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Certain coefficient inequalities for some sub-
classes of analytic functions based on Bessel
functions related with balloon-shaped domain
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Abstract. The determination of this current paper is to find certain coefficient
estimates, Fekete-Szegö inequality results for a normalized analytic function de-
fined in the open unit disk Ud = {z : z ∈ C and |z| < 1} by convolution
operator with Bessel function. In particular, we derive Fekete-Szegö inequality
for a class of functions defined through Borel distribution. The results presented
in this paper would generalize some related works of several earlier authors.
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1. Introduction and preliminaries

Let A be the set of all analytic functions, comprising of the functions

f(z) = z +

∞∑
n=2

anz
n, (1.1)

in the open unit disc

Ud := {z : z ∈ C and |z| < 1} ,
and S be the subclass of A comprising of univalent functions. Let the functions f and
g be analytic in Ud. We say that the function f is subordinate to g, if there exists a

Received 05 July 2025; Accepted 16 June 2026.
© Studia UBB MATHEMATICA. Published by Babeş-Bolyai University
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Schwarz function ω, which is analytic in Ud with

ω(0) = 0 and |ω(z)| < 1 (z ∈ Ud),

such that

f(z) = g
(
ω(z)

)
.

This subordination is denoted by

f ≺ g or f(z) ≺ g(z) (z ∈ Ud).

It is well known that (see [25]), if the function g is univalent in Ud, then

f ≺ g (z ∈ Ud) ⇐⇒ f(0) = g(0) and f(Ud) ⊆ g(Ud).

We recall here a Bessel function of the first kind of order υ, denoted by Jυ(z),
is defined by the infinite series:

Jυ(z) =

∞∑
n=0

(−1)n

n! Γ(n+ υ + 1)

(z
2

)2n+υ

(z ∈ C, υ ∈ R), (1.2)

which is the particular solution of the second order linear homogeneous differential
equation

z2ω′′(z) + zω′(z) + [z2 − υ2]ω(z) = 0, (1.3)

where υ ∈ R, which is the natural Bessel’s equation. Solutions of (1.3) are referred to
as Bessel function of order υ. Although the series defined in (1.2) is convergent every
where, in general Jυ is not univalent in Ud (see [7]). Latterly, Szász and Kupán [32]
inspected the univalence of the normalized Bessel function of the first kind

uυ : Ud → C,

given by the transformation(see also [7, 29])

uυ(z) = 2υΓ (υ + 1) z−
υ
2 Jυ (

√
z),

√
1 = 1.

We can express uυ(z) as

uυ(z) = z +

∞∑
n=1

(−1/4)n−1Γ(υ + 1)

(n− 1)!Γ(n+ υ)
zn, (1.4)

is analytic on C and satisfies the (Cauchy-Euler equation of order second) differential
equation

4z2u′′(z) + 4(υ + 1)zu′(z) + u(z) = 0.

1.1. q-calculus and Bessel function.

Quantum calculus and h-calculus, simply the study of classical calculus without the
notion of limits. Here, h represents Planck’s constant, while q represents quantum. Due
to its application in a variety of branches such as physics, mathematics, the area of q-
calculus has added excessive prominence for researchers. The first study on q-calculus
was systematically established by Jackson [19]. Recently, Kanas and Răducanu [20]
defined a q− analogue of the Ruscheweyh differential operator by using the concept of
convolution and then studied some of its properties by Aldweby and Darus [4]. Now,
we give some notational details of q-calculus which are used in the paper.
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For f ∈ A the Jackson’s q-derivative (0 < q < 1) is expressed by

Dqf(z) =


f(z)− f(qz)

(1− q)z
, z ̸= 0

f ′(0), z = 0
, (1.5)

and D2
qf(z) = Dq(Dqf(z)). Thus, from (1.5), we presume that

Dqf(z) = 1 +

∞∑
n=2

[n]qanz
n−1,

where

[n]q =
1− qn

1− q
.

If q → 1−, we get [n]q → n. For the function h(z) = zn, we get Dqh(z) = Dqz
n =

1−qn

1−q z
n−1 = [n]qz

n−1 and limq→1− Dqh(z) = limq→1−
(
[n]qz

n−1
)
= nzn−1 = h′(z),

where h′ is the usual derivative.
For 0 < q < 1, and f ∈ A of the form (1.1), the q− derivative of uυ is defined

by:

Dquυ(z) = Dq

[
z +

∞∑
n=1

(−1/4)n−1Γ(υ + 1)

(n− 1)!Γ(n+ υ)
zn

]

=
uυ(z)− uυ(qz)

(1− q)z

= 1 +

∞∑
n=1

(−1/4)n−1Γ(υ + 1)

(n− 1)!Γ(n+ υ)
[n]qz

n−1. (1.6)

Let a ∈ R and n ∈ N. The q-generalized Pochhammer symbol is defined by

[a;n]q = [a]q[a+ 1]q[a+ 2]q...[a+ n− 1]q, (1.7)

and for a > 0 the q-gamma function is defined by

Γa(a+ 1) = [a]qΓq(a) and Γq(1) = 1. (1.8)

For f ∈ A, Kanas and Răducanu [20] defined the Ruscheweyh q-differential operator
as below:

Rδ
qf(z) = f(z) ∗ Fq,δ+1(z) (δ > −1, z ∈ Ud), (1.9)

where

Fq,δ+1(z) = z +

∞∑
n=2

Γq(n+ δ)

[n− 1]q! Γq(1 + δ)
zn = z +

∞∑
n=2

[δ + 1;n]q
[n− 1]q!

zn. (1.10)

using, (1.9) and (1.10), Aldweby and Darus [4] defined the q−analogue of Ruscheweyh
operator Rδ

q : A → A as follows:

Rδ
qf(z) = z +

∞∑
n=2

Γq(n+ δ)

[n− 1]q! Γq(1 + δ)
anz

n (z ∈ Ud). (1.11)
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As q → 1−, we note that

R0
qf(z) = f(z), R1

qf(z) = zf ′(z),

It is easy to check that

zDq(Fq,δ+1(z)) =

(
1 +

[δ]

qδ

)
Fq,δ+2(z)−

[δ]

qδ
Fq,δ+1(z) (z ∈ Ud). (1.12)

From (1.9), (1.12) and by the concept of Hadamard product, we have

z(Rδ
qf(z))

′ = (1 + δ)R1+δ
q f(z)− δRδ

qf(z), (z ∈ Ud). (1.13)

From (1.11), as q → 1− we note that

lim
q→1−

Fq,δ+1(z) =
z

(1− z)δ+1
, lim

q→1−
Rδ

qf(z) = f(z) ∗ z

(1− z)δ+1
,

the usual Ruscheweyh derivative [28].
By the description of q − derivative and the perception of Hadamard product , we
describe the linear operator

𭟋δ
υ,q : A → A,

defined by

𭟋δ
υ,qf(z) = uυ(z) ∗ (Rδ

qf(z))

= z +

∞∑
n=2

(−1/4)n−1Γ(υ + 1)

(n− 1)!Γ(n+ υ)

Γq(n+ δ)

[n− 1]q! Γq(1 + δ)
anz

n

= z +

∞∑
n=2

Ξnanz
n (z ∈ Ud),

where

Ξn =
(−1/4)n−1Γ(υ + 1)

(n− 1)!Γ(n+ υ)

Γq(n+ δ)

[n− 1]q! Γq(1 + δ)
. (1.14)

Ma and Minda [23], unified various subclasses of starlike and convex functions for
which either of the functions

zf ′(z)

f(z)
and 1 +

zf ′′(z)

f ′(z)
(z ∈ Ud).

is subordinate to a more general superordinate function and denoted such function
classes by S∗(Ψ) and C(Ψ), respectively. For this purpose, they considered an analytic
function Ψ as below ,

Ψ(z) = 1 +B1z +B2z
2 +B3z

3 + · · · ,
where all Bn’s are real with B1 > 0;B2 ≧ 0. They concentrated on some re-
sults, such as the theorem of covering, growth, and distortion. Several subfamilies
of the collection S have been looked at as specific options for the class S∗ (Ψ) ={
f ∈ S : zf ′(z)

f(z) ≺ Ψ(z) , z ∈ Ud

}
throughout the past few years. There is currently

growing interest in considering subclasses of starlike and convex functions where the
super-ordinate function Ψ(z) has a domain which is not the entire right-hand half-
plane and
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1. ℜ (Ψ) > 0 in Ud

2. Ψ(0) = 1, Ψ′(0) > 0
3. Ψ maps Ud onto a region starlike with respect to 1 and symmetric with respect

to the real axis.

In the study that has lately been examined, the families mentioned below are partic-
ularly noteworthy.

(i) . S∗
L ≡ S∗(

√
1 + z) [31], S∗

exp ≡ S∗ (exp(z)) [24], S∗
tanh ≡ S∗ (1 + tanh(z)) [34],

(ii) . S∗
cos ≡ S∗ (cos(z)) [8], S∗

pet ≡ S∗ (1 + sinh−1 z
)
[5], S∗

cosh ≡ S∗ (cosh(z)) [2],

(iii) . S∗
sin ≡ S∗ (1 + sin(z)) [11], S∗

car ≡ S∗ (1 + z + 1
2z

2
)
[18],

(iv) . S∗
(n−1)L ≡ S∗(𭟋n−1 (z)) [17] with 𭟋n−1 (z) = 1 + n

n+1z +
1

n+1z
n for n ≥ 2.

Fixing Ψ(z) =
1 + (1− 2β)z

1− z
, (z ∈ Ud; 0 ≦ β < 1) we get the well-known

classes S∗(β) (and C(β)) of starlike functions (and the class of convex functions) of
order β(0 ≦ β < 1) respectively(see [26]).

Developed in 1851, function theory acquired interest as a potential new field
of study in 1916 after the coefficient hypothesis was proposed by Bieberbach [9]. In
1985, De Branges [13] presented this hypothesis. Numerous highly esteemed scholars
worldwide attempted, from 1916 to 1985, to confirm or reject this theory. Thus, they
examined a number of univalent function sub-families within class S that are associ-
ated with various picture domains. The most basic and significant subclasses of the
set S are the families of bounded turning functions, starlike functions, and convex
functions, represented by, respectively. [30] and the references cited therein provide a
brief history of the Fekete-Szegö problem [14] and its various subclasses of analytic
functions. In this paper, we will use the super-ordinate function

Φ(z) =
2
√
1 + z

1 + e−z
, (1.15)

to be the balloon-shaped region is a clear option, but it turns out to present intriguing
and frequently challenging issues (see Ahmad et al. [1]). We define a broader class of
analytic functions as defined in Definition 1.1, which unifies the families of bounded
turning functions, starlike functions, and convex functions based on the Bessel func-
tion. In [23], the authors have obtained the Fekete-Szegö inequality f in S∗(Ψ) and
C(Ψ). This is primarily motivated by the previously mentioned works on Fekete-Szegö
inequality (for example see [23, 33] and also references cited therein) and the definition

of hadamard product. Now, we define the following new function class Gυ,δ,q
ℓ, K (Φ) :

Definition 1.1. For ℓ ≧ 0, K ≧ 0, let Φ(z) be as assumed as(1.15) and f ∈ A is in

the class Gυ,δ,q
ℓ, K (Φ) if

z(𭟋δ
υ,qf(z))

′

𭟋δ
υ,qf(z)

(
𭟋δ

υ,qf(z)

z

)ℓ

+ K

[
[z(𭟋δ

υ,qf(z))
′]′

(𭟋δ
υ,qf(z))

′ −
z(𭟋δ

υ,qf(z))
′

𭟋δ
υ,qf(z)

+ ℓ

(
z(𭟋δ

υ,qf(z))
′

𭟋δ
υ,qf(z)

− 1

)]
≺ Φ(z), z ∈ Ud.



364 G. Murugusundaramoorthy, K. Vijaya, D. Breaz and L.I. Cot̂ırlǎ

Through appropriate parameter specialization, we derive the following new, as-
yet-unstudied subclasses based on Bessel functions.

Definition 1.2. For ℓ = 0, K ≧ 0 and let Φ(z) be as assumed as(1.15) and f ∈ A is

in the class Gυ,δ,q
0 K (Φ) = Mυ,δ,q

K (Φ) if

K

(
1 +

z(𭟋δ
υ,qf(z))

′′

(𭟋δ
υ,qf(z))

′

)
+ (1− K)

z(𭟋δ
υ,qf(z))

′

𭟋δ
υ,qf(z)

≺ Φ(z), z ∈ Ud.

Remark 1.3. Note that by fixing K = 0 and K = 1 in the class Mυ,δ,q
K (Φ) given in

Definition 1.2, we have the following new class

Mυ,δ,q
0 (Φ) ≡ Sυ,δ,q(Φ) =

{
f ∈ A :

z(𭟋δ
υ,qf(z))

′

𭟋δ
υ,qf(z)

≺ Φ(z), z ∈ Ud

}
,

and

Mυ,δ,q
1 (Φ) ≡ Cυ,δ,q(Φ) =

{
f ∈ A :

(
1 +

z(𭟋δ
υ,qf(z))

′′

(𭟋δ
υ,qf(z))

′

)
≺ Φ(z), z ∈ Ud

}
respectively.

Definition 1.4. For ℓ ≧ 0, K = 0 and let Φ(z) be as assumed as(1.15) and f ∈ A is

in the class Gυ,δ,q
ℓ,0 (Φ) = Bυ,δ,q

ℓ (Φ) if

(𭟋δ
υ,qf(z))

′

(
𭟋δ

υ,qf(z)

z

)ℓ−1

≺ Φ(z), z ∈ Ud.

Definition 1.5. For ℓ = 1, K = 0 and let Φ(z) be as assumed as(1.15) and f ∈ A is

in the class Gυ,δ,q
1,0 (Φ) = Rυ,δ,q(Φ) if

(𭟋δ
υ,qf(z))

′ ≺ Φ(z), z ∈ Ud.

1.2. Relevant lemmas

To prove our main result, , we include several lemmas, each of which will be used to
prove the main results.

Let P denote the family of functions ϖ holomorphic in Ud such that ℜ(z) > 0 ,
with the following power series expansion

ϖ(z) = 1 + c1z + c2z
2 + · · · . (1.16)

Lemma 1.6. [10] If ϖ ∈ P and given by (1.16) then |cj | ≤ 2 for all j ≥ 1 and the

result is best possible for ϕ1(z) =
1 + ηz

1− ηz
, |η| = 1.

Lemma 1.7. [23] If ϖ(z) ∈ P and given by (1.16) then

|c2 − ϑc21| ≦


−4ϑ+ 2, if ϑ ≦ 0,

2, if 0 ≦ ϑ ≦ 1,

4ϑ− 2, if ϑ ≧ 1.
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When ϑ < 0 or ϑ > 1, the equality holds if and only if p1(z) =
1 + z

1− z
or one of

its rotations. If 0 < ϑ < 1, then the above upper bound is sharp, for p2(z) =
1 + z2

1− z2
or one of its rotations. If ϑ = 0, the above upper bound is sharp, for

p3(z) =

(
1

2
+
η

2

)
1 + z

1− z
+

(
1

2
− η

2

)
1− z

1 + z
(0 ≦ η ≦ 1)

or one of its rotations. If ϑ = 1, the equality holds if and only if p1 is the reciprocal
of one of the functions such that the equality holds in the case of ϑ = 0.

Although the above upper bound is sharp, when 0 < ϑ < 1, it can be improved
as follows:

|c2 − ϑc21|+ ϑ|c1|2 ≦ 2 (0 < ϑ ≦ 1/2),

and

|c2 − ϑc21|+ (1− ϑ)|c1|2 ≦ 2 (1/2 < ϑ ≦ 1).

We also need the following:

Lemma 1.8. [22] If ϖ(z) = 1 + c1z + c2z
2 + · · · is a member of P, then

|c2 − ϑc21| ≦ 2max(1, |2ϑ− 1|).
The result is sharp for the functions

p(z) =
1 + z2

1− z2
, p(z) =

1 + z

1− z
(z ∈ Ud).

2. Initial coefficient estimates and Fekete-Szegö results

To start with in this section we determine the initial coefficient estimates a2 and a3.
Unless otherwise stated, we let the following in our study:

Ξ2 =
(−1/4)Γ(υ + 1)

Γ(2 + υ)

Γq(2 + δ)

[1]q! Γq(1 + δ)
and Ξ3 =

(−1/4)2Γ(υ + 1)

2Γ(3 + υ)

Γq(3 + δ)

[2]q! Γq(1 + δ)
.

(2.1)

Theorem 2.1. Let ℓ ≧ 0 and K ≧ 0 and ℓ a real number and Φ(z) be given by (1.15).

If f(z) given by (1.1) belongs to Gυ,δ,q
ℓ, K (Φ), then

|a2| ≤ 1

|τΞ2|
,

|a3| ≤ 1

|ξΞ3|
max{1,

∣∣− 1

8
+

Λ

τ2
∣∣},

where

Λ =
1

2
(ℓ2 + ℓ)− (ℓ+ 3) K− 1,

and

τ := (1 + ℓ)(1 + K), and ξ := (ℓ+ 2)(1 + 2 K). (2.2)

These results are sharp.
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Proof. If f ∈ Gυ,δ,q
ℓ, K (Φ), then there is a Schwarz function ω(z), analytic in Ud with

ω(0) = 0 and |ω(z)| < 1 in Ud such that

z(𭟋δ
υ,qf(z))

′

𭟋δ
υ,qf(z)

(
𭟋δ

υ,qf(z)

z

)ℓ

+ K

[
1 +

z(𭟋δ
υ,qf(z))

′′

(𭟋δ
υ,qf(z))

′ −
z(𭟋δ

υ,qf(z))
′

𭟋δ
υ,qf(z)

+ ℓ

(
z(𭟋δ

υ,qf(z))
′

𭟋δ
υ,qf(z)

− 1

)]
≺ Φ(z) = Φ(ω(z)).

(2.3)

Define the function p1(z) by

p1(z) :=
1 + ω(z)

1− ω(z)
= 1 + c1z + c2z

2 + · · · . (2.4)

Since ω(z) is a Schwarz function, we see that ℜ(p1(z)) > 0 and p1(0) = 1. Let us
define the function p(z) by

p(z) :=
z(𭟋δ

υ,qf(z))
′

𭟋δ
υ,qf(z)

(
𭟋δ

υ,qf(z)

z

)ℓ

+ K

[
1 +

z(𭟋δ
υ,qf(z))

′′

(𭟋δ
υ,qf(z))

′ −
z(𭟋δ

υ,qf(z))
′

𭟋δ
υ,qf(z)

+ ℓ

(
z(𭟋δ

υ,qf(z))
′

𭟋δ
υ,qf(z)

− 1

)]
= 1 + b1z + b2z

2 + · · · . (2.5)

In view of (2.3), (2.4), (2.5), we have

p(z) = Φ

(
p1(z)− 1

p1(z) + 1

)
= Φ(

1

2

[
c1z +

(
c2 −

c21
2

)
z2 + · · ·

]
)

= 1 +
1

2
c1z +

(
1

2
c2 −

7

32
c21

)
z2

+

(
1

2
c3 −

7

16
c1c2 +

17

192
c31

)
z3. (2.6)

Using (2.4) in (2.6), we get,

b1 =
1

2
c1 and b2 =

(
1

2
c2 −

7

32
c21

)
.

A computation shows that

z(𭟋δ
υ,qf(z))

′

𭟋δ
υ,qf(z)

= 1+Ξ2a2z+(2Ξ3a3−Ξ2
na

2
2)z

2+(3Ξ4a4+Ξ3
2a

3
2−3Ξ3Ξ2a3a2)z

3+ · · · .

Similarly we have

1 +
z(𭟋δ

υ,qf(z))
′′

(𭟋δ
υ,qf(z))

′ = 1 + 2Ξ2a2z + (6Ξ3a3 − 4Ξ2
2a

2
2)z

2 + · · · .
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An easy computation shows that

z(𭟋δ
υ,qf(z))

′

𭟋δ
υ,qf(z)

(
𭟋δ

υ,qf(z)

z

)ℓ

+ K

[
1 +

z(𭟋δ
υ,qf(z))

′′

(𭟋δ
υ,qf(z))

′ −
z(𭟋δ

υ,qf(z))
′

𭟋δ
υ,qf(z)

+ ℓ

(
z(𭟋δ

υ,qf(z))
′

𭟋δ
υ,qf(z)

− 1

)]
= 1 + (1 + ℓ)(1 + K)Ξ2a2z + (ℓ+ 2)(1 + 2 K)Ξ3a3z

2

+

(
ℓ2 + ℓ

2
− (ℓ+ 3) K− 1

)
Ξ2
2a

2
2z

2 + · · · .

In view of (2.5), we see that

b1 = (1 + ℓ)(1 + K)Ξ2a2

b2 = (ℓ+ 2)(1 + 2 K)Ξ3a3 +

(
ℓ2 + ℓ

2
− (ℓ+ 3) K− 1

)
Ξ2
2a

2
2

= (ℓ+ 2)(1 + 2 K)Ξ3a3 + ΛΞ2
2a

2
2,

where Λ = 1
2 (ℓ

2 + ℓ)− (ℓ+ 3) K− 1. Equivalently, we have

a2 =
c1

2(1 + ℓ)(1 + K)Ξ2
=

c1
2τΞ2

, (2.7)

a3 =
1

2(ℓ+ 2)(1 + 2 K)Ξ3

[
c2 −

1

2

(
1− 1

8
+

Λ

[(1 + ℓ)(1 + K)]2

)
c21

]
=

1

2ξΞ3

[
c2 −

1

2

(
1− 1

8
+

Λ

τ2

)
c21

]
. (2.8)

From(2.7) and applying Lemma 1.6,, we get

|a2| ≤
∣∣∣∣ 1

τΞ2

∣∣∣∣ .
From (2.8), by using the estimate

|c2 − ϑc21| ≦ 2max(1, |2ϑ− 1|),

given in Lemma 1.8 we have

|a3| ≦
1

(ℓ+ 2)(1 + 2 K)Ξ3
max{1,

∣∣2× 1

2

(
1− 1

8
+

Λ

τ2

)
− 1
∣∣}

=
1

ξΞ3
max{1,

∣∣− 1

8
+

Λ

τ2
∣∣},

where τ, ξ are as assumed in (2.2) and Λ = 1
2 (ℓ

2 + ℓ)− (ℓ+ 3) K− 1. □

Using Lemma 1.7, we prove the following:
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Theorem 2.2. Let ℓ ≧ 0 and K ≧ 0 and ℵ a real number and Φ(z) be given by (1.15).

If f ∈ Gυ,δ,q
ℓ, K (Φ), then

|a3 − ℵa22| ≦



1

|ξΞ3|

(
1

8
− Λ

τ2
− ℵξΞ3

τ2Ξ2
2

)
, if ℵ ≦ σ1,

1

|Ξ3ξ|
, if σ1 ≦ ℵ ≦ σ2,

1

|ξΞ3|

(
−1

8
+

Λ

τ2
+

ℵξΞ3

τ2Ξ2
2

)
, if ℵ ≧ σ2,

where, for convenience,

σ1 :=
τ2Ξ2

2

ξΞ3

(
−7

8
− Λ

τ2

)
,

σ2 :=
τ2Ξ2

2

ξΞ3

(
9

8
− Λ

τ2

)
,

σ3 :=
τ2Ξ2

2

ξΞ3

(
1

8
− Λ

τ2

)
,

also τ, ξ are as defined in (2.2) and Λ = 1
2 (ℓ

2 + ℓ)− (ℓ+ 3) K− 1.
Further, if σ1 ≦ ℵ ≦ σ3, then

|a3 − ℵa22|+
τ2Ξ2

2

ξΞ3

(
1− 1

8
+

Λ

τ2
+

ℵξΞ3

τ2Ξ2
2

)
|a2|2 ≦

1

ξΞ3
.

If σ3 ≦ ℵ ≦ σ2, then

|a3 − ℵa22|+
τ2Ξ2

2

ξΞ3

(
1 +

1

8
− Λ

τ2
− ℵξB1Ξ3

τ2Ξ2
2

)
|a2|2 ≦

1

ξΞ3
.

These results are sharp.

Proof. From (2.7) and (2.8), we have

a3 − ℵa22 =
1

2ξΞ3

[
c2 −

c21
2

(
1− 1

8
+

Λ

τ2

)]
− c21

4

ℵ
(τΞ2)2

=
1

2ξΞ3

[
c2 −

c21
2

(
1− 1

8
+

Λ

τ2
+

ℵξΞ3

(τΞ2)2

)]
.

Therefore, we have

a3 − ℵa22 =
1

2ξΞ3

(
c2 − vc21

)
where

v :=
1

2

(
1− 1

8
+

Λ

τ2
+

ℵξ
(τΞ2)2

)
.
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By applying Lemma 1.7 we get the desired result. To prove the bounds are sharp, we
define the functions KΦn

(n = 2, 3, . . .) with KΦn
(0) = 0 = [KΦn

]′(0)− 1, by

z(𭟋δ
υ,qKΦn

(z))′

𭟋δ
υ,qKΦn

(z)

(
𭟋δ

υ,qKΦn
(z)

z

)ℓ

+ K

[
1 +

z(𭟋δ
υ,qKΦn

(z))′′

(𭟋δ
υ,qKΦn

(z))′
−
z(𭟋δ

υ,qKΦn
(z))′

𭟋δ
υ,qKΦn

(z)
+ ℓ

(
z(𭟋δ

υKΦn(z))
′

𭟋δ
υ,qKΦn

(z)
− 1

)]
= Φn(z

n−1),

and the functions Fϱ and Gϱ (0 ≦ ϱ ≦ 1), respectively, with Fϱ(0) = 0 = F ′
ϱ(0) − 1

and Gϱ(0) = 0 = G′
ϱ(0)− 1 by

z(𭟋δ
υ,qFϱ(z))

′

𭟋δ
υ,qFϱ(z)

(
𭟋δ

υ,qFϱ(z)

z

)ℓ

+ K

[
1 +

z(𭟋δ
υ,qFϱ(z))

′′

(𭟋δ
υ,qFϱ(z))′

−
z(𭟋δ

υ,qFϱ(z))
′

𭟋δ
υ,qFϱ(z)

+ ℓ

(
z(𭟋δ

υ,qFϱ(z))
′

𭟋δ
υ,qFϱ(z)

− 1

)]

= Φ

(
z(z + ϱ)

1 + ϱz

)
,

and

z(𭟋δ
υ,qGϱ(z))

′

𭟋δ
υ,qGϱ(z)

(
𭟋δ

υ,qGϱ(z)

z

)ℓ

+ K

[
1 +

z(𭟋δ
υ,qGϱ(z))

′′

(𭟋δ
υ,qGϱ(z))′

− z(𭟋δ
υGϱ(z))

′

𭟋δ
υ,qFϱ(z)

+ ℓ

(
z(𭟋δ

υ,qGϱ(z))
′

𭟋δ
υ,qGϱ(z)

− 1

)]

= Φ

(
−z(z + ϱ)

1 + ϱz

)
,

respectively.

Clearly the functions KΦn
, Fϱ, Gϱ ∈ Gυ,δ,q

ℓ, K (Φ). Also we write KΦ := KΦ2
.

If ℵ < σ1 or ℵ > σ2, then the bounds are sharp if and only if f is KΦ or one of
its rotations. When σ1 < ℵ < σ2, then the bounds are sharp if and only if f is KΦ3

or one of its rotations. If ℵ = σ1 then the bounds are sharp if and only if f is Fη or
one of its rotations. If ℵ = σ2 then the bounds are sharp if and only if f is Gη or one
of its rotations. □

By making use of Lemma 1.8, we immediately obtain the following:

Theorem 2.3. Let ℓ ≧ 0 and K ≧ 0 further, let Φ(z) be of the form (1.15). If f ∈
Gυ,δ,q
ℓ, K (Φ), then for complex ℵ, we have

|a3 − ℵa22| ≤ 1

|ξΞ3|
max

{
1,

∣∣∣∣−1

8
+

Λ

τ2
+

ℵξΞ3

τ2Ξ2
2

∣∣∣∣} , (2.9)
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where ξ, τ are as assumed in (2.2) and Λ = 1
2 (ℓ

2 + ℓ) − (ℓ + 3) K − 1. The result is
sharp.

3. Coefficient inequalities for the function f−1 ∈ Gυ,δ,q
ℓ, K (Φ)

Theorem 3.1. If f ∈ Gυ,δ,q
ℓ, K (Φ) and f−1(w) = w+

∞∑
n=2

dnw
n is the inverse function of

f with
(
|w| < r0(f); r0(f) ≥ 1

4

)
the Koebe domain of the class f ∈ Gυ,δ,q

ℓ, K (Φ), then for
any complex number ℵ, we have

|d2| ≤ 1

|τΞ2|
(3.1)

|d3| ≤ 1

|ξΞ3|
max

{
1,

∣∣∣∣−1

8
+

Λ

τ2
+

2ξΞ3

τ2Ξ2
2

∣∣∣∣} (3.2)

| d3 − ℏd22 | ≤ 1

|ξΞ3|
max

{
1, | −1

8
+

Λ

τ2
+

(2− ℏ)ξΞ3

τ2Ξ2
2

|
}
, (3.3)

where τ, ξ are as assumed in (2.2) and Λ = 1
2 (ℓ

2 + ℓ)− (ℓ+ 3) K− 1.

Proof. As

f−1(w) = w +

∞∑
n=2

dnw
n, (3.4)

is the inverse function of f , it can be seen that

f−1(f(z)) = f(f−1(z)) = z. (3.5)

From equations (1.1) and (3.5), we get

f−1(z +

∞∑
n=2

anz
n) = z. (3.6)

From (3.5) and (3.6), one can obtain

z + (a2 + d2)z
2 + (a3 + 2a2d2 + d3)z

3 + ......... = z. (3.7)

By equating corresponding coefficients , of (3.7), we have

d2 = −a2 (3.8)

d3 = 2a22 − a3. (3.9)

From relations (2.7),(2.8),(3.8) and (3.9)

d2 = − c1
2(1 + ℓ)(1 + K)Ξ2

= − c1
2τΞ2

. (3.10)

Since |d3| = |2a22 − a3|, thus by fixing ℵ = 2 in (2.9) we get |d3|.
For any complex number ℏ, to find the Fekete-Szegő inequality for the inverse

function, consider∣∣d3 − ℏd22
∣∣ = ∣∣2a22 − a3 − ℏa22

∣∣ = ∣∣a3 − (2− ℏ)a22
∣∣ .
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Thus by fixing ℵ = (2−ℏ) in the (2.9), we get the desired result. Hence this completes
the proof. □

4. Coefficient estimates for the quotient function z
f(z)

The coefficient bounds and Fekete-Szegö results for the function H(z) given by

H(z) =
z

f(z)
= 1 +

∞∑
t=1

utz
t, z ∈ Ud. (4.1)

where f ∈ A such that f(z) ̸= 0 and z ∈ Ud\{0} are found in this section. .

Theorem 4.1. If f(z) given by (1.1) belongs to Gυ,δ,q
ℓ, K (Φ) and H(z) is given by (4.1)

then

|u1| ≤ 1

|τΞ2|
, (4.2)

|u2| ≤ 1

|ξΞ3|
max

{
1,

∣∣∣∣−1

8
+

Λ

τ2
+

ξΞ3

τ2Ξ2
2

∣∣∣∣} (4.3)

|u2 − ℘u21| ≤ 1

|ξΞ3|
max

{
1,

∣∣∣∣−1

8
+

Λ

τ2
+

(1− ℘)ξΞ3

τ2Ξ2
2

∣∣∣∣} , for ℘ ∈ C, (4.4)

where ξ, τ are as assumed in (2.2) and Λ = 1
2 (ℓ

2 + ℓ)− (ℓ+ 3) K− 1.

Proof. By routine calculation gives

H(z) =
z

f(z)
= 1− a2z + (a22 − a3)z

2

+ (a32 + 2a2a3 − a4)z
3 + · · · . (4.5)

Comparing the coefficients of z, z2 and z3 on both sides of (4.1) and (4.5) we get

u1 = −a2, (4.6)

and

u2 = a22 − a3 = −(a3 − a22) (4.7)

The estimate for |u1| = |a2| follows immediately from (2.7). The bound for u2 followed
by taking ℵ = 1 in(2.9) . For ℘ ∈ C, we get

|u2 − ℘u21| = | − a3 + a22 − ℘a22|
= |a3 − (1− ℘)a22|,

Thus by taking ℵ = (1− ℘) in the (2.9), we get the desired result. □
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5. Initial logarithmic coefficient bounds for f ∈ Gυ,δ,q
ℓ, K (Φ),

The logarithmic coefficients of a given function f, denoted by γt := γt (f) , are defined
as

1

2
log

(
f (z)

z

)
=

∞∑
t=1

γtz
t. (5.1)

The theory of Schlicht functions is significantly impacted by these coefficients in
various estimations. In 1985, de-Branges [13] determined that

t∑
k=1

k (t− k + 1) |γk|2 ≤
t∑

k=1

t− k + 1

k
, for t ≥ 1,

and for the particular function f (z) = z/
(
1− eiθz

)
with θ ∈ R, equality is attained.

This inequality is the source of the most general version of the famous Bieberbach-
Robertson-Milin conjectures concerning Taylor coefficients of f ∈ A.To learn more
about the explanation of de-Brange’s claim, one refer to [6, 15, 16]. Kayumov [21] in
2005 answered Brennan’s conjecture in terms of conformal mappings by converting
the logarithmic coefficients. Several studies on logarithmic coefficients have made
significant progress [3, 12, 27]. From the above definition, in the following part the
logarithmic coefficients for H ∈ A are as given below:

γ1 =
1

2
a2 (5.2)

γ2 =
1

2

(
a3 −

1

2
a22

)
. (5.3)

Theorem 5.1. Let f(z) be as in (1.1) and f ∈ Gυ,δ,q
ℓ, K (Φ), then

|γ1| ≤ 1

2|τΞ2|
,

|γ2| ≤ 1

2|ξΞ3|
max

{
1,

∣∣∣∣−1

8
+

Λ

τ2
+

ξΞ3

2τ2Ξ2
2

∣∣∣∣} ,
where ξ, τ are as assumed in (2.2) and Λ = 1

2 (ℓ
2 + ℓ)− (ℓ+ 3) K− 1.

Proof. Applying (2.7) in(5.2) we get

γ1 =
c1

4τΞ2
, (5.4)

By fixing ℵ = 1
2 in (2.9) and using (5.3) we get

|γ2| =
1

2

∣∣∣∣a3 − 1

2
a22

∣∣∣∣
≤ 1

2|ξΞ3|
max

{
1,

∣∣∣∣−1

8
+

Λ

τ2
+

ξΞ3

2τ2Ξ2
2

∣∣∣∣} . (5.5)

The bounds of γ1 and γ2 are clear.
□
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Theorem 5.2. Let f(z) be as in (1.1) and f ∈ Gυ,δ,q
ℓ, K (Φ), then for ϱ ∈ C,∣∣γ2 − ϱγ21

∣∣ ≤ 1

2|ξΞ3|
max

{
1,

∣∣∣∣−1

8
+

Λ

τ2
+

(1 + ϱ)ξΞ3

2τ2Ξ2
2

∣∣∣∣} ,
where ξ, τ are as assumed in (2.2) and Λ = 1

2 (ℓ
2 + ℓ)− (ℓ+ 3) K− 1.

Proof. From (5.4) and (5.5) , we have∣∣γ2 − ϱγ21
∣∣ =

1

2

∣∣∣∣a3 − 1 + ϱ

2
a22

∣∣∣∣
Using (2.9) and fixing ℵ = 1+ϱ

2 , we have∣∣γ2 − ϱγ21
∣∣ ≤ 1

2|ξΞ3|
max

{
1,

∣∣∣∣−1

8
+

Λ

τ2
+

(1 + ϱ)ξΞ3

2τ2Ξ2
2

∣∣∣∣}
where ξ, τ are as assumed in (2.2) and Λ = 1

2 (ℓ
2 + ℓ)− (ℓ+ 3) K− 1. □

Fixing ϱ = 1, we get the following consequence.

Corollary 5.3. Let f(z) be assumed as (1.1) and if f ∈ Gυ,δ,q
ℓ, K (Φ), then∣∣γ2 − γ21

∣∣ ≤ 1

2|ξΞ3|
max

{
1,

∣∣∣∣−1

8
+

Λ

τ2
+

ξΞ3

τ2Ξ2
2

∣∣∣∣} .
6. Application to functions defined by Borel distribution

A discrete random variable x is said to have a Borel distribution if it takes the
values 1, 2, 3, ... with the probabilities e−λ

1! ,
2λe−2λ

2! , 9λ
2e−3λ

3! , ..., respectively, where λ
is called the parameter. Very recently, Wanas and Khuttar [35] introduced the Borel
distribution (BD) whose probability mass function is

P (x = ρ) =
(ρλ)

ρ−1
e−λρ

ρ!
, ρ = 1, 2, 3, ...

Wanas and Khuttar introduced a series M(λ; z) whose coefficients are probabilities
of the Borel distribution (BD)

M(λ; z) = z +

∞∑
n=2

[λ (n− 1)]
n−2

e−λ(n−1)

(n− 1)!
zn, (0 < λ ≤ 1) , (6.1)

We note by the familiar ratio test that the radius of convergence of the above series
is infinity. Using the Hadamard product, we introduce a new linear operator Iλ(z) :
A → A defined by

Iλf = M(λ; z) ∗ f(z) = z +

∞∑
n=2

[λ (n− 1)]
n−2

e−λ(n−1)

(n− 1)!
anz

n,

= z +

∞∑
n=2

ψn(λ)anz
n, z ∈ Ud,
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where

ψn =
[λ (n− 1)]

n−2
e−λ(n−1)

(n− 1)!
.

In particular
ψ2 = e−λ and ψ3 = λe−2λ. (6.2)

We describe the class Gυ,δ,q
λ,ℓ, K(Φ) as below:

Gυ,δ,q
λ,ℓ, K(Φ) := {f ∈ A and Iλf ∈ Gυ,δ,q

ℓ, K (Φ)}

where Gυ,δ,q
ℓ, K (Φ) is given by Definition 1.1. we find the coefficient estimate for f ∈

Gυ,δ,q
λ,ℓ, K(Φ), from the corresponding estimate for functions in the class Gυ,δ,q

ℓ, K (Φ). Apply-

ing Theorem 2.3 and 2.2 for functions f ∈ M(λ, z)∗f(z) = z+ψ2a2z
2+ψ3a3z

3+ · · · ,
we get the following Theorems 6.1 and 6.2 after a noticeable modification of the
parameter ℵ.

Theorem 6.1. Let ℓ ≧ 0; K ≧ 0 and Φ(z) be given by (1.15). If f ∈ Gυ,δ,q
ℓ, K (Φ), then

for complex ℓ, we have

|a3 − ℵa22| ≤
1

|ξΞ3|λe−2λ
max

{
1,

∣∣∣∣−1

8
+

Λ

τ2
+

ℵξλ2e−2λΞ3

τ2Ξ2
2

∣∣∣∣}
where τ, ξ are as assumed in (2.2) and Λ = 1

2 (ℓ
2 + ℓ)− (ℓ+ 3) K− 1.

Theorem 6.2. Let ℓ ≧ 0; K ≧ 0 and ℵ a real number. Further, let Φ(z) be given in

(1.15). If f ∈ Gυ,δ,q
ℓ, K (Φ), then

|a3 − ℵa22| ≦



2

|ξΞ3|λe−2λ

(
1

8
− Λ

τ2
− ℵξλ2e−2λΞ3

τ2Ξ2
2

)
, if ℵ ≦ σ1,

2

|ξΞ3|λe−2λ
, if σ1 ≦ ℵ ≦ σ2,

2

|ξΞ3|λe−2λ

(
−1

8
+

Λ

τ2
+

ℵξλ2e−2λΞ3

τ2Ξ2
2

)
, if ℵ ≧ σ2,

where, for convenience,

σ1 =
τ2Ξ2

2

ξλΞ3

(
−7

8
− Λ

τ2

)
, σ2 =

τ2Ξ2
2

ξλΞ3

(
9

8
− Λ

τ2

)
Λ = 1

2 (ℓ
2 + ℓ)− (ℓ+ 3) K− 1 and τ, ξ are as assumed in (2.2).

Conclusion

We examined coefficient estimates for analytic functions subordinating with Baloon

shaped region, f ∈ Gυ,δ,q
ℓ, K (Φ). We also deduced initial coefficient estimates, a2, a3, and

Fekete-Szegö inequality for f ∈ Gυ,δ,q
ℓ, K (Φ). Similar outcomes have been obtained for

the functions log
f(z)

z
and f−1. By subordinating with Balloon-shaped region, it is

straightforward to assert that by suitably specializing the parameters ℓ and K as
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stated in Definitions 1.2 to 1.5, in Theorems 2.2,2.3 and 3.1 one can easily state above
result for the function classes defined in Definitions 1.2 to 1.5 related with Bessel
Functions. Furthermore, we can express results as 6.1 and Theorems 6.2, which relate
to function classes associated with Borel distribution and have not been previously
studied. In keeping with the most recent trend of research we can extend the study
using Poisson, and Pascal distributions also. Future research may focus on exploring
additional subclasses generated by modified differential operators or by incorporating
complex parameters that enhance the geometric interpretation of these functions in
applied fields such as fluid dynamics and conformal mapping.
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[14] Fekete, M., Szegő, G., Eine Bemerkung über ungerade schlichte Funktionen, J. Lond.
Math. Soc., 8 (1933), 85-89.

[15] FitzGerald, C.H., Pommerenke, Ch., The de Branges theorem on univalent functions,
Trans. Am. Math. Soc., 290 (1985), 683-690.



376 G. Murugusundaramoorthy, K. Vijaya, D. Breaz and L.I. Cot̂ırlǎ
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