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Existence results for a coupled system of
higher-order nonlinear differential equations
with integral-multipoint boundary conditions
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Ahmed Alsaedi and Ammar B. Wali

Abstract. In this paper, we establish the existence and uniqueness criteria for
solutions of an integral-multipoint coupled boundary value problem involving a
system of nonlinear higher-order ordinary differential equations. We apply the
Leray-Schauder’s alternative to prove an existence result for the given problem,
while the uniqueness of its solutions is accomplished with the aid of Banach’s fixed
point theorem. Examples are constructed for illustrating the obtained results.
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1. Introduction

The topic of boundary value problems is an important area of investigation in
view of extensive occurrence of such problems in several diverse disciplines. Examples
include conservation laws [8], nano boundary layer fluid flow [4], magnetohydrody-
namic flow [18], magneto Maxwell nano-material [19], fluid flow problems [28], cellular
systems and aging models [1], etc.

Much of the literature on boundary value problems includes classical boundary
conditions. However, these conditions cannot model the physical and chemical pro-
cesses taking place within the given domain. In order to cope with this situation, the
concept of nonlocal conditions representing the changes happening at some interior

Received 13 October 2024; Accepted 10 January 2025.
© Studia UBB MATHEMATICA. Published by Babeş-Bolyai University
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points or sub-segments of the given domain was introduced. One can find the details
and applications of nonlocal boundary conditions in the articles [14, 11, 22, 16, 24, 15]
and the references cited therein.

Integral boundary conditions serve as an effective tool in the mathematical mod-
eling of the problems arising in the flow and drag phenomena in arteries [27], heat
conduction [9, 20, 10], biomedical CFD [23], etc. In fact, these conditions provide
a practical approach to fluid flow problems with arbitrary shaped blood vessels, for
instance, see [25]. For the boundary value problems involving integral boundary con-
ditions, for instance, see the papers [26, 21, 3, 7, 2, 6, 5, 13].

In [3], the authors obtained some existence results for nth-order ordinary dif-
ferential equations and inclusions supplemented with nonlocal multi-point integral
boundary conditions:

u(n)(t) = f(t, u(t)), u(n)(t) ∈ F (t, u(t))), t ∈ [0, 1],

u(0) = δ

∫ ξ

0

u(s)ds, u′(0) = 0, u′′(0) = 0, . . . , u(n−2)(0) = 0,

αu(1) + βu′(1) =

m∑
i=1

γi

∫ βi

0

u(s)ds, 0 < ξ < β1 < β2 < . . . < βm < 1,

where f : [0, 1]×R −→ R is a given continuous function, F : [0, 1]×R −→ P(R), P(R)
is the family of all nonempty subsets of R, and α, β, γi, δ, ξ, βi (i = 1, 2, . . . ,m)
are appropriately chosen real constants.

In this paper, motivated by [3], we formulate and investigate a boundary value
problem for a coupled system of higher-order nonlinear differential equations comple-
mented with coupled integral-multipoint boundary conditions given by

u(n)(t) = f(t, u, v), v(m)(t) = g(t, u, v), t ∈ [0, 1],

u(0) = δ1

∫ ξ

0

v(s) ds, u′(0) = 0, u′′(0) = 0, . . . , u(n−2)(0) = 0,

v(0) = δ2

∫ ξ

0

u(s) ds, v′(0) = 0, v′′(0) = 0, . . . , v(m−2)(0) = 0,

ε1u(1) + ζ1u
′(1) =

p∑
i=1

γi

∫ βi

0

v(s)ds+

q∑
j=1

ωjv(ηj),

ε2v(1) + ζ2v
′(1) =

p∑
i=1

γ̂i

∫ βi

0

u(s)ds+

q∑
j=1

ω̂ju(ηj),

(1.1)

where 0 < ξ < β1 < β2 < . . . < βp < η1 < η2 < . . . < ηq < 1, δ1, δ2, ε1, ε2,
ζ1, ζ2, γi, γ̂i, ωj , ω̂j ∈ R, i = 1, 2, . . . , p, j = 1, 2, . . . , q and f, g : [0, 1] × R2 → R are
given functions.

The objective of the present work is to develop the existence theory for the
problem (1.1) by applying the standard fixed point theorems. The outcome of the
proposed work will be a useful contribution to the existing literature on nonlinear
differential systems supplemented with coupled nonlocal integral boundary conditions.
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The rest of the paper is arranged as follows. In Section 2, we prove an auxiliary
lemma related to the linear variant of the problem (1.1). The main results for the
given problem are proved in Section 3. Section 4 contains examples illustrating the
main results.

2. An auxiliary lemma

In the following lemma, we solve a linear variant of the system (1.1) and use it
to convert the problem (1.1) into a fixed point problem.

Lemma 2.1. Let (J1K2 − J2K1) 6= 0, (1− δ1δ2ξ2) 6= 0 and y1, y2 ∈ C([0, 1],R). Then,
the linear boundary value problem

u(n)(t) = y1(t), v(m)(t) = y2(t), t ∈ [0, 1],

u(0) = δ1

∫ ξ

0

v(s) ds, u′(0) = 0, u
′′
(0) = 0, . . . , u(n−2)(0) = 0,

v(0) = δ2

∫ ξ

0

u(s) ds, v′(0) = 0, v
′′
(0) = 0, . . . , v(m−2)(0) = 0,

ε1u(1) + ζ1u
′(1) =

p∑
i=1

γi

∫ βi

0

v(s)ds+

q∑
j=1

ωjv(ηj),

ε2v(1) + ζ2v
′(1) =

p∑
i=1

γ̂i

∫ βi

0

u(s)ds+

q∑
j=1

ω̂ju(ηj),

(2.1)

is equivalent to a pair of integral equations

u(t) =

t∫
0

(t− s)n−1

(n− 1)!
y1(s)ds+N1(t)

ξ∫
0

(ξ − s)m

m!
y2(s)ds

+N2(t)

ξ∫
0

(ξ − s)n

n!
y1(s)ds

+N3(t)
[ p∑
i=1

γi

βi∫
0

(βi − s)m

m!
y2(s)ds+

q∑
j=1

ωj

ηj∫
0

(ηj − s)m−1

(m− 1)!
y2(s)ds

−
1∫

0

(1− s)n−2

(n− 1)!
[ε1(1− s) + ζ1(n− 1)]y1(s)ds

]

+N4(t)
[ p∑
i=1

γ̂i

βi∫
0

(βi − s)n

n!
y1(s)ds+

q∑
j=1

ω̂j

ηj∫
0

(ηj − s)n−1

(n− 1)!
y1(s)ds

−
1∫

0

(1− s)m−2

(m− 1)!
[ε2(1− s) + ζ2(m− 1)]y2(s)ds

]
, (2.2)
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and

v(t) =

t∫
0

(t− s)m−1

(m− 1)!
y2(s)ds+N5(t)

ξ∫
0

(ξ − s)m

m!
y2(s)ds

+N6(t)

ξ∫
0

(ξ − s)n

n!
y1(s)ds

+N7(t)
[ p∑
i=1

γi

βi∫
0

(βi − s)m

m!
y2(s)ds+

q∑
j=1

ωj

ηj∫
0

(ηj − s)m−1

(m− 1)!
y2(s)ds

−
1∫

0

(1− s)n−2

(n− 1)!
[ε1(1− s) + ζ1(n− 1)]y1(s)ds

]

+N8(t)
[ p∑
i=1

γ̂i

βi∫
0

(βi − s)n

n!
y1(s)ds+

q∑
j=1

ω̂j

ηj∫
0

(ηj − s)n−1

(n− 1)!
y1(s)ds

−
1∫

0

(1− s)m−2

(m− 1)!
[ε2(1− s) + ζ2(m− 1)]y2(s)ds

]
, (2.3)

where

N1(t) = ∆1 + ∆5t
n−1, N2(t) = ∆2 + ∆6t

n−1, N3(t) = ∆3 + ∆7t
n−1,

N4(t) = ∆4 + ∆8t
n−1, N5(t) = ∆9 + ∆13t

m−1, N6(t) = ∆10 + ∆14t
m−1,

N7(t) = ∆11 + ∆15t
m−1, N8(t) = ∆12 + ∆16t

m−1,

∆1 = ρ1 +
ρ4(nδ1ξ

mK1 +mδ1δ2ξ
n+1K2)− ρ6(nδ1ξ

mJ1 +mδ1δ2ξ
n+1J2)

M(1− δ1δ2ξ2)mn
,

∆2 = ρ2 +
ρ5(nδ1ξ

mK1 +mδ1δ2ξ
n+1K2)− ρ7(nδ1ξ

mJ1 +mδ1δ2ξ
n+1J2)

M(1− δ1δ2ξ2)n
,

∆3 =
(nδ1ξ

mK1 +mδ1δ2ξ
n+1K2)

M(1− δ1δ2ξ2)mn
, ∆4 =

(nδ1ξ
mJ1 +mδ1δ2ξ

n+1J2)

M(1− δ1δ2ξ2)mn
,

∆5 =
(ρ4K2 − ρ6J2)

M
, ∆6 =

(ρ5K2 − ρ7J2)

M
, ∆7 =

K2

M
, ∆8 =

J2
M
,

∆9 = ρ3 +
ρ4(nδ1δ2ξ

m+1K1 +mδ1ξ
nK2)− ρ6(nδ1δ2ξ

m+1J1 +mδ1ξ
nJ2)

M(1− δ1δ2ξ2)mn
,

∆10 = ρ1 +
ρ5(nδ1δ2ξ

m+1K1 +mδ1ξ
nK2)− ρ7(nδ1δ2ξ

m+1J1 +mδ1ξ
nJ2)

M(1− δ1δ2ξ2)mn
,
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∆11 =
(nδ1δ2ξ

m+1K1 +mδ1ξ
nK2)

M(1− δ1δ2ξ2)mn
, ∆12 =

(nδ1δ2ξ
m+1J1 +mδ1ξ

nJ2)

M(1− δ1δ2ξ2)mn
,

∆13 =
(ρ4K1 − ρ6J1)

M
, ∆14 =

(ρ5K1 − ρ7J1)

M
, ∆15 =

K1

M
, ∆16 =

J1
M
,

ρ1 =
1

1− δ1δ2ξ2
, ρ2 =

A2

1− δ1δ2ξ2
, ρ3 =

B2

1− δ1δ2ξ2
, ρ4 =

B2D1 − C1

1− δ1δ2ξ2
,

ρ5 =
D1 −A2C1

1− δ1δ2ξ2
, ρ6 =

B2E1 − F1

1− δ1δ2ξ2
, ρ7 =

E1 −A2F1

1− δ1δ2ξ2
,

J1 =
ε1δ1δ2ξ

n+1 − δ2ξnD1

n(1− δ1δ2ξ2)
+ ε1 + ζ1(n+ 1),

J2 =
δ1ξ

m(δ2ξD1 − ε1)

m(1− δ1δ2ξ2)
+D2, K1 =

δ1δ2ξ
n+1F1 − δ2ξn+1ε2
n(1− δ1δ2ξ2)

+ F2,

K2 =
δ1ξ

m(δ2ξε2 − F1)

m(1− δ1δ2ξ2)
+D2, M = J1K2 − J2K1,

D1 =

p∑
i=1

γiβi +

q∑
j=1

ωjηj , D2 =

p∑
i=1

γi
βmi
m

+

q∑
j=1

ωjη
m−1
j ,

F1 =

p∑
i=1

γ̂iβi +

q∑
j=1

ω̂j , F2 =

p∑
i=1

γ̂i
βni
n

+

q∑
j=1

ω̂jη
n−1
j . (2.4)

Proof. Solving the system of ordinary differential equations in (2.1), we get
u(t) =

∫ t

0

(t− s)n−1

(n− 1)!
y1(s)ds+ c0 + c1t+ . . .+ cn−1t

n−1,

v(t) =

∫ t

0

(t− s)m−1

(m− 1)!
y2(s)ds+ b0 + b1t+ . . .+ bm−1t

m−1,

(2.5)

where ci, bi ∈ R, i = 0, 1, . . . , n − 1,m − 1, are arbitrary constants. Making use of
the conditions u′(0) = 0, u′′(0) = 0, . . ., u(n−2)(0) = 0 and v′(0) = 0, v′′(0) = 0, . . .,
v(m−2)(0) = 0 in (2.5), we get c1 = c2 = . . . , cn−2 = 0, b0 = b1 = . . . , bm−1 = 0. In
consequence, (2.5) takes the form

u(t) =

∫ t

0

(t− s)n−1

(n− 1)!
y1(s)ds+ c0 + cn−1t

n−1,

v(t) =

∫ t

0

(t− s)m−1

(m− 1)!
y2(s)ds+ b0 + bm−1t

m−1.

(2.6)

Using (2.6) in the conditions u(0) = δ1
ξ∫
0

v(s)ds and v(0) = δ2
ξ∫
0

u(s)ds, we get

c0 = δ1

∫ ξ

0

(ξ − r)m

m!
y2(r)dr + δ1b0ξ + δ1bm−1

ξm

m
, (2.7)
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and

b0 = δ2

ξ∫
0

(ξ − r)n

n!
y1(r)dr + c0δ2ξ + cn−1δ2

ξn

n
. (2.8)

Now, inserting (2.6) in the conditions:

ε1u(1) + ζ1u
′(1) =

p∑
i=1

γi

βi∫
0

v(s)ds+

q∑
j=1

ωjv(ηj),

ε2v(1) + ζ2v
′(1) =

p∑
i=1

γ̂i

∫ βi

0

u(s)ds+

q∑
j=1

ω̂ju(ηj),

we obtain

c0ε1 + cn−1[ε1 + ζ1(n− 1)] +

∫ 1

0

(1− s)n−2[ε1(1− s) + ζ1(n− 1)]

(n− 1)!
y1(s)ds

= b0

 p∑
i=1

γiβi +

q∑
j=1

ωjηj

+ bm−1

 p∑
i=1

γi
βmi
m

+

q∑
j=1

ωjη
m−1
j


+

p∑
i=1

γi

∫ βi

0

(βi − s)m

m!
y2(s)ds+

q∑
j=1

ωj

∫ ηj

0

(ηj − s)m−1

(m− 1)!
y2(s)ds, (2.9)

b0ε2 + bm−1[ε2 + ζ2(m− 1)] +

∫ 1

0

(1− s)m−2[ε2(1− s) + ζ2(m− 1)]

(m− 1)!
y2(s)ds

= c0

 p∑
i=1

γ̂iβi +

q∑
j=1

ω̂j

+ cn−1

 p∑
i=1

γ̂i
βni
n

+

q∑
j=1

ω̂jη
n−1
j


+

p∑
i=1

γ̂i

∫ βi

0

(βi − s)n

n!
y1(s)ds+

q∑
j=1

ω̂j

∫ ηj

0

(ηj − s)n−1

(n− 1)!
y1(s)ds. (2.10)

We can express equations (2.7)-(2.10) in the form
c0 −A2b0 −A3bm−1 = A1,
−B2c0 + b0 −B3cn−1 = B1,
C1c0 −D1b0 + C2cn−1 −D2bm−1 = D3 − C3,
−F1c0 + E1b0 − F2cn−1 + E2bm−1 = F3 − E3,

(2.11)

where D1, D2, F1 and F2 are given in (2.4) and

A1 = δ1

[ ξ∫
0

(ξ − r)m

m!
y2(r)dr

]
, A2 = δ1ξ, A3 = δ1

ξm

m
,

B1 = δ2

[ ξ∫
0

(ξ − r)n

n!
y1(r)dr

]
, B2 = δ2ξ, B3 = δ2

ξn

n
,
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C1 = ε1, C2 = ε1 + ζ1(n− 1),

C3 =

∫ 1

0

(1− s)n−2[ε1(1− s) + ζ1(n− 1)]

(n− 1)!
y1(s)ds,

D3 =

p∑
i=1

γi

∫ βi

0

(βi − s)m

m!
y2(s)ds+

q∑
j=1

ωj

∫ ηj

0

(ηj − s)m−1

(m− 1)!
y2(s)ds,

E1 = ε2, E2 = ε2 + ζ2(n− 1),

E3 =

∫ 1

0

(1− s)m−2[ε2(1− s) + ζ2(m− 1)]

(m− 1)!
y2(s)ds, (2.12)

F3 =

p∑
i=1

γ̂i

∫ βi

0

(βi − s)n

n!
y1(s)ds+

q∑
j=1

ω̂j

∫ ηj

0

(ηj − s)n−1

(n− 1)!
y1(s)ds.

Solving the first two equations in (2.11) for c0 and b0 in term of cn−1 and bm−1and
using the notation in (2.12), we obtain

c0 = G1 +G2bm−1 +G3cn−1,

b0 = H1 +H2bm−1 +H3cn−1,

(2.13)

where

G1 =
A1 +A2B1

r1
, G2 =

A3

r1
, G3 =

A2B3

r1
, H1 =

A1B2 +B1

r1
,

H2 =
A3B2

r1
, H3 =

B3

r1
, r1 = 1− δ1δ2ξ2.

(2.14)

Substituting the values of c0 and b0 from (2.13) in the last two equations of (2.11),
we get {

cn−1J1 − bm−1J2 = J3,
cn−1K1 − bm−1K2 = K3,

(2.15)

where J1, J2,K1,K2 are given in (2.4) and

J3 =
A1(B2D1 − C1) +B1(D1 −A2C1)

r1
+D3 − C3,

K3 =
A1(B2E1 − F1) +B1(E1 −A2F1)

r1
+ E3 − F3.

(2.16)

Solving the system (2.15) for bm−1 and cn−1, we find that
cn−1 =

J3K2 − J2K3

J1K2 − J2K1
,

bm−1 =
J3K1 − J1K3

J1K2 − J2K1
.

(2.17)
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Inserting (2.17) in (2.13), we obtain
c0 =

G1(J1K2 − J2K1) +G2(J3K1 − J1K3) +G3(J3K2 − J2K3)

J1K2 − J2K1
,

b0 =
H1(J1K2 − J2K1) +H2(J3K1 − J1K3) +H3(J3K2 − J2K3)

J1K2 − J2K1
.

(2.18)

Substituting the above values of cn−1, bm−1, c0 and b0 into (2.6) together with the
notation (2.4), we obtain the solution (2.2) and (2.3). One can obtain the converse of
the lemma by direct computation. �

In the sequel, we set

N̄i = max
t∈[0,1]

|Ni(t)|, i = 1, 2, . . . , 8,

σ1 =
ξm+1

(m+ 1)!
, σ2 =

ξn+1

(n+ 1)!
,

σ3 =

p∑
i=1

|γi|
βm+1
i

(m+ 1)!
+

p∑
i=1

|ωj |
ηmj
m!

, σ4 =

(
|ε1|
n!

+
|ζ1|

(n− 1)!

)
,

σ5 =

p∑
i=1

|γ̂i|
βn+1
i

(n+ 1)!
+

p∑
i=1

|ω̂j |
ηnj
n!
, σ6 =

(
|ε2|
m!

+
|ζ2|

(m− 1)!

)
,

(2.19)

where Ni(t), i = 1, 2, . . . , 8, are given in (2.4).

3. Main results

In the forthcoming analysis, we need the assumptions:

(H1) There exist real constants m̂i, n̂i ≥ 0, i = 1, 2 and m̂0 > 0, n̂0 > 0 such that
∀u, v ∈ R,

|f(t, u, v)| ≤ m̂0 + m̂1|u|+ m̂2|v|, |g(t, u, v)| ≤ n̂0 + n̂1|u|+ n̂2|v|;
(H2) There exist positive constants `1 and `2 such that, ∀t ∈ [0, 1] and ui, vi ∈ R,

i = 1, 2,

|f(t, u1, v1)− f(t, u2, v2)| ≤ `1(|u1 − u2|+ |v1 − v2|),

|g(t, u1, v1)− g(t, u2, v2)| ≤ `2(|u1 − u2|+ |v1 − v2|).

For the sake of convenience in the mathematical computations, we set

Q0 = min{1− (Q1m̂1 +Q2n̂1), 1− (Q1m̂2 +Q2n̂2)},

Q1 = q1 + q2, Q2 = q̄1 + q̄2,

q1 = 1
n! + N̄2σ2 + N̄3σ4 + N̄4σ5, q̄1 = N̄1σ1 + N̄3σ3 + N̄4σ6,

q2 = N̄6σ2 + N̄7σ4 + N̄8σ5, q̄2 =
1

m!
+ N̄5σ1 + N̄7σ3 + N̄8σ6.

(3.1)
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Let X = {u(t) | u(t) ∈ C([a, b])} be the space equipped with norm

‖u‖ = sup{|u(t)|, t ∈ [a, b]}.

Then, (X , ‖·‖) is a Banach space and consequently, the product space (X×X , ‖(u, v)‖)
is also a Banach space endowed with the norm ‖(u, v)‖ = ‖u‖+‖v‖ for (u, v) ∈ X ×X .

By Lemma 1, we define an operator T : X ×X → X ×X associated with the problem
(1.1) as

T (u, v)(t) := (T1(u, v)(t), T2(u, v)(t)),

where

T1(u, v)(t)

=

t∫
0

(t− s)n−1

(n− 1)!
f(s, u, v)ds+N1(t)

ξ∫
0

(ξ − s)m

m!
g(s, u, v)ds

+N2(t)

ξ∫
0

(ξ − s)n

n!
f(s, u, v)ds+N3(t)

[ p∑
i=1

γi

βi∫
0

(βi − s)m

m!
g(s, u, v)ds

+

q∑
j=1

ωj

ηj∫
0

(ηj − s)m−1

(m− 1)!
g(s, u, v)ds

−
1∫

0

(1− s)n−2

(n− 1)!
(ε1(1− s) + ζ1(n− 1))f(s, u, v)ds

]

+N4(t)
[ p∑
i=1

γ̂i

βi∫
0

(βi − s)n

n!
f(s, u, v)ds+

q∑
j=1

ω̂j

ηj∫
0

(ηj − s)n−1

(n− 1)!
f(s, u, v)ds

−
1∫

0

(1− s)m−2

(m− 1)!
(ε2(1− s) + ζ2(m− 1))g(s, u, v)ds

]
, (3.2)

and

T2(u, v)(t)

=

t∫
0

(t− s)m−1

(m− 1)!
g(s, u, v)ds+N5(t)

ξ∫
0

(ξ − s)m

m!
g(s, u, v)ds

+N6(t)

ξ∫
0

(ξ − s)n

n!
f(s, u, v)ds+N7(t)

[ p∑
i=1

γi

βi∫
0

(βi − s)m

m!
g(s, u, v)ds

+

q∑
j=1

ωj

ηj∫
0

(ηj − s)m−1

(m− 1)!
g(s, u, v)ds

−
1∫

0

(1− s)n−2

(n− 1)!
(ε1(1− s) + ζ1(n− 1))f(s, u, v)ds

]
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+N8(t)
[ p∑
i=1

γ̂i

βi∫
0

(βi − s)n

n!
f(s, u, v)ds+

q∑
j=1

ω̂j

ηj∫
0

(ηj − s)n−1

(n− 1)!
f(s, u, v)ds

−
1∫

0

(1− s)m−2

(m− 1)!
(ε2(1− s) + ζ2(m− 1))g(s, u, v)ds

]
. (3.3)

3.1. Existence of solutions

In this subsection, we discuss the existence of solutions for the problem (1.1) by
using Leray-Schauder’s alternative [17], which is stated below.

Lemma 3.1. Let T : K → K be a completely continuous operator (that is, a map
restricted to any bounded set in K is compact). Let

ψ(T ) = {x ∈ K : x = ϕT (x) for some 0 < ϕ < 1}.
Then, either the set ψ(T ) is unbounded or T has at least one fixed point.

Theorem 3.2. Let f, g : [0, 1]×R2 → R be continuous functions. Assume that condition
(H1) holds, and

Q1m̂1 +Q2n̂1 < 1 Q1m̂2 +Q2n̂2 < 1,

where Q1 and Q2 are given by (3.1). Then, there exists at least one solution for the
problem (1.1) on [0, 1].

Proof. First of all, we show that the operator T : X × X → X × X is completely
continuous. Notice that the operator T is continuous as the functions f and g are
continuous. Let Ψ = {(u, v) ∈ X × X : ‖(u, v)‖ ≤ ρ}. For any u, v ∈ Ψ we have

|f(t, u, v)| ≤ m̂0 + m̂1|u|+ m̂2|v| ≤ m̂0 + (m̂1 + m̂2)(‖u‖+ ‖v‖)
≤ m̂0 + (m̂1 + m̂2)ρ := κf ,

and similarly

|g(t, u, v)| ≤ n̂0 + (n̂1 + n̂2)ρ := κg.

Then, for any (u, v) ∈ Bρ, we obtain

|T1(u, v)(t)|

≤ sup
t∈[0,1]

{∫ t

0

(t− s)n−1

(n− 1)!
|f(s, u, v)|ds+ |N1(t)|

∫ ξ

0

(ξ − s)m

m!
|g(s, u, v)|ds

+|N2(t)|
∫ ξ

0

(ξ − s)n

n!
|f(s, u, v)|ds

+|N3(t)|

[∫ 1

0

(1− s)n−2

(n− 1)!
[ε1(1− s) + ζ1(n− 1)]|f(s, u, v)|ds

+

p∑
i=1

γi

∫ βi

0

(βi − s)m

m!
|g(s, u, v)|ds+

q∑
j=1

ωj

∫ ηj

0

(ηj − s)m−1

(m− 1)
|g(s, u, v)|ds

]

+|N4(t)|

[∫ 1

0

(1− s)m−2

(m− 1)!
[ε2(1− s) + ζ2(m− 1)]|g(s, u, v)|ds
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+

p∑
i=1

γ̂i

∫ βi

0

(βi − s)n

n!
|f(s, u, v)|ds+

q∑
j=1

ω̂j

∫ ηj

0

(ηj − s)n−1

(n− 1)
|f(s, u, v)|ds

]}

≤ κf

[
1

n!
+ N̄2σ2 + N̄3σ4 + N̄4σ5

]
+ κg

[
N̄1σ1 + N̄3σ3 + N̄4σ6

]
≤ κfq1 + κg q̄1,

which implies that ‖T1(u, v)‖ ≤ κfq1 + κg q̄1, where q1 and q̄1 are given in (3.1).
Similarly, one can obtain that ‖T2(u, v)‖ ≤ κfq2 + κg q̄2, where q2 and q̄2 are defined
in (3.1). From the forgoing inequalities, we get ‖T (u, v)‖ ≤ κfQ1 + κgQ2, where Q1

and Q2 are given in (3.1), which shows that the operator T is uniformly bounded.
Next, we establish that T is equicontinuous. For t1, t2 ∈ [0, 1] with t1 < t2, we have

|T1(u1, v1)(t2)− T1(u2, v2)(t1)|

≤ κf

∣∣∣∣∫ t2

0

(t2 − s)n−1

(n− 1)!
f(s, u, v)ds−

∫ t1

0

(t1 − s)n−1

(n− 1)!
f(s, u, v)ds

∣∣∣∣
+|N1(t2)−N1(t1)|

ξ∫
0

(ξ − s)m

m!
|g(s, u, v)|ds

+|N2(t2)−N2(t1)|
∫ ξ

0

(ξ − s)n

n!
|f(s, u, v)|ds

+|N3(t2)−N3(t1)|

[∫ 1

0

(1− s)n−2

(n− 1)!
[ε1(1− s) + ζ1(n− 1)]|f(s, u, v)|ds

+

p∑
i=1

γi

∫ βi

0

(βi − s)m

m!
|g(s, u, v)|ds+

q∑
j=1

ωj

∫ ηj

0

(ηj − s)m−1

(m− 1)
|g(s, u, v)|ds

]

+|N4(t2)−N4(t1)|

[∫ 1

0

(1− s)m−2

(m− 1)!
[ε2(1− s) + ζ2(m− 1)]|g(s, u, v)|ds

+

p∑
i=1

γ̂i

∫ βi

0

(βi − s)n

n!
|f(s, u, v)|ds+

q∑
j=1

ω̂j

∫ ηj

0

(ηj − s)n−1

(n− 1)
|f(s, u, v)|ds

]}
≤ κf

n!
(2(t2 − t1)n + |tn2 − tn1 |) + |N1(t2)−N1(t1)|κgσ1 + |N2(t2)−N2(t1)|κfσ2

+|N3(t2)−N3(t1)|(κfσ4 + κgσ3) + |N4(t2)−N4(t1)|(κfσ5 + κgσ6),

which tends to zero as (t2 − t1)→ 0 independent of (u, v) ∈ Ψ. In a similar manner,
it can be shown that |T2(u1, v1)(t2)−T2(u2, v2)(t1)| → 0 as (t2− t1)→ 0 independent
of (u, v) ∈ Ψ. Thus, the operator T is equicontinuous.

Finally, it will be verified that the set ψ = {(u, v) ∈ X × X|(u, v) = ϕT (u, v),
0 < ϕ < 1} is bounded. Let (u, v) ∈ ψ. Then (u, v) = ϕT (u, v) for any t ∈ [0, 1].
Therefore, we have u(t) = ϕT1(u, v)(t), v(t) = ϕT2(u, v)(t). In consequence, it follows
by the assumption (H1) that

|u(t)| = q1m̂0 + q̄1n̂0 + (q1m̂1 + q̄1n̂1)‖u‖+ (q1m̂2 + q̄1n̂2)‖v‖, (3.4)

and

|v(t)| = q2m̂0 + q̄2n̂0 + (q2m̂1 + q̄2n̂1)‖u‖+ (q2m̂2 + q̄2n̂2)‖v‖, (3.5)
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where q1, q2.q̄1, and q̄2 are given in (3.1). From (3.4) and (3.5), we have

‖u‖+ ‖v‖ ≤ (q1 + q2)m̂0 + (q̄1 + q̄2)n̂0 + [(q1 + q2)m̂1 + (q̄1 + q̄2)n̂1]‖u‖
+[(q1 + q2)m̂2 + (q̄1 + q̄2)n̂2]‖v‖,

which, in view of (3.1), can be written as

‖(u, v)‖ ≤ Q1m̂0 +Q2n̂0
Q0

.

This shows that the set ψ is bounded. Hence, by Lemma 3.1, the operator T has at
least one fixed point. Therefore, the problem (1.1) has at least one solution on [0, 1].
This completes the proof. �

3.2. Uniqueness of solutions

Here, we establish the uniqueness of solutions for the problem (1.1) by means of
Banach’s contractions mapping principle [12].

Theorem 3.3. Suppose that f, g : [0, 1]×R2 → R are continuous functions, the assump-
tion (H2) and the following condition

Q1`1 +Q2`2 < 1, (3.6)

hold, where Q1 and Q2 are given in (3.1). Then, the problem (1.1) has a unique
solution on [0, 1].

Proof. Firstly, we show that T Br ⊂ Br, where Br = {(u, v) ∈ X × X : ‖(u, v)‖ ≤ r}
is a closed ball with

r ≥ Q1N1 +Q2N2

1− (Q1`1 +Q2`2)
. (3.7)

Let us set supt∈[0,1] |f(t, 0, 0)| = µ1 and supt∈[0,1] |g(t, 0, 0)| = µ2. Then, by the as-

sumption (H2), we have

|f(s, u(s), v(s))| = |f(s, u(s), v(s))− f(s, 0, 0) + f(s, 0, 0)|
≤ |f(s, u(s), v(s))− f(s, 0, 0)|+ |f(s, 0, 0)|
≤ `1(‖u‖+ ‖v‖) + µ1 ≤ `1‖(u, v)‖+ µ1 ≤ `1r + µ1.

Likewise, one can obtain that

|g(s, u(s), v(s))| ≤ `2r + µ2.

For (u, v) ∈ Br, we have

|T1(u, v)(t)|

≤ sup
t∈[0,1]

{∫ t

0

(t− s)n−1

(n− 1)!
|f(s, u, v)|ds+ |N1(t)|

∫ ξ

0

(ξ − s)m

m!
|g(s, u, v)|ds

+|N2(t)|
∫ ξ

0

(ξ − s)n

n!
|f(s, u, v)|ds

+|N3(t)|

[∫ 1

0

(1− s)n−2

(n− 1)!
[ε1(1− s) + ζ1(n− 1)]|f(s, u, v)|ds
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+

p∑
i=1

γi

∫ βi

0

(βi − s)m

m!
|g(s, u, v)|ds+

q∑
j=1

ωj

∫ ηj

0

(ηj − s)m−1

(m− 1)
|g(s, u, v)|ds

]

+|N4(t)|

[∫ 1

0

(1− s)m−2

(m− 1)!
[ε2(1− s) + ζ2(m− 1)]|g(s, u, v)|ds

+

p∑
i=1

γ̂i

∫ βi

0

(βi − s)n

n!
|f(s, u, v)|ds+

q∑
j=1

ω̂j

∫ ηj

0

(ηj − s)n−1

(n− 1)
|f(s, u, v)|ds

]}

≤ [`1r + µ1]
[ 1

n!
+ N̄2σ2 + N̄3σ4 + N̄4σ5

]
+ [`2r + µ2]

[
N̄1σ1 + N̄3σ3 + N̄4σ6

]
≤ q1(`1r + µ1) + q̄1(`2r + µ2),

which implies that

‖T1(u, v))‖ ≤ q1(`1r + µ1) + q̄1(`2r + µ2).

Similarly, we can get

‖T2(u, v))‖ ≤ q2(`1r + µ1) + q̄2(`2r + µ2).

From the above estimates together with (3.7), it follows that ‖T (u, v)‖ ≤ r. Since
(u, v) ∈ Br is an arbitrary element, therefore T Br ⊂ Br.
Now, we show that the operator T is a contraction. For (u1, v1), (u2, v2) ∈ X ×X , we
have

|T1(u1, v1)(t)− T1(u2, v2)(t)|

≤ sup
t∈[0,1]

{∫ t

0

(t− s)n−1

(n− 1)!
|f(s, u1, v1)− f(s, u2, v2)|ds

+|N1(t)|
∫ ξ

0

(ξ − s)m

m!
|g(s, u1, v1)− g(s, u2, v2)|ds

+|N2(t)|
∫ ξ

0

(ξ − s)n

n!
|f(s, u1, v1)− f(s, u2, v2)|ds

+|N3(t)|

[∫ 1

0

(1− s)n−2

(n− 1)!
[ε1(1− s) + ζ1(n− 1)]|f(s, u1, v1)− f(s, u2, v2)|ds

+

p∑
i=1

γi

∫ βi

0

(βi − s)m

m!
|g(s, u1, v1)− g(s, u2, v2)|ds

+

q∑
j=1

ωj

∫ ηj

0

(ηj − s)m−1

(m− 1)
|g(s, u1, v1)− g(s, u2, v2)|ds

]

+|N4(t)|

[∫ 1

0

(1− s)m−2

(m− 1)!
[ε2(1− s) + ζ2(m− 1)]|g(s, u1, v1)− g(s, u2, v2)|ds

+

p∑
i=1

γ̂i

∫ βi

0

(βi − s)n

n!
|f(s, u1, v1)− f(s, u2, v2)|ds

+

q∑
j=1

ω̂j

∫ ηj

0

(ηj − s)n−1

(n− 1)
|f(s, u1, v1)− f(s, u2, v2)|ds

]}



246 B. Ahmad, S. K. Ntouyas, A. Alsaedi and A. B. Wali

≤ `1
[ 1

n!
+ N̄2σ2 + N̄3σ4 + N̄4σ5

]
(|u1 − u2|+ |v1 − v2|)

+`2
[
N̄1σ1 + N̄3σ3 + N̄4σ6

]
(|u1 − u2|+ |v1 − v2|)

≤ (`1q1 + `2q̄1)(|u1 − u2|+ |v1 − v2|),

which implies that

‖T1(u1, v1)− T1(u2, v2)‖ ≤ (`1q1 + `2q̄1)(|u1 − u2|+ |v1 − v2|). (3.8)

In a similar manners, we get

‖T2(u1, v1)− T2(u2, v2)‖ ≤ (`1q2 + `2q̄2)(|u1 − u2|+ |v1 − v2|). (3.9)

From (3.8) and (3.9), we deduce that

‖T (u1, v1)− T (u2, v2)‖ ≤ (Q1`1 +Q2`2)(‖u1 − u2‖+ ‖v1 − v2‖),

where Q1 and Q2 are given in (3.1). By the assumption (3.7), it follows from the above
inequality that the operator T is a contraction. Thus, by the Banach’s contraction
mapping principle, the operator T has a unique fixed point, which corresponds to a
unique solution to the problem (1.1) on [0, 1]. �

4. Examples

Example 4.1. Consider the integral-multipoint boundary value problem of nonlinear
differential equations

u(3)(t) =
1

t2 + 9
+

1√
t2 + 4

|u2|
(1 + |u|)

+
e−t

4 + t4
sin v, t ∈ [0, 1],

v(4)(t) =
e−t

16
+

u cos v√
t2 + 36

+
v

(t2 + 5)

|u2|
(1 + |u|)

, t ∈ [0, 1],

u(0) = δ1

∫ ξ

0

v(s)ds, u′(0) = 0, v(0) = δ2

∫ ξ

0

u(s)ds, v′(0) = 0, v′′(0) = 0,

ε1u(1) + ζ1u
′(1) =

4∑
i=1

γi

∫ βi

0

v(s)ds+

3∑
j=1

ωjv(ηj),

ε2v(1) + ζ2v
′(1) =

4∑
i=1

γ̂i

∫ βi

0

u(s)ds+

3∑
j=1

ω̂ju(ηj),

(4.1)
where n = 3, m = 4, δ1 = 1.2, δ2 = 1.5, ε1 = 0.7, ε2 = 0.4, ζ1 = 2.6, ζ2 = 2.1, ξ = 0.1,
β1 = 0.2, β2 = 0.3, β3 = 0.4, β4 = 0.5, η1 = 0.6, η2 = 0.7, η3 = 0.8, γ1 = 0.325,
γ2 = 0.572, γ3 = 0.811, γ4 = 0.124, ω1 = 0.267, ω2 = 0.489, ω3 = 0.712, γ̂1 = 0.452,
γ̂2 = 0.695, γ̂3 = 0.831, γ̂4 = 0.203, ω̂1 = 0.378, ω̂2 = 0.617, ω̂3 = 0.954.

Using the given data in (2.4), (2.19) and (3.1), we find that N̄1 ≈ 0.978509,
N̄2 ≈ 0.3632664, N̄3 ≈ 0.172781, N̄4 ≈ 0.020315, N̄5 ≈ 0.621273, N̄6 ≈ 1.038184,
N̄7 ≈ 0.035554, N̄8 ≈ 0.221574, σ1 ≈ 0.0000008, σ2 ≈ 0.000004, σ3 ≈ 0.017157,
σ4 ≈ 1.416667, σ5 ≈ 0.118329, q1 ≈ 0.413846, q2 ≈ 0.076591, q̄1 ≈ 0.010413,
q̄2 ≈ 0.123521, Q1 ≈ 0.490437, Q2 ≈ 0.133934.
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Also it is easy to find that |f(t, u, v)| ≤ 1/9 + 1/2|u| + 1/4|v|, |g(t, u, v)| ≤
1/16+1/6|u|+1/5|v|, Q1m̂1+Q2n̂1 ≈ 0.267541 < 1 and Q1m̂2+Q2n̂2 ≈ 0.149396 < 1.
Clearly all the assumptions of Theorem 3.2 are satisfied. Therefore, there exists at
least one solution to the problem (4.1).

Example 4.2. Consider the system of ordinary differential equations
u(3)(t) =

1√
t2 + 100

tan−1 u+
1

(t2 + 10)

|v|
(1 + |v|)

+
e−t

4
, t ∈ [0, 1],

v(4)(t) =
e−t

t2 + 2
sinu+

1√
t2 + 4

cos v +
t2 + 4√
t3 + 4

, t ∈ [0, 1],
(4.2)

subject to the boundary conditions in Example 4.1.

Observe that `1 = 1/10, `2 = 1/2 as

|f(t, u1, v1)− f(t, u2, v2)| ≤ 1

10
(|u1 − u2|+ |v1 − v2|),

|g(t, u1, v1)− g(t, u2, v2)| ≤ 1

2
(|u1 − u2|+ |v1 − v2|).

Moreover, Q1`1 + Q2`2 ≈ 0.088091 < 1. Thus, the hypotheses of Theorem 3.3 are
satisfied and hence its conclusion applies to the problem (4.2).

5. Conclusions

We have developed the existence and uniqueness results for a new class of coupled
systems of two nonlinear ordinary differential equations of order n and m subject to
the coupled integral-multipoint boundary conditions. Our results are not only new in
the given configuration but also yield some new ones by fixing the parameters involved
in the given boundary data. In future, we plan to develop the multivalued version of
the problem studied in this paper.
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