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Korovkin type criterion for some Voronovskaja
type formulae
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Abstract. In this note we present a simple criterion to validate some Voronovskaja
type formulae. We show that it is sufficient to check the validity of the
Voronovskaja formula on the test functions ¢, ¢ = 0,...,4, where ¢ is a func-
tion satisfying some conditions, to get the validity for the general case.
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1. Introduction

Let n € N and f € C[0, 1]. The most famous positive linear operator is the classical
Bernstein operator By, : C[0,1] — C[0, 1] defined by

Buf(x) =Y pun(z)f (i) , x€[0,1], (1.1)
k=0

where
Pni(T) = (Z) 1 —z)"* k=0,..,n (1.2)

It was introduced by Bernstein in [4] in order to give a constructive proof of the
Weierstrass theorem.

The monomial functions are noted by e;, i.e. e;(z) = 2%, i = 0,1, ...

A general and simple criterion for the convergence of the sequences of positive
linear operators is the following Korovkin theorem.
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Theorem 1.1. Let L, : Cla,b] — Cla,b], n = 1,2,... be a sequence of positive linear
operators having the property that

lim Lpe; =e;, i =0,1,2
n—oo

uniformly on the interval [a,b]. Then, for every f € Cla,b], we have
lim L,f=f,
n—oo

uniformly on the interval [a,b].

From Theorem 1.1 it follows that for a sequence of positive linear operators it
is sufficient to check the convergence on the test functions e;, ¢ = 0,1,2 and the
convergence holds for every continuous function.

For the Bernstein operator we have

Bpeog(x) =1, Bpei(z) =z, Bpes(z) =22 + x

Mom) gy

Thus, the conditions from Theorem 1.1 are satisfied and the limit
lim B,f=f
n—roo
holds uniformly on the interval [0, 1].
For generalizations of Theorem 1.1 and more about the positive linear operators
the readers can consult the excellent monograph [2].
Another tools for the study of the convergence of the positive linear operators

are the Voronovskaja type formulae. For the Bernstein operators the result is proved
by Voronovskaja in [15].

Theorem 1.2. (Voronovskaja theorem) If f € C[0,1] is a function having derivative
of order two at a point x € [0, 1], then we have

. z(l—=z
Jim 0 (B, f(x) — f) = "D ) (1.4)
The following result is proved in [11, Theorem 1.2] (see also [10, Theorem 10)

for generalization).
Theorem 1.3. If L,, : C[0,1] — C[0,1], n = 1,2, ... be a sequence of positive linear
approzimation operators, f € C2[0,1] and x € [0,1], then

1

L f(z) = f@) = f/ (@) Ln(- = 2) (@) = 5 f"(2) Ln(- = x)*(2)

= 0( L,(-— a:)4(m)> , as m — 0.
Next, we present some criterions for Voronovskaja theorems for positive linear
operators.

Let ¢ be an infinite times continuously differentiable function on [0, 1], such that
©(0) =0, (1) =1 and ¢'(x) > 0, z € (0,1). Let

egi(t) = (p(t) — p(2))".
The following theorem is a light modification of the Theorem 2.1 from [8].
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Theorem 1.4. Let L, : C[0,1] — C[0,1], n = 1,2, ... be a sequence of positive linear
operators and Ap,,n = 1,2, ... be a sequence of positive real numbers. Let x € (0,1) be
fized.

If there exist three functions p,q,r € C[0,1], p being strictly positive on (0,1),
such that

Jim An(Eneo(r) = 1) = r(),
Jim An(Lnel(2)) = p(@)e" () +a(2)' (@),
i A (Lne, o) = 2p< )¢ (@)

Jim An(Lne,a(2) =

then for each f € C|0,1], twice differentiable at the point x, we have
lim A, (Lof(2) — f(2)) = p(a) f"(x) + q(a) ' (2) + r(2) (@)

If we take r(z) =0, z € [0, 1] we get [8, Theorem 2.1].
The next theorem is proved in [7].
Theorem 1.5. Let L, : C[0,1] — C[0,1], k = 0,1,2, n = 1,2,... be positive linear
operators and x € (0,1).
We assume that
Ln’lei(ac) S Ln,oei(aﬁ) S Ln,gei(l'), 1= 0, ...,4
and there are two functions p,q € C|0, 1], p being strictly positive on (0,1) such that
lim n(L, kei(x) —ei(x)) = pa)e] (z) + q(z)ei(z), k=1,2, i=0,...,4. (1.5)
n—oo
Then for every f € C[0,1], twice differentiable at the point x, we have
lim n(Lnof(z) = f(z)) = p(z) f"(z) + q(z) f'(z).

n— oo

In this note we give a generalization of Theorem 1.5. As a consequence of this
theorem we obtain a simple criterion for some Voronovskaja type formulae. We show
that for positive linear operators it is sufficient to check that the Voronovskaya formula
is valid for the functions ¢’, i = 0, ...,4 and the formula holds in the general case. If
we choose ¢(t) = t, then the test functions are the monomials e;, i = 0, ..., 4. Thus, in
this case, the criterion is similar with that of Korovkin type from Theorem 1.1. In the
last section of this article we present three examples, but the criterion can be easily
applied to more other positive linear operators.

2. Main results

Theorem 2.1. Let L, : C[0,1] — C[0,1], k = 0,1,2, n = 1,2,... be positive linear
operators, \p,, n = 1,2,... be a sequence of positive real numbers and x € (0,1) be
fized. We assume that

Lmlcpi(x) < Ln,()(pi(sc) < Ln,ggpi(x), 1=0,...,4
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and there are three functions p,q,r € C[0,1], p being strictly positive on (0,1) such
that, for k =1,2, and i =0, ...,4, we have

"

lim A (Lo g’ () = ' (2) = p(@) ()" (2) + (@) () () + r(@)¢' (@) (2.1)

n—oo

Then for every f € C[0,1], twice differentiable at the point x, we have
him A (Lo oS (2) — [(@) = p(a)[" (@) + (@) (@) + (@) (@) (22)

Proof. By elementary calculations we have

(0*) = 20¢, (¥%) = 3%, (¢*) = 4o’y (2.3)
and
()" =20 + 00"), (¢%)" = 3020 + 09"), (¢1)" = 40?3 + ). (2.4)
Then:
e from the inequalities
1i_>m An(Lnoeo(z) — 1) > li_)m An(Lnaeo(z) — 1) = r(x),
nl;rrgo An(Lnoeo(z) — 1) < nhﬁn;o An(Lnoeo(z) — 1) = r(x)
we get
lim A, (Lyoeo(z) — 1) = r(z);
n— oo
e from the inequalities
nhan;o AnLn,O(QD - 80(93)60)(33)
> lim A (Lnap(z) = @(2)) +@(x) lim An(l = Ly seo())
= pla)¢"(z) + q(x)¢' () + r(z)p(z) —r(z)p(z)
= p@)¢"(z) +q(z)¢' (2)
and
nh—>Holo /\nLn,O(QO - @(x)eO)('x)
< lim An(Ln2p(2) = ¢(2)) + @(x) lim Ap(1 = Ly 1eo())
= p(@)¢"(x) + q(@)¢' () + r(2)p(x) — r(T)p(2)
= p(a)¢"(x) + q(z)¢ (2)
we get

Jim A Lno(p = (x)eo)(2) = p(@)¢" (z) + g()¢' (2);
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e from the inequalities

lim A, Lno(e — ¢(z)e0)?(2)

n—r oo

lim AnLn,o(¢? = 20(2)p + ¢*()eo) (x)

n—y00
> lim An(Ln1@3(0) — 20(0) Lnap(a) + ¢3(0) Luscol@)
—lim A(Laag?(@) — 2(0) ~ 20(0) lim A (Lnapla) — p(a)
+¢? () Jim Ap(Lneo(2) — 1)
and
Jim An Lol — p(x)en)’ (x)
< lim A (Loa@(2) — 26(0) Lnap(a) + ¢ (@) Lnzco())

= lim A\ (Ln2g®(2) — ¢*(2)) — 20(x) lim An(Ln1o(2) — @())
+¢(2) lim A (Lnzeo(x) — 1),
by using the formulas (2.1), (2.3) and (2.4) we get
Jim AnLno(p = elw)eo)* () = 20(x)¢” (2);
e from the inequalities
lim Ay Lno(p — @(z)eo) (2)
i XLy 00" — 4p(2)@° + 60°(2) 0" — 46° (2) 0 + ¢ (x)eo) ()
1im Ay (Lo o) (x) — *(2)) — dp(2) Tim A, (Lo (6%)(@) — 9%())
+6¢%(2) lim A, (Ln2(¢7)(2) — ¢*(2))
4% (@) Tim A, (Lot (9)(x) — 9(2)) + ¢4(z) lim Ay (L aeole) — 1),
by using the formulas (2.1), (2.3) and (2.4) we get
lim Ay Lno(p — @(x)eo)*(x) <0

IN

and therefore
lim A, Ly,o(e — @(x)eg)* (z) = 0.
n—roo
Thus, the conditions from Theorem 1.4 are satisfied. It follows that the formula
(2.2) holds and the proof is ended. O

The next theorem contains the Korovkin type criterion for the Voronovskaja
formulas of the form (2.5).

Theorem 2.2. Let L, : C[0,1] — C[0,1], n = 1,2, ... be positive linear operators, A,
n = 1,2,... be a sequence of positive real numbers and x € (0,1) be fized. Let the
functions p,q,r € C[0,1], p being strictly positive on (0,1) such that

"

Tim (Lo (2) = ¢ (2)) = p(@) ()" (2) + a(e) (&) (@) + ()i (@), i=0,..4.
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Then for every f € C[0,1], twice differentiable at the point x, we have
B Ay (Lo f(2) — F(2)) = p(a) f(x) + a(@)f' (@) +r(@)f (). (25)

Proof. The limit (2.5) follows from Theorem 2.1 choosing L, o = Lp1 = Lpg2 =
L, O

The following criterion is a particular case of Theorem 2.2.

Theorem 2.3. Let L, : C[0,1] — C[0,1], n = 1,2, ... be positive linear operators, the
functions r,q,p given by

r = lim n(L,eq — ep), (2.6)
n—oo

¢ = lim n(Lper —e1) — e, (2.7)
1 .

p = 3 (nh_{rgo n(Lpes — e3) — ear — 261q) (2.8)

and x € (0,1) be fized. If
lim n(Lpe;(z) —ei(x)) = p(x)e) (z) + q(z)el(z) + r(z)ei(x), i=0,..,4, (2.9)

n—oo

then for every f € C[0,1], twice differentiable at the point x, we have
lim (Lo f(x) — f(2)) = p(a) f(x) + a(@)f @) +r() f@). (210)

Proof. The proof follows from Theorem 2.2 by choosing ¢ = e; and A, = n. The
functions r, ¢ and p are obtained from (2.9) for i = 0, 1, 2 respectively. O

From Theorem 2.3 we get that it is sufficient to validate the Voronovskaja for-
mula (2.10) for the functions f :=e;, i =0, ...,4 and the formula holds in the general
case.

3. Applications

In this section we present applications of Theorem 2.2 for some positive linear oper-
ators.

3.1. Bernstein operator

We consider the classical Bernstein operator B,, given by the formula (1.1). We have

2—3n 3(n—1) 1
_ .3 3 2
and
6n% —11n+6 6(n—1)(n—2) T(n—1) 1
_ 4 4 3 2
Breg(z) = 2" 4+ 3 xt + 3 x® 4+ 5 + 3% (3.2)
Using (1.3), (3.1) and (3.2), the next limits follow easily, for z € (0,1):
1—
lim n (Bpeo(z) —eo(z)) =0 = w e (),
n—oo
1—
lim n (Bpei(z) —e1(x)) =0= 2l=2) e (z),

n—oo 2
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lim n (Bpea(z) —ea(z)) =2(1 —z) = M Lol

n—00 2 2

lim n(Bes(z) — es(x)) = 32%(1 — z) = @ -l (),

n—oo

lim n (Buea(r) — es(z)) = 62°(1 — z) = T 7 o

n—roo 2

Thus, the conditions from Theorem 2.2 are satisfied for ¢ = e;, A\, = n and

z(1—x)

pla) = T () = rl@) =0 (33)

It follows the validity of the formula (1.4) for every function f € C|0, 1] in every point
z € (0,1) for which there exists f”(x). The formula (1.4) is also true for x € {0,1}
due interpolation properties of the Bernstein operator at the endpoints.

3.2. Bernstein type operators which preserve the functions ¢y and ¢;, j > 1

Let n,j € N, j < n. In [5] we constructed the following Bernstein-Durrmeyer type
operator which preserves ey and e; :

j—1
k=0

n—1 1
=) Y pusla) / Do it i (O F )ty x € [0,1].
k=j 0

For j = 1 we get the classical Bernstein-Durrmeyer operator defined first in [9] and
[12]. A more general class of positive linear operators of Bernstein-Durrmeyer type
was constructed in [14, pg. 151].

For i = 1,2, ... we have

1
(n—3) / P (D)t
0

:(n—j)(n_l_j)B(k—j+i+1,n—k)

k=3
_ . (n—1-§)!  (k=j+i)l(n—k=1)!
== J) T e

_ (k=j41)...-(k—j+i)
= (=) (n—jti) "

where B(-,-) is Euler-Beta function. For x € (0,1) we get

lim n(Dy jeo(x) —eo(x)) =0 ==z(1 —x) - eg(z) + (1 — 2)(1 = j) - g (),

n—oo
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lim n(D,, jei(x) — e1(z))

n—oo

= lim n(pnn +ank Z ?i} _37)

n—oo

k=0
=1-501-2)

= x(l — :17) . 6/1/($) +

lim n(D,, jes(x) — e2(x))

n—oo

(1= =) ei(x),

= lim n(ppn(z +ank w

n—oo

n—oo

2(2—-j)x (1 - )

lim n(D, jes(x) — e3(x))

n—oo

e
= nh_)n;()n(pn n(z) + an,k(x)

(n—741)(n—342)

k—j4+1) (k—j+2
= lim n ank %_1‘2)
=0

(1 —x)-ef(x) + (1 —7)(1 — ) - en(x),

(k=j+1)(k=j+2)(k=j+3)

”)

(n—_7+1)(n—]+2)(7l—]+3)

=0
= 3(3—])90 (1-x)

=a(l—a)-ef(z)+ (1 —j)(1—x)-eh(x),

lim n(D, jes(x) — es(x))

n—oo

o (k—j+1)(k
Jmn o (3 a0 GG

(n—j+1)(n—j+2)(n—j+3)

(k—j+1)(k—j+2)(k—j+3)(k—j+4)

_ x3)

nl;ngon(pn n(x) + ank(l')

(n=3+1)(n—j+2)(n—j+3)(n—j+4)

- k=0
=4(4 - j)a(1 — 2)

—j+2)(n—j+3)(n—j+4)

=a(l—a)-ef(z) + (1 —j)(1 —2) - e)(z).
Using Theorem 2.2 with ¢ = ej, A\, =n and

p(z) =z(l—z), q(z) =

(1 =51 -x), r(z)

=i +2) (k= +3) (k—j+4) _ m4)

0,

_ x4)
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it follows that the Voronovskaja formula
Jim n(Dn ;i f(x) = f(2)) = 2(1 = 2)f"(2) + (1 = j)(1 — 2)f'(x) (3.5)

holds for every x € (0, 1) for the function f € C[0, 1] which has derivative of order two
in the point z. The formula (3.5) is also valid for = 0 due interpolation property
of the operator D,, ; in this point. If f’(0) = 0 the limit (3.5) holds uniformly on the
interval [0,1] (see [1]).

In [6] starting with the operator D,, ; and using some quadrature formulas we
construct positive linear operators which preserve ey and e;. Under some conditions
these operators have the same moments as the operator D,, ; (at least) up to order
four. Therefore they have the same Voronovskaja formula as the operator D,, ;.

Remark 3.1. The formulas (1.4) and (3.5) can also be obtained using Theorem 2.3
and the functions r, g, p from (3.3) and (3.4) are given by formulas (2.6)-(2.8).

3.3. A Bernstein type operator which preserves exponentials

Let p € R, p > 0. In [3] the authors studied the operator given by

Gnf(z) =et® mek(an(x))e_“k/"f (S) , x€l0,1], feC|o,1], (3.6)
k=0

where
er/n — 1

el/n —1°
It is a special case of an operator introduced by Morigi and Neamtu in [13].
The operator G, preserves the exponential functions exp, and expi, where

an(z) =

exp, : [0,1] = R, exp,(z) = e"*.

From [3] we have
Gneo(a:) = 6“(90_1) (eu/n +1-— e—p,ac/n)n7
G, G‘Xpi(x) e (eﬂ(x+1)/n + e/m/n B eu/n)n 7

G expl (z) = e (emm)/n L enl@+)/n 4 uz/n _ gu/n 62#/n)n .

It follows that

Tim n (Gueo(x) ~ 1) = T2 g2 = 2D () gl (o) 1 207 o))
: LTy () — x(l—x) " _ / 2
nh_}Iglon (Grexpy(z) —€®) =0= 5 (exp)y(x) — 3 - exp), (x) + 2u* - expyu(z)),
nlgréon (Gne:vpi(x) —e*) = 0
z(1—x)

= 5 ((exp)"(x) = 3~ (exp) ()

+2u? - expi(ac)) ,
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nl;ngon (Gne:cpi(x) —e*) = z(l—x)e”
z(l—=
= P (el ()~ 3 (e} ()
+2u2 - ea:pi(x)) ,
nl;rréon (Gne:cpﬁ(x) —e) = 3z(l—xz)e

z(1—x) /
= T ((eaph)" (@) = 3 (eaph) ()
+2u? - ea:pﬁ(x)) .
Using Theorem 2.2 with ¢ = exp,, A\, = n and
z(l—2x
p(e) = "2 4(a) = 3 pla). r(x) =207 p(@)
it follows that the Voronovskaja formula

. z(l—x
Jim 1 (Guf (@)~ f() = D () - s ) s 2t p @) (3
is true for every x € (0,1) and every f € C[0, 1] which has a second derivative at the
point z. The formula (3.7) also holds in = 0 and & = 1 due interpolation properties
of the operator G,,. This formula was also validated in [3].
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