NONLINEAR DIFFERENTIAL POLYNOMIAL SHARING A NONZERO
POLYNOMIAL WITH CERTAIN DEGREE

ABHIJIT BANERJEE AND SUJOY MAJUMDER

ABSTRACT. In this paper we study the uniqueness problems of meromorphic functions when
certain non-linear differential polynomial sharing a nonzero polynomial with certain degree.
We obtain some results which will rectify, improve and generalize some recent results of
C. Wu and J. Li [15] in a large extent. Our results will also improve and generalize some
recent results due to Fang [5], Zhang-Zhang [24], Zhang [22], Xu et al. [16], Qi-Yang [14],
Dou-Qi-Yang [4], Zhang-Xu [26] and Liu-Yang [13].

1. INTRODUCTION, DEFINITIONS AND RESULTS

In this paper by meromorphic functions we shall always mean meromorphic functions in the
complex plane.

Let f and g be two non-constant meromorphic functions and let a be a finite complex
number. We say that f and g share a CM, provided that f —a and g — a have the same zeros
with the same multiplicities. Similarly, we say that f and g share a IM, provided that f —a
and g — a have the same zeros ignoring multiplicities. In addition we say that f and g share
oo CM, if 1/f and 1/g share 0 CM, and we say that f and g share oo IM, if 1/f and 1/g share
0 IM.

We adopt the standard notations of value distribution theory (see [7]). For a non-constant
meromorphic function f, we denote by T'(r, f) the Nevanlinna characteristic of f and by S(r, f)
any quantity satisfying S(r, f) = o{T(r, f)} as r — oo possibly outside a set of finite linear
measure.

A meromorphic function a(z) is called a small function with respect to f, provided that
T(r,a) = S(r, f).

We denote by T(r) the maximum of T'(r, f) and T'(r,g). The notation S(r) denotes any
quantity satisfying S(r) = o(T'(r)) as r — oo, outside of a possible exceptional set of finite
linear measure.

A finite value zy is said to be a fixed point of f(z) if f(z) = z0.

For the sake of simplicity we also use the notations m* := x,m, where x, = 0 if u = 0,
Xp=1if p #0.

In 1959, W.K. Hayman (see [7], Corollary of Theorem 9) proved the following theorem.

Theorem A. Let f be a transcendental meromorphic function and n(> 3) is an integer. Then
ff" =1 has infinitely many solutions.
Theorem A was extended by Chen [3] in the following manner:

Theorem B. Let f be a transcendental entire function, n, k two positive integers withn > k+1.
Then (f*)*) — 1 has infinitely many zeros.

Latter Fang [5] obtained the following two uniqueness theorem corresponding to Theorem
B.

Theorem C. Letf and g be two non-constant entire functions, and let n, k be two positive
integers with n > 2k + 4. If (f")® and (g™)*) share 1 CM, then either f(z) = c1e*, g(z) =

2010 Mathematics Subject Classification: Primary 30D35.

Key words and phrases: Uniqueness, Meromorphic function, Weighted sharing, Non-linear differential
polynomials.

Typeset by ApMS-IATEX.



2 A. BANERJEE AND S. MAJUMDER
c2e~ %%, where c1, ¢ and ¢ are three constants satisfying (—1)*(c1c2)™(nc)?* =1 or f =tg for
a constant t such that t™ = 1.

Theorem D. Let f and g be two non-constant entire functions, and let n, k be two positive
integers with n > 2k + 8. If (f"(2)(f(2) — 1)) and (g"(2)(g(z) — 1))*) share 1 CM, then

f(z) = g(2).

In 2008, improving the above results J. F. Zhang and X. Y. Zhang [24] obtained the following
theorem:

Theorem E. Let f and g be two non-constant entire functions and let n, k be two positive
integers with n > 5k 4+ 7. If [f™]*) and [¢"]*®) share 1 IM, then either f(z) = c1e®, g(z) =
c2e” %%, where ¢y, ca and c are three constants satisfying (—1)*(c1co)?[nc]?* =1 or f =tg for
a constant t such that t™ = 1.

Theorem F. Let f and g be two non-constant entire functions, and let n, k be two positive
integers with n > 5k + 13. If (f"(2)(f(2) — 1))*) and (g™ (2)(g(z) — 1))*) share 1 IM, then

f(z) = g(2).

In 2008 Zhang [22] obtained similar type of result as mentioned in Theorem E in the the
following way:

Theorem G. Let f and g be two mon-constant entire functions, and let n, k be two positive
integers with n > 2k + 4. If (f)*) and (¢g")*) share = CM, then either

(1) k=1, f(2) = 016622, g9(z) = 026*622, where ¢, ca and ¢ are three constants satisfying
4(crca)™(ne)? = —1 or
(2) f =tg for a constant t such that t™ = 1.

Recently Xiao-Bin Zhang and Jun-Feng Xu [26] proved the following result for meromorphic
function.

Theorem H. [26] Let f and g be two non-constant meromorphic functions, and a(z)(Z 0, 00)
be a small function with respect to f. Let n, k and m be three positive integers with n >
3k +m+ 8 and let P(w) = apw™ + apm_1w™ 1 + ...+ aqw + ag or P(w) = co where ag(#
0),a1,. .., am_1,am(# 0),co(# 0) are complex constants. If [f*P(f)]*) and [¢"P(g)]*) share
a CM, then
(I) when P(w) = amw™ + @p_1w™ 4+ ... + ajw + ag, one of the following three cases holds:

(I1) f(2) = tg(z) for a constant t such that t* = 1, where d = GCD(n+m,...,n+m —

iyeooyn), Qi 0 for somei=1,2,...,m,

(I12) f and g satisfy the algebraic equation R(f,g) = 0, where R(wi,ws) = wi(a,w]* +
Am 1w+ a0) — W (AW A Q1w T 4L ag),

(13) [/ P(f)] P g P(9))*) = a®;
(IT) when P(w) = cq, one of the following two cases holds:

(I11) f =tg for some constant t such that t" =1,
(112) cg[fW[g"™ = a®.

Generalized results in the above directions for entire function were obtained by Qi-Yang [14]
and Dou-Qi-Yang [4] in the following manner:

Theorem 1. Let f and g be two transcendental entire functions, and let n, k and m be three
positive integers with n > 2k + m* + 4, A\, p be two constants such that |\ + |u| # 0. If
[f™(Af™ Jru)}(k) and [g" (Ag™ +,u)](k) share z CM, then one of the following conclusions
hold:

(1) If \u # 0, then f¢ = g%, where d = ged(n,m); in particular f = g, when d = 1;
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(2) If A\u = 0, then f = cg, where ¢ is a constant satisfying At =1, ork =1 and
f(z) = b1e¥®*, g(z) = bae %", for some constants by, by and b that satisfy 4(\ +
1)?(b1b2)" " [(n +m*)b)* = 1.

Theorem J. Let P(2) = apmz™+am_12™ 1 +.. .+ai1z+ag or P(z) = C, where ag,ay, ..., am_1,
am(# 0),C(#£ 0) are complex constants. Suppose that f and g be two transcendental entire func-
tions, and let n, k and m be three positive integers with n > 2k +m** + 4, where m** = 0, if
P(z) = C, otherwise m** = m. If [f*P(f)]*® and [g"P(g)]*) share = CM then the following
conclusions hold:
(i) If P(w) = amw™ + @pm_1w™ L+ ...+ ajw + ag is not a monomial, then f(z) = tg(z)
for a constant t such that t® = 1, where d = ged(n+m, ..., n+m—i,...,n), Gm_; #0
for some i =0,1,2,...,m, or f and g satisfy the algebraic equation R(f,g) =0, where
R(wi,ws) = W (amwi + G107+ .o+ ag) — W5 (amwh + Gm_1wi " ..+ ag);
(ii) If P(z) = C or P(z) = anmz™ then f = tg for some constant t such that t"*™ =
1, or then f = blebz2, g = bge_bZQ, for three constants by, by and b that satisfy
4a2, (b1b2)" ™ [(n +m)b]? = —1 or 4C?(b1by)"[nb]? = —1.

In 2013, Liu and Yang [13] replaced the CM value sharing concept by IM fixed point sharing
one in the above two theorems. They proved the following results:

Theorem K. Let f and g be two transcendental entire functions, and let n, k and m be three
positive integers with n > 5k +4m* + 7, A, p be two constants such that |\ + |u| # 0. If

[f*(\f™+ u)](k) and [g" (A\g™ + u)](k) share z IM, then the conclusion of Theorem I holds
Theorem L. Let P(w) = @pw™+am_1w™ . . . 4ajw+tag or P(w) = C, where ag, a1, ..., 0m_1,
am(# 0),C(# 0) are complex constants. Suppose that f and g be two transcendental entire func-

tions, and let n, k and m be three positive integers with n > 5k +4m** + 7. If [f*P(f)]*® and
[9"P(9)]*) share z IM then the conclusion of Theorem J holds

In this paper, we always use P(w) denoting an arbitrary polynomial of degree n as follows:
P(w) = apw" + an_1w™ .t ag = an(w—c) (w—cp)? . (w—¢ )b, (1.1)

where a;(i = 0,1,...,n—1),a, # 0and ¢;,(j = 1,2, ..., s) are distinct finite complex numbers
and lq,lo,...,ls, s, n and k are all positives integers satisfying

i=1

Also we let
I =max{ly,la,..., s}
and from (1.1) we have
P(w) = (w — a) P.(w),
where P,(w) is a polynomial in degree n — [ = r(say).
We also use P;(w1) as an arbitrary non-zero polynomial defined by

S
Pi(w) = ay, H(w1 e — 1) = bW + bW 4L+ by, (1.2)
I
where wqy =w —¢ and m=n — [.
Obviously

P(W) = wllpl(wl).

If we observe the above theorems carefully we see that all the investigations were done on
the basis of sharing of the expression of the particular form A" P(h) (h = f or g). So it will be
quiet natural to investigate all the results for the most standard form P(h) instead of h™P(h)
(h=f org).
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Recently, C. Wu and J. Li [15] obtained the following results in this direction:

Theorem M. Let f and g be two non-constant meromorphic functions, and let n, k and [ be
three positive integers satisfying 41k + 121 > 4kn + 11n + 9k + 14. If [P(£)]®) and [P(g)]*
share 1 IM, then either f = bieb* + ¢, g = bae % + ¢, or f and g satisfy the algebraic
equation R(f,g) =0, where by, by, b are three constants satisfying (—1)*(b1b2)"(nb)?* =1 and
R(wl,wz) = P(wl) — P(W2).

Theorem N. Let f and g be two non-constant meromorphic functions, and let n, k and [ be
three positive integers satisfying kl + 61 > nk 4+ 5n + 3k + 8. If [P(f)]*® and [P(g)]*) share 1
CM, then conclusion of Theorem M holds.

Theorem O. Let f and g be two non-constant entire functions, and let n, k and [ be three
positive integers satisfying 51 > 4n + 5k + 7. If [P(f)]*®) and [P(g)]® share 1 IM, then
conclusion of Theorem M holds.

Theorem P. Let f and g be two non-constant entire functions, and let n, k and | be three
positive integers satisfying 21 > n+2k+4. If [P(£)]*) and [P(g)]*®) share 1 OM, then conclusion
of Theorem M holds.

Remark 1. The results [15] are new and seem fine. However in the proof of Theorem 11 [15],
one can easily point out a number of gaps.

We first consider p. 299 under the case 1.1.2 fifth line from top
The calculations are true only when p; > k, : A question arises: When p; < k7 Actually
the author did not consider this case.

In the same page the author used the inequality

N(r,00f) <> N(r.c;9) + N(r,0:g'),

j=1

which is not true for any arbitrary k£ and the situation when
(LML) *) = 1.

Remark 2. The authors declare that Lemma 11 in [15] can be obtained from [17]. But in [17]
there is no such lemma. One can easily verify that the lemma 11 in [15] is actually Lemma
2.12 of [25]. Also one can easily observe that to prove Lemma 2.12 in [25], Lemma 2.8 plays a
vital role [see p.8 last line in [25]]. But the following example shows that Lemma 2.8 of [25] is
1nvalid.

Example 1.1. Let F = ze*, G = é, then F' and G share 1 and —1 and satisfy
N(r,0; F)+ N(r,00; F) = S(r, F)

and
N(r,0;G) + N(r,00;G) = S(r,G).

It is clear that F' and G share neither 0 nor oo.

So the very existence of Lemma 11 in [15] and proof of Theorem 11, where Lemma 11 plays
a vital role is questionable. In this paper we tackle the problem by obtaining the correct proof
of Lemma 11 as well as Theorem 11. We also observe that in Theorems M and Nasn =1+,
the relation 41k + 121 > 4kn + 11n + 9%k + 14 (kl 4+ 61 > nk + 5n + 3k + 8) ultimately produce
> (4k+11)r+9k+14 (I > (k+5)r+3k+8) which are very much stronger result in-comparison
to the lower bound of [ obtained by the previous authors. In that sense in this paper we shall
decrease the lower bound of [ to a large extent. Not only that our results will largely improve
and generalize all the previous results mentioned earlier. To proceed further we require the
following definition. In 2001 an idea of gradation of sharing of values was introduced in {[8],
[9]} which measures how close a shared value is to being share CM or to being shared IM. This
notion is known as weighted sharing and is defined as follows.
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Definition 1. [8, 9] Let k be a nonnegative integer or infinity. For a € CU {oco} we denote
by Ex(a; f) the set of all a-points of f, where an a-point of multiplicity m is counted m times
if m <k and k+1 times if m > k. If Ex(a; f) = Ex(a;g), we say that f, g share the value a
with weight k.

The definition implies that if f, g share a value a with weight k then zy is an a-point of f
with multiplicity m (< k) if and only if it is an a-point of g with multiplicity m (< k) and 2z
is an a-point of f with multiplicity m (> k) if and only if it is an a-point of g with multiplicity
n (> k), where m is not necessarily equal to n.

We write f, g share (a, k) to mean that f, g share the value a with weight k. Clearly if f,
g share (a,k), then f, g share (a,p) for any integer p, 0 < p < k. Also we note that f, g share
a value a IM or CM if and only if f, g share (a,0) or (a, ) respectively.

The main results of the paper are as follows.

Theorem 1. Let f and g be two transcendental meromorphic functions and p(z) be a nonzero
polynomial with deg(p) <1 —1, where n, k, r and l be four positive integers with n = l+r such
that | > 3k 4+ r + 8. Suppose [P(f)]*) and [P(g)]®) share (p,2), where P(w) be defined as in
(1.1). Now
(I) when s > 2 then one of the following three cases holds:
(I1) f = tg for a constant t such that t* = 1,where d = GCD(n,...,n —1i,...,1),
an—i # 0 for somei € {1,2,...,n—1};
(12) f and g satisfy the algebraic equation R(f,g) = 0, where R(wi,ws) = (a,wl +
an_lwil_l + ..t awr) — (awh + an_1w§_1 +...F+aiws);
(13) [P(HOP(]® = p2;
(IT) when s =1 then one of the following two cases holds:
(I11) f =tg for some constant t such that t™ =1,
(112) if p(z) is not a constant, then f = Q) 4 ¢;, g = coe™PF) ¢, where Q(z) =
Jy p(2)dz, c1, ¢z and ¢ are constants such that b} (cic2)' F[(I 4 i)c]* = -1,
if p(2) is a nonzero constant b, then f = c3e* + ¢, g = cae™ % + ¢, where c3, ¢4
and c are constants such that (—1)Fb2(czeq) (1 +)c]?* = b2.
In particular when l; > k(i =1,2,...,s) and ©(0; f) + O(oc0; f) > W, then
(I3) does not hold.

Theorem 2. Let f and g be two transcendental meromorphic functions and p(z) be a nonzero
polynomial with deg(p) <1 —1, where n, k, r and l be four positive integers with n = l+r such
that 1 > 9k + 47+ 14. Suppose [P(f)]*®) and [P(g)]® share p(z) IM, where P(w) be defined as
in (1.1). Then the conclusion of Theorem 1 holds.

Remark 3. Theorems 1 and 2 both hold for two non-constant meromorphic functions f and
g when p(z) is a non-zero constant.

Remark 4. When l = n, ¢ = 0 from Theorem 1 we can easily get an improved version of
Theorem H.

Corollary 1. Let f and g be two transcendental entire functions and p(z) be a nonzero poly-
nomial with deg(p) < 1 — 1, where n, k, r and | be four positive integers with n = 1 + r such
that | > 2k +r + 4. Suppose [P(f)]*) and [P(g)]®) share (p,2), where P(w) be defined as in
(1.1). Then one of the following three cases holds:
(1) f =tg for a constant t such that t* = 1,where d = GCD(n,...,n—i,...,1), an_; #0
for some i€ {1,2,...,n—1};
(2) f and g satisfy the algebraic equation R(f,g) = 0, where R(wy,ws) = (anw}+a, 1w+
oot aw) — (awh + an_lwg_l + ...t a1we);
(3) if p(z) is not a constant, then f = ¢1eP®) + ¢, g = coe= Q) 4 ¢, where Q(z) =
Js p(2)dz, c1, ¢z and c are constants such that b?(cic2) T [(1 4 i)c]? = —1,
if p(2) is a nonzero constant b, then f = cze®* + ¢, g = cue™* + ¢, where c3, ¢4 and
c are constants such that (—1)¥b2(czeq) F[(1+14)c]?* = v2.
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Corollary 2. Let f and g be two transcendental entire functions and p(z) be a nonzero poly-
nomial with deg(p) <1 — 1, where n, k, v and l be four positive integers with n =1+ r such
that | > 5k 4 4r + 7. Let P(w) be defined as in (1.1). If [P(f)]*) and [P(g)]*) share p(z) IM
then the conclusion of Corollary 1 holds.

Remark 5. Corollaries 1 and 2 both hold for two non-constant entire functions f and g when
p(2) is a non-zero constant.

Remark 6. When Il = n, ¢ = 0, from Corollary 1 and Corollary 2 we can easily get the
improved version of Theorems C, G and Theorem E respectively.

Remark 7. Whenl =mn1, n =n1+ 1 and ¢; = 0, from Corollary 1 and Corollary 2 we can
easily obtain the improved version of Theorem D and Theorem F respectively.

Remark 8. When l = ni, n = ny +m* and ¢; = 0, from Corollary 1, Lemmas 16 and 17
we can easily obtained the improvement of Theorem I where as from Corollary 2 we get the
improved version of Theorem K.

Remark 9. When I =mn1, n =n1 +m™ and ¢; =0, from Corollary 1 and Corollary 2 we can
easily get an improved version of Theorem J and Theorem L respectively.

We now explain some definitions and notations which are used in the paper.

Definition 2. [11] Let p be a positive integer and a € C U {oo}.
(i) N(r,a;f |> p) (N(r,a; f |> p))denotes the counting function (reduced counting func-
tion) of those a-points of f whose multiplicities are not less than p.
(i) N(r,a; f |< p) (N(r,a; f |< p))denotes the counting function (reduced counting func-
tion) of those a-points of f whose multiplicities are not greater than p.

Definition 3. {11, ¢f.[19]} For a € CU{oo} and a positive integer p we denote by Np(r,a; f)
the sum N(r,a; f) + N(r,a; f |>2) + ...+ N(r,a; f |> p). Clearly Ny(r,a; f) = N(r,a; f).

Definition 4. Let a,b € C U {oo}. Let p be a positive integer. We denote by N(r,a; f | >
plg=0b) (N(rya;f | >p|g#b)) the reduced counting function of those a-points of [ with
multiplicities > p, which are the b-points (not the b-points) of g.

Definition 5. {cf.[1], 2} Let f and g be two non-constant meromorphic functions such that
f and g share the value 1 IM. Let zy be a 1-point of f with multiplicity p, a 1-point of g with
multiplicity q. We denote by Nr(r,1; f) the counting function of those 1-points of f and g
where p > q, by NB(T, 1; f) the counting function of those 1-points of f and g where p=q =1

and by NS(T,l;f) the counting function of those 1-points of f and g where p = q > 2,
each point in these counting functions is counted only once. In the same way we can define
-~ 1 (2

Ni(r1ig), N (r1g), Np(rlig).

Definition 6. {cf.[1], 2} Let k be a positive integer. Let f and g be two non-constant meromor-
phic functions such that f and g share the value 1 IM. Let zo be a 1-point of f with multiplicity
p, a 1-point of g with multiplicity q. We denote by N i, (r,1;g) the reduced counting function

of those 1-points of f and g such that p > qg=k. Ngs (r,1; f) is defined analogously.

Definition 7. [8, 9] Let f, g share a value a IM. We denote by N.(r,a; f,g) the reduced
counting function of those a-points of f whose multiplicities differ from the multiplicities of the
corresponding a-points of g.

Clearly N.(r,a; f,g) = N«(r,a;9, f) and N.(r,a; f,g9) = Np(r,a; f) + Np(r,a;9).

2. LEMMAS

Let F' and G be two non-constant meromorphic functions defined in C. We denote by H

the function as follows:
F// 2F/ G// 2G/
H=("— -2 ) (1 - 2 ). 2.1
(F’ F1> (G’ Gl) (2.1)
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Lemma 1. [17] Let f be a non-constant meromorphic function and let a,(z)(# 0), an—1(2),. .
ap(z) be meromorphic functions such that T(r,a;(z)) = S(r, f) fori=0,1,2,...,n. Then

T anf™ +an 1 f" 4 ...+arf +ao) =nT(r, f) + S(r, f).

‘)

Lemma 2. [23] Let f be a non-constant meromorphic function, and p, k be positive integers.
Then

Ny (r.0:7) < T (1 fB) = TG )+ Ny (1,05 ) + S(r. £),

Ny (1,05 79) < kN(r,00: f) + Ny (r,0: f) + S(r, f).

Lemma 3. [10] If N(r,0; f®)|f # 0) denotes the counting function of those zeros of f*) which
are not the zeros of f, where a zero of f¥) is counted according to its multiplicity then

N(r,0; fBf £ 0) < kN (r,00; f) + N(r,0; fl < k) + kN (r,0; f| > k) + S(r, f).

Lemma 4. Let f be a non-constant meromorphic function. Let n, k and [ be three positive
integers such that | > k + 2 and P(w) be defined as in (1.1), a(z)(Z£ 0,00) be a small function
with respect to f. Then [P(f)]*) — a(z) has infinitely many zeros.

Proof. Let us take F' = P(f).

In view of Lemmas 1, 2 and by the second theorem for small functions (see [18]) we get
nT(r, f)

T(r,F)+ O(1)

< T(r, F®Y = N(r,0; F®) 4 Niy1(r,0; F) + S(r, f)

< N(r,0; F®) 4 N(r,00; F®) + N(r,a(z); F®) = N(r,0; F®)) + N1 (r,0; F)
+(e+0(1)) T'(r, f)

< N(r,00; f) + (k+1) N(r,ei; f) + N(r,0; P(f)| f # c1) + N(r, a(2); F®))

+(e+0(1)) T(r, f)
< (n—l+k+2) T f)+ N(ra(2); FV) + (e + o(1) T(r, ),
for all ¢ > 0. Take ¢ < 1. Since [ > k + 2 from above one can easily say that F*) — a(z) has

infinitely many zeros. O

Lemma 5. ([20], Lemma 6) If H = 0, then F, G share 1 CM. If further F, G share oo IM
then F', G share oo CM.

Lemma 6. [12] Let fi and f2 be two non-constant meromorphic functions satisfying N(r,0; fi)+
N(r,00; f;) = S(r; f1, f2) fori=1,2. If fi fi — 1 is not identically zero for arbitrary integers
s and t(|s| + |t| > 0), then for any positive €, we have

No(r,1; f1, f2) < eT(r) + S(r; f1, fa),

where No(r, 1; f1, fo) denotes the reduced counting function related to the common 1-points of
f1and fo and T(r) =T(r, f1) + T(r, f2), S(r; f1, f2) = o(T(r)) as r — oo possibly outside a
set of finite linear measure.

Lemma 7. Let f and g be two non-constant meromorphic functions. Let n, k and | be three
positive integers such that 21 > n+3k. If [P(f)]* = [P(¢9)]®, then P(f) = P(g), where P(w)
be defined as in (1.1).

Proof. We have [P(f)]*) = [P(g)]®.
Integrating we get

[PH*Y = [Pg)] Y + et
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If possible suppose ¢;_1 # 0.
Now in view of Lemma 2 for p = 1 and using the second fundamental theorem we get

VANVANVAN IN N

IA A

nT(r, f)

T(r,P(f))+O(1)

T(r, [P()]*D) = N(r,0:[P())]*7Y) + Nio(r, 0, P(f)) + S(r, f)

N(r,0; [P())]*D) + N(r, 00; f) + N(r, cr1; [P(H)]F7Y) = N(r, 0, [P(£)]*Y)
+Ni(r, 0; P(f)) + S(r, f)

N(r,00;f) + N (r,0;[P(g)]*~Y) + Ni(r, 0; P(f)) + S(r, f)

N(r,00; f) + (k = 1)N(r, 00;9) + Ni(r,0; P(g)) + Nig(r,0; P(f)) + S(r, f)

N(r,00; f) + (k= 1)N(r,00;9) + kN(r,ci;9) + N(r,0; P(g)|g # 1) + kN (r, c; f)

+N(r,0; P(f)If # ) +5(r, f)
n—Il4+k+1)Trf)+n—-1+2k—-1)T(r,g)+ S(r,f)+ S(r,9)
(2n — 20+ 3k) T(r) + S(r).

Similarly we get

nT(r,g) < (2n— 21+ 3k) T(r) + S(r).

Combining these we get

(2l —n —3k) T(r) < S(r),

which is a contradiction since 2] > n + 3k.
Therefore ¢ _; = 0 and so [P(f)]*~1) = [P(g)]*~ V.
Proceeding in this way we obtain

Integrating we get

P(f) = P(9) + co-

If possible suppose ¢y # 0. Now using the second fundamental theorem we get

nT(r, f)

T(r,P(f))+0(1)

N(r,0; P(f)) + N(r,00; P(f)) + N(r, co; P(f))
N(r,0; P(f)) + N(r,o00; f) + N(r,0; P(g))
(n—14+2)T(r, f)+n—101+1)T(r,g)+ S(r, f)
(2n —2l+3)T(r)+ S(r).

VAN VAN VAR VAN

Similarly we get

nT(r,g) < (2n—204+3) T(r)+ S(r).

Combining these we get

(20 —n—=3)T(r) < S(r),

which is a contradiction since 2 > n + 3.
Therefore cg = 0 and so

This proves the Lemma.

Lemma 8. Let f, g be two non-constant meromorphic functions.

O

Let n, k and | be three

positive integers such that 1 > k+2 and P(w) be defined as in (1.1). If [P(f)]*) and [P(g)]*
share o IM, where a(# 0,00) is a small function of f and g, then T(r,f) = O(T(r,g)) and
T(r,g) = O(T(r, f)).
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Proof. Let F' = P(f). By the second fundamental theorem for small functions {see [18]}, we
have

T(r, F®) < N(r,00; F®) + N(r,0; F®) + N(r,o; F®)) + (e + 0(1))T(r, F),

for all € > 0.
Now in the view of Lemmas 1 and 2 for p = 1 and using above we get

nT(r, f)

T(r, F®) = N(r,0; F®) + Ny (r,0; P(f)) + (€ + 0(1)T (7, f)

N(r,0; F®) + N(r,00; f) + N(r,a; F®) = N(r,0; F*)) + Nyy1 (r, 0; P(f))
+(e+0(1))T(r, f)

N(r,00; f) + N(r,0; [P(/)]™) + (k + D)N(r,ci; f) + N(r, 0; P(f)| f # 1)
+(e+0(1))T(r, f)

(n—1+k+2)T(r,f)+N(r a;[P(g)]") + (e + o(1))T(r, f)
(n—1l+k+2)Tr f)+ (k+1)nT(r,g)+ (e +o(1)T(r, f),

IN N

IN

INIA

(I=k=2)T(r,f) <(k+1)nT(r,g)+ (e +o(1))T(r, f).

Since | > k + 2, take € < 1 and we have T'(r, f) = O(T(r,g)). Similarly we have T'(r,g) =
O(T(r, f)). This completes the proof of Lemma. O

Lemma 9. Let f, g be two non-constant meromorphic functions and let F = [P(f)]*®) /a(z),
G = [P(9)]™ /a(z), where P(w) be defined as in (1.1), a(z) be a small function with respect to
f, g and n, k and l be positive integers such that 2l > n + 3k + 3. Suppose H = 0. Then one
of the following holds:
(i) [P(NIPIP(g)]*) = o?;
(ii) f = tg for a constant t such that t* =1, whered = GCD(n,...,n—i,...,1), an_; #0
for some i €{1,2,...,n—1};
(iit) f and g satisfy the algebraic equation R(f,g) = 0, where R(w1,ws) = (anw}+an 1w+
oot agwr) — (awh + an_lwg_l + ...+ ajws).
Proof. Since H =0, by Lemma 5 we get F' and G share 1 CM.
On integration we get
1 bG+a-b
F-1— G-1 "
where a,b are constants and a # 0. We now consider the following cases.

Case 1. Let b # 0 and a # b.
If b = —1, then from (2.2) we have

(2.2)

—a
F=———.
G—-—a-—-1

Therefore

N(r,a+1;G) = N(r,o00; F) = N(r,o0; f).
So in view of Lemma 2 and the second fundamental theorem we get
nT(r,g)
T(r, P(f))+0(1)
T(r,G) + Ni41(r,0; P(g)) — N(r,0;G)

N(r,00;G) + N(r,0;G) + N(r,a +1;G) + Ny (1,
- -

Plg)) - N(r,0;G) + 5(r, g)

0;
(r,00;9) + (k+1)N(r,ci59) + N(r,0; P(g)lg # 1) + N(r,00; f) + S(r, 9)
T(T,f) +(nil+k+2) T(T,g)+S(T,f) +S(Tag)

VAN VAN VANNR VAN
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Without loss of generality, we suppose that there exists a set I with infinite measure such that
T(r, f) <T(r,g) forr € I.
So for r € I we have

(l=k=3)T(r,g) <S(r,9),

which is a contradiction since [ > k + 3.
If b # —1, from (2.2) we obtain that

1 —a
F—(1+ 6) = m
So
N(r, (b ; %) :G) = N(r,00; F) = N(r,00; f).
Using Lemma 2 and the same argument as used in the case when b = —1 we can get a
contradiction.

Case 2. Let b# 0 and a = b.
If b = —1, then from (2.2) we have
FG = ao?,
ie.,
[P(NP[P9)]™ = a?,
where [P(f)]* and [P(g)]* share ot CM.
If b # —1, from (2.2) we have

1___ G
F-(1+b)G-1
Therefore )
N(r,——;G) = N(r,0; F).
(1, 15 G) = N, 05 F)
So in view of Lemma 2 and the second fundamental theorem we get
nT(r,g)
< T(r,G) + Niya(r,0; P(g)) = N(r,0;G) + S(r, g)
_ _ _ 1 _
< N(r,00;G) 4+ N(1,0:G) + N(r, 1751 G) + Niwa (1,0, P(9)) = N (1,0:G) + S(r, 9)
< N(r,0019) + Nita (1,05 P(g)) + N(r,0; F) + S(r, g)
< N(r,00;9) + Nita (1,05 P(g)) + Nig1(r, 05 P(f)) + kN (r, 00; f) + S(r, f) + S(r, 9)
< (n=l+k+2)T(r,g)+(n—1+2k+1) T(r, f) + S(r, f) + 5(r,9).

So for r € I we have

(2l —n—3k— 3) T(Tag) S S(T,g),
which is a contradiction since 21 > n + 3k + 3.
Case 3. Let b = 0. From (2.2) we obtain
G+a—1
—Yy

F=
If a # 1 then from (2.3) we obtain
N(r,1—a;G) = N(r,0; F).

We can similarly deduce a contradiction as in Case 2. Therefore a = 1 and from (2.3) we
obtain

ie.,
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Then by Lemma 7 we have
P(f) = P(g). (2.4)
Let h = %. If h is a constant, by putting f = hg in (2.4) we get

ang" YW = 1)+ ap_19" (A" = 1)+ ... +ai(h—1) =0,
which implies that h? = 1, where d = GCD(n,...,n —i,...,1), a,_; # 0 for some i €
{1,2,...,n —1}. Thus f = tg for a constant ¢ such that ¢t = 1,where d = GCD(n,...,n —
iy...,1), an—; #0 for some i € {1,2,...,n—1}.
If h is not constant then f and g satisfy the algebraic equation R(f,g) =0, where R(wy,ws) =
(anw? + an,lcﬁkl +...+aw) — (apwh + an,lw;“l + ...+ ajwe). |

Lemma 10. [6] Let f(z) be a non-constant entire function and let k > 2 be a positive integer.
If f(2)fF)(2) £ 0, then f(z) = e**T°, where a # 0,b are constant.

Lemma 11. [[7], Theorem 3.10] Suppose that f is a non-constant meromorphic function, k > 2
s an integer. If

’

N(r,00, f) + N(r,0: f) + N(r,0; f %) = 5(r, f7>,
then f = e***P, where a # 0, b are constants.

Lemma 12. [[21], Theorem 1.24] Let f be a non-constant meromorphic function and let k be
a positive integer. Suppose that f*) £ 0, then

N(r,0; ) < N(r,0; f) + kN (r, 00; f) + S(r, f).

Lemma 13. Let f, g be two transcendental meromorphic functions and p(z) be a non-zero
polynomial with deg(p) < n—1, where n and k be two positive integers such that n > max{2k, k+
2}. Suppose [f7]®)[g")*) = p?, where [f"]*) — p(2) and [g"]*) — p(z) share 0 CM. Now

(i) if p(z) is not a constant, then f = %) g = coe™QF) | where Q(2) = foz p(2)dz, c1, o
and c are constants such that (nc)?(cie2)™ = —1,

(ii) if p(2) is a nonzero constant b, then f = cze®, g = cye™?
such that (—1)*(czcq)™(nd)?* = b2,

#, where c3, ¢4 and d are constants

Proof. Suppose

(/1" g™ = p?. (2.5)
We consider the following cases:
Case 1: Let deg(p(2)) =1(>1).
Let 20(p(20) # 0) be a zero of f with multiplicity ¢. Note that zo is a zero of [f"]*) with
multiplicity ng — k. Obviously zg will be a pole of g with multiplicity q1, say. Note that zy is
a pole of [¢"]*) with multiplicity ng; + k and so ng — k = ng; + k. Now

ng—k=nq +k
implies that
n(g— @) = 2k, (2.6)
Since n > 2k, we get a contradiction from (2.6).
This shows that zy is a zero of p(z) and so we have N(r,0; f) = O(logr). Similarly we can
prove that N(r,0;¢9) = O(logr). Thus in general we can take N(r,0; f) + N(r,0;g) = O(logr).
We know that
N(r,00;[f"]™) = nN(r, 00; f) + kN (r,00; [).
Also by Lemma 12 we have
N(r,0:[g"]™) < nN(r,0; ) + kN(r, 005 g) + S(r, g) < kN(r,00; g) + O(logr) + S(r, 9).

From (2.5) we get

N(Ta 003 [fn](k)) - N(T,O; [gn](k))’
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ie.
7 nN (r,00; f) + kN (r,00; f) < kN(r,00; g) + O(logr) + S(r, g). (2.7)
Similarly we get
nN(r,00;g) + kN (r,00;g) < kN(r,00; f) + O(logr) + S(r, f). (2.8)
Since f and g are transcendental, it follows that
S(r, f) + O(logr) = S(r, f), S(r,g) + O(logr) = S(r,g).
Now combining (2.7) and (2.8) we get
N(r, 003 f) + N(r,0019) = S(r, f) + 5(r, 9).
By Lemma 8 we have S(r, f) = S(r, ¢g) and so we obtain
N(r,00; f) = S(r, f), N(r,00;9) = 5(r,9). (2.9)
Let
[f™

[ = and Gi =
b

p

Note that T'(r, F1) < n(k+ DT (r, f) + S(r, f) and so T'(r, F1) = O(T(r, f)). Also by Lemma
2, one can obtain T'(r, f) = O(T'(r, F1)). Hence S(r, Fy) = S(r, f). Similarly we get S(r,G1) =
S(r,g). Hence we get S(r, Fy) = S(r,G1). From (2.5) we get
If F; = ¢G4, where c is a nonzero constant, then Fj is a constant and so f is a polynomial,
which contradicts our assumption. Hence F} # ¢G; and so in the view of (2.11) we see that
F} and G share —1 IM.
Now by Lemma 12 we have

N(r,0; F1) < nN(r,0; f) + kN (r, 00 f) + S(r, f) < S(r, F1).
Similarly we have

N(r,0;G1) < nN(r,0;9) + kN (r, 00 9) + S(r, 9) < S(r, G1).

Also we see that

"™ (2.10)

N(r,o0; F1) = S(r, F1), N(r,00;G1) = S(r,Gy).
It is clearly that T'(r, Fy) = T(r,G1) + O(1).

Let
Iy
fi G
and
-1
fa= G 1

Clearly fi is non-constant. If fy is a nonzero constant then F} and G; share oo CM and so
from (2.11) we conclude that F} and G; have no poles.
Next we suppose that f; is non-constant. We see that

:fl(l—fz) Gzl—fz
' fi—f2 YR f
Clearly
T(r,Fy) <2[T(r, f1) + T(r, f2)] + O(1)
and

T(r, fr) +T(r, f2) <AT(r, F1) + O(1).
These give S(r, F1) = S(r; f1, f2). Also we note that
N(r,0; fi) + N(r, 005 fi) = S(7; f1, f2)
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for i =1,2.
Next we suppose N(r,—1; Fy) # S(r, F}), otherwise by the second fundamental theorem Fy
will be a constant.
Also we see that
N(Tv _17 Fl) S NO(T? 17 f17 fQ)
Thus we have
T(r, f1) + T(r, f2) <4 No(r,1; f1, f2) + S(r, F1).

Then by Lemma 6 there exist two mutually prime integers s and ¢(|s| + |t| > 0) such that

=1,
ie., ‘ .
[%Hg:ﬂ =1 (2.12)

If either s or t is zero then we arrive at a contradiction and so st # 0.
We now consider following cases:
Case (i): Suppose s > 0 and t = —t;, where t; > 0. Then we have
Fys - Fi— 11t
&l =le=l
Let z; be a pole of Fy of multiplicity p. Then from (2.11) we see that z; must be a zero of G,
of multiplicity p. Now from (2.13) we get 2s = t1, which is impossible. Hence F; has no pole.
Similarly we can prove that G also has no poles.
Case (ii): Suppose either s > 0 and ¢ > 0 or s < 0 and ¢ < 0. Then from (2.13) one can easily
prove that F; and G; have no poles.
Consequently from (2.11) we see that F; and G; have no zeros. So we deduce from (2.10)
that both f and g have no pole.
Since F} and Gy have no zeros and poles, we have

o =e"Gy,

(2.13)

ie.
[fn](k) =M [gn](k)’
where 7 is a non-constant entire function. Then from (2.5) we get
[fM® = cexp(2), (g™ *) = ce 3 p(2),

where ¢ is a nonzero constant. This shows that [f”]®*) and [¢"]*) share 0 CM.
Also we deduce from (2.10) that both f and g are transcendental entire functions.
Since N(r,0; f) = O(logr) and N(r,0;g) = O(logr), so we can take
f(2) = (2)e”?, g(2) = ha(2)e”?, (2.14)
where hy and hs are nonzero polynomials and «, 8 are two non-constant entire functions.
We deduce from (2.5) and (2.14) that either both « and 8 are transcendental entire functions
or both a and 8 are polynomials.
We consider the following cases:
Subcase 1.1: Let £ > 2.
First we suppose both « and [ are transcendental entire functions.

Let o = o + % and 51 = ﬁ/ + % Clearly both «y and (8 are transcendental entire functions.
Note that

) Sy — S, 2

S(r,nay) = S(r,
(r,nay) = S( T o

Moreover we see that

N(r,0; [f"]®)) < N(r,0;p%) = O(logr).



14 A. BANERJEE AND S. MAJUMDER

N(r,0; [g"]®) < N(r,0;p*) = O(logr).

From these and using (2.14) we have

N(r, 003 ) + N(r, 05 £7) + N(5,0; [")®) = S(r,nas) = S(r, “;f,?' ) (21)
and p
N(r,0036") + N(r,0:6") + N(1,0; [i"]®)) = S(r,n61) = S, L), (2.16)
Then from (2.15), (2.16) and Lemma 9 we must have ’
Foemth g gertd (2.17)

where a # 0, b, ¢ # 0 and d are constants. But these types of f and g do not agree with the
relation (2.5).

Next we suppose « and (3 are both polynomials.

From (2.5) we get a+ 8 = C ie., o = —f . Therefore deg(a) = deg(f).

We deduce from (2.14) that

[FM® = AR F[RE () + Pr_i (@, h))]e™™ = p(2)e™, (2.18)
and

lg"1*) = Bhy 5 (8)* + Qu-1(8', hy)]e™” = pl(2)e™”, (2.19)
Whell"e sz B are nonzero constants, Pe_1(a’,h}) and Qr_1(8, hy) are differential polynomials
in o, h; and B, hy respectively.
Since deg(p) < n — 1, from (2.18) and (2.19) we conclude that both h; and hy are nonzero

constant.
So we can rewrite f and g as follows:

f=em g=e», (2.20)

where vo + d2 = C and deg(7y2) = deg(d2).

If deg(v2) = deg(d2) = 1, then we again get a contradiction from (2.5).
Next we suppose deg(vz2) = deg(da) > 2.

We deduce from (2.20) that

M8 = Ai[(7)" + Peci ()€™, g% = Bi[(65)* + Qr—1(03)]e™,

where Ay, By are nonzero constants, Py_1(v,) and Qi_1(d,) are differential polynomials in ~,
and (5; of degree atmost k — 1 respectively.
Since [f"]*®) and [g"]*) share 0 CM, it follows that

((92)" + Peoa(12)] = DI(E)" + Qi-1(6));
where D is a nonzero constant, which is impossible as k > 2.
Actually [(v5)* + Pr_1(75)] and [(05)% + Qr_1(65)] contain the terms (v,)* + K (v5)¥ 2y, and
(5/2)k + K (5;)k_26g respectively, where K is a suitably positive integer. But these two terms
are not identical.
Subcase 1.2: Let k£ = 1.
Now from (2.5) we get

g =t (2.21)
where p? = #pz.
First we suppose both « and [ are transcendental entire functions.
Let h = fg. Clearly h is a transcendental entire function. Then from (2.21) we get

N\ 2
h‘ —-n
<h> — h "t (2.22)
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Let
0y =9 L1
g 2h
From (2.22) we get
N 2
1(h n
o = 1 <h> — h"p3. (2.23)

’ 2
First we suppose az = 0. Then we get h~"p} = 1 (%) and so T(r,h) = S(r,h), which is

impossible. Next we suppose that as # 0. Differentiating (2.23) we get

’

Y /
QaQaQEiﬁ <h> +nh " p? — 207 p1p1

Applying (2.23) we obtain

. h/ , a/
h (—np? +2pipy — 2@2??) =

n B a
- <h> | (2.24)

First we suppose

/

h o ’ al2 2
—n— 2 —2—=p7 =0.
hpl + 2p1p; a2P1

Then there exist a non-zero constant ¢ such that a3 = ch="p? and so from (2.23) we get

N\ 2
1(h

If ¢ = —1, then h will be a constant. If ¢ # —1, then we have T'(r,h) = S(r, h), which is
impossible. Next we suppose that

h / o,
—n-pi + 2p1py — 207219? # 0.
Then by (2.24) we have

nT(r,h) (2.25)
= nm(rh)
i (K W 1
< m T’hnf— — —*% +m |, 7 +O(1)
2 \\h)  ha 1w <(}) _h’a;)
2°h h H a2
1h h h g ho, T
< SR ) o2 Sp2o9 222
< "3 h I o +m (nn 5 P1— 2P a1
< N(r,0;a9) + N(r,00;a2) + S(r, h) + S(r, o)
< T(r,a) + S(r,h). (2.26)

From (2.23) we get
1
T(r,as) < " T(r,h)+ S(r,h).
Now from (2.25) we get

S0 T(rh) < S(r,),
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which is impossible .
Thus « and § are both polynomials. Also from (2.5) we can conclude that a(z) + 5(z) = C
for a constant C' and so o (z) + ' (z) = 0. We deduce from (2.5) that

[ = n[hta + AP hy)e™ = p(z)e™®, (2.27)
and

9] = nlh3B + Ry~ hyle™ = p(z)e™’. (2.28)
Since deg(p) < n — 1, from (2.27) and (2.28) we conclude that both h; and hy are nonzero

constant.
So we can rewrite f and g as follows:

f=e" g=e¢%. (2.29)

Now from (2.5) we get
N2y Bae(3193) = 2. (2.30)
Also from (2.30) we can conclude that y3(z)+05(z) = C for a constant C' and so y3(2)+05(2) =

0. Thus from (2.30) we get nQe”C’yééé = p?(z). By computation we get

s = ep(2), 63 = —cp(2), (2.31)
Hence
v3 = cQ(z) + b1, I3 =—cQ(z) + ba, (2.32)
where Q(z) = foz p(z)dz and by, be are constants. Finally we take f and g as

f(z) = 19 g9(z) = coe ¢RR)

where c1, ¢co and ¢ are constants such that (nc)?(cico)™ = —1.

Case 2: Let p(z) be a nonzero constant b. Since n > 2k, one can easily prove that f and ¢
have no zeros. Now proceeding in the same way as done in the proof of the Case 1 we get
f =e“and g = e, where a and 8 are two non-constant entire functions.

We now consider the following two subcases:

Subcase 2.1: Let k > 2.

We see that
N(r,0; [f"*) =0
and
@)™ #o. (2.33)
Similarly we have
9" (2)g" ()] #0. (2.34)
Then from (2.33), (2.34) and Lemma 10 we must have
f — eaz+b’ g= 8C2+d, (235)

where a # 0, b, ¢ # 0 and d are constants.
Subcase 2.1: Let k£ = 1.
Considering Subcase 1.2 one can easily get

f=etl g =ecstd (2.36)

where a # 0, b, ¢ # 0 and d are constants.
Finally we can take f and g as

dz

dz —
; g = c4€ 5

f=c3e

where c3, ¢4 and d are nonzero constants such that (—1)¥(czcq)™(nd)?* = b2
This completes the proof of Lemma. O
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Lemma 14. Let f, g be two transcendental meromorphic functions, p(z) be a non-zero polyno-
mial with deg(p) < n—1, where n and k be two positive integers such that n > max{2k, k+ 2}.
Let [(f —a)"]™®), [(g — a)™]® share p CM and [(f — a)"]®[(g — a)"]*®) = p*. Now

(i) if p(2) is not a constant, then f = c1e“?) +a, g = c2e=°Q=) - a, where Q(z) = [ p(2)dz,
c1, ca and ¢ are constants such that (nc)?(cico)™ = —1,

(ii) if p(z) is a nonzero constant b, then f = c3e® +a, g = cue™% + a, where c3, ¢4 and d are
constants such that (—1)*(czcq)"™ (nd)?* = b2

Proof. The Lemma follows from Lemma 185. |

Lemma 15. Let f, g be two transcendental entire functions and P(w) be defined as in (1.1),
p(2) be a nonzero polynomial such that deg(p) < l—1, where n, k andl be three positive integers
such that 21 > n + 3k + 3. Suppose [P(f)]®)[P(g)]*®) = p>. Then

(i)if p(z) is not a constant, then f = c1e°?) +¢;, g = coe =P 4 ¢}, where Q(z) = Iy p(2)dz,
c1, ¢a and ¢ are constants such that (nc)?(cic2)™ = —1,

(ii) if p(2) is a nonzero constant b, then f = cze?* +¢;, g = c4e ™% 4 ¢;, where c3, ¢4 and d are
constants such that (—1)*(czcq)" (nd)?* = b2

Proof. Suppose

[PNHPPI® = p. (2.37)
Since [ > k, we can take

f(2) — e = h(z)e*®, (2.38)

where h is a nonzero polynomial and « is a non-constant entire function.
Let i=f—-a, 1 =9—a.
Clearly P(f) = fiP1(f1) and P(g) = g} P1(g1),

ie.,

PUF) = £ o™ + bt f7 + .+ by)
and

P(g9) = gt [bmg! + bm—197" " + ... + bo.

We now consider the following two cases:

Case 1: Let s > 2, where s denotes the number of distinct zeros of P(w) = 0.
In this case m > 1 and so atleast two of b;, where ¢ € {0,1,...,m} are nonzero.
Since f; = he®, then by induction we get

b fIEY®) =t 0", a® hoh L RE))eHDe (2.39)
where t,-(o/7 o a® R R (i =0,1,2,...,m) are differential polynomials in
a/7a/l, . ,a(k),h,h/, .. h(R),

Obviously
ti(a/,a”, . ,a(k),h,h/, e ,h(k)) Z0
and [P(f)]*) # 0.
From (2.37) and (2.39) we obtain
N(r,0; tye™ @) 4 ¢, _1em=DE) L 4 t0) < N(r,0;p%) = S(r, f). (2.40)
Since « is an entire function, we obtain T'(r, a9)) = S(r, f) for j = 1,2,...,k. Hence T(r,t;) =

S(r, f) for i =0,1,2,...,m. So from (2.40) and using second fundamental theorem for small
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functions{see [18]}, we obtain
m T(r, f)
T(r tme™ + ...+ t1e%) + S(r, f)

< N1 0;te™ + ...+ t1e®) + N(r, 03 tme™™ + ...+ t1e®* + o)
+N(r,00;tme™* + ... +t1e%) + (e + 0o(1)) T(r, f)

< N 0itne™ DY 4+t ty) + (e +0(1) T(, f)

< (m—=DT(r, f) + (e +o(1) T(r, ),

for all € > 0. Take € < 1 and we obtain a contradiction.
Subcase 2.2: Let s = 1.
In this case | = n. From (2.37) we get

[(f)"®[(g)"®) = p*. (2.41)
Finally Lemma follows from Lemma 14.
This completes the proof of the Lemma. O

Lemma 16. [14] Let f and g be two non-constant entire functions and A, p be two constants
such that Ay # 0. Let n, m and k be three positive integers such that n > 2k +m. If

[ ™+ )™ =g g™ + @)™, then f4(2) = ¢%(2), d = GCD(n,m).

Lemma 17. [16] Let f and g be two non-constant meromorphic functions, k, n > 2k + 1 be
two positive integers. If [f*]*F) = [g"]*), then f =tg for a constant t such that t" = 1.

Lemma 18. Let f and g be two non-constant meromorphic functions and a(z)(#£ 0,00) be a
small functions of f and g. Let n, k and s > 2 be three positive integers such that n > 2ks + k
and P(w) be defined asin (1.1). Ifl; > k(i =1,2,...,s) and ©(0; f)+60(o0; f) > W
then

[P PP(g)) ™ # a?,
Proof. First suppose that

[(f =) (f =) (f =) ]® (g —e)t (g = e2) .. (g — co)* ] = o’ (2.42)

Now by Lemma 8, we have

S(va) = S(r,g).

Now by the second fundamental theorem for f and g we get respectively

sT(r, f) < N(r,0; f) + N(r,00; f) + > N(r,ci; f) = No(r,0; f) + S(r, f) (2.43)
=1
and
s T(r,g) < N(r,0;9) + N(r,00;g) + ZN(T, ciig) — No(r,0:9") + S(r. g), (2.44)
=1

where No(r,0; f /) denotes the reduced counting function of those zeros of f " which are not the
zeros of f and f —¢;, i =1,2,...,5 and No(r, 0;9/) can be similarly defined.

Let 2z1(a(z1) # 0,00) be a zero of f — ¢; with multiplicity ¢;, i = 1,2,...,s. Obviously z;
must be a pole of g with multiplicity 7. Then from (2.42) we get l;q; — k = nr + k. This gives
qi > %7% fori=1,2,...,s and so we get

— l; l;
. < i < I .
N(T7cl7f)— n 2]{5 N(T,Cl,f)_ n 2]{1 (T7f)
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Clearly
= n
N(r,ci; f) < (r, f). 2.45
g (rei f) < o= T ) (245)
Similarly we have
N n
N(r,ci;9) < ——T . 2.4
> (reing) < ——=p T(r.9) (2.46)

Then by (2.43) and (2.45) we get
sT(r, f) (2.47)

< (24 ol 00~ Bl ) €] T ) + ().

Then from (2.47) we get

(s_z_ T (0:1) + O(oci ) - ) T(r. ) < S(r. ).

Since ©(0; f) + O(o0; f) > W, we arrive at a contradiction.

This completes the proof. O

Lemma 19. [2] Let f and g be two non-constant meromorphic functions sharing 1 IM. Then

— — —(2 — —
Np(r,1;f) +2Nr(r,1;9) +N§E(T71§f) — Nys1(r,159) — Ng>a(r, 15 f)

< N(r,1;9) = N(r1;9).
Lemma 20. [2] Let f, g share 1 IM. Then
Ni(r,1; f) < N(r,0; f) + N(r,00; f) + S(r, f)
Lemma 21. [2] Let f, g share 1 IM. Then

(i)  Nys1(r,159) < N(r,0; f) + N(r,00; f) — No(r, 05 ) + S(r, f)
(ZZ) Ng>1(7"7 11 f) S N(Tv O,Q) +N(T7 OO,g) - NO(T7O;9/) + S(T’ g)

3. PROOFS OF THE THEOREMS

Proof of Theorem 1. Let F' = % and G = %. Note that since f and g are

transcendental meromorphic functions, p(z) is a small function with respect to both [P(f)]*)
and [P(g)]®®). Also F and G share (1,2) except the zeros of p(z).
Case 1. Let H #0.

From (2.1) it can be easily calculated that the possible poles of H occur at (i) multiple zeros
of F and G, (ii) those 1 points of F' and G whose multiplicities are different,(iii) those poles of
F and G, (iv) zeros of F'(G") which are not the zeros of F(F —1)(G(G —1)).

Since H has only simple poles we get

N(r,00; H) (3.1)
< N(r,00;F)+ N(r,00;G) + N,.(r,1; F,G) + N(r,0; F| > 2) + N(r,0; G| > 2)
+No(r,0; F') + No(r,0:G") + S(r, f) + 5(r,9),
where N(r, 0; F,) is the re(,luced counting function of those zeros of F' which are not the zeros
of F(F —1) and Ng(r,0;G ) is similarly defined.

Let zo be a simple zero of F'— 1 but p(zp) # 0. Then 2y is a simple zero of G — 1 and a zero
of H. So

N(r,1;F|=1) < N(r,0;H) < N(r,00; H) + S(r, f) + S(r, 9)- (3.2)
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Now using (3.1) and (3.2) we get

N(r,1;F) (3.3)
N(r,1;F|=1)+ N(r,1; F| > 2)

N(r,00; F) 4+ N(r,00;G) + N(r,0; F| > 2) + N(r,0;G| > 2) + N.(r,1; F,G)
+N(r,1;F| > 2) + No(r,0; F ) + No(r,0; G ) + S(r, f) + S(r, 9)

INIA

Now in view of Lemma 3 we get

No(r,0:G )+ N(r,1;F |> 2) + N.(r,1; F,G) (3.4)
< N(?"OG|G7£0)<N(7"OG)+ N(r,00;G) + S(r,g),

Hence using (3.3), (3.4), Lemmas 1 and 2 we get from the second fundamental theorem that

nT(r, f)
< T(r,F) + Niga(r,0; P(f)) — Na(r, 0; F) + S(r, f)
< N(r,0;F)+N(r,00 F) + N(r, 1;F) + Niya(r,0; P(f)) — Na(r,0; F) — No(r,0; F')
< 2N(r,00,F)+ N(r,00;G) + N(r,0; F) + Nyy2(r,0; P(f)) + N(r,0; F| > 2)
+N(r,0;G| > 2) + Nu(r,1; F,G) + N(r,1; F| > 2) + No(r,0; G’ ) — Na(r,0; F)
+S(r, f)+ S(r,g)
< 2 N(r,00; P(f)) +2 N(r,00; P(g)) + Niya(r,0; P(f)) + Na(r,0; G)
+S(r, f)+ S(r,g)
< 2 N(r,00; P(f)) + (2 + k) N(r,00; P(9)) + Niy2(r, 05 P(f)) + Ni2(r, 0; P(g))
+S(r, f)+ S(r,g)
< 2 N(r,00; f) + (24 k) N(r,00; ) + Niga(r, 05 (f — 1) Pu(f)) + Nira(r, 0; (9 — ) Pe(g))
+S(r, f) + S(r,9)
< 2N(r,00; f) + (k+2) N(r,00;9) + (k+2){T(r, f) + T(r, 9)} +r{T(r, f) + T(r, 9)}
< Bk+2r+8)T(r)+ S(r) (3.5)

In a similar way we can obtain
nT(r,g) < (Bk+2r+8)T(r)+ S(r). (3.6)
From (3.5) and (3.6) we get
(1-3k—r—8)T(r) < S(r),
which is a contradiction since I > 3k + r + 8.
Case 2. Let H =0. Then the Theorem follows from Lemmas 9, 14 and 18.
Proof of Theorem 2. In this case F' and G share 1 IM.

Case 1: Let H # 0. Here we see that

NP (r,1;F |=1) < N(r,0; H) < N(r,00; H) + S(r, F) + S(r, G). (3.7)
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Now using Lemmas 3, 19, 20, 21, (3.1) and (3.7) we get

N(r,1; F) (3.8)

NE(r 1 F) + N (r, 1 F) + Np(r,15G) + N (r, 1; F)

N(r,00; f) + N(r,00;9) + N(r,0; F| > 2) + N(r,0; G| > 2) + N.(r,1; F,G) + Np(r,1; F)

+N L 1G) + N (r, 1 F) 4+ No(r,0; F') + No(r,0;G') + S(r, f) + S(r, 9)

N(r,00; f) + N(r,00;9) + N(r,0; F| > 2) + N(r,0;G| > 2) + 2N (r,1; F) + 2N (1, 1; G)

NG (1,15 F) 4+ No(r,0: F) + No(r,0;G') + S(r, f) + S(r, 9)

N(r,00: 1)+ N(r.0019) + N(r.0:F| > 2) + N(r,0:G| > 2) + N (1 1:G)

+Ngs1(r,1; F) + Np(r,1;F) + N(r,1;G) — N(r,1;G) + No(r, 0; FI) + No(r,0; G,)

+S(r, f) + S(r,g)

3 N(r,00; f) + 2N (r,00; g) + Na(r,0; F) + N(r,0; F) + No(r,0; G) + N(r, 1;G)

—N(r,1:G) + No(r,0;G ) + No(r,0; F ) + S(r, f) + S(r, g)

3 N(r,00; f) 4+ 2N (r,00;g) + Na(r,0; F) + N(r,0; F) + Na(r,0; G) + N(T,O;GllG #0)

+W0(T,O;F/) + S(r)

3N (r,00; f) + 3N(r,00;g) + No(r,0; F) + N(r,0; F) + No(r,0; G) + N(r,0; G)

—I—NO(T,O;F/) + S(r).

Hence using (3.8), Lemmas 1 and 2 we get from second fundamental theorem that

WT(r, 1)

N(r,0; F) + N(r,00; F) + N(r,1; F) + Ng12(r,0; P(f)) — No(r,0; F') — No(r, 0; F/)

4N (1,00, P(f)) + 3N (r,00; P(g)) + Na(r,0; F) + 2 N(r,0; F) + Ng12(r,0; P(f))

+No(r,0;G) + N(r,0;G) — No(r,0; F) + S(r, f) + S(r, 9)

4N (r,00; P(f)) + 3N (r,00; P(g)) + Nit2(r,0; P(f)) + 2 N(r,0; F) + Nao(r,0; G)

+N(r,0;G) + S(r, f) + S(r, 9)

AN(r,00; P(f)) + 3N (r,00; P(g)) + N2 (7, 0; P(f)) + 2 kN(r,00; P(f)) + 2 Ni41(r, 0; P(f))

+k N(r,00; 9) + Nita(r,0; P(g)) + kN (r,00; ) + Ni11(r, 0; P(g)) + S(r, f) + S(r, 9)

< (2k+4)N(r,00; f) + (2k + 3)N(r,00;9) + (3k + 3r + 4)T(r, f) + (2k + 2r + 3)T(r, g)
+S(r, f) + S(r,g)

< (9% +5r+ 14T (r) + S(r).

In a similar way we can obtain

IN IN A

IN

IA IN

IN

IN IN A

IN

nT(r,g) < (9% + 5r + 14)T(r) + S(r). (3.9)
Combining (3.9) and (3.9) we see that
(I —9k —4r —14) T(r) < S(r). (3.10)

When [ > 9k + 4r 4 14, (3.10) leads to a contradiction.
Case 2. Let H = 0. Then the Theorem follows from Lemmas 9, 14 and 18.

This completes the proof of the Theorem. O

Proof of Corollary 1 and 2. From Theorem 1 and 2 one can easily prove the corollaries. So

we omit the details. ]
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