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Abstract. A subring S of C(X) is called algebraic if it satisfies the following condi-
tions: R C S, and for all f € C(X), if f> € S, then f € S. This notion of algebraic
subrings is further explored and characterized in the paper. Moreover, the paper
provides examples to illustrate the results and introduces two generalizations of
algebraic subrings, which are examined in detail.
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1. Introduction

As usual, all topological spaces in this article are infinite Hausdorff completely regular
(i.e., infinite Tychonoff spaces). We denote by C(X) (resp. C*(X)) the ring of all real-
valued, continuous (resp. bounded) functions on a space X.

We provide examples of properties of functions that do not transfer from f2
to f or |f|. For instance, if f? is an even function, this does not necessarily imply
f is even. Likewise, if f2 is a differentiable function, |f| may not be differentiable.
Examples such as these motivated us to focus on the algebraic subrings introduced in
13, 16.29].

According to [13, 16.29], a subring S of C*(X) is called algebraic if it satisfies
the following conditions:
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1. RC S, i.e., all constant functions belong to S.
2. For each f € C*(X), if f2 € S then f € S.

In this paper, our notion of algebraic subrings slightly differs from that in [13, 16.29].
Specifically, we consider subrings of C'(X) instead of subrings of C*(X).

The outline of the paper is as follows. In Section 2, we clarify the concept of
algebraic subrings by presenting examples of both algebraic and non-algebraic sub-
rings. We then establish several equivalence conditions for a subring to be algebraic.
Following this, we introduce a new class of subrings called weakly algebraic. We say
a subring S of C'(X) is weakly algebraic if S satisfies the following conditions:

1. RCS.
2. For each f € C(X), if f2 € S then |f] € S.

Section 3 introduces another generalization, namely, saturated subrings. We say a
subring S of C'(X) is saturated if, for each f € C(X), S satisfies the following condi-
tions:

1. All constant functions belong to S.
2. If f € S then |f| € S.
3. If |f] € S then f € S.

We first investigate the relationships between saturated subrings and other well-known
subrings, such as convex and absolutely convex subrings. We then present charac-
terizations of saturated subrings. Finally, we offer some observations regarding the
transfer of algebraic properties from the ring of continuous functions to its saturated
subrings.

Throughout this paper, all rings are commutative with 1 £ 0. The annihilator
of a subset X of a ring R is denoted by Ann(X) and Ann(X) = {r € R[rX = 0}.
Following the tradition, we use Ann(z) for Ann({z}). The reader is referred to [13]
and [17] for undefined terms and notations.

2. Algebraic subrings and weakly algebraic subrings

We begin with a slight modification of a definition from [13, 16.29].

Definition 2.1. We say a subring S of C(X) is an algebraic subring if S satisfies the
following conditions:

1. All constant functions belong to S (i.e., RC S).
2. For each f € C(X), f2 € S implies f € S.

In the following, we give several examples of algebraic subrings.

Example 2.2. 1. The ring C(X).

2. C*(X) that is the ring of all real-valued, continuous bounded functions.

3. C.(X) that is the ring of all real-valued continuous functions with countable
image. (For more information about C.(X), the reader is referred to [11] and
[12].)

4. CF(X) that is the subring of C(X) consisting of functions with finite image.
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5. C*(X) that is the subring of C'(X) consisting of all f such that for every maximal
ideal M of C(X), there is an r € R such that f —r € M. (For more details see
[19].)

Example 2.3. The subring I + R of C(X), where I = {f € C(R)|[0,00) C Z(f)}, is
algebraic. It suffices to show that f? € I + R implies f € I + R. Assume f? € I +R.
Thus, f2 —c € I for some 0 < ¢ € R. This yields that f2(z) = ¢ for all x € [0, c0).
Since R is a connected space and f is continuous, we infer that f is constant on [0, 00).
Without loss of generality, we may assume that f(z) = 4/c for all x € [0,00). From
this, f —+y/c€ I and so f € I + R, as desired.

To prove next result, we need the following lemma.

Lemma 2.4. Let I be an ideal of C(X). If the subring I +R is algebraic then e € I or
1 —e €I for each e € C(X) such that e* = e.

Proof. Let €2 = e € C(X). Obviously, (1 —2¢)? =1 and so (1 —2¢)2 € RC I +R.
If I + R is an algebraic subring, then we have 1 — 2e € I 4+ R. Thus, there exists a
constant function f(z) = ¢ such that 1 —2e — ¢ € I. From Z(1 — 2e — ¢) # 0, we
deduce that either ¢ = 1 or ¢ = —1. Hence, either —2e € I or 2(1—e€) € I. So we have
either e € I or 1 — e € I, as desired. O

Corollary 2.5. The following statements hold for f € C(X) where Z(f) # 0.

1. If the subring < f > + R is algebraic then there exists g € C(X) such that fg is
an idempotent.

2. If the subring < f? > +R is an algebraic subring of C(X), then < f? >=<e >
for some idempotent e € C(X).

Proof. (1) The following is an easy consequence of Lemma 2.4.

(2) Assume the subring < f2? > + R is an algebraic subring of C'(X). Thus, f = f2g+h
for some g € C(X) and h(z) = ¢ € R. Thus, we have h(z) = 0 for each z € Z(f).
From this, we deduce that ¢ = 0 and so f = f2g. Hence fg = (fg)?, i.e., fg is an
idempotent. So we have:

(Pf+H1=g ) (f+1-9f) =+ f— g+ f+1-gf —gf* —gf + 5*f*
=20+ ¢’ f —g*f + f+1-29f — gf*
=1
Thus, g2f + 1 —gf is a unit and f2(g%f +1—gf) = f. Define u := g*>f +1 — gf and

e := f(g*>f +1— gf). Obviously, e is idempotent. Hence, u~'e = f and so we have
u~2e = f2. This yields that < e >=< f2 >, as desired. O

Proposition 2.6. The subring R is an algebraic subring of C(X) if and only if X is a
connected space.

Proof. First, assume R is an algebraic subring of C(X). The result follows from
Lemma 2.4 and [13, 1B.4] when I = 0. Conversely, suppose that X is a connected
space. Assume, for a contradiction, that there exists f2 € R such that f ¢ R. Hence,
we have f2(z) = c for all x € X. This means that for each x € X, f(z) must be
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either \/c or —/c. From f ¢ R, there exist at least two points z1,x2 € X such that
f(z1) # f(x2). Thus, one must be /c and the other —y/c.
Let us define the following two subsets of X:

A={zreX|f@)= e}
B={zeX|f(z) = —c}

Since f is continuous, the preimage of a closed set under f is closed. Therefore, both
A and B are closed sets because they are the preimages of the closed sets {,/c} and
{—+/c}, respectively. Additionally, since X = AU B and AN B = (), both A and B
are open. Thus, A and B are two clopen subsets of X, so X is not connected. This is
a contradiction. 0

In the following, we provide some characterizations of algebraic subrings of C(X).

Theorem 2.7. Let S D R be a subring of C(X). The following statements are equiva-
lent:

1. S is an algebraic subring.

2. For f € C(X) and n €N, f2" € S implies f € S.

3. For f,ge C(X), fge S and f+g€ S imply f€ S andg € S.
4. For f,g€ O(X), fg=0and f>+g*>€ S imply f+g€ S.

Proof. (1) & (2) It is straightforward.

(1) = (3) Let f,g € C(X) such that f + g € S and fg € S. Using the identity
(f —9)? = (f + 9)? — 4fg and noting that (f + g) and fg are in S, it follows
that (f — g)? € S. Since S is algebraic, we have (f — g) € S. Consequently, f =
L(f+9)+ (f —g)] € S, which implies g € S.

(3) = (1) Take f* € S. From this, f(—f) € S and f + (—f) € S. Assume (3). We
conclude that f € S, as desired.

(1) & (4) It is clear. O

Remark 2.8. 1. In Definition 2.1, we cannot replace the condition “For f € C(X),
f? € S implies f € S” by the condition “For f € C(X), f* € S for some positive
integer n, implies f € S7. For example, define S = {f € C(R) : f(0) = f(1)}. It
is easy to check that, for f € C(R), f3 € S implies f € S. Consider h(z) = x—%.
Hence, h? € S whereas h ¢ S.

2. In Definition 2.1, we cannot replace the condition “For f € C(X), f2 € S implies
f € S” by the condition “For f € C(X), f2 € S and f3 € S implies f € S”. For
example, consider C* = {f € C(R) : fis smooth}. In [15], Joris proved that
if f2 and f3, or more generally f™ and f" with gcd(m,n) = 1, are of class
C®, then f € C*. On the other hand, consider the function h(zx) = |z|. The
function h?(x) = 22 is a polynomial and is smooth (infinitely differentiable) on
R. Howewver, the function h(x) = |x| is not smooth because it is not differentiable
at x = 0.

Remark 2.9. It would be tempting to think that in the statement (2) of Definition 2.1,
we can replace f € S by |f| € S and get another equivalent statement of an algebraic
subring. However, this is not the case! Let S be the subring in Remark 2.8(1). It is
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easy to check that g?> € S implies |g| € S. Consider h(x) = z — %. It is clear that

h? € S whereas h ¢ S.

1
3+

Remark 2.9 suggests the following definition.

Definition 2.10. We say a subring S of C(X) is weakly algebraic if S satisfies the
following conditions:

1. All constant functions belong to S (i.e., RC S).
2. For each f € C(X), f> € S implies |f| € S.

Clearly, every algebraic subring is weakly algebraic. However, as demonstrated in
Remark 2.9, the converse does not hold. This observation motivates the next section,
where we examine subrings in which the presence of |f| implies that f itself belongs
to the subring.

3. Saturated subrings
We begin this section with the following definition inspired by a definition from [14].

Definition 3.1. We say a subring S of C(X) is saturated if, for each f € C(X), S
satisfies the following conditions:

1. All constant functions belong to S (i.e., RC S).
2. f €S implies |f] € S.
3. |f| € S implies f € S.

The following two examples show that neither of the conditions (2) and (3)
implies the other.

Example 3.2. Let S be the subring of all continuous even functions in C'(R). Formally,
S={feCR): f(x) = f(—x) for all x € R}.

Obviously, the ring S satisfies the condition (2). However, S does not satisfy the
condition (3). For example, |i| € S and ¢ ¢ S where i is the identity function on R.

Example 3.3. Consider the subring S C C(R) consisting of all polynomial functions.
It is not hard to see that for |f| to be polynomial, f cannot change sign, which
means f must be either non-negative or non-positive everywhere. Hence, the ring S
satisfies the condition (3). However, S does not satisfy the condition (2). For example,

fx)==x€ S, but |f| ¢5.

Obviously, every algebraic subring is saturated. However, the converse is not
true. To give an example, let us recall a definition and a fact. According to [9], a
function g € C*(X) is called a constant redefinition of f € C*(X) if there is an open
set U of X such that g(z) =r for z ¢ U and g(x) = f(z) for z € U.

Example 3.4. Let X = [0, 1] = I. We follow the constructions of [9, Example 2.13]. Let
S be the subring of continuous functions on I that are piecewise polynomial; that is,
f € S if there are a finite number of intervals {I; : i = 1,...,n} such that | J;_, I, =T
and f|7, is a polynomial function on I;. In [9, Example 2.13], it is shown that S is
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closed under constant redefinition. In view of [9, Lemma 2.11], we deduce that S is
saturated. On the other hand, f(z) = « € S whereas f(z) = v/z ¢ S. Hence, we
conclude that S is not algebraic.

Example 3.5. A weakly algebraic subring need not be saturated. Consider the subring
S ={feC): f(0)=f(1)}. As mentioned earlier, S is weakly algebraic. Define
h(z) = z — 5. Hence, |h| € S whereas h ¢ S. Thus, S is not saturated.

Just for the record, we make the following.

Corollary 3.6. A subring S of C(X) is algebraic if and only if it is saturated and
weakly algebraic.

A ring A(X) of continuous functions on X is called an intermediate ring if
C*(X) C A(X) CC(X). A subring S of C(X) is called absolutely convez if | f| < |g|
and g € S imply f € S, for all f,g € C(X).

Combining Proposition 2.1 in [6] with Proposition 3.3 in [10], we obtain the
following result.

Theorem 3.7. A unital subring S of C(X) is absolutely convex if and only if S is an
intermediate ring.

Lemma 3.8. Every intermediate ring is saturated. However, the converse is not true.

Proof. The first statement follows from Theorem 3.7 and the absolutely convexity
property. For the second, consider the subring C.(R). Obviously, C.(R) is a saturated
subring of C'(R). Note that |sin(z)| < 1, f(z) =1 € C.(R), but sin(z) ¢ C.(R). Hence,
C.(R) is not an absolutely convex subring. Theorem 3.7 completes the proof. g

With Lemma 3.8 in hand, one may ask: Is there a relation between saturated
subrings and convex subrings? Let us recall that a subring S of C(X) is called convex
if f<h<gand f,ge€ Simply h €S, for all f,g,h € C(X). Here, we give two
examples. The first is an example of a convex subring that is not saturated, while the
second is an example of a saturated subring that is not convex.

Example 3.9. Consider the following subring S of C'(R):
S ={f € C(R) : there exists M € R such that f(z) > M for all x € R}.

Obviously, the subring S is a convex subring. However, |i| € S and ¢ ¢ S where i is
the identity function in C'(R). Hence, S is not a saturated subring.

Example 3.10. Consider the following subring S of C'(R):
S={fe€C(R): fis constant on[0,1]}.

It is easy to check that S is a saturated subring. However, S is not a convex subring.
To see this, consider two functions f(z) = —1 for all x € R and g(z) =1 for all z € R.
Both f and g belong to S because they are constant on [0, 1]. Now, take the function
h(z) = sinz. Obviously, f < h < g and h is not in S since h is not constant on [0, 1].

Lemma 3.11. Every saturated subring is a lattice-ordered ring.

Proof. Tt follows from the fact that fV g = %(f +g+|f—gl)- O
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At this point, we provide some characterizations of saturated subrings. The proof
is motivated by a theorem from [3]. Before we proceed further, let us recall that for
any f € C(X) the positive part of fis f* = (|f| + f)/2 = f V 0 and the negative
part of fis [~ = (|f| = f)/2 = f A0. Obviously, f = f* — f~, |fl=f"+ f and
frf-=o.

Theorem 3.12. Let S O R be a subring of C(X). The following statements are equiv-
alent:

1. S is a saturated subring.

For any f,g€ C(X), if fg=0and f+g € S imply f and g are in S.
For any f,g € C(X), g € S and f? = g% imply f € S.

For fe C(X) and g,h € S, (f —g)(f —h) =0 implies f € S.

For any f,g € C(X), fg=0and f+g € S imply |f| and |g| are in S.
For feS, f* and f~ arein S.

AN i o

Proof. (1) = (2) Assume, for a contradiction, there are f,¢g € C(X) with fg = 0,
f+geSand f,g¢S. From (1), we have |f + g| € S. Since fg =0, we deduce that
|/ +gl=|f —g| From (1), we infer that f — g € S. This implies that f and g are in
S, a contradiction.

(2) = (1) First, assume that f € S. We note that (f — |f])(f + |f]) = 0 and (f —
If)+(f+1f]) € S. From (2), we infer that f—|f| € S. This yields that |f| € S. Next,
assume that |f| € S. We note that (f—|f|)(—f—|f]) = 0and (f—|f)+(—f—|f]) € S.
From (2), we have f —|f| € S. This yields that f € S, as desired.

(2) = (3) Let f,g € C(X), g € S and f? = g%>. We have (g + f)(g — f) = 0 and
(g+ f)+(g—f)=2f € S. From (2), we infer that g+ f € S and so f € S.

(3) = (2) It is clear.

(2) = (4) Assume that for f € C(X), g,h € S, and (f — g)(f —h) = 0. It is easy to
see that (f —g)+(—(f—h)) € S. From (2), we infer that f —g € S and —(f —h) € S.
Hence, we conclude that f € S.

(4) = (2) Assume that fg =0and f+g € S. Thus, we have (f — (f+9))(f—0) =0.
From (4), we deduce that f € S. Since f + g € S, we infer that g € S.

(2) = (5) Let f,ge C(X), fg=0and f+g € S. From (2), we deduce that f € S
and g € S. We note that fT(—f7) =0 and f*+ (—f7) = f € S. From (2), we
have fT € S and —f~ € S. This implies that |f| = fT + f~ € S. Similarly, we have
g € S.

(5) = (2) Let f,g € C(X), fg=0and f+g € S. From (5), we have |f| € S and
lg| € S. We note that f*f~ =0 and f* + f~ = |f| € S. From (5), we infer that
fT=|fl€Sand f~ =|f"| € S. This yields that f = f* — f~ € S. Similarly, we
have g € S. O

=
=

A ring R is a Bézout ring if every finitely generated ideal is principal. A subspace
S of X is called C*-embedded in X if every function in C*(S) can be extended to a
function in C*(X). A space X is called an F-space if every cozero-set in X is C*-
embedded. It is known that C(X) is a Bézout ring if and only if X is an F-space, or
equivalently, if and only if for all f € C(X), f is a multiple of |f|, i.e., f = t|f| for
some t € C(X) (whence |f| =tf ); see [13] and [4] for more details.
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Corollary 3.13. For all f € C(X), if the subring < f > +R is saturated then C'(X)
18 a Bézout ring.

Proof. Let f € C(X). Consider the subring < f > +R. If < f > +R is a saturated
subring, then |f| €< f > 4+ R. From this, there are g € C'(X) and h(x) € R such that
|f| = fg + h. We note that h(xz) =0 for all z € Z(|f]). Hence, we have h = 0 and so
|f| = fg. This means that C'(X) is a Bézout ring. O

To explore the properties of the ring structure that transfer from C(X) to a
saturated subring, we were compelled to focus on idempotents due to the impetus
provided by the following lemma.

Lemma 3.14. If S is a saturated subring then S contains all the idempotents of C(X).

Proof. Assume that S is a saturated subring and e? = e € C(X). Obviously, e(1—¢) =
0 and e+ (1 —e) € S. Theorem 3.12((1) < (2)) yields that e € S. O

The following example shows that the converse of Lemma 3.14 is not true.
Example 3.15. Consider the following subring S of C(R):
S={feCR): f(-1)= f(1) for all z € R}.

Since R is a connected space, 0 and 1 are the only idempotents in C(R), see [13, 1B.4].
From this, S contains all the idempotents of C'(R). However, S is not a saturated
subring because |i| € S and i ¢ S where i is the identity function in C(R).

Idempotent elements play a critical role in describing the structure and prop-
erties of a ring. For example, Baer rings refer to rings in which the annihilator of
every nonempty subset of R is generated by an idempotent, p.p. rings (also known
as Rickart rings) refer to rings in which an idempotent generates the annihilator of
each element of R. According to [1], a ring R is called an almost p.p. ring if for every
a € R, Ann(a) is generated by idempotents (the term feebly Baer ring [16] is also
used).

It is well-known that C'(X) is a Baer ring if and only if X is an extremally discon-
nected space. A space X is extremally disconnected if the closure of every open subset
is clopen in X. A space X is basically disconnected if the closure of any cozero-set is
open in X, see [13, 1H]. A result from [7] which is the same as [8, 3.5, Proposition]
states C'(X) is a p.p. ring if and only if X is a basically disconnected space. Extremally
disconnected spaces are basically disconnected, but not conversely, see [13, 4N].

We record the following as a straightforward consequence of Lemma 3.14.

Corollary 3.16. Let S be a saturated subring. The following statements hold.

1. If C(X) is an almost p.p. ring then S is an almost p.p. ring.
2. If C(X) is a p.p. ring then S is a p.p. ring.
3. If C(X) is a Baer ring then S is a Baer ring.

Proof. We only prove (1) and the proofs of (2) and (3) are similar. Let f € S. Then,
we see that Anng(x)(f) = 3, €iC(X), where 7 = ¢; € C(X) for each i € I. Hence,
Anng(f) =3 ,c;C(X)NS =3, ;e:S. Therefore, S is an almost p.p. ring. O
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We end this paper with the following remark.

Remark 3.17. 1. None of the converses of the statements in Corollary 3.16 are valid.
For example, the ring R is a Baer ring, but C(R) is not an almost p.p. ring.

2. If we replace the ring properties in Corollary 3.16 by other properties, the conclu-
sion does not necessarily hold. For example, if C'(X) is a von Neumann regular
ring, then S does not need to be von Neumann regular. First, let us recall that a
ring R is called von Neumann reqular if for each a € R there exists an z € R with
a = a?x. Tt is known that C'(X) is a von Neumann regular ring if and only if X is
a P-space. Recall that a space X is said to be a P-space if every zero-set of X is
open. Conditions equivalent to a space being a P-space are given in [13, 4J and
14.29]. Now let C'(X) be von Neumann regular such that C'(X) # C*(X), i.e.,
X be a P-space that is not pseudocompact. Consider an intermediate subring
A(X) such that C*(X) € A(X) € C(X). By Lemma 3.8, A(X) is a saturated
subring, but A(X) is not a von Neumann regular ring by [18, Theorem 3.3].

3. Certain properties of the ring structure may not transfer from a saturated sub-
ring to C(X). For example, by Corollary 2.8 in [5] C.(X) is always a clean ring,
whereas C'(X) is a clean ring if and only if X is a strongly zero-dimensional
space, see [2] for example.
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