
Stud. Univ. Babeş-Bolyai Math. 70(2025), No. 3, 409–425
DOI: 10.24193/subbmath.2025.3.03

Application of Riemann-Liouville fractional inte-
gral to fuzzy differential subordination of analytic
univalent functions

Sarika K. Nilapgol , Girish D. Shelake and Priyanka D. Jirage

Abstract. This paper focuses on geometric function theory, a subfield of complex
analysis that has been adapted for fuzzy set analysis. We construct new opera-
tor denoted by D−α

z NY n,η,σ
b,v,ϑ , formed by applying Riemann-Liouville fractional

integral to the linear combination of the Pascal and Catas operator. Using this
operator, we describe a specific fuzzy class of analytic univalent functions, pre-
sented by DNY F (n, η, σ, b, v, ϑ, α, ς) in the open unit disk. A number of novel
findings that are applicable to this class are found by applying the concept of
fuzzy differential subordination. Interesting corollaries are discovered using spe-
cific functions, and an example illustrates the practical usage of the results.
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1. Introduction

Lotfi A. Zadeh established the concept of fuzzy sets in 1965 [36], and it has seen
remarkable development to become employed in numerous areas of science and tech-
nology nowadays. The constantly concerns of mathematicians about incorporating the
concept of fuzzy sets into mathematical theories that were already well-established led
to the combination of fuzzy sets theory and geometric function theory. The authors
highlight Lotfi A. Zadeh’s scholarly contributions in their 2017 review article [10] by
going over the progress of the idea of a fuzzy set and its applications in numerous
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fields.
Differential subordination was first proposed by S.S. Miller and P.T. Mocanu in

[17, 19]. These approaches made it easier to verify the conclusions that had previously
been produced and inspired a great deal of new research using techniques specific to
this theory. The book written by S.S. Miller and P.T. Mocanu[17] and released in
2000 contains the essential elements of the theory of differential subordination. It is
effectively developed over subsequent decades by other authors [18, 12, 5, 6, 20]. There
are a few instances of differential subordination in utilization [9, 33, 4].

The fuzzy differential subordination theory is based on the general theory of
differential subordination and it evolves by incorporating the majority of the classical
theory’s concepts to provide novel outcomes. The notion of differential subordination
was newly extended from fuzzy set theory to geometric function theory by authors
G. I. Oros and Gh. Oros[22, 23, 24]. Numerous authors have further expanded it
[32, 11, 25, 26, 14, 15, 21, 3, 13, 27], and they have produced findings using fuzzy dif-
ferential subordination. The progress made possible by the incorporation of quantum
calculus and elements of fractional calculus into geometric function theory.

Let U = {z ∈ C : |z| < 1} and H(U ) denote the class of analytic functions in
U . Denote

H[c, n] = {t : t ∈ H(U ) and t(z) = c+ cnz
n + · · · , z ∈ U },

An = {t : t ∈ H(U ) and t(z) = z + cn+1z
n+1 + · · · , z ∈ U } and A1 = A.

Definition 1.1. [23] Consider, X be a non-empty set. An application F : X → [0, 1] is
called fuzzy subset. An alternate definition, more precise would be the following:
A pair (S, FS), where FS : X → [0, 1] and S = {x ∈ X : 0 < FS(x) ≤ 1} is called fuzzy
subset. The function FS is called membership function of the fuzzy subset (S, FS).

Definition 1.2. [16] Let D is a set in C, z0 ∈ D is a fixed point and let the functions
f, g ∈ H(D). The function f is named a fuzzy subordinate to g and written as f ≺F g
if

1. f(z0) = g(z0)
2. Ff(D)f(z) ≤ Fg(D)g(z), z ∈ D.

Remark 1.3. 1. Let D ⊂ C, z0 ∈ D be a fixed point, and the functions f, g ∈ H(D).
If g is univalent function in D then f ≺F g if and only if f(z0) = g(z0) and
f(D) ⊂ g(D).

2. A function F : C → [0, 1], can be defined as, for example F (z) = |z|
1+|z| , F (z) =

1
1+|z| , | sin |z||, | cos |z||.

3. If D = U then the conditions become f(0) = g(0) and f(U ) ⊂ g(U ) which is
same as the classical definition of subordination.

Definition 1.4. [35] Let h be univalent in U and Ψ : C3 × U → C. If P is analytic in
U and satisfies the fuzzy differential subordination

FΨ(C3×U )(Ψ(P(z), zP ′(z), z2P ′′(z); z)) ≤ Fh(U )h(z) (1.1)

i.e.Ψ(P(z), zP ′(z), z2P ′′(z); z) ≺F h(z), z ∈ U
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then P is called a fuzzy solution of the fuzzy differential subordination. The univalent
function q is called a fuzzy dominant of the fuzzy solutions of the fuzzy differential
subordination, or more simple a fuzzy dominant, if P ≺F q for all P satisfying (1.1).
A fuzzy dominant q̃ that satisfies q̃(z) ≺F q(z), z ∈ U for all fuzzy dominant q of
(1.1) is said to be the best fuzzy dominant of (1.1).

Definition 1.5. [14] Let f(D) = supp(f(D), Ff(D))={z ∈ D : 0 < Ff(D) ≤ 1}, where
Ff(D) is the membership function of the fuzzy subset f(D) associated to the function
f .
The membership function of the fuzzy set (µf)(D) associated to the function µf co-
incides with the membership function of the fuzzy set f(D) associated to the function
f, i.e. F(µf)D = Ff(D), z ∈ D.
The membership function of the fuzzy set (g + h)(D) associated to the function g + h
coincide with the half sum of the membership functions of the fuzzy sets g(D) , re-
spectively h(D), associated to the function g, respectively h,

i.e. F(g+h)(D)((g + h)z) =
Fg(D)g(z) + Fh(D)h(z)

2
, z ∈ D.

Definition 1.6. [34] Let t ∈ A then a Pascal operator Y η
ϑ : A → A is given by

Y η
ϑ t(z) = z +

∞∑
r=2

(
r + η − 2

η − 1

)
ϑr−1crz

r;

(z ∈ U , η ≥ 1, 0 ≤ ϑ < 1).

Definition 1.7. [7] For t ∈ A, Catas defined the operator as follow:

Nn
b,vt(z) = z +

∞∑
r=2

{
1 + v + b(r − 1)

1 + v

}n

crz
r;

(n ∈ N0, z ∈ U , b, v ≥ 0).

Now we define the linear operator NY n,η,σ
b,v,ϑ : A → A as

NY n,η,σ
b,v,ϑ t(z) = (1− σ)Nn

b,vt(z) + σY η
ϑ t(z).

In series form, it is able to shown as

NY n,η,σ
b,v,ϑ t(z) = z +

∞∑
r=2

Ξr(n, η, σ, b, v, ϑ)crz
r,

with Ξr(n, η, σ, b, v, ϑ) =

[
(1− σ)

{
1 + v + b(r − 1)

1 + v

}n

+ σ

(
r + η − 2

η − 1

)
ϑr−1

]
(z ∈ U , η ≥ 1, 0 ≤ ϑ < 1, n ∈ N0, b, v, σ ≥ 0).

Definition 1.8. [8](see also [1, 2]) Given an analytical function t, the Riemann-
Liouville fractional integral of order α is

D−α
z t(z) =

1

Γ(α)

∫ z

0

t(t)

(z − t)1−α
dt, α > 0.



412 Sarika K. Nilapgol, Girish D. Shelake and Priyanka D. Jirage

where Γ(α) =
∫∞
0

e−ttα−1dt with Γ(1) = 1,Γ(α + 1) = αΓ(α), and t is an analytic
function in a simply connected region of the z-plane containing the origin and the
multiplicity of (z − t)1−α is removed by requiring log(z − t) to be real when z − t > 0.

Applying the Riemann-Liouville fractional integral of order α to the linear op-
erator NY n,η,σ

b,v,ϑ yields the following:

D−α
z NY n,η,σ

b,v,ϑ t(z) =
1

Γ(α)

∫ z

0

NY n,η,σ
b,v,ϑ t(t)

(z − t)1−α
dt.

After simple calculation which yields the series form

D−α
z NY n,η,σ

b,v,ϑ t(z) =
z(1+α)

Γ(2 + α)
+

∞∑
r=2

Ξr(n, η, σ, b, v, ϑ)
Γ(r + 1)

Γ(r + α+ 1)
crz

(r+α).

This study focuses on recent work in fuzzy differential subordination that in-
troduces new operators to construct and study a novel fuzzy class. Here, we discuss
multiple findings related to fuzzy differential subordination connected to the Riemann-
Liouville fractional integral from the linear combination of Pascal operator and Catas
operator. Fuzzy differential subordinations have been obtained in order to identify
the fuzzy best dominants. Specific functions are used to derive some corollaries of the
primary findings. A few examples are provided to illustrate the main findings.

Previous studies [28, 29, 30, 31] served as inspiration for this work.
To support our primary findings, we shall use the following Lemmas.

Lemma 1.9. [17] Let k ∈ A. If ℜ{1+ zk′′(z)
k′(z) } > −1

2 , z ∈ U , then 1
z

∫ z

0
k(t)dt is convex

function.

Lemma 1.10. [23] Let h be a convex function with h(0) = a and ρ ∈ C∗ such that
ℜ(ρ) ≥ 0. If P ∈ H[a, n] with P(0) = a and Ψ : C2 × U → C, Ψ(P(z), zP ′(z)) is
analytic in U , then

FΨ(C2×U )

[
P(z) +

1

ρ
zP ′(z)

]
≤ Fh(U )h(z),

implies

FP(U )P(z) ≤ Fg(U )g(z) ≤ Fh(U )h(z)

with the convex function g(z) = ρ

nz
ρ
n

∫ z

0
h(t)t

ρ
n−1dt, z ∈ U as the fuzzy best dominant.

Lemma 1.11. [23] Suppose that g be a convex function in U and h(z) = g(z) +
nλzg′(z), n ∈ N, λ > 0. If P ∈ H[g(0), n] and Ψ : C2 × U → C, Ψ(P(z), zP ′(z)) =
P(z) + λzP ′(z) is analytic in U , then

FΨ(C2×U ) [P(z) + λzP ′(z)] ≤ Fh(U )h(z),

implies sharp result,

FP(U )P(z) ≤ Fg(U )g(z), z ∈ U

and g is fuzzy best dominant.

We are going to define a new fuzzy class of univalent and analytic functions.
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Definition 1.12. If t ∈ A satisfies the following criteria, it is said to be in the class
DNY F (n, η, σ, b, v, ϑ, α, ς)

F(D−α
z NY n,η,σ

b,v,ϑ t)′(U )

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

zα

)′

> ς;

(z ∈ U , η ≥ 1, 0 ≤ ϑ < 1, n ∈ N0, b, v, σ ≥ 0, α > 0, ς ∈ [0, 1)).

Remark 1.13. In particular, t(z) = z ∈ A with F (z) = 1
1+|z| belongs to the class

DNY F (n, η, σ, b, v, ϑ, α, 0).

2. Main results

Theorem 2.1. The class DNY F (n, η, σ, b, v, ϑ, α, ς) is a convex set.

Proof. Consider

tj(z) = z +

∞∑
r=2

cjrz
r, j = 1, 2,

belongs to the class DNY F (n, η, σ, b, v, ϑ, α, ς). We have to show that the function
h(z) = β1t1(z) + β2t2(z), β1, β2 ≥ 0, β1 + β2 = 1, belongs to the class
DNY F (n, η, σ, b, v, ϑ, α, ς).

Now, h′(z) = β1t
′
1(z) + β2t

′
2(z) and

(
Γ(2+α)D−α

z NY n,η,σ
b,v,ϑ h(z)

zα

)′

= β1

(
Γ(2+α)D−α

z NY n,η,σ
b,v,ϑ t1(z)

zα

)′

+ β2

(
Γ(2+α)D−α

z NY n,η,σ
b,v,ϑ t2(z)

zα

)′

.

We have

F(D−α
z NY n,η,σ

b,v,ϑ h)
′
U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ h(z)

zα

)′

= F(D−α
z NY n,η,σ

b,v,ϑ (β1t1(z)+β2t2))
′
U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ (β1t1(z) + β2t2(z))

zα

)′

= F(D−α
z NY n,η,σ

b,v,ϑ (β1t1+β2t2))
′
U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ β1t1(z)

zα

)′

+ F(D−α
z NY n,η,σ

b,v,ϑ (β1t1+β2t2))
′
U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ β2t2(z)

zα

)′

=
F
(D−α

z NY
n,η,σ
b,v,ϑ

t1)
′
U

(
Γ(2+α)D−α

z NY
n,η,σ
b,v,ϑ

t1(z)

zα

)′

+F
(D−α

z NY
n,η,σ
b,v,ϑ

t2)
′
U

(
Γ(2+α)D−α

z NY
n,η,σ
b,v,ϑ

t2(z)

zα

)′

2 .

As t1, t2 ∈ DNY F (n, η, σ, b, v, ϑ, α, ς), we have

ς < F(D−α
z NY n,η,σ

b,v,ϑ t1)
′
U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t1(z)

zα

)′

≤ 1,
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ς < F(D−α
z NY n,η,σ

b,v,ϑ t2)
′
U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t2(z)

zα

)′

≤ 1.

This implies,

ς <
F
(D−α

z NY
n,η,σ
b,v,ϑ

t1)
′
U

(
Γ(2+α)D−α

z NY
n,η,σ
b,v,ϑ

t1(z)

zα

)′

+F
(D−α

z NY
n,η,σ
b,v,ϑ

t2)
′
U

(
Γ(2+α)D−α

z NY
n,η,σ
b,v,ϑ

t2(z)

zα

)′

2

≤ 1

i.e.

ς < F(D−α
z NY n,η,σ

b,v,ϑ h)
′
U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ h(z)

zα

)′

≤ 1.

□

Theorem 2.2. Considering g as a convex function and h(z) = g(z)+ 1
c+2zg

′(z), c > 0.

If t ∈ DNY F (n, η, σ, b, v, ϑ, α, ς) and G(z) = c+2
zc+1

∫ z

0
tct(t)dt, then

F(D−α
z NY n,η,σ

b,v,ϑ t)
′
U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

zα

)′

≤ Fh(U )h(z) (2.1)

implies the next sharp result

F(D−α
z NY n,η,σ

b,v,ϑ G)
′
U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ G(z)

zα

)′

≤ Fg(U )g(z),

and g is fuzzy best dominant.

Proof. Let G(z) =
c+ 2

zc+1

∫ z

0

tct(t)dt.

Differentiating w.r.t. z, we get

(c+ 1)G(z) + zG′(z) = (c+ 2)t(z),

(c+ 1)

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ G(z)

zα

)
+ z

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ G(z)

zα

)′

= (c+ 2)

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

zα

)
.

Again differentiating w.r.t z, we obtain(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ G(z)

zα

)′

+ 1
c+2z

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ G(z)

zα

)′′

=

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

zα

)′

.
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Now, the Inequality (2.1) becomes

F(D−α
z NY n,η,σ

b,v,ϑ G)
′
U

[(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ G(z)

zα

)′

+
1

c+ 2
z(

Γ(2 + α)D−α
z NY n,η,σ

b,v,ϑ G(z)

zα

)′′

≤ Fg(U )

[
g(z) +

1

c+ 2
zg′(z)

]
.

Consider, p(z) = F(D−α
z NY n,η,σ

b,v,ϑ G)
′
U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ G(z)

zα

)′

.

Here, p ∈ H[1, 1] and we obtain

Fp(U )

[
p(z) + 1

c+2zp
′(z)
]
≤ Fg(U )

[
g(z) + 1

c+2zg
′(z)
]
.

Employing Lemma 1.3, we have

F(D−α
z NY n,η,σ

b,v,ϑ G)
′
U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ G(z)

zα

)′

≤ Fg(U )g(z),

and g is fuzzy best dominant. □

Theorem 2.3. Consider that h(z) = 1+(2ς−1)z
1+z and G(z) = c+2

zc+1

∫ z

0
tct(t)dt, ς ∈

[0, 1), c > 0 then

G[DNY F (n, η, σ, b, v, ϑ, α, ς)] ⊂ DNY F (n, η, σ, b, v, ϑ, α, ς∗),

where ς∗ = (2ς − 1) + 2(c+ 2)(1− ς)
∫ 1

0
tc+1

t+1 dt.

Proof. Given that h(z) = 1+(2ς−1)z
1+z is convex function and following the same steps

from Theorem (2.2), we conclude the following fuzzy differential subordination

Fp(U )

[
p(z) + 1

c+2zp
′(z)
]
≤ Fh(U )h(z)

where, p(z) =

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ G(z)

zα

)′

.

From Lemma 1.10, we may conclude that

F(D−α
z NY n,η,σ

b,v,ϑ G)
′
U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ G(z)

zα

)′

≤ Fg(U )g(z) ≤ Fh(U )h(z),

where

g(z) =
c+ 2

zc+2

∫ z

0

tc+1

[
1 + (2ς − 1)t

1 + t

]
dt = (2ς − 1) +

(c+ 2)(2− 2ς)

zc+2

∫ z

0

tc+1

t+ 1
dt.

Since, g is convex function and g(U ) is symmetric with respect to real axis, we obtain

F(D−α
z NY n,η,σ

b,v,ϑ G)
′
U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ G(z)

zα

)′

≥ min
|z|=1

Fg(U )g(z) = Fg(U )g(1)
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and ς∗ = g(1) = 2ς − 1 + (c+ 2)(2− 2ς)

∫ 1

0

tc+1

t+ 1
dt. □

Theorem 2.4. Let’s take g be a convex function such that g(0) = 1 and h(z) = g(z) +
zg′(z). If t ∈ A, the fuzzy differential subordination is satisfied

F(D−α
z NY n,η,σ

b,v,ϑ t)
′
U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

zα

)′

≤ Fh(U )h(z) (2.2)

implies the sharp result

F(D−α
z NY n,η,σ

b,v,ϑ t)U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

z1+α

)
≤ Fg(U )g(z),

and g is fuzzy best dominant.

Proof. The function p(z) =

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

z1+α

)
belongs to H[1, 1].

Furthermore, we may write

zp(z) =

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

zα

)
.

Now, differentiating w.r.t. z, we have

p(z) + zp′(z) =

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

zα

)′

.

The Inequality (2.2), becomes

Fp(U )[p(z) + zp′(z)] ≤ Fh(U )h(z).

Lemma 1.11 is applied, and we find that

F(D−α
z NY n,η,σ

b,v,ϑ t)U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

z1+α

)
≤ Fg(U )g(z),

and g is fuzzy best dominant. □

Example 2.5. Take g(z) = 1−z
1+z ans is convex in U , with g(0) = 1,

g′(z) =
−2

(1 + z)2
.

Now h(z) = g(z) + zg′(z) =
1− z2 − 2z

(1 + z)2
.

Taking n = 0, σ = 0, η = 1 and t(z) = z+ z2, then we find that NY 0,1,0
b,v,ϑ t(z) = z+ z2.

D−α
z NY 0,1,0

b,v,ϑ t(z) =
1

Γ(α)

∫ z

0

NY 0,1,0
b,v,ϑ t(z)

(z − t)1−α
dt =

1

Γ(α)

∫ z

0

z + z2

(z − t)1−θ
dt

=
z1+α

Γ(2 + α)
+

2z2+α

Γ(3 + α)
.
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Implies,
Γ(2 + α)D−α

z NY 0,1,0
b,v,ϑ t(z)

zα
= z +

2z2

(2 + α)
.

After differentiation, we get(
Γ(2 + α)D−α

z NY 0,1,0
b,v,ϑ t(z)

zα

)′

= 1 +
4z

(2 + α)
.

Using Theorem 2.4 now, we can derive that the fuzzy subordination that follows

1 +
4z

2 + α
≺F

1− z2 − 2z

(1 + z)2

implies that

1 +
2z

2 + α
≺F

1− z

1 + z
.

Theorem 2.6. Let h be a analytic in U with h(0) = 1 and ℜ
(
1 + zh′′(z)

h′(z)

)
> −1

2 . If

t ∈ A, the fuzzy differential subordination

F(D−α
z NY n,η,σ

b,v,ϑ t)
′
U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

zα

)′

≤ Fh(U )h(z) (2.3)

implies that

F(D−α
z NY n,η,σ

b,v,ϑ t)U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

z1+α

)
≤ Fq(U )q(z),

where q(z) =
1

z

∫ z

0

h(t)dt is convex and it is fuzzy best dominant.

Proof. Given that ℜ
(
1 +

zh′′(z)

h′(z)

)
> −1

2
, z ∈ U , and from Lemma 1.9, we find

that q(z) =
1

z

∫ z

0

h(t)dt is convex function and it is solution of Fuzzy differential

subordination (2.3), h(z) = q(z) + zq′(z), so it is fuzzy best dominant.

Let zp(z) =

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

zθ

)
Differentiating w.r.t z, we get

p(z) + zp′(z) =

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

zα

)′

The fuzzy differential subordination (2.3) is transformed into

Fp(U )[p(z) + zp′(z)] ≤ Fh(U )h(z).

Using Lemma 1.11, we find that

F(D−α
z NY n,η,σ

b,v,ϑ t)U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

z1+α

)
≤ Fq(U )q(z).



418 Sarika K. Nilapgol, Girish D. Shelake and Priyanka D. Jirage

□

Corollary 2.7. Assuming that h(z) = 1+(2ξ−1)z
1+z , ξ ∈ [0, 1) is convex function in U . If

t ∈ A, the following fuzzy differential subordination

F(D−α
z NY n,η,σ

b,v,ϑ t)
′
U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

zα

)′

≤ Fh(U )h(z) (2.4)

implies that

F(D−α
z NY n,η,σ

b,v,ϑ t)U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

z1+α

)
≤ Fq(U )q(z),

where q(z) = (2ξ − 1) + 2(1− ξ)
ln (1 + z)

z
is convex and fuzzy best dominant.

Proof. Given h(z) = 1+(2ξ−1)z
1+z with h(0) = 1, h′(z) = 2(β−1)

(1+z)2 , h
′′(z) = −4(ξ−1)

(1+z)3 .

Consider

ℜ
(
1 + zh′′(z)

h′(z)

)
= ℜ

(
1−z
1+z

)
= ℜ

(
1−r cosϕ−ir sinϕ
1+r cosϕ+ir sinϕ

)
= 1−r2

1+2r cosϕ+r2 > 0 > − 1
2 .

Following the same steps from Theorem 2.6 with p(z) =(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

z1+α

)
, the Inequality (2.4) becomes

Fp(U )[p(z) + zp′(z)] ≤ Fh(U )h(z).

Employing Lemma 1.10 with n = ρ = 1, we deduce that

F(D−α
z NY n,η,σ

b,v,ϑ t)U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

z1+α

)
≤ Fq(U )q(z),

where q(z) =
1

z

∫ z

0

1 + (2ξ − 1)t

1 + t
dt = (2ξ − 1) + 2(1− ξ)

ln (1 + z)

z
. □

Example 2.8. Consider h(z) =
1− z

1 + z
is convex in U .

Taking n = 0, σ = 0, η = 1 and t(z) = z+ z2, then we find that NY 0,1,0
b,v,ϑ t(z) = z+ z2.

D−α
z NY 0,1,0

b,v,ϑ t(z) =
1

Γ(α)

∫ z

0

NY 0,1,0
b,v,ϑ t(z)

(z − t)1−α
dt =

1

Γ(α)

∫ z

0

z + z2

(z − t)1−θ
dt

=
z1+α

Γ(2 + α)
+

2z2+α

Γ(3 + α)
.

Hence,

Γ(2 + α)D−α
z NY 0,1,0

b,v,ϑ t(z)

zα
= z +

2z2

(2 + α)
.

After differentiation, we get(
Γ(2 + α)D−α

z NY 0,1,0
b,v,ϑ t(z)

zα

)′

= 1 +
4z

(2 + α)
.
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Also, q(z) =
1

z

∫ z

0

1− t

1 + t
dt =

2 ln (1 + z)

z
− 1.

Utilizing Theorem 2.6, we now possess the fuzzy differential subordination

1 +
4z

2 + α
≺F

1− z

1 + z

implies the result

1 +
2z

2 + α
≺F

2 ln (1 + z)

z
− 1.

Theorem 2.9. Letting g be a convex function and consider that g(0) = 1. If t ∈ A, the
fuzzy differential subordination

F(D−α
z NY n,η,σ

b,v,ϑ t)
′
U

[
zD−α

z NY n+1,η,σ
b,v,ϑ t(z)

D−α
z NY n,η,σ

b,v,ϑ t(z)

]′
≤ Fh(U )h(z) (2.5)

implies the sharp result

F(D−α
z NY n,η,σ

b,v,ϑ t)U

[
D−α

z NY n+1,η,σ
b,v,ϑ t(z)

D−α
z NY n,η,σ

b,v,ϑ t(z)

]
≤ Fg(U )g(z),

and g is fuzzy best dominant.

Proof. Suppose p(z) =

[
D−α

z NY n+1,η,σ
b,v,ϑ t(z)

D−α
z NY n,η,σ

b,v,ϑ t(z)

]
.

Differentiating w.r.t. z, we have the relation

p(z) + zp′(z) =

[
zD−α

z NY n+1,η,σ
b,v,ϑ t(z)

D−α
z NY n,η,σ

b,v,ϑ t(z)

]′
.

Consequently, fuzzy differential subordination (2.5) turns into

Fp(U )[p(z) + zp′(z)] ≤ Fh(U )h(z) = Fg(U )[g(z) + zg′(z)].

Now, applying Lemma 1.11, we have

F(D−α
z NY n,η,σ

b,v,ϑ t)U

[
D−α

z NY n+1,η,σ
b,v,ϑ t(z)

D−α
z NY n,η,σ

b,v,ϑ t(z)

]
≤ Fg(U )g(z),

and g is fuzzy best dominant. □

Theorem 2.10. Let g be a convex function and consider that g(0) = 1 and h(z) =
g(z) + γzg′(z), γ, λ > 0. If t ∈ A and the fuzzy differential subordination

F(D−α
z NY n,η,σ

b,v,ϑ t)U

(Γ(2 + α)D−α
z NY n,η,σ

b,v,ϑ t(z)

z1+α

)λ−1(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

zα

)′


≤ Fh(U )h(z)

(2.6)
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implies the following sharp result

F(D−α
z NY n,η,σ

b,v,ϑ t)U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

z1+α

)λ

≤ Fg(U )
g(z),

and g is fuzzy best dominant.

Proof. Let p(z) =

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

z1+α

)λ

belongs to H[1, 1].

Differentiating w.r.t. z, we obtain

p′(z) = λ

[
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

z1+α

]λ−1


(

Γ(2+α)D−α
z NY n,η,σ

b,v,ϑ t(z)

zα

)
z


′

.

Following a little computation, we have

p(z)+
1

λ
zp′(z) =

(Γ(2 + α)D−α
z NY n,η,σ

b,v,ϑ t(z)

z1+α

)λ−1(
Γ(2 + θ)D−α

z NY n,η,σ
b,v,ϑ t(z)

zα

)′
 .

Therefore, fuzzy differential subordination (2.6), becomes

Fp(U )[p(z) +
1

λ
zp′(z)] ≤ Fh(U )h(z) = Fg(U )[g(z) + γzg′(z)].

Applying Lemma 1.11, we obtain that

F(D−α
z NY n,η,σ

b,v,ϑ t)U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

z1+α

)λ

≤ Fg(U )
g(z),

and g is fuzzy best dominant. □

Example 2.11. Suppose g(z) =
1− z

1 + z
and h(z) = g(z) + zg′(z) =

1− 2z − z2

(1 + z)2
.

Take n = 0, σ = 0, η = 1 and t(z) = z + z2, then we find that NY 0,1,0
b,v,ϑ t(z) = z + z2.

D−α
z NY 0,1,0

b,v,ϑ t(z) =
1

Γ(α)

∫ z

0

NY 0,1,0
b,v,ϑ t(z)

(z − t)1−α
dt =

1

Γ(α)

∫ z

0

z + z2

(z − t)1−θ
dt

=
z1+α

Γ(2 + α)
+

2z2+α

Γ(3 + α)
.

Thus, we have

Γ(2 + α)D−α
z NY 0,1,0

b,v,ϑ t(z)

zα
= z +

2z2

(2 + α)
.

After differentiation, we get(
Γ(2 + α)D−α

z NY 0,1,0
b,v,ϑ t(z)

zα

)′

= 1 +
4z

(2 + α)
.
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The following fuzzy differential subordination is obtained by using Theorem 2.10(
1 +

2z

2 + α

)λ−1(
1 +

4z

2 + α

)′

≺F
1− 2z − z2

(1 + z)2

implies that (
1 +

2z

2 + α

)λ

≺F
1− z

1 + z
.

Theorem 2.12. Considering h as a convex function with h(0) = 1, λ > 0. If t ∈ A, the
fuzzy differential subordination

F(D−α
z NY n,η,σ

b,v,ϑ t)U

(Γ(2 + α)D−α
z NY n,η,σ

b,v,ϑ t(z)

z1+α

)λ−1(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

zα

)′


≤ Fh(U )h(z)

(2.7)

implies the result

F(D−α
z NY n,η,σ

b,v,ϑ t)U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

z1+α

)λ

≤ Fg(U )
g(z),

where g(z) = 1
z

∫ z

0
h(t)dt is convex and fuzzy best dominant.

Proof. Following the same technique of Theorem 2.10 and taking

p(z) =

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

z1+α

)λ

, we have

Fp(U )

[
p(z) +

1

λ
zp′(z)

]
≤ Fh(U )h(z).

Using Lemma 1.10, we deduce that

F(D−α
z NY n,η,σ

b,v,ϑ t)U

(
Γ(2 + α)D−α

z NY n,η,σ
b,v,ϑ t(z)

z1+α

)λ

≤ Fg(U )
g(z),

where g(z) = 1
z

∫ z

0
h(t)dt is convex and fuzzy best dominant. □

Example 2.13. Considering h(z) =
1− z

1 + z
with h(0) = 1 and it is convex function in

U .
Take n = 0, σ = 0, η = 1 and t(z) = z+ z2, then we obtain NY 0,1,0

b,v,ϑ t(z) = z+ z2, then
we find that

NY 0,1,0
b,v,ϑ t(z) = z + z2.

Now,

D−α
z NY 0,1,0

b,v,ϑ t(z) =
z1+α

Γ(2 + α)
+

2z2+α

Γ(3 + α)
.
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Thus,

Γ(2 + α)NY 0,1,0
b,v,ϑ t(z)

zα
= z +

2z2

(2 + α)
.

After differentiation, we obtain(
Γ(2 + α)NY 0,1,0

b,v,ϑ t(z)

zα

)′

= 1 +
4z

(2 + α)
.

Additionally,

g(z) =
1

z

∫ z

0

h(t)dt =
2 ln (1 + z)

z
− 1.

We have the fuzzy differential subordination described below using Theorem 2.12(
1 +

2z

2 + α

)λ−1(
1 +

4z

2 + α

)
≺F

1− z

1 + z

implies the result (
1 +

2z

2 + α

)λ

≺F
2 ln (1 + z)

z
− 1.

Theorem 2.14. Let g is a convex function with g(0) = 1 and h(z) = g(z) + zg′(z). If
t ∈ A, the fuzzy differential subordination

F(D−α
z NY n,η,σ

b,v,ϑ t)U

1− D−α
z NY n,η,σ

b,v,ϑ t(z)
(
D−α

z NY n,η,σ
b,v,ϑ t(z)

)′′
[(

D−α
z NY n,η,σ

b,v,ϑ t(z)
)′]2

 ≤ Fh(U )h(z), (2.8)

implies sharp result,

F(D−α
z NY n,η,σ

b,v,ϑ t)U

 D−α
z NY n,η,σ

b,v,ϑ t(z)

z
(
D−α

z NY n,η,σ
b,v,ϑ t(z)

)′
 ≤ Fg(U )g(z),

and g is fuzzy best dominant.

Proof. Suppose p(z) =
D−α

z NY n,η,σ
b,v,ϑ t(z)

z
(
D−α

z NY n,η,σ
b,v,ϑ t(z)

)′ belongs to H[1, 1] and z ∈ U .

Differentiating w.r.t. z, we have the relation

p(z) + zp′(z) = 1−

(
D−α

z NY n,η,σ
b,v,ϑ t(z)

)(
D−α

z NY n,η,σ
b,v,ϑ t(z)

)′′
[(

D−α
z NY n,η,σ

b,v,ϑ t(z)
)′]2 .

Inequality (2.8), becomes

Fp(U )[p(z) + zp′(z)] ≤ Fh(U )h(z),
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We now get the sharp fuzzy differential subordination using Lemma 1.11,

F(D−α
z NY n,η,σ

b,v,ϑ t)U

 D−α
z NY n,η,σ

b,v,ϑ t(z)

z
(
D−α

z NY n,η,σ
b,v,ϑ t(z)

)′
 ≤ Fg(U )g(z),

and g is fuzzy best dominant. □

3. Conclusion

At this point, we discussed a number of fuzzy differential subordination results of an-
alytic functions that are connected to the Riemann-Liouville fractional integral and
the linear combination of the Pascal and Catas operator. A new fuzzy class was also
developed, and fuzzy differential subordination results and a few examples were in-
ferred.

With reference to this operator, further subclasses of analytic functions can be
created, and some of their features, including coefficient estimates, distortion theo-
rems, and closure theorems, can be examined. Also, New fuzzy class identification,
fuzzy superordination results, higher-dimensional results extension, and the use of
fuzzy differential subordination to address practical issues are important topics for
development.
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