bernstein type operator which preserves exponentials

Let µ ∈ R, µ > 0. In [3] the authors studied the operator given by

Gnf(x) = eµx
n∑

k=0

pn,k(an(x))e
−µk/nf

(
k

n

)
, x ∈ [0, 1], f ∈ C[0, 1], (3.6)

where

an(x) =
ex/n − 1

e1/n − 1
.

It is a special case of an operator introduced by Morigi and Neamtu in [13].
The operator Gn preserves the exponential functions expµ and exp2µ, where

expµ : [0, 1] → R, expµ(x) = eµx.

From [3] we have

Gne0(x) = eµ(x−1)
(
eµ/n + 1− e−µx/n

)n

,

Gn exp
3
µ(x) = eµx

(
eµ(x+1)/n + eµx/n − eµ/n

)n

,

Gn exp
4
µ(x) = eµx

(
eµ(x+2)/n + eµ(x+1)/n + eµx/n − eµ/n − e2µ/n

)n

.

It follows that

lim
n→∞

n (Gne0(x)− 1) =
x(1− x)

2
· 2µ2 =

x(1− x)

2

(
e′′0(x)− 3µ · e′0(x) + 2µ2 · e0(x)

)
,

lim
n→∞

n (Gnexpµ(x)− ex) = 0 =
x(1− x)

2

(
exp′′µ(x)− 3µ · exp′µ(x) + 2µ2 · expµ(x)

)
,

lim
n→∞

n
(
Gnexp

2
µ(x)− e2x

)
= 0

=
x(1− x)

2

(
(exp2µ)

′′(x)− 3µ · (exp2µ)′(x)

+ 2µ2 · exp2µ(x)
)
,
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lim
n→∞

n
(
Gnexp

3
µ(x)− e3x

)
= x(1− x)e3µx

=
x(1− x)

2

(
(exp3µ)

′′(x)− 3µ ·
(
exp3µ

)′
(x)

+ 2µ2 · exp3µ(x)
)
,

lim
n→∞

n
(
Gnexp

4
µ(x)− e4x

)
= 3x(1− x)e4µx

=
x(1− x)

2

(
(exp4µ)

′′(x)− 3µ ·
(
exp4µ

)′
(x)

+ 2µ2 · exp4µ(x)
)
.

Using Theorem 2.2 with φ = expµ, λn = n and

p(x) =
x(1− x)

2
, q(x) = −3µ · p(x), r(x) = 2µ2 · p(x),

it follows that the Voronovskaja formula

lim
n→∞

n (Gnf(x)− f(x)) =
x(1− x)

2

(
f ′′(x)− 3µf ′(x) + 2µ2f(x)

)
(3.7)

is true for every x ∈ (0, 1) and every f ∈ C[0, 1] which has a second derivative at the
point x. The formula (3.7) also holds in x = 0 and x = 1 due interpolation properties
of the operator Gn. This formula was also validated in [3].
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