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Certain coefficient inequalities for some sub-
classes of analytic functions based on Bessel
functions related with balloon-shaped domain
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Abstract. The determination of this current paper is to find certain coefficient
estimates, Fekete-Szego inequality results for a normalized analytic function de-
fined in the open unit disk U; = {#z : z € C and |z| < 1} by convolution
operator with Bessel function. In particular, we derive Fekete-Szegd inequality
for a class of functions defined through Borel distribution. The results presented
in this paper would generalize some related works of several earlier authors.
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1. Introduction and preliminaries

Let A be the set of all analytic functions, comprising of the functions
(o]
f(z) :Z—I—Zanz”, (1.1)
n=2

in the open unit disc

Ug:={z:2€C and |z] <1},
and S be the subclass of A comprising of univalent functions. Let the functions f and
g be analytic in Uy. We say that the function f is subordinate to g, if there exists a
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Schwarz function w, which is analytic in Uy with
w(0)=0  and lw(z)] <1 (2 €Uy),
such that
f(z) = g(w(2)).
This subordination is denoted by
f=g or [f(z)<g(2) (2€Ua).
It is well known that (see [25]), if the function g is univalent in Ug, then
f=g (z€Uaq) < [f(0)=9(0) and f(Uq) C g(Uq).
We recall here a Bessel function of the first kind of order v, denoted by J,(z),
is defined by the infinite series:

Jo(z) = ZB 7L'F((n_+1)v+1) (g)m“ (z € C,v € R), (1.2)

which is the particular solution of the second order linear homogeneous differential
equation

220" (2) + 2w (2) + [22 — v?w(2) = 0, (1.3)
where v € R, which is the natural Bessel’s equation. Solutions of (1.3) are referred to
as Bessel function of order v. Although the series defined in (1.2) is convergent every
where, in general .J,, is not univalent in Uy (see [7]). Latterly, Szdsz and Kupan [32]
inspected the univalence of the normalized Bessel function of the first kind

Uy : Ug — C,
given by the transformation(see also [7, 29])
uy(2) =2'T' (v+1) 272 J, (Vz), V1=1.

We can express u,(z) as

—1/4)" 1D (v + 1)
= n 14
Z+Z (n—1)IT(n+v) o (14)

is analytic on C and satisfies the (Cauchy—Euler equation of order second) differential
equation
4220 (2) + 4(v + 1)zu/ (2) +u(z) = 0.

1.1. g-calculus and Bessel function.

Quantum calculus and h-calculus, simply the study of classical calculus without the
notion of limits. Here, h represents Planck’s constant, while ¢ represents quantum. Due
to its application in a variety of branches such as physics, mathematics, the area of ¢-
calculus has added excessive prominence for researchers. The first study on g-calculus
was systematically established by Jackson [19]. Recently, Kanas and Raducanu [20]
defined a g— analogue of the Ruscheweyh differential operator by using the concept of
convolution and then studied some of its properties by Aldweby and Darus [4]. Now,
we give some notational details of ¢-calculus which are used in the paper.
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For f € A the Jackson’s ¢-derivative (0 < g < 1) is expressed by
f(z) — flaz)

2,0() =3 (g T, (15)
1(0), z=0
and D2 f(z) = D¢(Dqf(2)). Thus, from (1.5), we presume that
Dof(z) =1+ z:[n]qanz"_l7
n=2
where
e = 1%
q 1— q .
If ¢ — 17, we get [n], — n. For the function h(z) = 2", we get D h(z ) ’qu =
= qq 2"t = [n]gz" ! and limg - Dgh(z) = limy - ([n]g2" ) = n2""! = B/(2),

where h' is the usual derivative.
For 0 < ¢ < 1, and f € A of the form (1.1), the ¢— derivative of w,, is defined
by:

= (—1/4)" T (v +1) ,
Dqun(z) = 21 n/l'IWerv))Z
uy(2) — uy(g2)
ﬂ—@
n 1 v
. 1+§: ;f:';§+2?h%213 (1.6)

n=1

Let a € R and n € N. The g-generalized Pochhammer symbol is defined by
lasnly = lalgla+ Ugla +2)gfa+n — 1], (L.7)
and for a > 0 the ¢g-gamma function is defined by
Ty(a+1) =a];Ty(a) and T, (1) =1. (1.8)

For f € A, Kanas and Raducanu [20] defined the Ruscheweyh g-differential operator
as below:

RIf(2) = f(2) % Fysii(z) (0> -1, z€Uy), (1.9)
where

using, (1.9) and (1.10), Aldweby and Darus [4] defined the g—analogue of Ruscheweyh
operator ’Rg : A — A as follows:

*z+§: ”+?+® W2 (2 e Uy). (1.11)
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As ¢ — 17, we note that
Rof(2) = f(2),  Ref(z) =2f'(2),
It is easy to check that

0 ]
Du(Fron) = (14 B) Fusna) - FRsne) Geva )
From (1.9), (1.12) and by the concept of Hadamard product, we have
2ARyf(2)) = (L+ )Ry f(2) = Ry f(2), (2 € Ua). (1.13)
From (1.11), as ¢ — 1~ we note that

z 5 z
(1_2)64_1’ qli}{liR f( ) f(Z)* (1_2)64_17
the usual Ruscheweyh derivative [28].
By the description of ¢ — derivative and the perception of Hadamard product , we
describe the linear operator

lim F,s41(2) =
qg—1—

Ffj,q A= A,

defined by
P of (2) = uy(2) % (RO£(2))
—1/4)" T (v + 1) Ty(n +5) o
+Z (n—=DIT(n+wv) [n—1],!T,(1 —&—5)&"
=2+ Z Epanz" (z € Uy),
n=2
where

= _ (/)" T(w+1)  Ty(n+9d)
T (n=1DIM(n+v) [n—1],T,(146)
Ma and Minda [23], unified various subclasses of starlike and convex functions for
which either of the functions
MO )
f(2) f'(2)
is subordinate to a more general superordinate function and denoted such function
classes by $*(¥) and C(V), respectively. For this purpose, they considered an analytic
function ¥ as below ,

(1.14)

(Z S Ud).

U(z) =1+ Biz+4 Boz? + B32® + -+,

where all B,’s are real with B; > 0;By = 0. They concentrated on some re-
sults, such as the theorem of covering, growth, and distortion. Several subfamilies
of the collection S have been looked at as specific options for the class $* (V) =

{f €S: ZJ{(S) <VU(2),z € Ud} throughout the past few years. There is currently
growing interest in considering subclasses of starlike and convex functions where the
super-ordinate function ¥(z) has a domain which is not the entire right-hand half-

plane and
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1. ® (¥)>0in Uy

2. ¥(0)=1, P'(0)>0

3. ¥ maps Uy onto a region starlike with respect to 1 and symmetric with respect
to the real axis.

In the study that has lately been examined, the families mentioned below are partic-
ularly noteworthy.

(1) S;=8"(V1+2) 8], 8&, = 87 (exp(2)) [24], Sfun = 8™ (1 + tanh(z)) [34],

(i1) . Sios = S* (cos(2)) [8], Sy = S* (1 + sinh™' 2) [5], Sk =S*(cosh(z)) [2],
(i) S50 =" (1+sin(=) [11], 7, =8" (14241 ) 18],
(). Sforye =S (Fno1(2)) 17 with Fry (2) =1+ 52 + 1z for n > 2.

+(1-26)z

Fixing ¥(z) = 17, (z € Ug; 0 £ B < 1) we get the well-known

classes S*(3) (and C(B)) of starlike functions (and the class of convex functions) of
order 3(0 < 8 < 1) respectively(see [26]).

Developed in 1851, function theory acquired interest as a potential new field
of study in 1916 after the coefficient hypothesis was proposed by Bieberbach [9]. In
1985, De Branges [13] presented this hypothesis. Numerous highly esteemed scholars
worldwide attempted, from 1916 to 1985, to confirm or reject this theory. Thus, they
examined a number of univalent function sub-families within class S that are associ-
ated with various picture domains. The most basic and significant subclasses of the
set § are the families of bounded turning functions, starlike functions, and convex
functions, represented by, respectively. [30] and the references cited therein provide a
brief history of the Fekete-Szego problem [14] and its various subclasses of analytic
functions. In this paper, we will use the super-ordinate function

214z
CD(Z) =T .

1+e*
to be the balloon-shaped region is a clear option, but it turns out to present intriguing
and frequently challenging issues (see Ahmad et al. [1]). We define a broader class of
analytic functions as defined in Definition 1.1, which unifies the families of bounded
turning functions, starlike functions, and convex functions based on the Bessel func-
tion. In [23], the authors have obtained the Fekete-Szegé inequality f in S*(¥) and
C(¥). This is primarily motivated by the previously mentioned works on Fekete-Szego
inequality (for example see [23, 33] and also references cited therein) and the definition
of hadamard product. Now, we define the following new function class QZ’ékq(fb) :

(1.15)

Definition 1.1. For £ = 0, K = 0, let ®(z) be as assumed as(1.15) and f € A is in
the class QZ’ékq(d)) if

A8 F) (F )
F3.,702) 2

[Z(Ff),q ()1 B Z(Fg,qf(z))’ Z(Fg,qf(z))’ -
(F3qf(2)) F2..f(2) M( Fo o f(2) 1)] < ®(2),z € Ua.

+ K
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Through appropriate parameter specialization, we derive the following new, as-
yet-unstudied subclasses based on Bessel functions.

Definition 1.2. For { =0, K 2 0 and let ®(2) be as assumed as(1.15) and f € A is
in the class G’ 5‘1( D) = ./\/lvké’q((b) if

2(FS  f(2))" A G f(R)
K<1+(F§)’qf(2))’ ) +(1 }OiFfj’qf(Z) < ®(2),z € Uy.

Remark 1.3. Note that by fixing K =0 and K =1 in the class M”ké’q(q)) given in
Definition 1.2, we have the following new class

Fo . f(2)
MGOU(P) = §U09(p) = {f €A: W < ®(2),z € Ud} )
and
Fo f(z
MUOU(P) = V09 (P) = {f €A: (1 W) < ®(2),z € Ud}
respectively.

Definition 1.4. For £ =2 0, K= 0 and let ®(2) be as assumed as(1.15) and f € A is
in the class Gy 5‘1((1)) =B 5‘1( ) if

§
Foqf(z

/—1
<Fz,qf<z>>'( ”) B2z e Uy

Definition 1.5. For { =1, K =0 and let ®(2) be as assumed as(1.15) and f € A is
in the class G S9(@) = RUS4(D) if

(F3,f(2)) < ®(2),z € Ug.

z

1.2. Relevant lemmas
To prove our main result, , we include several lemmas, each of which will be used to
prove the main results.

Let P denote the family of functions w holomorphic in Uy such that $(z) > 0,
with the following power series expansion

w(z) =1+c1z+ca2®+ . (1.16)
Lemma 1.6. [10] If w € P and given by (1.16) then |c;| < 2 for all j > 1 and the
1+nz

result is best possible for ¢1(z) = , Inl=1.

1—
Lemma 1.7. [23] If w(z) € P and given by (1.16) then
—49+2, if 920,

lco — Vet <4 2, if 059<1,

49-2,  if 9=1.
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1
When ¥ < 0 or 9 > 1, the equality holds if and only if p1(z) = 1 i_z or one of

14 22

its rotations. If 0 < ¥ < 1, then the above upper bound is sharp, for ps(z) = 1T—.2
—z

or one of its rotations. If 9 = 0, the above upper bound is sharp, for
1 n\1+4+z2 1 n\1l-=z

=(=+= - — = 0sn<1

ps(2) <2+2>1z+(2 2)1+z (0=n=1)

or one of its rotations. If ¢ = 1, the equality holds if and only if p1 is the reciprocal
of one of the functions such that the equality holds in the case of © = 0.

Although the above upper bound is sharp, when 0 < ¢ < 1, it can be improved

as follows:
leo =3+ 0P £2 (0<d9 <1/2),
and
3= 03|+ (1= PP <2 (1/2<9 1),

We also need the following:

Lemma 1.8. [22] If w(2) =1+ c12 + 222 + - -+ is a member of P, then
leg —9c3| £ 2max(1, |20 — 1]).

The result is sharp for the functions
1422

1+
1— 22’ o

1—=2

p(2) (z € Ug).

p(z)

2. Initial coefficient estimates and Fekete-Szego results

To start with in this section we determine the initial coefficient estimates as and as.
Unless otherwise stated, we let the following in our study:
= (14w +1) Ty(2+9) and S.— (-1/4)°T(v+1) T,(3+9)
=2 L2+v) [ Te(1+9) = ArB+v) [2,T(1+0)
(2.1)
Theorem 2.1. Let £ 2 0 and K =0 and £ a real number and ®(z) be given by (1.15).
If f(2) given by (1.1) belongs to QZ"S,’(‘I(@), then

1
|a2| S T _—= |
|TEs]
1 1 A
< — L|—-+=
= it
where )
A:§(£2+€)—(£+3)K—1,
and

T:=01+0)(1+ K), and &:={(+2)(1+2K). (2.2)
These results are sharp.
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Proof. If f € G, %4(®), then there is a Schwarz function w(z), analytic in Uy with
w(0) =0 and |w( )| < 1in Uy such that

18 1(2)) (Fi,qf(Z)>e

F{.qf(2) z

AP f(2)" 2 f(2) AP f(2) _
B R T 1S I T I 1 ”( F3.,7) 1) < #(z) = 2lulz)
(2.3)
Define the function p;(z) by
2'271+w(z): 1z 4z 4
p(2) : — L+erz+cz” +---. (2.4)

Since w(z) is a Schwarz function, we see that R(p1(z)) > 0 and p;(0) = 1. Let us
define the function p(z) by

y4
_ ( (z ) o/ (2)

Z(F 2)" 2P f(2) 2Faf(2)
R ( VT ) ”( F1.,0C) 1)]
= Lbyz+be2? + - . (2.5)
In view of (2.3), (2.4), (2.5), we have
B p1(z) —1
wo = o (2557)

1 2
3 ozt (a-F) =+ ])
1 1 7
1+ 50124' (202 — ?ch> 22

1 7 17
+ (03 —cCiC + —= 3) 23. (2.6)

2 16 192
Using (2.4) in (2.6), we get,
by = %cl and by = (202 — 70?) .
A computation shows that
2(F) . f(2))
F{qof(2)

Similarly we have

= 1—|—Ega22’+(253a3— 2a2)z +(3u4a4—|—uza2 3H3H2a3a2) 3+"'

=1+ 255a02 + (6Z3a3 — 455a3)22 + - - -
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An easy computation shows that

A8 FE) (F. 1)
3., (2) 2

+ K

(F2.qf(2)) F{qaf(2)
=1+ (1+0(1+ K)Z2a9z + (£+2)(1 + 2 K)Z3a32>

2
—|—<£ ;g—(€+3)K—1>E§a§z2+~--.

24 f(2)" 2(F9,f(2)) 2F)4f(2)
1+ 7 +£< 1T 1)1

In view of (2.5), we see that

by = (1+01+ K)Zas
240

by = (L+2)(1+2 K)53a3+< —(£+3)K—1>E§a§
= (£+2)(1+2K)Z3a3 + AZ3a3,

where A = (€% + () — ({ + 3) K — 1. Equivalently, we have

C1 C1
= = 2.7
a2 21+ 0)(1 + K)Z5 27, 27)
s [ (s )]
a = Co — — _ — c
8 200+2)(1+2K)Z5 | © 2 8 ' [1+0(1+ K2/
1 1 1 A
= —lea—=(1—=-+4+= |3, 2.8
ws oz (15 ) (2
From(2.7) and applying Lemma 1.6,, we get
|612| <|—=
TZ9
From (2.8), by using the estimate
lea — 92| < 2max(1, 20 — 1]),
given in Lemma 1.8 we have
1 1 1 A
< Llgx=(1--+=)-1
sl = Tryarzrg, el X2< +T2> I}
1 1 A
= é_?SII’IBJX{17 _§+ﬁ }7
where 7, are as assumed in (2.2) and A = F(¢2 +¢) — ((+3) K— 1. O

Using Lemma 1.7, we prove the following:
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Theorem 2.2. Let £ 2 0 and K20 and R a real number and ®(z) be given by (1.15).
If f € G, % (®), then

1 1 A NEE
<__£3>7 Zf Ngo’h

€25 \8 72 72=32
1

|=s¢l”

1 1 A NE=
- <—++ £3>, if RZ o,
‘f:3| =3

las — Ra2| < if 01 =NZ o0y,

where, for convenience,

g1 =

L TE(_ A
2T g \8 2)

o3 =

also 7,& are as defined in (2.2) and A
Further, if 01 S X < o3, then
223 ( 1A N553> ol < .

-~ + =+
23 8 72 r2E2

|
NI
—~
)
]
+
N
~
I
)
+
w
~~
PN
I
—_

lag — Na3| +

If 03 SN < 0y, then

7222 1 A NEBEs 1
— Na? 2(1+-- = — 2< —
|a3 CLQ‘ + 653 < + 3 T2 7253 ) |CL2| =

These results are sharp.

Proof. From (2.7) and (2.8), we have
1
N2 = = —
e 2653 {CQ

Al 1
2 8
1 & 1 A RS,
= — S R O _
2=, {CQ 9 < s T 2T osE,

Therefore, we have

where
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By applying Lemma 1.7 we get the desired result. To prove the bounds are sharp, we
define the functions K¢, (n = 2,3,...) with K¢, (0) =0=[Ks,]'(0) — 1, by

(18 Ko, (2)) (r;i,qkmay

r Kae,(2) z
L A () LK, () (e, ()
T K () FDKa,(2) 3 Ko (z)
v,q n v,q n v,q n
:q)n(znfl)’

and the functions F, and G, (0 = o = 1), respectively, with F,,(0) = 0 = F,(0) — 1
and G,(0) = 0= G, (0) — 1 by

(FD  Fol2)) (Pg,ng(z))Z

Fg,qFQ(z) <
A0 ()" S Fu2)) (28 Ful2))
TR RGY T T RLRG) ”( F3.,Fa2) ‘1”
B 2(z+ o)
_©(1+92>’
and
2(F,Go2) (F24G02)
Fi,qGQ(Z) <
2F0,4Go(2)"  2(F3Go(2)) 2(F3,4Ge(2))
R LG T LG ”( 73.,Gu(2) ‘1”

e
14 oz
respectively.

Clearly the functions Ko, , F,, G, € QZ"SRQ(CI)). Also we write K¢ = Kg,.

If X < g1 or N > 09, then the bounds are sharp if and only if f is K¢ or one of
its rotations. When o1 < R < 09, then the bounds are sharp if and only if f is Kg,
or one of its rotations. If X = ¢ then the bounds are sharp if and only if f is F}, or
one of its rotations. If X = o5 then the bounds are sharp if and only if f is G,, or one

of its rotations. O

By making use of Lemma 1.8, we immediately obtain the following;:

Theorem 2.3. Let £ = 0 and K = 0 further, let ®(z) be of the form (1.15). If f €

gZ"Skq((I)), then for complex R, we have
} , (2.9)

1 A REE
g—’_ﬁ—i_TQEg

1
lag — Na2| < _max{L—
[$=5]
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where &, 7 are as assumed in (2.2) and A = L((* +0) — (( + 3) K— 1. The result is
sharp.

3. Coefficient inequalities for the function f~' € QZ’ékq@)

Theorem 3.1. If f € QZ’é,’(q(@) and f~H(w) =w+ > d,w™ is the inverse function of

n=2
[ with (Jw] < ro(f);ro(f) = 1) the Koebe domain of the class f € QZ’(S,’("(Q), then for
any complexr number R, we have

1
d < — 3.1
| 2| = IT:*2| ( )
1 1 A 2=,
d < = Ll—+ =5+ —=—= 3.2
il < {5 25} 2
1 1 A (2 h)eE;
2
_ < oy =y s WSS )
aeng] < (b A ERE o
where 7,§ are as assumed in (2.2) and A = F(0* +0) — (0 +3) K— 1.
Proof. As
Flw) =w+ ) dyw”, (3.4)
n=2

is the inverse function of f, it can be seen that

FHF@) = (=) = 2 (3.5)
From equations (1.1) and (3.5), we get

=+ Z anz™) = z. (3.6)

From (3.5) and (3.6), one can obtain
z+ (a2 + d2)22 + (as + 2a2ds + d3)23 + o =2z. (3.7)
By equating corresponding coefficients , of (3.7), we have
dg = —as (38)
dg = 2&% — as.
From relations (2.7),(2.8),(3.8) and (3.9)
_ C1 __a
20+ 0)(1+ K)Zp 275"

Since |d3| = |2a3 — ag|, thus by fixing X = 2 in (2.9) we get |d3]|.
For any complex number £, to find the Fekete-Szeg6 inequality for the inverse
function, consider

|d3 — hd3| = |2a3 — a3 — ha3| = |az — (2 — h)a3].

dy = (3.10)
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Thus by fixing X = (2—7) in the (2.9), we get the desired result. Hence this completes
the proof. O

4. Coeflicient estimates for the quotient function ﬁ

The coefficient bounds and Fekete-Szego results for the function H(z) given by

H(z) = f(zz) =1+ > !, zeUg (4.1)

where f € A such that f(z) # 0 and z € Ug\{0} are found in this section. .

Theorem 4.1. If f(z) given by (1.1) belongs to G,” 6’q( ) and H(z) is given by (4.1)
then

1

U < , 4.2
| 1| = ‘TEQ| ( )
1 1 A (5,
|U2| S @ max {1, ’ g + ﬁ 7—2 2 } (43)
1 1 A 1—p)E=E
A — max{1,|+2+( 235 3},forp€<C, (4.4)
[3=51 8 To=)

where &, 7 are as assumed in (2.2) and A = (0% +0) — (0 +3) K—

Proof. By routine calculation gives

z
Hz) = ——=1—asz+ (a2 —a3)2?
() f(Z) 2 (2 3)
+ (a3 4 2aza3 — ag) 2> + -+ . (4.5)

Comparing the coefficients of z, 22 and z® on both sides of (4.1) and (4.5) we get

u; = —ag, (4.6)

and
uy = a3 — az = —(az — a3) (4.7)
The estimate for |u;| = |az| follows immediately from (2.7). The bound for uy followed

by taking X =1 in(2.9) . For p € C, we get

lug —pui| = |—as+ a3 — paj

= oz — (1 - p)a3],

Thus by taking X = (1 — p) in the (2.9), we get the desired result. O
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5. Initial logarithmic coefficient bounds for f € g“ 5q( ),

The logarithmic coefficients of a given function f, denoted by v := v (f), are defined

N %log (‘@) = ti_.;%Zt. (5.1)

The theory of Schlicht functions is significantly impacted by these coefficients in
various estimations. In 1985, de-Branges [13] determined that

t t
Skt —k+1) |l gz , fort > 1,
k=1 k=1

and for the particular function f(z) = z/ (1 — e“’z) with 6 € R, equality is attained.
This inequality is the source of the most general version of the famous Bieberbach-
Robertson-Milin conjectures concerning Taylor coefficients of f € A.To learn more
about the explanation of de-Brange’s claim, one refer to [6, 15, 16]. Kayumov [21] in
2005 answered Brennan’s conjecture in terms of conformal mappings by converting
the logarithmic coefficients. Several studies on logarithmic coefficients have made
significant progress [3, 12, 27]. From the above definition, in the following part the
logarithmic coefficients for H € A are as given below:

1
Mmo= 0 (5.2)
1 1
2= g (ag - 2a§) . (5.3)
Theorem 5.1. Let f(z) be as in (1.1) and f € G, 24(®), then
ml < 5
n=gpE,)
1 A &5
(%] -3 + 2T 5 }

IN
N
I
(1]
Rl
=
o
"
> /_/H

where &, 7 are as assumed in (2.2) and A = (0% +0) — ((+3) K—
Proof. Applying (2.7) in(5.2) we get
C1
= — 5.4
g4t 47_52 ) ( )
By fixing N = 1 in (2.9) and using (5.3) we get

1 1,
2| = 5‘13*5@2

1
< — max < 1,
2[€Es] {

The bounds of 7; and -9 are clear.

1A,
8 72 272E3

} . (5.5)
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Theorem 5.2. Let f(z) be as in (1.1) and f € G;” 24(®), then for ¢ € C,

1A (1+0)¢Es
2 = o] < 5= |max{1’ 3T E T TR |
1

where &, 7 are as assumed in (2.2) and A = $(0* +0) — ((+3) K—
Proof. From (5.4) and (5.5), we have

1 1+4+p
|72—@712| = §a3 5 %
Using (2.9) and fixing X = % , we have
A (1+0)EEs
e = il < g, |max{ ‘ GRS
where £, 7 are as assumed in (2.2) and A = (2 + () — ((+3) K— 1. O

Fixing o = 1, we get the following consequence.
Corollary 5.3. Let f(z) be assumed as (1.1) and if f € G,” 24(®), then
1 §=s

=18

1
2
’72 *’Yl‘ < 2|§Eg|max{1’ ‘8 + = 2 + —2=2

6. Application to functions defined by Borel distribution

A discrete random variable x is said tgkhaveiza Bogelﬁgdistribution if it takes the
values 1,2,3,... with the probabilities “-, 2)‘62! , 92 57— ---» respectively, where A
is called the parameter. Very recently, Wanas and Khuttar [35] introduced the Borel

distribution (BD) whose probability mass function is
(PN e
p!

Wanas and Khuttar introduced a series M(A; z) whose coefficients are probabilities
of the Borel distribution (BD)

Plx=p) = p=1,23, ..

)

-1 n—2 __\(n—1)
)\z—z—&—z (n r)z]l)e' 2", (0<A<1), (6.1)

We note by the familiar ratio test that the radius of convergence of the above series
is infinity. Using the Hadamard product, we introduce a new linear operator Z*(z) :
A — A defined by

’I’L _ 1)]”*2 e—)\(n—l)

I = M(X;z)* f(z) = Z+Z (n—1)!

n=2

= z—i-zwn()\)anz”7 z € Ug,

anz -,
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where
_ D" e
¥ = (n—1)!
In particular
Py =€ and 3 = e (6.2)

We describe the class Gy’ g’qK( ) as below:
GUi(@)={f €A and T'feg;ii(@)}

where G,” 5’1(@) is given by Definition 1.1. we find the coefficient estimate for f €

Q;’j:qK( ), from the corresponding estimate for functions in the class G, 6’q( ®). Apply-

ing Theorem 2.3 and 2.2 for functions f € M(\, 2)* f(2) = 2z +1)oa2> +1/13a323+~ I
we get the following Theorems 6.1 and 6.2 after a noticeable modification of the
parameter N.

Theorem 6.1. Let £ = 0; K= 0 and ®(z) be given by (1.15). If f € G,” 24(®), then
for complex £, we have

1 1
s =Nl < —— 1,
lag — Raz| < e D max{ ~3
where 7,¢ are as assumed in (2.2) and A = (0? + 8) —(l+3) K-

Theorem 6.2. Let £ =2 0; K = 0 and N a real number. Further, let ®(z) be given in
(1.15). If f € G%(®), then

Nf)\Q —2>\'—‘
+ — + 7_2
7' =5

2 1 A RENZePE; ,
— X ( - 2 - 22 ) Zf N é 01,
|€E3]| Ae 8 7 7255
2
2 .
lag — Ray| = [€Z5Phe 20 if 01 =NZ o0y,

2 1 RENZe™ 222
—t = if NZ
|€23| Ne™ 2>‘( 8+7'2+ T2=2 o =92
where, for convenience,

7222 7T A 7222 9 A
o1 = -5 "3 ) 0O2= s 3
5)\_3 8 72 f)\._;), 72

A= %(52 +£0) —(+3) K—1 and 7,€ are as assumed in (2.2).

Conclusion
We examined coeflicient estimates for analytic functions subordinating with Baloon
shaped region, f € QU 2 ! (®). We also deduced initial coefficient estimates, as, az, and

Fekete-Szego inequality for f € QU 6’q( ). Similar outcomes have been obtained for

f(2)

the functions log —~% and f~!. By subordinating with Balloon-shaped region, it is

z
straightforward to assert that by suitably specializing the parameters £ and K as
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stated in Definitions 1.2 to 1.5, in Theorems 2.2,2.3 and 3.1 one can easily state above
result for the function classes defined in Definitions 1.2 to 1.5 related with Bessel
Functions. Furthermore, we can express results as 6.1 and Theorems 6.2, which relate
to function classes associated with Borel distribution and have not been previously
studied. In keeping with the most recent trend of research we can extend the study
using Poisson, and Pascal distributions also. Future research may focus on exploring
additional subclasses generated by modified differential operators or by incorporating
complex parameters that enhance the geometric interpretation of these functions in
applied fields such as fluid dynamics and conformal mapping.
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