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Global existence and blow-up of a Petrovsky
equation with general nonlinear dissipative and
source terms

Mosbah Kaddour and Farid Messelmi

Abstract. We consider in this work the nonlinearly damped semilinear
Petrovsky equation with general nonlinear dissipation and source term

o%u 2 ’ p—2 n o .

W—i—Au—Au + [ulP"Fu+ag (u') = Bf (u) in Q x [0,400[
where Q is open and bounded domain in R" with a smooth boundary
0Q =T,a,8 > 0. For the nonlinear continuous term f (u) and for g
continuous, increasing, satisfying g (0) = 0, we prove the global exis-
tence of its solutions by means the Faedo-Galerkin procedure combined
with the stable set method in H3 (). Furthermore, we show that this
solution blows up in finite time, when the energy is negative.
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1. Introduction

This paper devoted to the global existence, uniqueness, and the blow-up of
solution for the nonlinear general Petrovsky equations

% + A2y (t) — A/ () + |[ulP P u () + ag (W () = Bf (u(t)), in Q x RT,
u=0,u=0, onT x[0,+400],
u(z,0) = up(z), v'(z,0) = ui(x) in Q.
(1)
Recently, in the absence of the strong damping term —Aw’ () and in the case
where Bf (u(t)) = —q (z) u(z,t) + |u|’ > u (t) for g continuous, increasing,
satisfying ¢ (0) = 0, and ¢ :  — R, a bounded function, the problem (1)
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becomes the following

2
% + A% (t) + q(z)u(z,t) + g (u' (t)) =0, in @ x RT,
This equation together with initial and boundary conditions of Dirichlet type
was considered by Guesmia in [9], he proved a global existence and a reg-
ularity result of solution, the author under suitable growth conditions on
g showed that the solution decays exponentially if g behaves like a linear
function, whereas the decay is of a polynomial order otherwise. Without
the strong damping term —Au/ (¢) withe ag (v () = |u/ (£)|” >/ () and
Bf (w(t)) = (b+1)|u®)P ?u(t), b > 0, the problem (1) reduced to the
following problem
0%u 9 L NT=2 1 p—2 : +
ﬁ-i-A w(t)+ [ @) "W @) =blu@®)P " u(t), in Q x RT,
this problem has been considered by Messaoudi in [12], where he investigated
the global existence and blow up of solution.

More precisely, he showed that solutions with any initial data continue
to exist globally in time if ¢ > p and blow up in finite time if 0 < p and the
initial energy is negative. He used a new method introduced by Georgiev and
Todorova [8] based on the fixed point theorem for the proof.

in [13], Wu and Tsai showed that the solution of the problem considered
in [12] is global under some conditions. Also, Chen and Zhou [4] studied the
blow up of the solution of the same problem as in [12].

In the presence of the strong damping, in the case where Sf (u(t)) =
b+ 1) |u@)Put), g () = |u' (&))" ' (t), b > 0, general Petrovsky
problem as in (1) becomes

0%u 9 , s no—1 p—1

g TAu®) - A @)+ @O W (@) =@ u®), (2
this problem was considered by Li et al. [7], [6] and in [2], the authors obtained
global existence, uniform decay of solutions without any interaction between
p and o, the blow up of the solution result was established when o < p .
Very recently, Pigkin and Polat [6] studied the decay of the solution of the
problem (2).

In this paper, our aim is to extend the result of [12], [13] and other’s
established in a bounded domains to general problem as in (1). The nonlin-
ear term f in (1) likes f (u (z,t)) = a (z) |u (&) 2w () — b (x) |u )] > u (t)
with r > ¢ > 1 and a(z), b(x) > 0, and g in (1) likes g (v (x,t)) =
o) |u (@))% (t) with ¢ > 2 for @ : Q — R a function, satisfying
a1 > a(x) > ag > 0. For these purposes, we must establish the global exis-
tence of solution for (1), we use the variational approach of Faedo-Galerkin
approximation combined with the monotonous, compactness, stable set meth-
ods as in [12], [3] and in [6] with some modification in some passages to drive
the blow-up in infinite time of the solution.
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2. Hypotheses

Let us state the precise hypotheses on p, g and f. Let p be a number with

2n —6

2<p< L (125 2<p<ooifn=1234), (H1)

g is an odd increasing C! function and

zg(z) >dolz|”, Ve €R, p>0 > 2,
o—1 (H2)
|g($)|§d1|l’|+d2‘(17| 7V$€Rap>022; dzZO
Let f (z,s) € C' (Q x R), satisfies:
sf(x,s) + ki (2)[s| = pF (z,5), p>2, (H3)
where F' (z, s) fo (z,¢) d¢, and the growth conditions
flx,s)| <1y s + kg (x )
@)l < b (Isl’ + k2 (@) -

Fo ) <t (15" + ks () in Q xR,

with some lo, {1 > 0 and the non-negative functions k; (z), k2 (z), ks (z) €
L>(Q),ae rcQ,and 1 <0< g <5,

3. Local Existence

In this section, we establish a local existence result for (1) under the assump-
tions on f, g and p.

Theorem 1. Assume (H1)-(H4) hold. Then given any (ug,u1) € WNLP(Q) X
HZ ()N L22(Q), the problem (1) admits a unique solution u (t) satisfying:

w e L0, T;WNLPQ)), (3)
u' € L(0,T; Hf (), (4)
g (). (t) e L (0,T; Ll(Q)) , (5)
u’ € L*(0,T; L*(1)). (6)
where
H(Q)={p e H*(Q) : o =208,0=0 on 00},
and

W={peH" (Q)NH; Q) : Ap=0,Ap =0 on 9Q}.

Not that throughout this paper, C' denotes a generic positive constant
depending of Q and of all other’s given constants, which may be different
from line to line and is capable of being examined and modified.

Proof. We employ the Galerkin method to construct a global solution. Let
T > 0 be fixed and denote by V,,, the space generated by {©1, ©2,...;, ¥m},
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where the set {p,,; m € N} is a basis of L*(Q), Hg () and H* (Q)NHZ (Q).
We construct approximate solutions u,, (m =1,2,3,...) in the form

m

un(t) = Y Kjm(t)w,

j=1
where K, are determined by the following ordinary differential equations:
(un w;) + (A, Aw;) + (Vul,, Vw;) (7)
([l g w3) + (g () wy) = BUS () )

as m——o0o (8)

Um (0) = ugm = (wo, wj)w; —~ — up

I

=1

in H*(Q) N HZ () NLF(Q),

m
ul, (0) = Z uy, wi)wy TS (9)
in H? (Q) N L*72(Q),

with wug, w1 are a given functions on , by virtue of the theory of ordinary
differential equations, the system (7)-(9) has a unique local solution on some
interval [0, ¢,,). We claim that for any 7' > 0, such a solution can be extended
to the whole interval [0, T'] by using the first a priori estimate below.We denote
by C, Cj or ¢k the constants which is independent of m and the initial data

ug and uq.
Multiplying the equation (7) by K7,,(¢) and performing the summation

over j = 1,...,m, the integration par parts gives

B, (8) + [V, () + a (g (ul, (£)) 1l (£)) = 0, ¥E >0, (10)

2,1 1
B (8) = 5 (O + 5 18 O+ Jan (05— | F(z,(0)) d, (11
by (H3) and Young inequality, we have
1 1
7/ F(z,upy)dz > 77/ k1 (@) |wpm | dx — f/ U f (T, Up,) dx (12)
Q P Jo P Jo

> —2C? | Mg ()] — Ce by ()] — }9 / o f (2,0
Q
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and by using hypotheses (H4), Young’s inequality we have

%/ﬂumf(x,um)dwﬁ]%|f($7um)|\um|

12
<Ue | (|um|”+|k2 @F)do+ S5 [, 2o
P Ja

c(e,p)
peall mlly (13)

2 —20 20 l2
< e (p +2 mup) + Lelky (2)?
p p p p

l2
p5||um||20+* e ks (2)” +

1
+C' (e,p) + 2 [

. . . o . 1 .
substituting (13) in (12), and chosen ¢ < Cy = min (@, ﬁ), (11) be-
comes

1
B (1) 2 5 [t (0)" + C1 | A ()] + Ca Jum|l} — Cs (1 4+ Ky + K2), (14)

[t () + [ At (8)]7 + [ | < Ca (B (1) + Ky + Ko + 1), (15)

where

1 2012+1
0<Cl§(170003)70<02§ - = LT Co |,
D p?

2 2
C5 = max <C’E;Z;E;C'(E, )—|—% L 29),

1
C4y = max (min (%701,02) ,Cg) .

Thus, it follows from (10) and (14) that, for any m = 1,2, ..., and ¢t > 0.

[, (8)1% + [ At () + [ (B)]]7 + / \Vul,, (s)]” ds (16)
0
+a/ (g (ul, (5)) 1ty ()) ds < Cu (B (0) + K1 + K +1).
0

By assumption (H2)-(H4) according to the Holder’s inequality, we have

1 1
/F(w,uOm)d;ﬂ < 7/ ky (x) |u0m|dx+f/u0mf (z,ugm)dx  (17)
Q P Ja P Ja

< C (Jum O + [k @)+l ()5 + k2 @) + [ (O)F) -
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Then using (8), (9), (10), (11) we obtain that

B, (t) < En, (O) ‘ulml + — D ||u0m||p

1
+5 | Augm|? 75/ F (2, ugm) dz (18)
Q

< Cu (Jurml® + luom I+ |Auom * + luom|* + Ky + K2 ) < C,

for some C' > 0, where K, = ||k, Ko = |[ka|%
Hence, for any t > 0 and m = 1,2, ..., from (16) and (18) we get

(O 8w OF+ [ 90 () dstlun Ol [ [ gt () (5 dads < €.

(19)
By the growth conditions, the estimate (19) and as 20 < p, we have

1 ) < Ol (fum* + k2 (@) ) < € (a7 + 1022, < €.

With this estimate we can extend the approximate solution w,, (t) to the
interval [0, 7] and the following apriori estimates

um is bounded in L (0,T; L*(Q)),
/» is bounded in L (0,T; L?*(Q2)) ,
Vu is bounded in L? (0,T; L?(9)) , 90
g (u;n) .ul - is bounded in L1 (Qx(0,7)), (20)
Auyy, (t) is bounded in L (0, T LQ( ),
f (up,) is bounded in L> (0,T; L*()) .
hold. (]

Lemma 2. There exists a constant K > 0 such that

llg (un, (t))HLﬁ(Qx[O,TD =K

for all m € N.
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Proof. From (H2), Holder’s, Young’s inequalities gives

//\g “dxdt=//|g g (u >|ai1dm
< [ [l 01 (0 it 01+t 0 )7
<0 [ 1ot @) (1t 0177 + it 0

—c/ /|g )| it (8)]7 dadt
+C/ [ 19 0 ()]

()7 dadt + C (o) /0 ' /Q ol (1) dwdt

+c/ | lo i @] 0] dt,

/ /\g Uy, = 1dxdt<C’ / /\u 7T dadt
+C’/ /\g )] |ul, ()| dzdt
<c/ e, ||51dt+c/ /|g )]l ()| dvdt,

hence, by (20), we conclude that
/ / lg (u 7T dpdt < K.

Lemma 3. There exists a constant M > 0 such that

therefore

T
()] + 18 (0] + [V 0)]de < 0,
0

for all m € N.
Proof. From (7) we obtain

|UZL(O)| < |U0m‘p71 + ’A2u0m| + [Aurp| + a g (uim)| + B1f (vom)l
by (H4) we have

1 (o) < 1 (Juom” + k2 (@)°) < € (11 Auonll3” + 152112,
Since g (u1,,) is bounded in L? () by (H2), from (8) and (9) we obtain
|um (0)] < C.
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Differentiating (7) with respect to t, we get
(um,wj) + (A%ul,, wy) — (Aup,w;) + (p— 1) (|um‘1’*2 ujﬂ,wj)
+a (g (u%) u;:mwj> :ﬁ(f/ (Um) u;n’wj>' (21)

Multiplying it by K7, (¢) and summing over j from 1 to m , according to the
Holder’s inequality, to find

1d
5 (|u" () + 18w, OF ) + [V, OF +a (¢ () wpup) — (22)
p= 1) [ funl 2 i dn 5 [ 15 ) |
Taking A verifying the inequalities:

>\+1<m1n( (Gpl),ﬂ) 1fn>5
)\+1<( )1fn—1234

then by using (H4), estimates (20) and generalized Holder’s inequality, we
deduce that

18 Gl i o
/ 1
< |t (el + ks (@ )HW) [rallaga ey el

o—1|*
< € ([t [y 15 @M ) Wby
<C (||um||;(9—1) + || k3 (x)l\;) AU ] Ul
< Cs (I (O + 18w, (1)), o3

where C; and C are positive constants independent of m and ¢ € [0,7].
By same manner, using condition (H1), Young’s inequality, Sobolev
imbedding and estimate (20) we have

[t il e < P Wl 2, el
" 2 / 2
< Cl|aup Iy i lly < Cs (Jum (@) + [Aur, ). (24)
Combining (22), (23) and (24) we deduce
li 7 2 / 2 " ! " "
5o (@ + 12d, (OF) + Vel (OF +a (g’ (u,) uyouly)
< Co (Jum () + 18w, (1))

Integrating the last inequality over (0;¢) and applying Gronwall’s lemma, we
obtain

t
! (1) + | A (1) +/ IV (#)[2 ds < C for all ¢ > 0.
0
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Therefore
uly, is bounded in L™ (0,T; L*(Q2)),
Aul, is bounded in L> (0,T; L*(2)), (25)
Vul, is bounded in L* (0,T; L*()) ,

it follows from (25), (ul,) is bounded in L> (0,T; H3 (%)) .

Furthermore, by applying the Lions-Aubin compactness Lemma in [10],
we claim that
ul, is precompact in L? (0,7 L*(2)) . (26)
we conclude from (20) and (25) that, we can extract a subsequence noted
again (u,,) such that

U, — u weak star in L™ (0,7 HZ(Q)) ,
U, — u strongly in L? (0,T; L*()) ,
ul, — u' weak star in L (0, T; HZ(2)),
u],, — v’ strongly in L? (0,T; L*(Q2)),
ull, — u” weak star in L> (0,T; L*(Q)) ,
g (u),) — x weak star in L7-1 (2 x (0,7)),
f (um) — ¢ weak star in L (0, T; L*(2)) .

(27)

Using the compactness of HZ(Q2) to L?(Q), it is easy to see that

T T
/ / i |72 g vdazdt — / / ul[?~? wvdzdt, for all v € L7 (0,T; H3 (),
o Jo o Ja

as m — 0o.
By (H2) and estimetes (27) we have

g(ul)— g@) aein Q x (0,7).
Therefore, from [10, Chapterl,Lemmal.3], we infer that
g (ul,) — g (u') weak star in L7-7 (0,75 L7"1),

as m — oo, and this implies that

/ / ) vdxdt — / / "odxdt for all v € L7 (0,T; HG(R)) .

By the same manner using the growth conditions in (H4) and estimate (27),
we see that

T 0+1
/ [ ()| ¥ vt
0 Q

is bounded and
fum) — f(u) aein Q x (0,7).
then
f(um) — f(u) weak star in L (O T, LGH)

as m — oo, and this implies that

T T
/ / f () vdzdt — / / f (u)vdzdt for all v e LY (0,T; H3 () .
0o Ja 0o Ja
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It follows at once from all estimates that for each fixed v € L (0,T; H3(Q2)) N
L7 (0,T; H3(2)

T
/ / (ult, + A2, — Aul, + [un|” wn + ag (ul,) — Bf (um)) vdzdt
0o Jo
T
— / / (u" + A2u— AU+ [uP P u+ag (W) - Bf (u)) vdxdt,
o Jo

as m — oo. Consequently

T
/ / (u” + A% — AU+ [ufP P u 4 ag (W) — Bf (u)) vdzdt = 0,
0 Q
Yo e L (0,T; H3(Q)) N L7 (0, T; H3 () -

This means that the problem admit a weak solution w satisfying (1), and
(3)-(6). O

Theorem 4. Under the hypotheses of the thoerem 1, we have the solution u
given by thoerem 1, is unique.

Proof. Let u and v two solutions, to the sense of the thoerem 1. Then w =
u — v verifies

w” + (A%u — A%) — Aw' + (g (u') — g (v'))

+([uf " u = ") = B(f (u) = f (v)), (28)
w(0) = w'(0) =0 in Q, (29)

w= dyw=0on%, (30)

w e LP(0,T; W N LP(Q)), (31)

w' € L*(0,T; HE (). (32)

Let’s multiply the two members of (28) by w’ and integrate on 2. According
to the Green’s formula and of the conditions (30), and integrate par part the
result on [0, t], using conditions (29) to find that

1 t _ _
5 (W' ®F +1awP) g/ / )W 20— |o]P 20| jw!|dzds  (33)
2 0 Q

+/3/0t/n|f<u>—f<v>||w'|dxds.
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According to the Holder’s, Young’s inequalities, condition (H1), estimates
(27), the first term in right-hand side of (33) can be estimated as follows:

t
/ / ‘|u\p72u— |v|p72v‘ |w'| drds
0 JQ
k 2 2
<= T+ 2 gy 122
<=0 [ (1] gy 7 ) T 2 g PNy

<c/ mmmagﬁwwm@mQMMWHQWﬂmmws (34)

_92 9

< c/ot (|w'(s)|2 +|Aw (s)|2) ds.

Now setting U, = eu+ (1 —¢) v, 0 < e < 1, by the growth conditions, for the
second term of the right side to (33), we have

/u IWMM4

///ds
gAAAuwﬂmmw%mmmm

< c/ot/Q (m"*l + 1) + [k (x)|) w (s)| [’ (5)| dwds = I.

.) dew'dzds

) de| |w'| dzds

.)de

|w'| dxds

Using the generalized Holder’s, Young’s inequalities, the estimates (27), and
picking A satisfying;

2<A+l<ooifn=1234,

we see that

0—1 0—1 /
r< [ ol k@I Tl I

0—-1 0—1 A /
<0 [ (R T, s ki) ol 'L

t
0— 60—
SC[;@AM@ D 10RO ks @)1, ) llAwlly e ds

<o [1aul s <¢ [ (W + 1w eF) e @)
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Combining (33), (34) and (35) to obtain
t
wOF +1Bw@f <0 [ (WP + 1w ) ds
0
The integral inequality and Gronwall’s lemma show that w = 0. ]

In order to state and prove our main results, we first introduce the
following functions:

T =1((®) = |Au®F =5 [ 1) xtdw—ﬂ/kl ) fu ()] da
(36)
T(t) = J(u(t)) = % Au)? - ﬁ/QF (2, ) dx, (37)
B(®) = B(u(t) /() = T (w(@) + 5 @ + 7 @l (39

And the stable set as
W= {u:ueH;Q),I(t)>0}u{0}. (39)

4. Global existence

The next lemma shows that our energy functional (38) is a nonincreasing
function along the solution of (1).

Lemma 5. F(t) is a nonincreasing function for t > 0 and
E'(t)=—|Vd @) - a/ u () g (t)dz <O0. (40)
Q

Proof. Multiplying the equation of (1) by u' and integrate over (, using
integrate by parts and summing up the product results

E({t)-E(0) = /|Vu \ds—a// (s)) dxzds for t > 0.

O

Lemma 6. Suppose that (H1)-(H4) hold, let ug € W and uy € H3(Q) such
that

2 2
y=pettt (S5 0) Tt @l b @) <1 @)
Then u € W for each t > 0.

Where C, is the Sobolev-Poincaré embedding such that for all 2 < p <
20 (n>5), (2<p<ooifn=1234) we have

lu@)ll, < Cu [Au®)l,, Yu e H(Q).
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Proof. Since I (0) > 0, by the continuity, there exists 0 < T;,, < T such
I(t)>0, Vte[0,T,],
this gives from (37) and (H3), that

E()>J()=210)+ % | Aul?

p
p p—2 2
+5 (/Qf(u)udz+/ﬂk1 (x) u|dxp/QF(:17,u)da;> > ETS |Aul”.
(42)
By using (42), (38) and (40)
2p 2p 2p
|Auf” < ﬁJ(t) < ﬁE(t) < mE(O)v (43)

By recalling (H1), (H2), (43), (41) and Cauchy-Schwartz inequality, Sobolev
imbedding we have

5/Qf(U)udw+ﬁ/Qk1(rﬂ)IUIdxSﬂ/glf(U)lIUIdw+ﬂ/Q|k1(x)IIU\dw
< 8y /Q ™+ dz + Iy /Q b (@) |ul dz + B /Q e ()] ]

< Bl lu () llgis + B (I k2 (@)oo + [lkx (@)]]5) 1 (B)]15 43
< BLCTH | Au(t)| "+ BCIT Iy (ke ()| + 1 (2)]]0) [Au(t) " (44)
= BLCI |Au(t) "~ | Au(t)?
+HBCIH Iy [z ()| + 111 ()] o) [Au()* " |Au(t)?

oo

—1

2 2
<502 (SZEO) T 0+ ik @l + D @) 1A
< |Aul? on [0,T,,].

Therefore, by using (36), we conclude that I (¢t) > 0 for all ¢ € [0,7T,]. By
repeating this procedure, and using the fact that

0—1

) ) =

Jim 502 (SZ5E0) T ot bl @ + I (@)l < D <1
m p—2

T,, is extended to 7. O

Lemma 7. Let the assumptions (41) holds. then there exists n = 1 — v such
that

ﬁ/ f(u)ud:t+ﬁ/ ki (z) |u|dx < (1—77)|Au|2 (45)
Q Q

and therefore

1

|Aul® < =
n

I(t). (46)
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Proof. From (44) we have
B/wa)udmﬂﬂfﬂkl (2) Jul e < | Auf?

We get (45) by taking n = 1 —~ > 0, and by using (45) from (36) we get the
result (46). O

Theorem 8. Suppose that (H1)-(H4) hold. Let ug € W satisfying (41). Then
the solution of problem (1) is global.

Proof. Tt sufficient to show that ||ut||§ + |Aul? is bounded independently to
t. To see this we use (36), (38) and (H3) to obtain

B(0) > B(t) = 5 |duf* — 5 / F(au)de+ 5 [/ 03+ o)l

% ? B/f udx—f/k:l ) |u| dx

1 / P _ 1 2 1 _ 2
g IO+ Ol = 5 180 + 5 (1) = |Au) +

1, .2 1 »
+o W' @ll; + o [u)Il,
2 . 1 1 . 1
—— |Aul" + *I )+ 5 Hu’(t)Ilz + - IIU(t)Hﬁ

1
> o @+ 2 [au )
since I (t) > 0 and p > 2. Therefore

2p
Hu’(t)||§ + \Au\z < max (2 2) E(0),

These estimates imply that the solution u(t) exist globally in [0, +o0[. O

5. Blow up of Solution

In this section, after some long, tedious calculations, we show that the solution
of problem (1) blows up in finite time under the assumption E(0) < 0, where

B() = B(u(t). (1) = 5 o' () +5 180 O+ (O =5 | F(@u () do
(47)

Remark 9. We set
H(t)=-E(), (48)

we multiply Eq.(1) by —u' and integrate over Q, using (H2) to get
H' (t) = |V )] + a/ u (t) g (W (t)de > ado ||u/ #)||]  ae. t €[0,T],
Q
(49)



On the Petrovesky equation 15
H (t) is absolutely continuous hence
0<H(0)§H(t)§6/ﬂF(z,u)dm (50)
when
E(0) <0.

We need the following lemma, what is easy, by using the definition of
the energy corresponding to the solution, to show it

Lemma 10. Let 2 < p < % ifn>5and 2 < p if n < 4. Then there exists
a positive constant C > 1, depending only on ), such that

L)l < © (@)% + 1Au @) , with2 <5 <p (51)

for any u € HZ (Q). If u is the solution constructed as theorem 1, then

nwmgsc@ﬂw+wmﬁ+wuﬁ+ﬁAF@m«»M), (52)

with 2 <s<pon[0,T).

Theorem 11. Let the conditions of the theorem 1 be satisfied. Assume further
that

E (0) < 0. (53)
Then the solution (3) blows up in finite time.

Proof. We pose

L(t) = [u()* = s{ Ju (. )| da,

L(6)=2(u(t), v (1)),
L' (1) = 2w’ () + 2 (u(t) , u” (1)),

we define the function

G(t) = H'7%(t) 4+ L' (t) — 3epe’ 18 A F(z,u(t))dx

+yiet ||k (@) o + et [|k2 ()7, , ¢ >0, (54)

where 71, 72, € > 0 is a positives constants to be specified later, and

. (p—2 p—o
<
0<am1n< 5 ,(9+1)(U_1)><1, (55)
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derivative the Eq (54) and using Eq. (1), hypotheses (H3) we obtain

d 1
%G() (1—a) H (t)H' (t) +eL” (t) + me [k ()] o

)
d Tt
+y2¢ ||k2 (z —3pee’ '8 F (z,u(t))dx

=(1-a)H () H (t)+2€|U()| +2€( (t),u” (1))
1€ Ik (@)oo + 72e k2 (2)]12 +

+3pee’ 1B /Q F (z,u(t))dr — 3pee’ ~'p /Q fu@)u (t)dz  (56)
—(l—a)H (6 H' () + 2=’ (1) + 2/35/Qu () f (u () do
—2¢ |Au (t)]* - QE/Qu (t) Au' (t) dzx — 2¢ [Ju (t)]];
e ([ (@)oo + 72t IRz ()12
+3pee’ 1B /Q F(z,u(t))dz — 3pee’~'p /Q Flu@)u (t)dz
“2ae /Q w(t) g (u (1) da,

We then exploit Holder’s, Young’s inequalities hypotheses on g, to estimate
the last term in (56) as

2ae

/uumauﬂMx
Q

§2a6d1/ o (t)||u(t)|dx+2asd2/ ! (07 u ()| dr
Q Q

0 -1 - _o
< 2aed; — |[u ()]|% + 20ed; T——57%7 ||’ (t)]| 7= (57)
g o—1

-1 o
o= [[u" (B)l],

5 )
+20zdy — ||u (t)||° + 202dy
o

07 o
= 2(dy + ) Lacfu (D)

+20e 7 =575 (dy | (01172 +do [0 (1)]7) . 6> 0.

because ~%5 < o then by (49) we have

= o o=2 d
dy || (A7) +d2 [[u (t)]]; < C(Q) 7 d1||u Ol +720H’()
o—2 d -2
< CHO@)T W @I + - H' (1) < L (0@ + ) H @)
0 ady

By the boundary conditions we derive the following estimates

/Qu(t) Au’(t)dx:/QAu(t)u’ (t)dw§i|Au(t)|2—|—|u’ OF.  (59)
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Using hypotheses (H4), Holder’s, Young’s inequalities, conditions (55) and
(49) we have

J1s@ni ©ldz <t [ (1l 1 @) + ke @) 10’ 0]) de
Q

Q
< Uy ||u (8)l5g lu’ (B)]],

c—1_o =T 07 -
575 | (175 + 1 s @)1

+l

g

Iy - 20 1
< ;C (8,0) 07 ||u(t)|]5 + ;hé

E 2
=7 [|u (¢)]l5

oc—1

_o I 07 o
0= ||u’ (@)l Z2; + i ke (@)1

< Lere (5,00 () F |l
g

+

g

1 =2 g .
+-LCTC Q)T 57 | ()]

. o 07 o
5T CC () |l (D)7 + b — [lk2 ()12,
o g
ll o—2 o
< = O Q 20 1—UH/
< adoc C(Q)= T H (t)

l =26 o 67 o
+2C (8,0)8°C7C () [[ul|7 +h— [lk2 (0)II7 -

g
+

By the hypotheses (H3), estimate (50) we have

v

26 [u() s @) dz > 26p [ F)do =25 [ k(@) u(o)] do
Q Q Q

> 2pH (1) 28 / o () |u ()] da (60)
Q

and by Holder’s, Young’s inequalities

[ @ u@lde < o0 b (@)l +20% uloll; (o1
Q
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By substituting in (56) and using (57)-(61), yields,
d
prAcs (t)
£21 B a) H_a <t) _ HI (t)
- <3paeT LBCHC (9 ) = 4 20e25L (C*d o= +d2))5ﬁ

+2peH (t) — 2 |Ju (Bl — 58 |Au () + (11 = 28C (0,0)) e [[k1 ()

>

N (72 - 3pseTt5l1(:> c e @2 + 3932 [ F(ou (o) do
Q

o

< (38p™ 1 BLC (0.0) C*C () T 4280 (dh +d)) & ()], V6, < >0
(62

At this point, for a large positive constant A to be chosen later, picking
such that 67> = AH“ (t) > 0 in (62) we arrive for all ¢ > 0 at

d
dt

(1-a) Y ,
= ( 2 (3pee™BCHC () F 4 200751 (10 C(O)F + ) >H O H' ()
+3ﬁp5/ F () d — 2¢ [lu (1) - g€|Au ()2 + 2peH (1)
Q
+ (11 = 2BC (0,a)) e ||k (2) || o (63)

I -
+ (s D el @l

)\1—0
o HY=D @) ||u ()], V6, e > C

-G (t)

—c (39peTﬁllc (6,0) C*C (Q) T + 28a (dy + d2))

By exploiting (50), we have

a(o—1)
HOED 1) (] < o (/ F(x,wda:) (G-

Q

from (H3) we have

/Qqu) dz < l; (/lu(t)le“dw (k2 ()] + k1 (2)]) |u|)

l 1 ll 1
<ol ()llg41 + ¢ ke @)llog + (12 (@)l oo) Nl (8)l 511

l
< 051 G (65)
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by condition (55) and the estimates (52) we confirm that

a(oc—1)

petr=y lu (AII7 <

/F (2, u) da

Q
ll a(oc— 0+1 -1 o
<o (i) ol

ll a(o— 6+1)a(oc—1 o
=B Dl @155 Y ()112

ll a(o— 0+1)a(oc—1 o
<0 D ()15 N ()14

l — alo—
:cimw”n<ﬂWH” R

U gage-1) u(t)|P? + | ()] x,u)dz
<2 C(H@%HI@M+¢(ﬂI+ﬁ!F(,)d)

- Cliﬂa(a—l) ( H(t)+ ||u(t)||p + |u'(t)] —I—ﬁg{F(m,u) dx > (©6)
P + k1 (@)l o + [1E2 ()12

substituting (66) in (63) we obtain

d
gG(t)
A 3peeT BC*C () 7o
= <(1 9o ( +20e221 (C*dlc(ﬂ)%g + dQ) ))
xH~*(t) H' (t)
) 2 p
—|—3p55/F (z,u)dx — € |Au ()] — 2¢ ||u (t)||p
+e(n1 —28C (0, a)) [k (2) |

+e <ny — 3pee 5116> k2 (2)||7, (67)

T * e e
2pH (t) _ 39176 ﬂllc (5, U) c*c (Q) 3 A - %611(0-_1)
+ +25a (dl + dg)

) XC(H@HWMmﬁ+WWW+ﬂ£F@WMx>

+ 1 (@)oo + k2 ()11
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or

d
@G (t)
(1—-a)
>, 3peeT BC*C (Q)%Q H () H' (1)
ady | }9qe0=1 (C*dlc(m‘% + dQ)

+3pﬂ5/ F (z,u) do — ga A ()] - 2¢ u ()]
Q

+e(n —28C (0,0)) [|k1 (2)]] (68)
+e <72 — 3peel Bl f:) | ko (2)]|7,
(5p—1)H (1)

[ 09Tt BMC (6,0) C (@) T ) a7 b gty
+& +208a (d1 +d2) g P

“C ( H () + u@)|} + [ (O + 8 [, F (,u) d )
+ 11 (@)l oo + [[E2 (2) 15
—eBp—1)H (t).
By using the definition (48), the estimate (68) gives

d
ﬁG (t)

(1-a)
> \ 3peel BC*C (Q) 77
ady | }90e0=1 (C*dlc(ﬂ)% + d2)
xH~"(t) H' (t)

(*5)

te| (o 30peTBLC (5.0)CC (@) | yior b ga(o—1)
—|—2ﬁa (dl + d2) g P

x Ju’ (1)
+ <3”2 L ;) & |Au (b))

(11 = 28C (0,0))
o—20
te | o[ 30peTBLC (5,0)C*C QT ) 27t gao-n) | | IR1 (@)l
+2Ba (dy + ds) P
(2 — 3pee” B 2)

te | o f [ 360eTBLC (5.0) CC ()T Mot 1 ooy || k2 (@5
128 (dy + da) o 7
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(52

t+e 30peT BLC (5,0) C*C () 77\ p1-e
_C pe’ BLC (6, 0) (€) A7 1 ga(o—1)
+28a (dy + dy) o P

x Jlu (D)1l

3p—(Bp—1)
+e _C (( 30peT Bl,C (8, 0) C*C(Q)?Tie > )\1_”l1l8a(0'1)> B/F(a:,u) dx

+260& (dl + dg) g P Q

(5p—1)

o—20
+e | _of [ 30peTBLC (5,0)C*C(Q) T | am gae-1 | | H (t)
+2Ba (dy + do) P

C,=C 39p6Tﬂl10(5, 0') C’*C’(Q)UZ_T36 lliﬂa(a—l) ,
+2Ba (dy + da) op

we arrive at

d
gG(t)
(1-a)
> 3peTBCC (Q) H(t) H' (t)
ado™ | oot (C*dlc(Q)”? +d2>

+e [3p2_ I C’l)\l“’] ' (1) + <3p2_ L 2) | Au (t))?

+e (1 —28C (0,0)) = CLA™7) ||y (@) oo
ve ((5a - aweeton ) - o= ) I I,

p_1 - b - - z,u)dz
+5[ 5 -\ ] lu (@B + e [1—C1A! ]ﬂQ/F( ,u)d (69)
+e((5p—1) = CLA""7) H (¢).

chosen v, = 1+ 28C (0,) , 72 = 1+ 3pseTﬁllg and )\ satisfying the
following inequality

. ] 2C4 L/ pCr L Ch
S\, — - - -
A> Ao mln( \/Sp—l’ \/p—l’ VAG 5p—1>
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so that the coefficients of H (t), |u/ (£)]*, |Au(t)|?, lu @Il 5 k1 (@)l
k2 (z)]|, and [ F (z,u)dz in (69) are strictly positive, hence we get
Q

d
aG(t)
(1—-a) o
o, 3peTHC7C (@) F H=" (6) H (1)
ady —|—2CVUT_1 (C*dlC (Q)% + d2)
L HO+ I OF + @+ J, P (o) da
* ( Tl @)+ 2 @)1, ) (70)

where w is the minimum of these coefficients.
We pick e small enough, so that

l—a

3peT BC*C (Q) 7 ) ;

A o
0<e<eg=min| =% ( +2a"7*1 (C*dlc(Q)TQ +do
H'"*(0)
—L'(0)+3pe” B [, F(x,uo)dx

therefore (70) take the form

d B H () + [ ()] + [lu (£
ECEE QR prd vt i T P

hence
G(t) > G(0) >0 for all ¢ > 0.

The second term in (54) by applying Young’s inequality we can estimate as
follows

U (0) = (), o (1) < el @), < e (o OF + Ju @],

SO

1

(@), O™ <O (Ju OF +lu @)=

using Lemma (10) and the condition (55) we obtain

(1) ()]
<C (H (t) + |u’ (£)] + ||u(t)\|£+/QF(x,u) dax) V>0, (72)
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Consequently we have

1
1—a

G(t)ﬁ = (Hl_“ (t) + 26/Qu (z,t)u (t) dz + yet ||k (@) o + Vet || k2 (x)||go>

1—a

1
1-a lia o =
+ etk (@)l 4 ragt [[B2 (@)1 )

2¢ /Qu(m,t) o' (t)dx

Sc(H(t)+

<C (H &) + | @) + [ ()7 +/QF(%U) dr + [|ky (z) o + lIF2 ($)||Zo> )
(73)

We then combine (71), (72) and (73), to arrive at
daw=pamm (74)

where p is a constant depending on C, w, and ¢ only, and not depend of .
Integrate (74) over (0,t) to get

a 1
G = —= —
G (0) —tgige

Therefore G (t) blows up in a finite time 7™ where

T* < 1_7(1@'
apGT-7 (0)
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