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STUDIA UNIV. BABES—BOLYAI, MATHEMATICA, XXXI, 3, 1986

THE IRRATIONALITY OF CERTAIN INFINITE PRODUCTS

C. BADEA*

Rectived : January 19, 1986

ABSTRACT. — The aim of this paper is to prove the irrationality of a class
of infinite products. The main theorem generalizes an old theorem of Cantor
[3] and a recent result of SaAndor [7]. Also, a counter-example for an asser-
tion of Froda [5] and an application of the main result are given.

1. Introduction. An old theorem of Cantor [3] asserts that if () is

asequence of positive integers with #;4, > #ni for all large %, then the value
of the product

e

(1+7] M

np

=
I|'

-1
is irrational.

Recently Sdndor [7] gave, among other things, some conditions for
vhich the value of the infinite product

IT(1+7 @
ie1 7y

is irrational, where (m,) is a sequence of primes and (»;) is a sequence of
positive integers. Namely, he proved that if (m,) is a sequence of primes with

imm, = 0 and () is a2 sequence of positive integers which verify the ine-
ka0
qualities

N TR A S W 3)

then the value of the product (2) will be irrational.

The purpose of this paper is to give some conditions for which the value
of the infinite product

1+ “

i irrational, where (a,) and (b,) are two sequences of positive integers. Our
theorem extends Cantor’s theorem which is obtained for b, =1, # > 1 and
Sindor’s result.

In the case when the infinite product (4) is divergent the problem of
the rationality of his value is needless. Thus we shall assume in what follows
that all infinite products which appear are convergent. Another way in which

* University of Craiova, Department of Mathematics, 1100 Craiova, Romania




4 C. BADEA

we can avoid this trivial case is to make the convention that oo 1s irrational
and rational in the same ‘time.

In the proof of the main result we shall use a crltenon for 1rrat10na11ty
due to Brun [2]. A generalization of Brun’s criterion was given by Froda
[5] but, as well shall see in the third section of the present paper, Froda’s
[5] generalization is not true.

As an application of the main result we shall prove that every ‘conver-
gent infinite product of rational numbers greater than [1] has an infinitely
many disjoint subproducts (to be defined) with irrational values.

We note in ending that the same method of proof for the main’ theorem
was used in [1] to obtain some criteria for the irrationality of certain series.
2. Main result. The main result of the present paper is the following

THEOREM. Let (a,) and (b,) be two sequences of positive integers such that

b, b, (b -1
Apt1 > :l n+ ! a, +1 — b,y L;) (5)

holds for all large n. Then the value of tke product (4) is an zrratwnal number.
For b, = 1 we obtain Cantor’s theorem. Also, the above Theorem is more

general than Séndor’s result. Indeed, if the sequences (m,) and (m,) verifie

Sandor’s conditions then, using (3) for £ = 1, we shall find that ]

2
B i1 = My 1.

Because 1im m, = oo, for all large 2 we have
k—rn

m m o (my — 1)
B4 - a\
M1 MR > N+ —

™y 3 M

H— 1 — mnyy

Thus Sédndor’s conditions impiy the requirements of the main result, i.e. our
Theorem is more general than Sédndor’s result.
"YProof of Theorem. We have

lfI(H‘ @) (@nt b CG) (6)

an' Mx[”"w ay ... 4n

B.tuns criterion asserts that a positive real number « which is the 11m1t of
an increasing scgucnce of iationals

where %, and y, are pgsitive integers, is irrational when

B ¥ N
. For2 ™ ¥r11 . Hpg1 — %r
for all large. 7.
o Takmg into accoupt this theorem we shall prove the inequality (8) for
=(a,+b)...(a +b) and x, =a, ...a, Because the bs are positive

mtegers we get "than (y/%,) is an increasing sequence and thus, keeping in
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mind Brun’s theorem, we shall find that the value of the infinite product
(4) is an irrational number. _

The inequality (8) in our situation y, = (a, + b,) ... (4, + b,) and x =
=4;...a, is equivalent with the following inequality

VYys1@i0+ b, 0— 1)  Yela,  +b,, —1
r4+1\%r42 r+2 7 < 7%y 41 r+1 (9)
%@, — 1) (@, — 1)
and thus with
(@ F 0y (@pp + bygy — 1) < Ay by — 1 ) (10)

a —1

a,1(d@, 40— 1) r+1

From (10) we deduce, by routine calculations, the following equivalent
ration

by2a7 41+ @10y 2 + by < g2 + beyodras + byl (11)
Hence we have

bypolby g — 1)

b Ay 41 + I— r+2: (12)

a, 2 > 'Z'—H U1+
r+1
We see that (12) is just (5) witii » 4 1 instead of #.

Therefore, from the assumptions of the Theorem, it follows that (8) holds
for every sufficiently large » and thus (via Brun’s criterion) the proof of the
the main result is complete.

A simple consequence of the main theorem is the following

r+1

COROLLARV: Let k be a positive integer and (a,) a scquence of positive in-
loers such that

App1 > ap+ (k —Na, +1 — %

0
for every sufficiently large n. Then the value of the product 1‘[( 1+ ’—‘) isan
n=1 Gy
irational number.

Proof. We take in the above Theorem &, = k.

For £ = 1 the condition of the above Corollary reduces to a,.; > a;, i.e.
ve obtain Cantor’s [3] theorem.

3. A counter-example. A generalization of Brun’s irrationality criterion
was given by Froda [5]. Froda proved that Brun’s criterion is also true
when y, and x, are positive real numbers such that (8) holds. The same method
of proof of our theorem remains valid to show, with the help of Froda’s gene-
nlization, that our theorem is also true for positive numbers 4, and b,. How-
ever, this is not valid because Froda’s generalization is not correct. A counter-
eample is given in what follows. We note that the fact that Froda’s proof
for his generalization is not correct was previously known.

Let us define the sequence (c,) by ¢; = 2 and by the recursive relation

Cny1 == Cn — ¢, + 1 (13)
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We note in passing that this sequence is in many situations a counter-examgle
for some irrationality assertions (see for instance Erdés and Straus {4

Let us consider the following two sequences (a,) and (a,) given by

__ logl§
® ey
and

(@ + log 1.5). .. (an -+ log 1.5) .

ay, ... an

%, =

Let us assume that Froda’s assertion is true. Then, because (a,) 1$ increasiy
we deduce that

lm «, =ﬁ (1 +log 1.5)

n— B an

is irrational whether

U1 << Uy (u

for every sufficiently large #, where

(@) + log 1.5) ... (a, . + log 1.5) - (a, - log 1.5) ... (an + log L.5)

n

a ...a —a,...a

ntl
Following the same steps as in the proof of our main result and of th

Corrollary, we get that (14) is equivalent with the inequality from the stat
ment of the above Corollary with log 1.5 instead of %, i.e. with

a,,.H' > a, + (log 1.5 — 1)a, - 1 — log 1.5 (13

We denote b, = 1/(2Y4»— 1), then b, = a,/log 1.5. With these notations »
rewrite (15) as

but1 > bz log 1.5 + (log 1.5 — 1)b, — 1 + (log 1.5) 7 l
Because
0 log 1.5 [F) 1 o I/cn
IT(1+252) =TT (1 + ;) = 11 20 = 27
n=1 an ne=1 "» " 1

is convergent (see Gleason, Greenwood and Kelly [6, pp. 429—-4)
we obtain that b, tends with # to infinity. Hence

(log 1.5 — 1)b, — 1 + (log 1.5)71 <0 (1
for every sufficiently large #.
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On the other hand we have

1 2
lim bn-i—l — lim 2 /c”_“] 6n+1 1/0n+l —
peo D2 nooo 1/ca ¢ gllfmt1_y
: cn+1
= (log 2) lim -~ = log 2 > log 1.5
na0 C,

eause lim 2L — log 2 and ¢, tends with » to infinity by (13). It results

=0 x
that

byi1> br log 1.5 (18)

fir every sufficiently large #.
From (17) and (18) it follows That (16) holds for all large ». Therefore,
if Froda’s assertion is true, the number

id log 1.5 st
1o

lim o, =[] ):H?W
n=1

n—o0l n=1
is an irrational number. Passing to series we find that
¢

ar

[
© 3, ley,
[12% =2

na=]

is irrational. But ) 1/c, =1 (see [6, pp. 429—430)], so we get that 2 is an
n=1

imational number, which is of course a contradiction.
Hence Froda’s assertion is not true in general.

o]
4. An applieation. We say that [] v, is a subproduct of a given product
k=1
X [~
kﬂ w1t () is a subsequence of the sequence (#). Two subproducts [] v, and
=l k=1
o oo
.l_[l w, of the same product [] u, are disjoint if (w,) is a subsequence of the
= k=1
squence (#;) from which has been taken the subsequence (v,).
As an application of the main result we shall prove the following un-
expectedly

PROPOSITION. Every convergent infimite product of rational numbers greater
lan 1 has an infinitely mawy disjoint subproducts with irrational values.

This proposition is similar with a result from [1] where we proved that
every convergente infinite serie of positive rationals has an infinitely many
disjoint subseries with irrational sums (the notions of subseries and disjoint
subseries are defined similary).
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Proof of Proposition. Let P = H ¢, be a convergen‘t infinite product wit

n=1
=1+ b,/a,, where v, and a, are’ p051t1ve integers, # =1, 2, .... Becas
the product P is conwvergent, the sequence (b,/a,) tends to zero When # tenc:
to infinity. Because a, and b, are positive mtegers we get that the sequen:
(a,) tends with # to mflmty

Hence there are an mfmltel} many disjoint subsequences (afy); a
(’bﬁ,‘&));. p=12 ... of the sequences, (a) and (b,) respectively, such th

ol v
b - (B, . — 1
k+1) 2 . r=1) Vn(k, .
An(k+1) > ) An(k) _m__n— Ay + 1 — bagiy

o n(k) )
for all large 7.
Now, using the main result, we {ind that the subproducts’ of P generfed
by the subsequences]( 1), ‘and (B Lﬁ.l) hate nratlonal values, '_‘
The proof is complete.
Finally, we propose 1he fol]oy\mg o

QUESTION. Is there a comvergent infinite {)roduct of mlwnals greater tha
such that all 1ls subproducts, have irrational values? | ;

An affirmative answer to this question would provide a uegatne answe
to the problem of replacing in the above Proposition the word ,,irration)
by ,,rational”. We note that the corresponding) question for the series hasa
affirmative answer . Thus the above problem has a negative answer fu
series and this negatlve result may be explained by the fact that the set o
irrationals is. uncountable whijle the set of rationals is ,,only” denumerabl

I\IIII\I\' "ES
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STUDIA UNIV. BABES—BOLYAI, MAT!HEMATICA, XXXI, 3 1986

GENERALIZATIONS OF AN ASYMPTOTIC FORMULA OF
RAMANUJAN

LASZLO TOTH*

Ruceived : Septesmber 17, 195G,

REZUMAT. — Generaliziti ale formulei Kamanujan asimptetice. In Iucrare
se aratd ci dacd f este o functie numericd total multiplicativd mirginitd, atunci
pentru 4 > 0 are loc evaluarea asimptotici (3.4). Ca un caz particular se obtine
relatia (3.5) iar in cazul 2 = 1 se obiine rezultatul lui Ramanujan (3.6).

1. Introduetion. Ict ox(n) denote, as usual, the sum of the k-th powers
of all positive divisors of # and let 6 (n) = o(n) dencte the sum of all positive

divisors of n.
In 1916 Srinivasa Ramanujan ({5], eq. 19) stated without proof the follow-

i ing asymptotic formula
2; ox(n) = 2 (3) 4% -+ 0(x2 log? x), (1.1)

where (s) is the Riemann Zeta function. Several years later B. M. Wilson
(7], §7.) mentioned that using analytical methods another formula of Ra-

manujan, namely

3 Galne) U W =@ Us—H L —a =) (1.2)
n=1

ns Z(2s —a— b)
(5], eq. 15) leads to an asymptotic formula for the more general sum
E%(")‘ 6,(n), which reduces to (1.1) in case a =0b = 1.
L[$1

The aim of this paper is to establish an asymptotic formula for the sum
E ci(n), k>0 (it is the case a = b = k> 0) using a simple clementary method

14} .
based on two convolutional identities (corollaries 2.1. and 2.3.). In fact we

will deduce a slightly more general result (thcorem 3.2.) and obtain as a con-
wquence the asymptotic formula .fer S~ oi(n) (corollary 3.3.).

n<x

2. Preliminaries. Thrcughout this paper # is assumed real and > 2, and
#>1 denotes an integer. Let % denote the Dirichlet convolution of arith-

metical functions defined by

(f % &)m) = 35 /(d) - g(%)

* 3900 Satu Mare, N. Golescu str., no. 5, Romania



10 L. TOTH

We recall that an arithmetical function is multiplicative if f(mn) = f(m)f(n)

when m and # are coprime and ‘completely multiplicative if f(mn) = f(m) (n)
for every integers m, n > 1.

. It is well-known that the Dirichlet convolution of two multiplicative func-
tions is also multiplicative and the multiplicative functions form a commutative
group under the Dirichlet convolution. Utmy=4

Let u denote the Mébius function and let E, () = n*, Ey(z) = U(n) =1
for every n. We have pwx U = I, where I(n) =1 or 0 according as # =1 or
n > 1 is the Dirac function (the unit element of the group) and o, = U * E,.
It is also well-known that the functions w, u? = p - w the characteristic function

of the square-free numbers, o, are multiplicative and E,, U, I are completely
multiplicative.

LEMMA 2.1. If f and g are completely multiplicative functions, then
(f* g)oEy = f* * &8 x pifg, (2.1)
where o denotes the ordinany composition of functions. '

Proof. Both sides of (2.1) are mutiplicative, being the Dirichlet convolution
of multiplicative functions (the composition by E, preserves the multiplicativity).

So it is enough to verify the above identity for » = p*, a prime power. Noting
f(p) = a and g(p) = b we have

(fF * g *x uife)(p') = (f* * &) + (/* = &) (") f(p) &(p) =
= () + LEN D) + .- + L) () + () + (P +
+ A7) 84(p) + - .- + L) (7 + &) f(P) &lp) =
— (a2i + a2i—2 b2 + . + a2b25—2 + b2i) + (a2i—2 + a2i—4 b2 + . _I._ a?blt'-l +
+ 0¥ 2) ab = a* 4 a¥ 1 b 4 a¥ 2 h + ... + a%¥ 2 4 ab¥l 4 ¥ =
= f(p¥) + f* N e(p) + --. + f(p) g(p*™) + &(p*) = (f * &) (%)
and the proof is complete.
COROLLARY 2.1. (g = E}) If f is completely multipicative .
(f * Ey) o E; = f* * Ey x wfE, (2,1) (2.2)
COROLLARY 2.2. (g =E,, f= 1)
6o E, = 6y x p*E,, that is
ox(n?) =d;"c,,2(d) u*(8) 3* for all #» > 1.

LEMMA 2.2. If f and g are completely multiph’cative Sfunctions, then
(f * g =/ x g % fg » ufg (%) (2.3)

_Proof. The function f is completely multiplictive so its inverse under the
Dirichlet convolution is f~! % = uf (see for example [1], theorem 2.) and



GLNERALIZATIONS OF AN ASYMPTOTIC FORMULA OF RAMANUJAN 11

flby % ky) = fky * fk, for arbitrary functions %, and k, (see [1], theorem J5).
S0 the above identity is equivalent to

(f * & * uf*=g" * fg x pifg or

(f * g x uwf*=glf * g * vY).

Let denote h =f % g where g=/h * f™ % =h x yf and we have to
prove

B % uf* = glh % )
Because of multiplicativity it is enough to verify this identitiy for n = p?,
(% w)(p) = () + () uW(p = H(p) — B OPp) =
=(W(pt) — RPN AE) + Mp - f(p)) = @)k * v»zf (7') = (g(h * w¥))(P)
which proves the lemma.

Remark 2.1. Using that U x p* = 2v, where v(n) denotes the number of
fistinct prime factors of #, formula (2.3) leads to

(fx g =1 *gx (Ux uifg or
(f *xgr =/ *gx*x2f
which is analogous to the elementary formula (a + b)* = a* 4- b + 2ab
Remark 2.2. For particular functions f and g (2.3) gives interesting formss.
Ve mention a single example: if f=g=U, f x g= U % U =t the divisor
fmction and we have
=1 % U *%p?or #2x p=1x% p2 [8]
For a further generalization of (2.3) see [4], theorem 2.
An immediately consequence of lemmas 2.1. and 2.2 is

wmMA 2.3. If f and g are completely multiplicative functions, then

(fxgP=(fxgoE, x fg (2.4)
COROLLARY 2.3. (g = E}) If f is completely multiplicative
(f * E?=(f x E)) o E, x fE, (2.5)

COROLLARY 2.4. (g = E,, f=U)

6k = 0, 0 E, x Ey, that is

of (b) = 2 0(d?)d*
d8=-n
Define D(f, s) by the Dirichlet series

Dif,s) =332 s> 1.

3
”-=1 n
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We have D(U, s) = I(s), s > 1. fis bounded and completely multi 1cat1
the series D(f, 5) is absolutely convergent for s > 1 and peey preshe

D(t, 5 =11 =)™ (26) 2.6)

» ?*

where the product extends over the primes p (cf. [2] ch. 7. theorem 5).
LEMMA 2.4. If f is bounded and completely multiplicative, then

D, k) = 208 g (1,%) (2.7)

D(fz,28) "
Proof. The series D(u*, k) is absolutely convergent for 2> 1 and the

general term is a multiplicative function of # so it can be expanded mto an
infinite product of Euler type (cf. [2] ch. 7., theorem 5):

D(p*, k) = T (i\ PN (%) ) H( 4 fi#) )

s \Szh  pM
-1l =8) T ) - 55

We will use the following familiar estimates :

LEMMA 2.5. , »
> = o), (28) s
> 5 =0 (log ) (29) @9

2;; —0(x-Y, 0<k<1 (a10) (210 -

n<x

2%=0‘( ). k> 1 (2uM) @

”>x1‘l X

LEMMA 2.6. (cf. [3], lemma 2.3) If f.‘ is a boi;nded arithmetical function,
then for k >0

D(fk+l) s
> x E(n) == ——— 7! + 0(4 Ql)_) (2.12)

n<x 1

where Ay (x) = x*, xlog x or x according as k> 1, k=1 or k <1.
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Proof. By (2.8) we have

n<x n=d3d<=x i<z
x Jk+1 x|k PAR (d) 1
= = z = D90k S =] =
,,Z;;f( ){k+1(d) +O((d))} k4145, a* O(x dsxdk)

_ AT &f@ _ A @ pe 1)
_'k+1dz=-\’l7 k+1d>,d"“+o(x = ?‘)”

At DIF B4 1 of 1 1 o 1

=i PR D+ 0 l{;,f“ + 46;;;7)

The first O-term is O(x"+1 ~ ) = 0(x) by (2.11) and the second O-term is

fr k> 1 0(#*); for 2 =1 O(log x) by (2.9) and for & <1 it is O(x* - x'~¥)
=0(%) using (2.10) and the proof is complete.

3. Main rezult.
THEOREM 3.1. If f 1s completely multiplicative and bounded, then for k> 0

- (n2) — PUB2ZE+ 1) D(f k1) opyy '
S * B = PP DAL D s op), @)

n<x
3

where B,(x) = x%, x%¢log x, x° log x, or «**! according as kA>1, k=1,
b=2 or k<1 and k;é%-
Proof. By corollary 2.1. and lemma 2.6. we have

> (f % E)(m) E(f % Eu % pfEy) (n) ==

ngx

= L W@ % En®) = 5 w@f@)d 35 (2 Ea)(3) =

It
)

_D(f 2k + 1) u2(d) £(d)
2k + 1 wh 2 »+1 + 0("”“ 2 )

x
8< 7
x

i

=

_ ey Zk+l)(x‘2k+l
= 2(d)f r’\d" -—’——,- 0| Az

x
d

D(f%, 2k + 1) w2 (d)f(d)
T a1 e 12 gt +O(Zdu2k(

(}‘ dkAZk[ ]) where 2“(‘”“‘” D, k4 1)=

d=x &= aA

_ DUR+D by lemma 2.4.
D(j%, 2k + 2)
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1

Using (2.11) the first O-term is 0 (x”‘“ —) = 0(x**!) and the. second O-term

xk
for k> 10(> a+[%)* ) for k= *) X2
is for k > (dz‘) (d)) 0(x?*) ; for 10(§d(d)) (;d)
1
—0(a log %) by (29); in case k=L it lso(zd“’_logi)=
: d<x’

1 1 3
0 (xlogxz\, d 2) =0 (x log « - xz) =0 (x log x) using (2.10) and for k<1,
dsx b.“
k aé — the second remain term is 0(2 d* x) =0 (xz ;) = 0(x**1) or
d<s a d<z ql—F
(2 @ (= "") - ov(x% N —-) — 0(x*+1) according as 2k <1 or 2% 1 by (2.10)

d<x d(: Cuo)
COROLLARY 3.1. (f=U) For k>0

o MR DTRAD g, -
2 o) = DR i L0(By (), (%) . (B2)

where B,(x) is given in theorem 3.1.

COROLLARY 3.2. (f=U, k=1) i

Y o(n?) = ax® + 0(a%log %), ('5"5\ (3.3
Nz
wheve @ — SO @ _ 5T@)
3%(4) 3
Now we prove our principal resuit. koo

THEOREM 3.2. If f is completely multiplicative and bounded, then for k >0

R T GTO)

3
where Cy(x) = 2%, x*log? x, x° log2x or #**! logx according as k> 1, k=
h=1,k=;—or k<1 and k ;e_;-.

Proof. We use corollary 2.3. and the above theorem.

2 (f * Ei(m) = “E‘('(f * Ey)oE, x fEy) (n) =

gL

=2 SO E)(3) =2 fd)d* 1 (f * E) () =

3‘7
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— E f(d) d"{ D(f2, 2k + 1)D(f,k+1) (3)21;“ +OlBk ))}

a<e 2k © 1) D (f2, 2% 1 2

=D(f2’2k:I)D(f/’J] prast i) k '{(‘)
(2k + 1) D (f2, 2 + 2 Z’ T ‘l‘O(Ed B’(d)

where 2 f(d) 7‘1 prEs +1 of

d<zx 0' ld~x

=D(k+1) +0 ()

i) = o0

and the remain term is: case £k > 10 (

d<x

casek—lO(Td(—) log - )——O(Zlgx;%)zO(leogzx);
case k=l— O 2 12 Elog ‘-—O(x" logxz -—)—O( %log xJ
“ .dg, J ) d<x

— &.‘—t

and in case £ <1, & # — Llsolz (3" )‘=O(xk+1logx)

vd<zx
which proves the theorem.
cororLARY 3.3. (f=U) For k>0
' C2k -+ 1) R+ 1) o ’
i(n) = 241 0(Ch(x)), 3.5
3 o) = SEELERLA i 1 0(Cy(w) 3.5)
where C,(x) is given in theorem 3.2.
cororrAary 3.4. (f= U, k= 1; Ramanujan)
Y o¥(n) = £a® + 0(x2 log? x), (3.6)
HY
where § == 3);4—)(2) =3 Z(3).
Remark 3.1. In 1970 R. A. Sm i1t h [6] improved the error term of Rama-
nuyjan’s formula {3.6) into

0(x2log3 x),
using analytical methods.
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REZUMAT. — Il-complement normal in grapuri finite. In cele patru teoreme a
din lucrare se dau conditii necesare si suficiente pentru existenta r-complemen-
tului normal in grupuri finite.

1. Preliminaires. Let G denote a .finite group, = a set of prime numbers
and =’ the complementary set of . A normal t—complement in G is a normal
Hall =n’-subgroup of G.

The purpose of the present paper is to give some necessary and sufficient
conditions for the existence of normal w-complements in finite groups.

The notations and the termmology used are largely standard.

If g= G, then g has a unique decomposition in the form g=g, - gv =gv - gn ,
where g, is a w-clement and gy, is a w’-element of G. We call g,, g respec-
tively, the n-factor, n’-factor of g. If = consists only of ome prime p, we write
& for g.. Each g € G is the mutually commutmg product of its p-fa.ctors & # l

for the different primes.
Two elements g, & = G will be said to be m-conjugate in G, if their ﬂ-fac-

tors are conjugate in G in the ordinary sense. Since the n-factor of an element
" g is a power of g, conjugate elements are also n-conjugate. The m-conjugacy is
an equivalence relation in G. We can thus speak of the w-conjugate classes in G.
We use Kg, » (g) for the -r:-con]ugate class of the element ginG. g o
It is clear that :
— K¢ () = K¢, =(g:) for every g €G.
— Kg, (1) is the set of n’-elements of G.
— If G has a normal normal n-complement K, then K = Kg, ﬂ(l) (Hence
the normal n-complement is uniquely determined by the set ). : 3

LEMMA 1. (see [4], lemma (20.4), p. 106). For every n-element g €G, if Cg(g)

is the cemtralizer of g in G, then
|Ke, ~(8) | = |G CG(€) - |Keg (&), (1) N ~(1)

LEMMA 2. If H is a Hall -;r-subgroup of G, then’ the Sfollowing condztwns aré
equivalent

(@y) If two clements of H are con]ugate m G, they are conjugate in H.

(a;) For every h = H, Kg (k) N\ H = Ky, (k). ’

Proof. We observe first. that, since H is a m-subgroup, A =4, for every
for every & = H. Hence the n-conjugate classes of H ocincides with thé conjugaté

classes of H.
tiprlo St n
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Assume (a,). It is obvious that Ky . (h) = KG,,, (MIN H for any & = H.
let R e K¢ . () N H. 1t results that #( = h,) and k( = k,) are comjugate in
G. Hince from (al) h and k are conjugate in H. Thus 2 € Ky - (h).
~Conversely, assume (a,). If h, k € H are conjugate in G, then Kg, . (k) =
=K . (k). It follows from (a,) that Kg ~ () = Ku,» (R).

Hence % and k are conjugate in H.

2. Necessary and sufficient conditions for the existence of the normal
=-complements

THEOREM 1. (A reformulation of a theorem of R. Brauer). The following
wnditions are necessary and sufficient for the existence of normal w-complement in
G:

(A,) There exist a Hall w-subgroup H of G.

(Ay) Foreveryh € H, K » (h) NH = Ky, (h)

(Ay) If E is an elementary m-subgroup of G, then E is comjugate in G to a
subgroup of H.

Proof. The statements are immediate consequences of the Brauer’s theorem
(see [1], Th. 3) and of the LEMMA 2.

Remark 1. ([2], Th. 2) The condition (A;) in THEOREM 1 can be replaced
by the following:

(A3) If 1 # h = H and P is a Sylow p-subgrup of Cg(h), for some p e =
tot dividing the order of h, then the elementary w-subgroup <h> X P is conjugate
inG to a subgroup of H.

Remark 2. ([3], Th. 1). The condition (A;) in THEOREM 1. can be replaced
by the statement :

\A3) If h e H satisfier the condition Cg (h) # G, then Cy (h) is a Hall =-subd-
group of Cg(h) and Cg(h) has normal w-complement.

THEOREM 2. The following three conditions are equivalent 3
@)  The finite group G has normal wm-complement.

(By) There exist a Hall n-subgroup H of G.
{ii) {(By) CH(h) s a Hall m-subgroup of Cg(h) and IKCG(,.) ,,( )1
= |C4(h) : Cylh)| for every h = H. : ‘

(C,) There exist a Hall ~-subgroup H of G. B} = 3

i) <) ) Amny w-element of G is conjugate in G to an element of H.
Co1 KCG(_{O. (1) | = |Cs(h) |+ for every h = H. (|Cq(h)|x ts the largest
integer dividing |Cg(h)| al of whose prime factors are in n’)

Proof. (i) implies (ii). Suppose that G has a normal n-complement. The
cwndition (B,) follows by THEOREM 1 and (B,) is an immediate consequence
o REMARK 2.

(ii) implies (iii). Assume (B,) and (B,). It is obious that (C,) and (C,)
follows from (B,) and (B,).

In order to prove (C,) we use industion on the number of p-factors of =-
tements of G. Let g be a w-element of G and g = g,h = hg,, where g, # 1

9 — Matematica 3/1986



18 NORMAL m— COMPLEMENTS IN FINITE GROUPS

is the p-factor of g, for some p € n. If h =1, then (B,) and Sylow’s theorem
shows that g is conjugate in G to an element of H. If % # 1, thenby induction
h is conjugate in G to an an element of H. Replacing g by a conjugate, we may
suppose that # € H. It follows from (B,) that C,(h) containa Sylow p-subgroup
P of Cg(h). Since g, € Cg(h), it results that g, is conjugate in Cy(h) to an element
?é )P gl Cy(h) = H. Hence g = hg, is conjugate in G to an element of H. Thus
{C,) holds. .
(iii) implies (i). Suppose that (C,), (C,) and (C;) hold. We apply THEOREM 1.
It is clear that (A;) holds. It remains to prove (A,) and (A;).
u Let Ky =(h) (1=1,2,...,%n) be the different =n-conjugate classes of
. Then

H = () Ku, (k) (disjoint). () 2)

Hence

H| =3 Kuz(b)] () @)

i=1

By (C,) any m-element of G are conjugate to an element of H, Hence, for
every g € G, there exist an #; € H such that K¢ . (8§) = K¢, (h,-).' It follows
that K¢ -(7,) (4 = 1,2, ..., n) are the all n-conjugate classes of G, i.e.

G — L=)l Ko, (k) (W) 4

The equility (1) implies from (C,) that o
|Ke, n(hi) | = 1G: Ce(hi) | - 1Colhs) |- (5) CF

Since H is a Hall n-subgroup of G, it results that Cy(h,) is a m—subgroug
of Cg(h;). Hence

ICs(h) I < |Cg(hi) - Cy(hi) |
This inequality implies from (5) that -
|Ke, =(l) | < 1G: Cg(h;) | - |Colhs) : Cylhi) 1. (C) (6:
It results that ] -
Ko, (h)| < IG:H| - [ H:Cylh)| = |G:HI - |Knn(hi)]
Hence by (3) we have

> 1Ko, ()| < 16+ HI(33 1Kna(h)1) = (G:HI - 1H| = (6]

i=1 =1

This implies from (4) that ; ‘ _

~1

G = L_J Ke, n(h,) (disjoint) 3) (
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It follows that Kg (k) VH = Ku,» (h) for every i € H. Hence (A,)
holds.

It remains to prove (A,).
We first note, that from (6) and (7) it follows that

|Kg, =(hi) | = |G : Cg(hi) | - |Co(hi) : Cylhi) |
Hence from (5) we obtain that

ICe(hi) I = [Co(hi) :Cp(hi) | )
This shows that Cy(k) is a Hall n-subgroup of C4(h) for every h € H.

Let E be an elementary w-subgroup of G, i.e. E is the direct product of a
relement % and a p-subgrup P, for some p € n: E = <h> X P,. It follows
from {C,) that % is conjugate in G to an element of H. Replacing E by a con-
jugate, we may assume that # € H. Since Cy(h) is a Hall n-subgroup of Cg(h),
it results that Cy(h) contain a Sylow p-subgroup P of Cg(h). Since P, is a p-sub-
goup of Cg(k), the Sylow’s theorem shows that P, is conjugate in Cy(h) to

a subgroup of P < H. This proves that F is conjugate in G to a subgroup
of H. Hence (A,;) holds.

COROLLARY. If the finite group G has a nilpotent Hall n-subgroup H. then the
following conditions are equivalent

(1) G possesses normal w-complement

(it) |Kcgm,n (1)|=1Ce(h) |w for everyh € H

Proof. The statements follows from THEOREM 2 and from a Theorem of
Wielandt ([6]. The 5.8, p. 285)

As an application of Corollary, we obtain.
THEOREM 3. Tge following conditions are lquivalent :
(i) G 1s a p-nilpotent group

(ii) If P is a Sylow p-subgroup of G, then for every h € P the number of
-elements of Cg(h) s |Cg(h) |p.

Remark 3. It is known (see [5], p. 137) the following conjecture: If #n
divide the order of a finite group G and the number of solutions of x* =1 in
G is exactly », then these solutions form a normal subgroup of G.

It » = |G|y then it is obvions that K; . (1) is the set of solutions of
= 1. We hawe the following reformulation of THEOREM 2.

THEOREM 4. If n = |G|z, then the following three conditions are equivalent :
(i) The solutions of x"* =1 in G form a normal subgroup of G.

(B;) There exist a Hall = — subgroup H of G

(B;) For every h = H, Cy(h) is a Hall = — subgroup of

Co(h) and if |m,| = |Cg(h)|v, then the number of solutions of A =1
(in Cg(h) is my,.

(i)
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(C3) There exist a Hall ® — subgroup H of G
(iii){ (Cs) Amy = — element of G is conjugate in G to an element of H
(C) For every h = H, the number of solutions of x"h=11n Cg(h) is
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REZUMAT. — Definirea distantei s diametrului in teoria mul{imilor fuzzy.
In lucrare se defineste distanta futre doud mul{imi nuantate (fuzzy) si diametrul
unei mul{imi nuantate. In cazul clasic aceste definitii se reduc la cele cunoscute.

1. Introduetion. In any metric space (S, d) it is possible to define the dis-
fance between two subsets X and Y of S by setting 3(X,Y) =0 if X =@ or
Y=¢ and

3(X,Y) = inf {d(x,y)/x € X, y €Y} otherwise. (1)

The distance between a point x and a set X is defined by setting &(x, X) =
=3({#}, X).

This allows, for instance, to characterize the non-empty closed sets as the
sets X for which » € X if and only if §(x, X) = 0.

Another foundamental concept is that of diameter A(X) of a set. One
defines it by setting A(X) =0 if X = and

A(X) = sup {d(x, y)/x € X, y = X} otherwise. (2)

In this paper our aim is to define analogue concepts for the fuzzy sets. So
we define the distance between two fuzzy sets and, hence, between a fuzzy point
and a fuzzy set.

We call closed a fuzzy set containing all the fuzzy points that have distance
from it equals to zero, and we show that the complements of closed sets deter-
mine a fuzzy topology, the fuzzy topology of lower semi-continuous functi-
ons.

Also, we define the diameter of a fuzzy set. This will allow tc characterize
the fuzzy points as the fuzzy sets with diameter equals to zero.

2. Prerequisites and definitions. Let X a set and R the set of real num-
bers. We say fuzzy swbset of X or, more simply, fuzzy set [8] a function
f:X— [0, 1] where [0, 1] denotes the set {«¢ € R0 < « S)?.

We denote by F(X) the class of the fuzzy subsets of X. If f, g € F(X)
then we set f < g iff f(x) < g(x) for any x € X. Moreover —f, the comple-
ment of f is the fuzzy subset of X defined by setting (—f)(x) = 1 — f(x) for
amy x € X. If (f,)ier i8 a family of fuzzy subsets of X then Vie:f; and
Mietf; are the tuzzy subsets of X defined by setting

(Viarfi)(x) = supiar{fi(%)} and

* Dep. Mat. and Appl. R. Caccioppoli via Messocannone 8, 80134 Napoli, Italy




292 G. GERLA, R. VOLPE

(Aierfi)(%) = infio {fi(x)} for any x € X.

We denote by f, and f, the fuzzy sets for which fy(x) = 0 and fi(x) =1
for any & = X.

Moreover, if o € [0, 1], we call a-cut of a fuzzy set f tht subset Cf =
= {x € X|[f(x) > aj.

A fuzzy set f is called crisp if f(x) = {0, 1} for any x € X. The fuzzy
sets crisp can be interpreted as characteristic functions of subsets of X and,
hence, they can be identified with these subsets.

For any a € X and a € (0,1] = {x € R/0 < x < 1} the fuzzy set f;,
defined by setting fz(x) =0 if x # a and fi(x) = « if x = a, is called fuzzy
point ([7], (3], [4]).

We say that the fuzzy point f; belongs to the fuzzy set f, fi = f, if fa<f
that is if f(a) > «.

We can now define the concept of fuzzy topological space (see references).
To this aim we give the following definitions.

DEFINITION 1. A class t© of fuzzy subsets of X constitutes a fuzzy topology
if the following conditions are verified :

a) Jo €7

b)if fgstthen f\ge<sn

¢) Vierfi €« for any family (f,)icr of elements in =.

The pair (X, ) is named fuzzy topological space; the elements of t are
named open, the complements of these elements are named closed.
The following definition is dual of Definition 1.

DEFINITION 2. A class C C F(x) is a system of closed fuzzy subsets of X
1f the following conditions are verified :

a) fo. 1 =C

b) of g C then f\/geC

¢) Nierfi € C for any family (f,)ic1 of elements of C.

Obviously, the class of complements of a system of closed fuzzy set is a

fuzzy topology and the class of complements of a fuzzy topology constitutes a
system of closed fuzzy sets.

3. Distance between two fuzzy sets. Let (S, d) be a metric space. We define !
a distance between two fuzzy subsets f, g of S in the following way:

1

f,6) =  3(C7. Ci)d L?) @ |

0

Note that if 8 > « then C} = {x = S[f(x) > B} = Cf = {x = S[f(x) > o} !
ang, hence, 3(C}, C¥) > §(Cf, C). This proves that 3(C7, Cg) is an increasing |
function of « and, hence, that the distance between two firzzy sets is <_iefmed for .
any f, g € F(S), even if it is finite or infinite. An example of a pair of fuzzy
sets with infinite distance is the following. : )

Let (S, d) be the set of real numbers with the usual distance, and consider
1 and f, where f is the fuzzy set for which f(x) = x/x + 1; then d(f}, f) is
fequal to co.
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If in f and g there are two crisp points, that is if there exist x, v in S
for which f} and f} belong respectively to f and g, then, being any contribu-
tion 3(Cf, C;) < d(x,y), the integral in (3) assumes a finite valuc.

If f and g are the characteristic functions of two subsets X and Y of S

1
then Cf = X and C* =Y for every a > 0, hence d(f,g) = S 3(X,Y) da = 1
0
}X,Y) = §(X,Y). Then (3) generalizes the classical definition of distance
between two subsets of a metric space.

Obviously the distance between a fuzzy point f¢ and a fuzzy set g is

SB(x, C#)dB. Moreover the distance between two fuzzy points f§ and fY is

0
Bry

equal to g 3({b}, {c}) do and therefore
0
d(fe, fO) = [y \ B - d(b, ). (4)
This proves that, for the fuzzy points crisp, the distance defined by (3)
coincides with the usual one between points.

It isinteresting to examine the case that f and g assume values in a finite
subset {yo, ..., Yap Of [0,1]. Then, if 0 =y, <7y; < ... <y, =1 we have

3G € - = e 5)
if,fori=1,...,%, vi—vyici1=1/n
a0 =13 3¢5 (€1 ©)

In general, we can also utilize Formulas (5) and (6) to compute a suitable
approximation of the distance between two fuzzy subsets.

We can give a definition of closure for fuzzy sets:
DEFINITION 3. A fuzzy set f is metrically closed if either f = f, or, for

wery fuzzy point f3, 3 < f iff d(f:, f) = 0. We denote by C the class of the
metrically closed fuzzy sets.

PROPOSITION 1. The set C is a system of closed fuzzy subscts of X. Equiva-
lently, the set © of the relative complements defines a fuzzy topology.

Proof. It is obvious that f, and f, are elements of C. Let f € C and
g€ C, and let f7 a fuzzy point. If f; = f \/ git is obvious that d(f%, f V g) =
=0. Conversely, suppose that d(f, f\ g =0, then 3(x, C},;) = 0 for every
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B < «. Suppose, by absurd that fi ¢ f Vg, then f(x) < « and g(x) <u,i
f% & f and f; ¢g. This implies that d(f3, f)> 0 and;d(f7, g)> 0 and therfn
that 3(x, Cf) > 0 and 3(x, Cj) > O for a suitable y < . It follows th
3(x, C;U Cp) > 0 and, since Chy, = CFUCY, 8(x, Chva) > 3(x, CFUCY> 0
absurd. This prove that f;  f \/ g and therefore that f \/ g € C. “

Let (f)icr be a family of elements of C and set f = _/\I fi+ we have to pro:

that f = C. If f; = f it is obvious that d(f%, f) =0. Assume that d(f;, f)=!
then 3(x C}) = O for every B < o.If, by absurd, « > f(x ) then o« > f(x,) a
e
therefore f € f;, for a suitable j € I. Thus ( (x, C‘3 dﬂ > 0 and there exit
0

Yy < « such that §(x, Cj) > 0. Since (f < Cf, we have also that §(x ()
> (x, ij) > 0, an absurd. Thus we have proved that « < f(x) and thereior
that f; = f. This complete the proof.

Now we show that the above defined fuzzy topology =t coincides wi
the natural fuzzy topology defined in [2].

PROPOSITION 2. C 1is the class of the upper semicontinuous functions from’
to [0, 1]. It follows that < is the class of the lower semicontinuous functions.

Proof. Let f € C, then, to prove that fis upper semicontinuous, it suffie
to prove that {x € S/f(x) < o} is open for every « € [0, 1]. Equlvalently,w(
can prove that Cf is closed. Let x € S and §(x, CJ) = 0, then 3(x, Cf)=(

for every B < « and therefore d(f7, f) = S (%, C}) dg = 0. Thus f; efui
0
x € Cf. This proves that Cj is closed.

Conversely, suppose f upper semicontinuous or, equivalently, that (}

closed for every o = [0, 1]. Moreover, suppose that d(f:, f) = S 8(x, CH\ds=

0
=0, then §(x, C}) = 0 for every B < a. This implies that x € C} and ther

fore that f(x) > B for every B < a. In conclusion f(x) > « and f; /. T
proves that f = C.

4. Diameter of a fuzzy set. Let f be a fuzzy subset of S, then wesw
A(f) = sup {d(x,y)|x and y are fuzzy points of f}. n

The number A(f) may be either finite or infinite, we call it the diamds
of the fuzzy set f.

If A(f) < oo then f is called bounded.
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Being 3(f%, /) = d(x,%) - (x A B), it is obvious that
A(f) = sup {d(x, ) - [f(x) A f(»)1[% y = S}. ®)

PROPOSITION 3. If f is crisp then the definition of diameter is the classical one.
Moreover if f < g then A(f) < A(g).

Proof. If f is the characteristic function of the set X then A(f) = sup
v, y) - () A\ SD)f(x) #0 fly) # 0} = sup {d(x, y)/x < X, y = X}.

Suppose that f <g, then d(x,y) - [f(x) A f(9)] < d(x,y) - [g(x) A &0)]
wd A(f) < A(g).

PROPOSITION 4. The diameter of a fuzzy set f # f, ts equal to zero iff f 1s a
Juezy point.

Proof. 1t is obvious that the diamecter of a fuzzy point is zero. Conver-
ely, suppose that f is a fuzzy set for which A(f) = 0. Then, by (8), d(x, y) -
A f()] =0 for every x,y € S. By hypothesis, there exists a & S for
which f(a) # 0f and, ify # a, since d{a,y) # 6 then f(a) A f(y) = 0. This
poves that f(y) = O for every y # a and therefore that f is a fuzzy point.

PROPOSITION 5. For any f = F(S) and « = (0. 1]

A(C)) < A(f)]e . ()
Then cvery a-cut of a bounded furzy set is bounded while the converse falls,
Proof. If %,y « CF, ie. f(x) = o, f(y) > «, then d(x,y) - [f(x)/\f(y)]-:%

>d(x,y) - «. This proves that A(f) > a - d(x, y) or, equivalently, d(x, y) <
<A(f)/e.

To prove that there exists a fuzzy set f such that A(f) = o0 and A(Cy) <
forany « € [0, 1], let S be the positive real numbers set and define f: S—
~[0,1] by setting f(x) = 1/(4/x + 1). Now A(f) > d(©, x) - (f(0) A f(x) =
=x/(«fx + 1) for any x € S. Then A(f) = oo while it is obvious that every
wt of f is bounded.

Proposition 5 shows that our definition of bounded fuzzy sct is different
fom Kaufmann’s deflnition [6].

_ . In metric space theory one proves that a subset is bounded if and only
ifit is contained in a suitable circle. In order to obtain a similar result for fuzzy
ubsets we give the following definition.

DEFINITION 4. We call f-civcle with center f] and radius v, the fuzzy set
(ff, r) such that, for amy fursy point f2, f& = C(f,7) iff d(fi,f) <7 and
b<y.

PROPOSITION 6. The f-circle C(f7, v) is the fuzzy set defined by

Y if d(z o) < 7y
7) = 10
/) {r/d(z, ¢) otherwise. (10)
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Moreover the diameter of C(f?, r) is not greater thawn 2r.
Proof. By definition f = V{f /i<y, x = S and d(f% fY ) <7}, then f(j=
= V{fB <yandd(fS,fI) <7} = V{B/B <y and B - d(x, c) <7} This

ves (10)

To show that A(f) <27 observe that, for every pair of fuzzy points ik
with B < y and B’ < v, the following triangular inequality holds:

a(fs, f5) < d(fe, ) +afl fe). fu
In fact, by d(b, b)) < d(b, ¢) + d(c, ¥'), we have

(BA B) -db,b) <(BA B) - dbc) +- (BA B) -dle,b) < B -dlbo+
+ B de ) = (BAY) b o)+ (BA @) -dle, ) = d(fl, fi)+ dfLf)

But (BA B) - d(b, b)) = d(fF, f£) and then (11) is proved.
From this it follows that A (f) < 2.

PROPOSITION 7. Let f be a bounded fuzzy set, vy =sup {f(x)} and ce!

a point such that f(c) > 0. Then f is contained in the f-circle C(fZ, A(f)fd

1t follows that a fuzzy set f is bounded if and only if it is contamed e f
circle.

Proof. Let r = A(f)/f(c) and denote by g the f-circle C(f7, 7). If dz ¢
< 7y then g(z) =y = sup {f(x )} and therefore g(z) > f(2). If d(z, ¢) > r/y ther
g(2) = r[d(z, ¢). Since f(c) - f(z ) < f(e) A\ f(z), we have also that d(c,2) - f{i-

TH@) <'dle.7) - (Flo) A f(2) < A(f). This proves that  f(z) < r/dlz, o) =gl

Finally, observe that, if (S, d) is the euclidean plane, then the diameteru
an f-circle C(f7, 7) is just 2r. Indeed, let z and z’ two points collinear with:
suchthat d(z, ¢c) = d(z’, ¢) = 7/y. Then d(z, 2’) = 2r/yand d(f;, f7) = v - d(z4)=

= 27. Since f and f}, are fuzzy points of the f-circle C(f7, #), this prover
that the relative diameter is 27.
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REZUMAT. — Funetli particulare n — o-aproape convexe. fn lucrare se dau
unele rezultate referitoare la functii particulare din clasele de functii AC,(3),

1 1
AC, (—2‘) , Ca (E) introduse de H. S. Al-Amiri in [1].

1. Introduction. Let 4 be the class of functions f(z), analytic in the unit
disc U with f(0) = f'(0) — 1 = 0. Like in [2] we denote by K, ,(8) the class
of functions f € A which satisfy

n41 n+i2 ”
Re [(l — ) Dtz a]) f(7)

>3, 22U
Df(2) Dt lf(z)]

w1700y (0)
where « >0, 8 <1 and D'f(s) = ~—— z)n_l % flz) = ST Ghere (%)
-z

B
n!

stands for the Hadamard product. Note that the classes K, ,(3)and Z,(3) =
= K, o(3) are studied in [2] and the classes K,,,.,(é and Z, i]were intro-
2

duced by H.S. Al — Amir [1] and S. Ruscheweyh [6] respectively.
Like in [3] we denote by AC,(8) (the class of n-closeto-convex functions

of order 3) the class of functions f € A which satisfy
ntlge,
Re.u

e > 3, z € U, where g  Z,,,(8)

and we denote by C, o(3) (the class of n—ua-close-toconvex functions of order
}) the class of functions f € 4 which satisfy

n+1 n+2
Rel(l — a)D /@) + acD g(z)] > 8, 2 € U where
D”+1f(3) D”+2g(z)

g € Znt2(8). The classes AC, (%) and C,, (%J were introduced by H. S.

Al—Amiri [1] and some properties of AC,(8) and C, ,(8) given in [3]
by using sharp subordination results (see [4], [5]).

In this paper we will present some results concerning particular functions
of this classes.

2. Preliminaries. Let f and g be regular in U. We say that f is subordinate
to g, written f(z) < g(2), if g is univalent, f(0) = g(0) and f(U) < g(U).

* Industrial Lycée, 2900 Arad, Romania
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'Ne will need the following lemmas to prove our main results and we dent

by by(z) =3 T2, Rey > —1.

=Y + 7
ZLEMMA 4. [3, Theoiem 2]. Let v > —1 and

i — oy 2n— +
3, = max {” Y, u} <3<l

If f e Z,(8) thew f % b, € Z,(8(n, v, 8)), where

S(n, v, 3) =— < e —Y-l-n)
F

n+ 1 {’ . l_
[;, 2n + H(1 — 8),y 42, 2)

and this vesull is_sharp. ,

LEMMA B. [4). Let h,q € H{U) be univalent tn U and suppose ¢:
e HU). If¢: C3~ C satisfies :

a) ¢ is analytic in a domain D C C3

b) (¢(0), 0,0) = D and 4 (9(8), 0,0) = A(U)
U0 (s f) €D when (r,s,8) €D, v =q(4), s =mlg' ),

Re (1 + ¢/s) =2 m Re (1 + L' (0)/q'(X)), where |§|=1,m>> 1, then for.
p € H(U) so that (p(z), zp'(z), 22p"'(2)) € D, z « U we have:

G(p(2), 2p'(2), 2#p"(2)) < h(z) D p(2) < q(2).
3. Main results,

LEMMA 1. Let vy > —1 und 8, = max {"'—Yl 2"—7} <3 <2':—7+:
n+1 2m+1) 2n +1)

-~ 1 +1
th 1) 8 < .Y, = Y — .
en (1) ¢ S(n, v, ) ”+1(F(1 s 1) Y+n>
, 2(n - 0), Y e
2

\

Proof. The above inequality is equivalent to

F[l,2(n+l)(1—8),Y+2;%}f(’(n+l)8+y—n) <y+1p

Because F (1, 2 (1 + 1M1 —3), vy +2;%] =14+ f:a—’; whers
. Pt

b 1 o4k —1

e SRR

show that if §; < 8 <E’£L+lthen a,,s{

(n + 1)
holds.

and v =2(n + 1)(1 — 3), ¢ =y + 2 we can el

b 'J" for all k&N, hence]

b
Ay = —
c
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THEOREM 1. Let v > —1 and

n—vy+1 21z—y+2}<8<211~«(—[--3'
’ x 0
n 4 2 2(n 4 2) 2(n + 2)

maXx {

If f € AC,(3) related to g = Zn11(8) then f x by = AC,(3) related to g * by
& Zo11(3).

Proof. Because g € Z,,4(8), by using Lemma A we have G =g % b, =
€Z,u(8(n + 1, v, 8)) and from (1) we deduce that G = Z,,(3). Let F(z) =
= f(2) * by(z) and D**+'F(2)/D*+1G(z)=p(z), p(0) = 1. From the well-known for-
mulas [6]

ADH(2)" = (k + 1) DH1f(z) — kDM () 3)
ADHF(R)) = (y + 1)DM(z) — yDMf(z), Rey > —1, k < N

we obtain
D" f(z) 1 DG

= p(2) + alz) zp'(2), where a(z) =-

D" lg(s) P4y p™hig(s)

Using again (3) and because G € Z,;; (3) we obtain
D"+2G(z)
D" T1G(y)

1

Re a(z) =1—1——[(n—|—2) Re +Y—n——1J>

+y F(I,Z(n + 21— 8), vk 2;%}

hence Re «(z) > 0, z € U. Because f € AC,(3) related to g € Z,,(3), then

pl2) + ol2) 2p'(e) < hale) = T

Without loss of generality we can assume that p and 4 satisfy the conditions
of the theorem on the closed disc U; if not we can replace p(z) by p,(z) =
= p(rz) and hg(2) by hs, ,(2) = hs(rz), 0 < » < 1, and these new functions satisfy
the conditions of the theorem on U. We would then prove ps(2)s , < 45(2)
for all 0 <7 < 1 and by letting r— 1~ we have p(2) < 74(2).

Let (7, s) = 7 4+ «(2)s which is analytic in C? and {(%s(0), 0) = A5(0) =
€ hy(U). A simple calculus shows that

Re Yo = Aol _ my Re afz) > 0, z € U, where
Cok5(Zo)
bo = hg(Zo) + a(2) moLohs(To). mo = 1, 50| = 1.

Using the fact that {ohs({,) is an outward normal to the boundary of the
convex domain /,(U) we conclude that ¢, ¢ %4(U) and using Lemma B we
have p(z) < hg(2) i.e.

F = AC,(d)related to G = Z,.,(3).
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Taking # = 0 in Theorem 1 we obtain:

1—y 2-— 3 -
COROLLARY 1. Let v+ > —1, max{ 5 L Y} S _4_Y and f, ge!

4
Then

Re >84€UwhereRe(1+4g )>28—-1zEUzmphes
g(z) A’(Z)

R >82€UwhereRe 28 —1, 2z €U and
¥4

G()

F=fxb, G=g * by.
Remark. Taking 8 = ; in this corollary we obtain that if y € [n, n4!
and f € AC, ‘;) relatedto g € 7,1, (;) then f x by = AC,,(—z-) related to g:

< Z,,.H(%). This last result holds for all y < C with Rey > =, nel
Theorem 2].
COROLLARY 2. If —1 <y <O then f=Z, ("—T——’I‘) implies that f xb:
n -

e Z,,(§ (n, Y, z J—r lr)} , where
n

-y 1 I'ly + 3/2) - b It "
B(n Y, -l-l) G DETO D +nHandtzs result s sharp.

2n — vy

Proof. If —1 <y < 0 then max {" T,
n+1 2mn+1

we obtain our result.

=2"Y and using Lem
) n -1

A for §=""1
n+ 1
Taking y =0 in Lemma A we obtain:

<3< and f e Z,(3); then f x by € Z,(},

COROLLARY 3. Let
n

3)), where

1 [1— 2+ 1)(1—3) 2n+l
n -1 [ 2 — g2n+1)(1-8) ] Jor 3 # n +1)

3(n, 0, 8) = 1 -
# - [21n2+n] f078—

2(n + 1)

and this rvesult is sharp.

Taking #» = 0 in the above corollary we obtain :

COROLLARY 4. LetO0 < 3 <1 and f =« A with Re L2 = 5, 7 « U. |
Fe) flz)

I(2)

Re >3, z € U yhere
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23 — 1

1
2—22“’8)’f07 3 #E

1
22’
amd F=f x by and this result is sharp.
COROLLARY 5. If v >0 then f = Z, (;7"—1—‘1‘)) implies that f x by €
n -
c/ (2}1 -y +1
2(n + 1)

} th Jrox, oy v d usi mma A
Proof. If v > 0 then max {n T ) T 2m and using Le
2n — vy

for 8=—"' we obtain the above result.
2 + 1)

1
f(}?’ 8—;

and this result is sharp.
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ABSTRACT. — Calculation of the Influence of the Walls upon a Compressible
Rotating Flow. The problem of the influence of the walls on a fluid flow,
produced by a rotational displacement of a thin profile in the fluid mass, is
envisaged. Using the Bessel functions and the equations obtained in [2] the
authors provide a special technique which allows the computing of the above
mentijoned influence in the case of a circular wall (of a ,,channel” type) or of
a straight unlimited wall. The flow is considered plane, potential and compres-
sible, the fluid being inviscid.

On sait que le mouvement irrotationnel d’un fluide idéal di au déplaceme
dans la masse tluide d’un corps solide rigide S, de dimensions finies, rappr:
au repére inertial fixe Ox, y,z,, est régissé par 1’équation fondamentale [2]

1 1 3w
Ap — Ly .gradw——~ 22 =0
P c’v grad w i

olt 'on a posé
3¢ 1
W=-—2Z+4 -1
3t + 2

Ici on a designé par ¢ le potentiel des vitesses, par v = [v| le module:

la vitesse absolute v, par 3/3t la dérivée partielle par rapport i ¢ dans lesr
téme de coordonnées x,, ¥,, 2,, !, et par ¢ la vitesse de propagation du son.

On a supposé aussi que le fluide, au repos a 'infini est assujetti 2 unel
de compressibilité barotropique p = p(p) — réliant la densité p a la pressi:
p — et que les forces massiques soient négligeables.

Si on écrit I'équation fondamentale dans les variables x,y, z, ¢ liées:
corps S en mouvement alors en désignant par v,(v{, v, o)) la vitesse ré
tive au répere Oxyz, par v.(vl9, v, v{) la vitesse d’entrainement avec le silt
S, par o (0, w,, w,) la vitesse de rotation, on obtient avec la convention:
sommation par rapport aux indices muets [2]

i 1 o 1 Jde
;i — — v} —— 4 — g — =
( v 2 v Y J ox;dxj + v IR ’ax,
- (6)
L e 2y B 1 00 2
c? o ¢t ' dxiot c? ot oxi
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of 3; sont les composantes du tenseur de Kronecker, ¢;; celles du tenseur de
Ricci et 3/3t est lopérateur de dérivation partlelle par rapport & ¢ dans le
sytéme de coordonnées x, y, z, ¢. Ca

Si I’écoulement rélatif au répére Oxyz est stationnaire et si, de plus, le
olide S est animé d’une rototranslation uniforme alors, dans le cas particulier
du mouvement plan-paralléle, 1'¢ quat1on prend la forme simplifiée [2]

1 1. O 2 P
1—— ?;1__ﬂ_, )-_<P_‘
[ c*( to y) [ rc*‘(ay X o

2 (de [ d¢ % w©? 2o 99 |
— == F oyl |——ox] - —x = —}=0
o (ax+ y)\ay )axay+cz( oty

ot ® =, est la vitesse angulaire de rotation autour de l'axe Oz, = Oz du
solide S qui est maintenant un cylindre a génératrices paralleles a cet axe,
les points O et O, coincidant.

A cette équation on doit ajouter Ia condition aux limites
do | o d o e |
Bl ——2 Ly
on ¢ 2 ds le

ot C est la fromtiére d= la plaque D d’interszction du solide S avee 12 plan
0ry du mouvement, Ic vectéur # représente le vecteur unitaire de la normale
i C, orientée positivement vers I’extericur (donc vers le fluide en mouvement)
¢t s désigne 'abscisse curviligne croissante dans le sens direct de parcours de C.

D’autre p'lrt si on introduit la fonction de courant ¢ du rmouvement rela-
tif, celle-ci est relida au potentiel des vitesses absolues ¢, par le systéme

- au
dx P oy
¢ Py CY
cy p Ox

ot # s’éxprime d’une fagon non linéaire au moyen des dérivées premieres de
la fonction ¢.
Si on élimine la fonction ¢ de ce systéme on aboutit & l'equation aux

dérivées partielles que vérifie la foncticn de courant ¢ du mouvement relatif
u_ﬁﬁw_ywj1+1_i_@=
\ ¢8| dx? c? ax oy ¢t | ay?
3 2
» uy + vy wt [ Y
S U R G AR

ot u, = o) et v, = v
équation 2 laquelle on ajoute la condition aux limites

"Mc =0

4 — Matematica 3/1986
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Si le mouvement fluide plan est produit par la rotation autour du pic
O d'un profil mince P et peu courbé et si 'incidence par rapport a la vites
d’entrainement de rotation est assez petite, I’équation fondamentale en ¢ p
étre linearisée Précisément dans un systeme de coordonnées polaires — aw
le pole en O et I'axe polaire Ox — l'intrados et 1’extrados du profil P s
définis respectivement par 7 = 7,(0), 7, = 7,(0), 0" < 6 < 0" de sorte quel"
ait 7,(0) > 7,(0), 7,(0) ® R, 7,(6) * R, ot R est une constante positive. |
rotation de ce profil mince produit un mouvement fluide absolu de pertul
tion, comportant des vitesses assez petites, donc on peut négliger les car

et les produits de ? et -‘3—" ce qui conduit finalement a I’équation simplii-
x oy
1 — O)zyz) 62_9 i 202y &l + 1 — mz,z) &g
( c3 ox? ct  oxdy ( c} oyt

w? [ Co do
foadil s i1 =0
+ % +yay)

ch ox

Si on transcrit cette équation en coordonnées polaires elle devient

2, 2,22 Fi2
Fo .Ll_rmjii,!_}_fﬂ:_—_:o
ort 72 | c c0® v cr

Alors en cherchant ses solutions, sous la forme ¢ = ®(r) {(0) on abou:
aux équations differentielles crdinaires suivantes

() + :_ () + Kz{':—, — YL) @) =0

et
$7(8) + K*(6) =0
En posant
y = k" (k #0)

on trouve

Qk = CUk(X) 4+ C’Z;Yh(X) et
Gy = cos (k0 + /1)

ol Jo(X) et Y,(X) sont les functions de Bessel de premiére et seconde esp&

d’indice réel %, ¢}, c2 et k' étant des constantes.

On trouve ainsi des solutions ¢, = ®,{, de 1’équation considérée faigy
intervenir les fontions de Bessel. Pour avoir la solution du probléme mécaniy
envisagé il faut essayer d’extraire de ces solutions ¢, celle qui satisfait la
dition simplifiéc de glissement sur I'aile mince c’est-a-dire a

9%k (R, 0) = —wrl(0), j = 1,2
or I

qui vont sur les deux cotés de l'arc circulaire de rayon R représen
squelette du profil pour lequel 6’ < 6 < 6”.
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Pour résourdre effectivement ce probléme on observe d’abord que pour

. . 2 « pe e .
valeurs arbitraires des constantes c; et ¢ le comportement a l'infini — qui
exprime le repos du fluide aux grandes distances — est assuré grice aux sui-
vantes représentations pour les fonctions de Bessel

Jx(X) = (-2—)1/2 cos (X — ]% — -}) pour X —o0

X

2 e
Y X))z |— X ——=—=— X
W) ()" sin (X —F —Z) pour X~

En ce qui concerne la condition de glissement sur I'extrados et l'intrados
du profil P en cherchant la solution du probléme sous la forme

oo

2 [ Je(X) + Y 4(X)] cos kO

k=1

¢ en considérant le développement Fourier en sinus de 7;(0) c’est-a-dire

A(O) =5 — kaf cos k8, j=1,2

k=1

k systéme algébrique suivant dans les inconnues c} et ¢; (pour k naturel arbi-
tire) assurerait la solution compléte du probléme

= Cqoq
ox 0% r== RU) o

! 20Y i .
[C}‘ 9J k(%) + c;d} (%) () j=1,2
i

Ici on a désigné par RV et R® la distance minimale, respectivement maxi-
mle, entre les points de l'intrados et de l’extrados du profil P et le point
fie 0.

Supposons maintenant que !’écoulement fluide produit par la rotation du
pofil P ait lieu dans un tuyau circulaire fixe dont la séction, dans le plan
téoulement est donnée par la circonférence 2} 4 32 = R:. Dans les points
fe cette circonférence nous aurons la condition de ghssement suivante qui rem-
place, dans ce cas, la condition de comportement i I'infini

- =

(A

% (Ry, 6) =

r=R, c')r

En cherchant de nouveau la solution du probléme sous la forme

i [ ] (X) + ciY4(X)] cos kO

k=1

hcondition d’au-dessus s’exprime par une rélation de dépendence, pour
wlque % naturel, entre c; et ¢; Si on accepte que R, est suffisament grand
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pour que le-developpements assymptotiques des Ji(X) et Y,(X) aient liey, et
rélation. revient &
‘3-1/2( co )3/2
T ) koR,

2\U2 [ ¢, 32"
(1:] ko)Rl)

Ck

o[ 2¢o U2 1
oy —Cpr
koR, kr LA rkoR, 2
¢ © =
k 2

1( 2¢q '1/2 2
rhoR,

En fin en assimilant I’extrados et I'intrados du profil P .avec le bord sy

71(6) + 7,(6)
2 ’

rieur, respectivement inférieur, de l'arc la condition de glissem

sur ce profil revient 4

WX Ya(X
[C}c 3./f( ) + czka f( )j = ¢y
ax ox r=R

ol a, sont les cocfficients du développement Fourier en sinus de la fonct

donnée ’_1(0)';—”2(0) c’est-a-dire
y1(0) 4 73 bl
11(0) 4 130 _ _Z — kay, cos kO
2 k=1

La derniére condition, tout ensemble avec celle d’ou-dessus, déterminer
univoquement les coefficients a et ¢, de la solution du probléme,

Considerons maintenent le cas quand l’écoulement fluide produit par
rotation du profil P ait licu en présence d’une paroi rectiligne illim
(supposée paralleéle a 1'axe fixe Ox,;) d’équation y; = —y,. En remarquant
I’équation de la pdroi peut s’écrire encore, par rapport au repére mobile s
sous la forme

xsin o« 4 ycos « + y, =0 ou bien

VN
y=——2° _ (x=2%0x), la condition de glissement sur lul de
sin (8 4 «). -
ndie a O . & !
O =1, 7' = ~9 ! = :.‘? Siil o - i—? cos w| =
r oy | ox oy r

= (cos goe _sin® a—q’} sin o« —I—(sin 9o -+ cos Od—q’) cos «
or v 90 ' or- ot

c’est-a-dire

=0
Yo

== sin(0+q5

‘;a—q’-s‘in (04 «) + L cos (0 + «)
or 7

Cherchant de nouveau la solution du probléme sous la forme

¢ = i [ J4(X) + @Y 4(X)] cos k6

k=1

T
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cette cdltlon conondult a son tour & une rélation de dépendance entre les
wnstantes c; et cj, plus précisément il faut satisfaire

o [a 2 4 g a——Yf(X)] . coshkB =
k=1%o 0X éx _siT(d.:.—u)
o0 . '
E m(e + [Ck]k( %) + cxYy (%) ],=_ . _)sm kO

Mais, en utlhsant les formules de récurrence pour les dérivées des fonc-
tions de Bessel on obtient

iz% {a[Joo1(%) — Jor1(#)] + 2 [Vao1 (%) — Yiir(%) ]} - cos kO =
¥=1%Co

i O+ ) 1 Tu(x) + EYi(x)] sin 26

Yo

Ou bien

2 [c} Jo(%) cos 6 + c;“’s‘i_“) J (%) sin e] +-
Co |

+2 [cgyo(x) cos 0 + 2O Dy (4 6in e] 4+
Co

Yo

+3 {]k(x)[(cl:+1 — ) 2 cos kO 4 0 A gy ke] +
k=2 2¢c, Yo
+Y,,(x)[(c,z+l — G2 coskO 4+ EO S i pe] ‘
2c, Vo

" o a)

Choisisant alors ¢} = ¢ = 0 et approximant Y,(x) par Ji(x)tg (x —kzi —
—I) — forme inspirée par le comportement assymptotique des J,(x) et

1)(¥) — on aboutit a I’accomplissement tout au long de la paroi # =—'—(—:i—5 ,
sin o
{e la rélation

(1 — chot) 2= cos kO + 0T ke

Co Yo

(_E_L_’Z‘_Z[
Hgl cosin(0+a) 2 4

pour 2 =2,3, ...)

Mais parce qu’au voisinage de 0 = —72-—" la condition de glissemnent sur la

(c,,+1 — 1) = cos kO 4 ch'(()—-Hl)sin kO] =
2¢, Yo

|proi est pratiquement satisfaite (conséquence du caractere rotatoire de 1'écou-
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lement) et pour 0 €& V( — g) étant justifides les approximations cos (0 +u:

~ cos « et sin (0 + «) ~ sin « on est conduit, dans ce cas, i la rélations
vante entre coefficients

k kr T g g
(cher — chor) + tg ( — =2 B D (e — ) =0

Evidemment A cette derniére condition pour les coefficients ¢ on &
ajouter la rélation écrite au—dessus (entre les mémes coefficients et qui expir
le glissement du fluide sur le contour du profil), ce qui détermine complétem
le probléme.
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ABELIAN GROUPS WITH PSEUDOCOMPLEMENTED LATTICE OF
SUBGROUPS
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ABSTRACT. — In this paper we prove that for the lattice of the sub-
groups of an abelian group pseudocomplementation and distributivity
are equivalent. We also characterize abelian groups which have a
Stone lattice or a Heyting algebra of subgroups.

Let L be a lattice with zero and 0 #a = L. If C, = {x « Lla A\ x =0},
the greatest element of C, (if it exists) is called the pseudocomplement of a in
L (\Iote that the ”pseudocomplement is differently used for an unspecified
maximal element of C,). If every element in L has a pseudocomplement, L is
called a pseudocomplemented lattice.

We first recall the following known facts:

(A) Every distributive compactly generated lattice is pseudocomplemented.
(B) If A is an abelian group, the lattice L(A4) of all the subgroups of 4 is com-
pactly generated.

1. LEMMA. Let P be an inductive poset. The following conditions are equi-
wient : (1) P has a unique maximal element ; (ii) P has a greatest element.

Indeed, if m is the unique maximal clement of P and a< P then P,={x <€ Pla<x}
is inductive and has (by Zorn's lemma) maximal elements which are also maximal
m P. So a < m. The converse is obvious.

2. COROLLARY. Let L be an upper continuous lattice. The following conditions
are cquivalent : (1) C, has a unique maximal element; (ii) C, has a greatest ele-
ment.

Indeed, in an upper continuous lattice, C, is inductive.

The key result for our paper, from [5] is the following:

() Let B 5 0 be a subgroup of an abelian group A. There is a unique B-high
subgroup if and only if 4/B is a torsion group and for each prime p exther Bip] =
=A[p] or B[p] = 0 holds.

3. coroLLARY. Let B # 0 be a subgroup of an abelian group A. The follo-
wing conditions are equwalemf (i) B has a pseudocomplement in L(A ); (i) there
isonly one B-high subgroup in A ; (iii) A|B 1is a torsion group and for every prime
p either B[p] = A[p] or B[p] =0 holds.

4. PROPOSITION. For an abelian group A the following conditions are equi-
wlent : (a) every momtrivial quotient group of A is a torsion group ; (b) A is either
alorsion group or a torsion-free group of rank 1.

* University of Cluj-Napoca, Faculty of Mathematics and Physics, 3400 Cluj-Napoca, Romaniu
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Proof. Clearly no mixed group has the property (a): if O # T(A) #Ath
A|T(A4) is torsion-free. Obviously every torsion group has the property f
Now, if /1 is torsion-[ree of rank 7,(4) > 2 and 0 # a € A then 7y /(a)T)
W e W A A /M’ A Js Arersiontree of rank 1, 4k
the property (a), as every rational group has it.
5. rrorositrioN. For a torsion group A the following conditions are o
valent : (c) for cach subgroup B of A and cach p prime cither B[p] =4
or B{p] =0 lholds; (d) A 1s a direct sum of cocyclic groups correspondi :
different primes. :
Proof. We can obvicusly reduce our problem to p-grecups. But B[p] =0}
if and only if B = 0 so that only the case B[p] = A[p] needs care. If t
a p-group such that Blp] = A[p] holds for each subgroup B # 0 of 4 tig
A[p] = S(A4) (the sccle) is contained: in every nonzero subgroup B of 4.§
this case, having a smallest nenzero subgroup, . 1s cocyclic. The conver,.
obvious.

6. CORROLARY. If A is an abclian group, the lattice L(A) is pseudoso}
plemented if and only 1f A is either a divect sum of cocyclic groups correspo, A
to differcnt primes ov a torsion-frce group of rank 1.
Proof. Using 3,4 and 5 we only need to observe that (c) is trivially trué:ﬁ
torsion-free groups. ’

7. THEOREM. For an abclian group A the following conditions are cqmvdle#
(i) L(A) is a distributive latticc ; (11) L(4) is a pscudocomplemented latlice (i)
is a locally cyclic group; (iv) 7'0(/1) 4-max7,(4) < 1; (v) A 1is either a.h’rﬁ

Sy
sum of cocycl{c, groups corresponding to differcut primes or a torsion-free grow
of rank 1

Proof. One can use [3, p86,ex.5] and 2, p 301 T. 78. 2]. The rest is done bf
the previcus corollary,

A pseudocomplemented distributive lattice is called a Stone lattlcqﬂ
a* \/ a*% =1, where a* denotes the pseudocomplement of a in L. If Biss
subgroup of 4 such that A4/B is a torsion group, let = be the sct of all th
primes such that B[p] =0 holds and B[p| = A[p] holds for p ér Using
proposition 2 and 3 from [5] we have B* = @ (T( ))p and B¥* = (T(A)),

per P&
so that B* + B** = T(4). Hence only the torsion groups from 7 have Stone
lattices of subgroups :

8. PROPOSITION. For an abclian group A the following conditions arc equ‘r
valent : (i) L(A) is a Stonc lattice; (i) A is a divect sum of cocyclic groups o
responding to different primcs.

A lattice with zero is .called a Heytmg algebra (or a relative pseudocom
plemented lattice) if for every @, b L the subset {x € Lja A x < b} hass
greatest element denoted a x b.

We finally mention .the following characterization [1]: (D) A bounded
lattice L is a: Heyting algebra if and onmly if L is distributive and for e@;h
b = L the sublattice 1/b = {x « L/b < x} is pseudccomplemented.

The pseudccomplementation and the distributivity of the lattice of all th
subgroups of an abelian group being equivalent it immediately follows th
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L(4) is a Heyting algebra if and only if L(A4) is distributive (any sublattice
of a distributive lattice is distributive too). -

Remark. The characterization of the class of all abelian groups which have the
lattice L(A) a Boole algebra is an easy consequence of 8 (cf. 2, p. 302, Cor.
B.5).

REFERILINCIES

LBalbes R, Dwi n ger P., Distributive La'ttices, Univ. Missouri Press, Colﬁmbia, Miss. 1974.

% Fuchs L. Abelian Groups, Publishing House of the Hungarian Academy of Sciences, Buda-
pest, 1958.

3. Fuchs L., Infinite Abelian Groups, vol. 1, Academic Press 1970.

4 Griatzer G., General Lattice Theory, Akademie Verlag, Berlin, 1978.

5. Krsisv 06111108 F. V., On N-high subgroups of abelian groups, Vestnik Mosk. Univ., no. 1, 1975,
p. 58—64.



STUDIA UNIV. BABES—BOLYAI, MATHEMATICA, XXXI, 3, 1986

CRITICAL RADII AND MAXIMUM MASSES OF RELATIVISTIC
STEPENARS

V. URECHE*

Received : Octoher 15, 1986

ABSTRACT. — For the relativistic stepenars, the critical radii and the maxi-
mum masses are computed. When the index of the stepenar varies in the range
0 < « < 10, the critical radius and the maximum mass vary, respectively, in
the intervals 1.125 < Roin/Re < 4.658; 0.955 < Mm_m/M0 < 8.046, depending
on the values assumed for the non-dimensional central pressure. The obtained

results are given in tables and plotted on graphs.

1. Introduetion. In the newtonian theory of stellar structure, the class of
stellar models with the distribution of the density as a power law, having the form

p=rpo(l —7/R)? « >0, ) (1)

where the notations are the usual ones, was introduced by Huseyno v and
Kasumov (1972). They named these models stepenars or pseudo-
polytropes.

The relativistic stellar models with the distribution of the mass-energy
density having the form (1) were firstly studied in our papers (Ureche, 1983 a,
1983 b). These models have been named relativistic stepemnars.

2. Main Properties of Relativistic Stepenars. If we introduce the non-dimen-
sional variables (see Ureche, 1980 a), the distribution of the density (1) takes

the form
= (1 -y a0, (2) 2)

where v, is the non-dimensional radius of the star. With the change of variable

= 7,y and using the non-dimensional form of the equations of relativistic
stellar equilibrium from the last cited paper, we obtain the main properties
of the relativistic stepenars, namely:

— The non-dimensional mass distribution is given by

3
L]

miy) = L 0. ) 3)

(@ + (o + 2)(x + 3)

where
" fO) =2 — (1L =y [(x + 1) 4 292 + 2(« F )y +21.(k)  4)
the total mass of the relativistic stellar configuration having the expression
an
T wreraars (5)

()

m, = m(l)

* University of Cluj-Napoca, Faculty of Mathematics and Physics, 3400 Cluj-Napoca, Romania
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— The degree of the concentration of the matter (-energy) towards the
eentre of the relativistic stellar configuration is given by the ratio between the
entral density p, and the mean density p, that is

po/p = (x + 1)(a + 2)(x 4 3)/6 (6)
— The scale factors from the change of variables are given by

a=R \/ ! 2 (7)

(¢ 4+ )(a+ 2)(a +3) R
M* = 2M \/ : s (8)

(¢ + D(x+2)(a+3) Re
where

R, =2GM|c? 9)

is the gravitational (Schwarzschild) radius (zf the relativistic configuration.

— The radius and the mass of the configuration have respectively the
expressions

R— (a4 1)(ox 4 2)(2 + 3) R:, (10)

2
47;s

M— a . _T'ﬁ_ . 11
26325 4 1) (e + 2)(a - 3) 9.:“ (11)

3. Critical Radii of Relativistic Stepenars. For the distribution of the mass
of stellar model, the exact solution (3) was obtained, while the distribution of
the pressure results from the numerical solution of the differential problem

a _ —t [P+ (1 =% [f() + (o« + D(x + 2)(« + 3)3°p] (12)
ay ) (@ 4+ D(a -+ 2)(a + 3)y2 — 203yf(y)

p(1) =0, 78 < (a+ 1)(x + 2)(x + 3)/4,

where the function f(y) is given by the expression (4).

In a previous paper (Ureche, Oproiu, Imbroamne, 1985) a numecrical
analysis of the differential equation (12) was performed. So, for different values
of the parameters « (the index of the stepenar) and %3, the tables of the func-
tion p(y) were obtained. Here we shall concentrate our attention on those models
in which the non-dimensional central pressure takes the values p, = 1/3, p, = 1
and p, = c0. In Table 1, for the different values of the index of the stepenar
3, the values of the parameter v;, corresponding to p, = 1/3, p, = 1 and p, = o0,
are given.

The values of 7; given in Table 1 are the maximum values of this para-
meter, for p, = 1/3 (classical comstraint of GRT), p, =1 (causal law) and
, = 00 (absolute limit, which does not depend on the equation of state). Let
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Table 1
LH
o
pe=1/3 pe=1 " pe=0
0 5/6 9/8 43
1 3.2491 4.0289 4.495
2 7.186 8.654 9.46
3 12.57 14.91 16.25
4 19.48 22.89 24.86
5 27.88 32.56 35.27
6 37.75 43.92 47.48
7 49.12 56.97 61.49
8 61.96 71.70 77.31
9 76.29 88.13 95.76
10 92.10 106.25 114.36

7% be one of the values given in Tabk!
From (10) for the corresponding mi
mum radius of the configuration &
obtain
Rmiu — (a + 1)(@ _tzz)(“ + 3) R‘. (13
47

s

So, using the wvalues in Table |
with the expression (13) we have cor
puted the minimum radii of relativist:
stepenars, that is the critical radiz
which the gravitational collapse is ir
evitable. The obtained results, expres
in terms of the gravitational radius
the configuration, are listed in Table!

For the three values of p, th
quantity Ru./Rg is plotted in Figurel

as function of «. From Table 2 and Figure 1 one can observe that the critin
radii increase with the index of stepenar «. The equation (6) points out th
fact that the degree of the concentration of matter towards the centre of cor
figuration also increase with a. Therefore the critical radii increase with th
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Table 2 Table 3
Critical radii of the relativistic stepenars Maximum masses of the relativistie stepenars
Roinl Re MM °
o o
pe=1/3 pe=1 pe=0 Pe=1/3 pe=1 Pe=0
0 1.800 1.333 1.125 0 3.976 6.236 8.046
1 1.847 1.489 1.335 1 3.826 5.283 6.226
2 2.087 1.733 1.586 2 3.184 4.207 4.809
3 2.387 2.012 1.846 3 2.604 3.364 3.828
4 2.695 2.294 2.112 4 2.170 2.764 3.128
5 3.013 2.580 2.382 5 1.836 2.317 2.612
6 3.338 2.869 2.654 6 1.574 1.976 2.221
7 3.664 3.160 2.927 7 1.369 1.710 1.917
8 3.995 3.452 3.201 8 1.203 1.497 1.676
9 4.326 3.744 3.446 9 1.067 1.325 1.501
10 4.658 4.038 3.751 10 0.955 1.183 1.321

increasing of the degree of the concentration of matter (-energy) towards the
centre of the relativistic star. An interesting problem would be the study of the
asymptotical behaviour of the quantity Rumw/R, for a—-oco.

4. Maximum Masses of Relativistic Stepenars. From the equations (6) and
(11) for the maximum mass of a relativistic stepenar we obtained the expression:

1/2 3 K
Mmax = — 67 . "E" (14)

nl/iG3/2(m 132 g V2 o 3)302 BU2

With this cxpression, using the values of the paramster w from Table 1, we
have computed the maximum masses of the relativistic stepenars. For this
puipose we took P = ppe = 2 - 107 kg/m?® (Brecher, Caporaso, 1977).
The computations were performed for the same three values: p, = 1/3, p, =
and p, = 0. So, we obtained the maximum masscs of relativistic stepenars.
These oncs are the limiting masses for the considered models. Over these mas-
ses the gravitational collapse is inevitable. The obiained results, expressed in
solar messis, are given in Table 3.

The 1atio Mpmax/Mo is plotted in Figure 2, as function of «, for the con-
sidered valucs of  p,. From Table 3 and Figure 2 one can observe that the
maximum (critical) masses, called Oppenheimer-Volkoff limiting
masses (Zeldovich, Novikov, 1971) decrease with the increasing of
the degree of the concentration of matter (-energy) towards the centre of the
relativistic star. An interesting problem would aiso b the study of the asymp-
totical behavicur of the quantity Mpm. /Mo for a-ro0.

- We notc that the results obtained here for a = 0 (homogeneous model)
and. « = 1 (linear model) are -in agreement with those given in the previous
papers (Ureche, 1980 a, b; 1982).
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We conclude that the obtained results are equivalent with the followin

criteria of stability for the relativistic stellar configuration with the power
density distribution (relativistic stepenars)

o mwe—

&

R > Rmim M < A{[max- (15'
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RESUME. — Nous allons faire référence a quelque résultats particuliers con-
cernant la caracterisation de fonctions convexes a 1’aide de certains opérateurs
linéaires et positifs.

DEFINITION — Soit f: [a, b]=—R. St Vx,, x, € [a,b] et Yo, >0, o, >0,
nwto,=1 on a

Slogxy + ayx,) < oy f(%;) + apf(2,)

dors on dit que fomction f est comvexe.
Nous allons noter par [x;, %,, %3; f] la différence divisée du deuxiéme ordre
de la fontion f.

LEMMA. Soit feCla, b]. Une condition nécessaire et suffisante pour que f soit
(onvexe est que:

(%1, %2, %3, f1 20 Vg, %, %3 € [a, 0]

La démounstration de ce lemma on peut voir, par exemple, dans [6].
Considération les opérateurs de Bernstein

Bfiw =3 (1] 20— 2y (). fecro1) x < 0,1

On a
THEOREME. Soit f € C[0, 1]. Une condition nécessaire ct suffisante pour que
f soit convexe est:
B“[f;i)>f(i),i=0,l,...,n;n=1,2,... (1)
voon n

DEMONSTRATION. Ce théoréme est donné en [1]. Nous allons indiquer une
lémonsstration simple du théoréme.
Ona [4]
k

B,(f; %) — f(%) ’“”)Z;p,.u [ L "“f] xe0,1] (2

| * Universilé de Cluj-Napoca, Faculté de Mathematique et Physique, 3400 Cluj-Napoca, Roumanie
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ol !

A oMF L0 V0 IRy U YIS BTG N AT
prp 2oz P2 =)[;n ;e‘;ka T Q!

Si f est convexe d apres le lemme ci- d,es,s,us et le fait que pu_y1,4(x) 20, k=

—
-
C M

=0,1, in=12, il résalté 1a relation (1) du théoreme.
Supposons mamtenant que-(1) soit vérifiée et montrons que f est convexe.
Supposons le contraine, donc et

3*,]' xp x;,e [O 1] 1—015 que . [xp xg: xs’f] = 9 < 0.

La. dlff erence entre

E k4 1
X, '_;
s N ,“ILP” L i ",‘ [ . nd

7 k=0

et [z, X X3 3 f]

SQ B Ty

peut étre redue aussi petite que l’on veut pour un n suffismment grand dahs
un point appartenant | @10, ], correspondant.a x,, %,'%;. Il résulte que la som-
me respective ‘peut étre négative ce qui est en contradlctlon avec (1), donc f est
convexe. o L o At
51bi Por ifes lopérateurs 'de Stancu [5] g e

\R;E?]\(f;\\x %Ef‘( )‘ }x(x+a) ROk

——k—loz)(l — A1 —x+a). (1 — gy 9
(4 ol +20) ... (1—m= 1¢) Lb)

I

«’eR, feC[0,1] '
on a. utie formme seriblable & (i} et on p_eut demontrer xffg 1a nleme fagon le
théoréme suivant :

THEOREWE. Soif f € CL’O 1] et, PY, o> Q fes_opérateurs (3) -associe A-cette
Sonction. Une condition nécessaire et suffisante pour que f soit convexe est que :

P:!]f—}>f J, ¢—01 '”—":1,2,-.. A
n

voa'y IS ‘ L i
\Poﬁr Jes operateuls ‘de’ Bernbtem on a aussi: ,..Q_.E_N‘YI ) !
THEOREME. Une condition. necassmrc et saffzsante pour qu'une fom:twn
dontinue [ soit -comvexe Su¥ [0,1] ebt! qm"lal sqnte {B(f*x)} n=12
x € [0, 1] soit non croissante.

conn s démonstéation de de théoréme estodemméoer : 2]

. Pour la démonstration on utilise la relation Suivante; satisfaite pai- 1es‘1poh-
‘nomes de Bernstein.

SOBEN R B = R e ] L W @

Pour les, pérateurs Pi™ on, 3. aussis, . - .
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THEOREME. Ume condition mnécessaire et suffisante pour qu’une fonchon

wniinue f soit comvexe sur [0, 1] est que la swite {P[“](f %)} n=12, ;
1€ [0, 1] sott non croissante.

Remarque. On a les mémes résultats pour les opérateurs By
Bl r. ) — S~ £(E)(" k] — s(x)Tr—*
B 3) =5 () )@ 1t = st

ot $(x) satisfaire des conditions que assurent leur convergence uniforme vers f.
Considérons maintenant les opérateurs convolutifs positifs de type binomial
de la forme :

Lif: #) = 4x(0) 35 (£)( 1) Patut2) Pacstol) ©)
Aa(%) = [Py (u(x) + v(x))] 7! < 0.
Hypothese :
Supposons que les fonctions @, : [0, 1]— R

bo_y: [0, 17— R

ay(x) = Pn(u(s) + v(z)) Py (w(2)
Pk+1(“(”) + v(x))  Pi(u(x))

(%) = Puu(x) + v(#)  Pap410(*)
bas P, (%) +om) P, o)

k=0,1,...,n;,n=12 ...

atisfassent la relation 1 = a4(x) + bu—i(x)

THEOREME. a) Dans Uhypothése ci-dessus pour les opérateurs comvolutifs (4)
ma:

L{f; X) = Lun(f: 1) = 22555 () Pussos).

n(n + 1) £=0
kR R+1 K k+1 1
Poslo() [ £, 2 ]
n=12.
b) Si f: [0, 17— R est convexe alors la suite {L,}, n = 1,2, ... est croissante.

DEMONSTRATION 2)On a:

Linfi9) = @ X (" 1)/ (5] Patwia) Prssatolz) +

k_

+ Ans1(%)f(0) Pasa(v(%)) + Anr1(%)f(1) Posr(u(2))

|- Matematica 3/1986
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‘En utilisant la rel’ation I =1ak(x) + by_(%) on peut écrire:

Ly(f: 2( ) /(%) a2 Patar() P o)) +

+ 4,(%) (5)7(2) Prate) Pros (oD bur() =

= 403 [, " [ o Pecs ) Pacass (w02 +

+ 4,03 ()7 (%) Palu(2) P s(0(2)bus(2)

k=0

En tenant compte des valeurs fonctions a, et b,_, données dans 1'hypothés
obtient

Lualf %) = Llfi 9 = A0 3 [ 1) () =1, 7

k=1 k

-1

— ‘:)f(%” - Py(a(2)) Pu—g 41 (v(x))

De la il résulte la relation donncée.
b) La démonstration résulte de a)

EXEMPLES

1°Si L, = B, (polynome Bernstein) alors u(x) =%, v(x)=I-
Pp(u(x)) = «*, A,,(x) =1 et I'hypotheése ci-dessus on a ay(x) = %, by
=1 — x et donc évidemmnet 1 = ay(x) + b,_x(x).

La relation du théoréme devient alors (4).

2° 8i L, = P P'opérateur Stancu alors
P, (u(x) = x(x + o) ... (x — (k — 1)a)
Py (u(x) + o(x) = (1 + a)(1 + 2a) ... (1 4 (n — 1)a)
et on obtient:

ap(®) = — (5 4+ ka), boa(x) =

14+ na 1-no

(I — x4+ (n— ko)

pour lesquels 1 = a,(x) + b,_x(x).
La relation du tliéoréme devient alors une relation semblable a (4)
les opérateurs P, 5.
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ABSTRACT. — Some properties for the Loop-Exit grammars and an algorithm
for comstruction of one flowchart for one Loop-Exit scheme are prescnted in
the paper.

1. Introduction. The flowcharts is a traditional tool for the algorithm descriy
tion. Recently, the Loop-Exit schemes [2, 6] have been are used for the algorithn:
description, too. Some programming languages such as BLISS (7], Ada
and some Pascal implementation [8], used for flowcontrol statements of Loor
Exit type. In this paper, some properties for the Loop-Exit grammars [34
are presented. Also, an elegant algorithm for construction of one flowchart iv
one Loop-Exit scheme is described.

2. The definition of a Loop-Exit Seheme. Let £ = AMUTM be a t¢

minal alphabet where AM and TM are the sets of assignment and test mar
respectively let

RES = {4, « —”, «,;”, NULIL, IF, THEN, ELSE, ENDIF, LOOI'
ENDLOOP, EXIT} be a set of some reserved symbols and let LM ={i}, 4, ...,
be a set of loop-marked symbols Usually, when there is not confusion, v
assume that LM = {1,2, ...,/}. Suppose that RESN (ZU LM)=4.

Definition 1. A Loop- Exzt-Free Scheme (LEFS) over X 1s recursively defin.
as follows :

a) “NULL ; "’¢s a LEFS. For cach a €AM, “a;” is a LEFS.

b) If ¢t « TM, «and B are LEFS and i, j, k LM, then the following o
LEFS:

bl) ,,ap”

b2) ,,IF ¢ THEN «[EXIT,;;] [ELSE B[EXIT;;]]JENDIF;”
where [8] means that § is optional.
b3) ,,LOOP, « ENDI,OOP, ;"
c) Each LEFS is obtained from a and b rules which satisfies :
cl) each two LLOOPs must have two distinct loop-mark symbols from LY
c2) for each LOOP, o ENDLOOP;; « has at least an EXIT, in i
c3) for each EXIT,, if LOOP, o ENDLOOP, ; is in LEFS, then
o = o EXIT;; o

Definition 2. A Loop-Exit Scheme (LES) ¢s a LEFS such that :
c3’) for each EXIT, there is LOOP, o' EXIT, ; o’ ENDLOOP, ¢nto LEFS.

* Universitly of Cluj-Napoca, Faculty of Mathematics and Physics, 3400 Cluj-Napoca, Romania
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Let S be a LES. All the symbols IF of S will be indexed by 1,2, .... For
easch IF,, the corresponding symbols THEN, ELSE — if this exists — and
ENDIF will be indexed by the same index 7. In the LES from the examples
below we have marked this indexing.

Let N = {I;| if IF; is into S}J{L;, B,| if LOOP, is into S} be a set
of uonterminal symbols where N (2 ULM) =d.

Definition 3. Let « be a LEFS. Through 3(«) we denote the skeleton word over
o, obtained by the following rules :

a) If a = ¢, then 9(a) =¢;
b) If a; and «, are LEFS, we have:
bl) Ifa € AM and o = o, a; a, then 3(a) = I(a;)a I(«,).
b2) If a = oy NULL; a, then 3(a) = 3(a,) I(ay).
b3) If « = o, IF; B ENDIF;; a, then 3(a) = I(«;) I; I(a,).
b4) If « = «,LLOOP, B ENDLOOP;; a, then J(a) = J(a;) L; I(ay).
Definition 4. Let X, a X,8Y,38Y, be a LEFS, where X; = IF;, a THEN;, or
X,=1F;, a THEN; y ELSE; or X,=LOOP,, i=1,2 and according
o X, we have Y,= ENDIF;; or Y, = ENDLOOP;; i = 1,2 respectively.
Through ®(X,aX,) we denote the directly word from X, to X, obtained by the
olowing rules :
a) If a ts a LEFS then.
al) If X, = IF;, a THEN;, then ®(X,aX,) = a + J(«).
a2) If X, = IF;, a THEN; vy ELSE,, then 9(X,0X,) = a — 3(a).
a3) If X, = LOOP,, then (X, e X,) = J(a)
b) Otherwise :
bl) If « = o, IF,b THEN, a, and 8§ = 3,ENDIF,; §, then
(X, aX,) = (X «, IF,) O(IF, «.X,).
b2) If « = «; IF, b THEN, v, ELSE, «, and 3§ = 8, ENDIF,; §; then
(X, «X,) = 9(X,,IF,) O(IF,a.X,).
b3) If « = «; LOOP,, o, and § = &, ENDLOOP,,; &, then
(X, a X,) = 9(X,; o, LOOP,,) B,, ®(LOOP,, 0, X,).
Definition S. Let S be a LES. The language L(S) associated to S is gemerated
from the following CFG:
Gs = ({(VIU{L;, Ly, By, .j 20,k 20}, ZU{+, —}. & V).

where ,,V”’ is a new symbol, I; is a nonterminal for IF; — if this exists — L, and
B, are two nonterminals for LOOP, — if this exists — and the set & of the pro-
ductions is comnstructed by the following rules :

a) V- 3(S).
b) For each IF; b THEN; o ENDIF;; the productions :
bl) I; - b—
b2) I;— b4 3(a) +f does not exist EXIT, such that a =o' EXIT,; are inQ;
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¢) For each 1F; b THEN; o ELSE; 8 ENDIF; ; the productions:
cl) I, — b+ 3(x) if o # o' EXIT,;
c2) I;—b —3(B) if B # B’ EXIT,; are in E;
d) For each LOOP, ayay 8 ENDLOOP,; the. productions :
dl) L,— 3(e; ap 8) Ly and By—> (o 0, 3) By |e
d2) L,— 9(LOOP; «, IF;) b + I(B), if
a, = IF; b THEN; 8 EXIT, ; ENDIF;; or
«, = IF; b THEN; 8 EXIT, ; ELSE; y ENDIF; ;
d3) L, — 9(LOOP, «, IF;) b — 3(B), if )
«, = IF; b THEN, y ELSE; 8 EXIT, ; ENDIF;; are in 8.
Definition 6. Let S be a LES. The static word associated to S is obtained |
S by crasing all reserved symbols.

Example 1.
LOOP,
IF, a, THEN,
LOOP,
a,;
IF, a; THEN, EXIT,;
ELSE,
IF; ay, THEN,; NULL ; ELSE; EXIT,; ENDIF,;
ENDIF,;
ENDLOOP, ;
ELSE,
IF, a; THEN, NULI, ; ELSE, EXIT,; ENDIF,;
ENDIF, ;
ENDLOOP, ;

The static word is “a; a, ay a, a;“.
N Examplcé. Lvt us consider LES from the example 1. The associated
mmar has the follows productions :

Vv =L,

Ly— I,L,|a, + Byayas— g — |dy—as — Bl“'"\Ilel'ls

Ii=a+ Lylay — Iy

Ly— ay1,L,|azas + By — a,1,B, e

I,— a3 — I

I;—a, +

B P P
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3. Orderly properties in the Loop-Exit grammars. Let S be a LES, let Gs =
=((V}iUN, ZU{+, =}, € V) be the attached grammar to S and let a, 4, ... a,
be the static word attached to S.

(onsider &« = ({VIUNU ZU{+, —})*. Similar with [1] we defincv:
Definition 7. If o # + o’ and o # — o then
FIRST («) = {a € Z|a = af}.
Suppose that o = o' 4+ or a = &’ — if and only a = o a4+ or «=0a" a —
vith a € TM. Then
LAST (z) = {a |a = AM, « = fa} U
(a+ |a €TM, « = Ba +}U
(¢ — |a €TM, o = pa—}.
Using the definitions 1—7 we can directly prove the. following lemmas :
LiaMa 1. For cach A €N, A being a useful and accesible symbol, there is a
symbol a; from the static word so that :
a) FIRST (4) = {a;};
b) For each A— « 2, FIRST (a) = {a;}.
LEMMA 2. If a; € AM is a symbol from the static word then :
a) It does not exist w = L(Gs) so that w = xa; + y or w = xa; — v
b) For each A—aa;B €8, if ¢ # 0 # A then FIRST (B) = {a;+}.
LEMMA 3. If a; € TM s a symbol from the static word, then

a) Each production from & which contains a; is either A— aa; + B or A —
- aa; — B and there are productions of both forms.

b) If it exists A— aa; + B, so that € # L # A then 1t cxists a; a symbol

J

from the static word so that ©+ < j and for each A—» aa, + P € 8. ¢ # B # A 1t
results that FIRST (B) = {a;}.

c) If it exists A— oa; — B so that ¢ # B # A then it exists a, a symbol from
the static word so that © < k and for each A — aa, — B, € # B # A it resulls that
FIRST (B) = {as}.

d) If the symbol a; verifies b) and a, verifies c) then it results that j < k.

LEMMA 4. The following properties hold :

a) FIRST (a,) = {a,} for each a;, € X

b) LAST (a; X) = {a; X} where X € {¢, +, —}

) If Y = a; X where X € {¢, -, —} then

LAST («Y) = LAST(Y)
d) LAST (4) = U{LAST(«) |A — « = 8}
e) For each two productions A — o and A — B we have :
LAST («) NLAST(B) = 9

Example 3. Let us consider LES from the example 1, having the associated
grammar in the example 2. After eliminating the inaccesible and useless sym-
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bols, only the productions B;— I,L,|e must be erased. The FIRST and L\
relations are:

FIRST (a,) ={a}, ¢ = 1,5, LAST (a,) = {a,},
LAST (a; +) = {a; +} and LAST (a; —) = {a, —}, for 1 #2.
For nonterminals we have:

A L I, L, B, 1, I, |

FIRST a, a, a, a, a, as a, 8

LAST a,— ag— az+ as+ as,+ ag+ | at |t

as— a5g— as+

4. An algorithm for conversion a LES into a flowehart. Now we giw
method for conversion to flowchart from LES without inaccessible LEFS ff

ALGORITHM 1.

Input. A LES A without inaccesible LEFS.
Output. An equivalent flowchart (%, %) with S.

Step 7. Using the definition 6 we’ll construct the associated grammar(,
Using the algorithms from [1] we eliminate the inaccesible and useless symbk

Step 2. Using the lemmas 1—4 for each symbol Y from Gs, the FIRST |
and LAST (Y) relations are found.

Step 3. If a,a, .. .a,is the static word associated to S, then the set of w
tices % is obtained as follows :

— for each symbol a; from the static word, if a; € AM then 4; :"|—¢zi-3

is a vertex else, (if a; € TM) 4;: "<z>" is a vertex;

— for each a; X € LAST (V) we have one stop vertex ,,A”;
— the start vertex “V”’ is added to %.

Step 4.

Let U := {(V, FIRST (V)} U {(4, A) marked X |a; X €LAST (V), X &{¢, +,-}
Step 5. For each production A — af from Gs, « # e # B, add {(4;4
marked X [{a;} = FIRST (B), a; X € LAST (a), X € {¢, 4+, —}} to the set®
Example 4. Let us consider LES from the example 1, having the gramm
in the example 2 and FIRST and LAST relations from the example 3. Afi
applying the step 4, we have:
= {(V, 4,) unmarked (marked with €), (4, A) and (4; A), both mark
e ___ }
When we apply the step 5 to L, — I,L; with o« = I, and B = L,, we obt:
the edges (4, 4,) and (4;, 4,), both marked ““+4’’. When we apply the step 5t
L,— a,I,L, with « = a, and B = I,L,, we obtain the edge (4,4,) unmarkel
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After applying the algorithm 1, we obtain the flowchart from fig. 1.

Tig. 1

THEOREM 1. For each LES without inaccessible LEFS [4] using the algorithm
1, a flowchart (X, U) equivalent with LES 1is obtatned.
Proof this theorem was presented in [3].
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ABSTRACT. — The Picard problem is considered for the multivolued hyper-
c%
bolic equation Py

€ F (x,v,2), where I is a continuous multi-valued map

defined on 4 < R"*? with compact values, but nonconvex in R*. An existence
theorem of a continuous selection is proved for F( x,y, 2), with z € K, where
K is a compact, convex, set of absolutely continuous functions, submitted to
certain conditions. An operator is then defined by means of this sclection, for
which one applies the Schander Fixed Point Thcorem — the fixed point being
just the solution of the Picard probleme.

1. Introduction. In this paper we are concerned with the Picard probl:
for the multi-valued hyperbolic equation ;;; e F(x, v, z), where F is a mult:
X

valued map, defined in a suitable subset of R**2, with values thatarc nonemy
compact but not necessarily convex subsets of R”. The Picard problem is defix
by analogy with the Picard problem for quasilinear hyperbolic equations |
in [2], [3], where F is a multi-valued map defined on a subset of R*+2 and valx
in the set of compact convex nonempty subsets of R”, satisfying conditions:
Caracthéodory type. Using the Fixed Point Theorem of Kakutani-Ky Fano
proves that the problem above has at least a solution.

In this note one proves an eXistence theorem of a continuous selection i
each of the maps (x, y) — F(x, v, 2(x, v)) relative to a given family of contim:
maps (%, y)—2(x, y), as in [4] — [8], and using the Schauder Fixed Pi
Theorem one obtains the existence of a solution of the Picard problem.

2. Continuous approximate seleetions. et be the multivalued map F:4-
comp X, where 4 CR"*2, A =D x B, D= [0,a] X [0,b]CR? BCHk
the closed ball centered in origin with radius ¢ = M, + Mab, M, given by |
M given by (4), X C R" is the closed ball centered in origin with radius ),
beiil{g a compact metric space with the metric d induced on X by the norm defi
on R”.

Let H be the Hausdorff-Pompeiu metric [9] on comp X induced by d. i
comp X is a compact metric space with respect to the metric H.

* Polytechnic Institute of Jassy, Department of Mathematics, 6600 Iasi, Romania
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Let C(D; R*) be the Banach space of continuous functions defined on D
and valued in R* and LYD; R") the Banach space of equivalence classes of
Iebesgue integrable functions defined on D and valued in R*.

Let the following hypotheses be satisfied :

(Hy) The curve y:x2 = ¢(y), 0 < ¥ < b, is defined by the function ¢ € CI([0,

01; R), satisfying the cond1t1ons

$(0) =00 < Y(y) <a, 0 <y <, (1)

{H,) The functions P € AC([0, a]; R"), Q = AC([0, b1; R"), where AC([e,, a,];
R") is the space of obsolutely continuous functions f:[«;, «,]— R”, endowed
with the norm

g

fl =, sup 1O+ 1701

t< foy, a,?
ay

satisfy the condition P(0) = Q(0),
(Hy) The function «: D — R"* defined by

a(x, ¥) = P(x) + Q(y) P(d(y)), y) e D, 2)
is bounded and therefore, the is M, > 0 such that
[la(x, ¥) || < My, (x,v) € D. 3)

It follows that « is absolutely continuous ;
« = C¥(D;R"), [10], §§ 565—568.

Let K be the set of absolutely continuous functions z : D— R, z C *(D
R7), [10], satisfying the conditions (3), (4), (5), where

a:;,ﬁ;yy) “ <M, ae. (x,y) €D, (4)
and
{z(x_, 0) = P(x), 0 < x < a 5
2($(), ») =Q), 0 <y < b

Then, the following two propositions hold:

Proposition 1. K 1s a nonempty comvex and compact subset of the Banach
space C(D; I»).

Proof. The relation z € K implies z € C(D; R*). We observe that el

0%0

exists a.e. (x,y) € D, as z € C¥(D; R*), [10]. “

Let M(x, y) be any point of D. Consider the parallel to x-axis, that inter-

sects the curve vy in the point N({(y), y). Let M(x, 0) and Ny(¢(y. O) be the orto-

gonal projectlons of M and N on the x-axis. Denote D(x, y) the rectangle
MNN M. given by

Dy(x,y) ={d(y) <u <%0 <v <y}l
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Integratlng o a; ) over D,(x, y), one obtains
SS Pelu, ”’dudv..deg""‘“ D gy =de @, )™ =
Qudv o4 v 5=(y)
Dz, ¥) 0 Yy .. 0

y

{20, v)dv = #(x, 3) — 2z 040). 5) +

¥ [ ]
+ 2((%), 0) = 2(x, 3) — P(x) — Q(») + P(¢(»)). (x.5) = D.
Using (2), it follows

y
dz |
=\= (% v)dv—
‘5 (%, v) dv

#(%, y) = P(x) + Q(y) — Py 5 g "“ Y dudv =
Du(%,
= oz, y) + SS 3’3‘:‘50"’ dudv, (x,y) «D, (6) '6)
‘Do(x, ¥)

or

z

o(x 3) = P(x) + Q) — PUO) + (a0 (Z8D du, (z, 5) = D(") 6)

0 Uy

The compactness of K follows using (5) or (6’ )fand the Arzelé.—Ascoh Theorem.
The convexity of K is obvious.

Remark. The relation z € K 1mp11es (%, 9, 2(x, ) = A for each (»,y = D.
Because each z € K generate a multi-valued map (x, y) = F(#, ¥, z(x, ¥)) from
D to comp X, we shall denote this map by G{z),

G(2)(%, ) = F(x, 3, 2(x%. %)), (x. 3) «D. (P )

Proposition 2. Let F: A—comp X be a multi-valued continuous map. Then,
for each = > 0, there exists a continuous function g: K— € (D; R®*) such that
for each z € K we have

d(g(z) (%, 9), G2)(%,9)) <, a.e. (xYy) < D. (%) 8)

Proof. The proof is analogous to that given in [4]—[8] and is based on
the construction of the function g by means of the contmuous partition of
the unity. Let ¢ > O be given. In view of the fact that F is continuous on A
and A4 is compact, F is uniformly continuous on A and there is A > 0 such
that

H(F(x, 3,2), F(§, n,8) <, A

for any two points (x, y, 2), (§ %, 2) in A with |[|(x, ¥) — (§, n)|]| <A,
llr— 2] <A.



! CONTINUOUS SELECTIONS OF MULTI-VALUED MAPS 61

Let {M;}i<r<v be a finite open cover of K such that diam A, < A for

ay k =1, N. Let {ps}1<r<n be the continuous partition of unity subordinate
to {Uph1oron ; select for each % a point 2, € U, and let {v,}i<henv be a sequence
o Lebesgue measurable functions vy : D—~R" such that, for every &, v(x,y)
€G(n)(x, v) a.e. (x,y) = D. Such function v, exists because each G(z) is con-
tmuous and measurable in D, [11]; v, < £ (D; R") for every k. We can take
Y= N,N,. Denote Uy = U, vy = v;;, 2z = 2;; € U, pPu(2) = pij(z) and sup-
pose

Pii(?) = 4:(2)7(2), ¢ = LN, j = LN,.

The functions p;;: K—R, i = 1, N,, j = 1, N, satisfy the properties :

a) 0 < pji(2) <1, for z€ K, 1=1,N,, j=1,N,,
)p,,()_Olfzqé’u,,,i—l Ny, j=1,N,,
N, N

9 I pule) =3°5% 4l = 1, for z = K.

i=15=1 t=114=1

For each z € K define the continuous functions 2;;: K-—R

)\,'7'(2) = xi(z)yj(z)' 1= 1» Nl) ] = 1: Nz,

where
(z2) =0
”‘i(z) = xi-1(2) + ag;(e) ﬁ 7(2), i =1, N,
and
Yol2) =0
[y,(z) = yj-1(2) + br(2) 121 g:(2), j = 1 N,.

For each z € K define the rectangles

Dij(z) = [#i-1(2), 2:(2)) X [y-1(2), ¥ (2), ¢ =1, Ny, j =1, Ny,

which constitute a partition of D excepting lines x == a and y = b.
We construct the desired function g: K— £(D; R"),

|g(z) 59) =53 1 D) 1% 9) v4(%,5), 0 < 5 <a,0 <y <,

i) =] 9
Pmmw=wmwﬁl—mmﬁ/:xw—@ ©)
8(2) (%, 8) = v, (%, b), p =min{j > 1; y (2) = b}.

where x[D;;(2)] is the characteristic function of Dy(z).

Obviously, g maps K into €(D; R"). Moreover, for a given! z € K and
ay fixed (x, y) € D, there exists a unique (7, 5) such that (x,y) € D;(z) and
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this implies # € U,;. Thus, g(z) (%, ¥) = v;{%, ¥) and. ||z(x, y) — z,;(x, y) || <A
so that -

dlgle) (%, 3), 6%, 3) < d (,(x,9), Glea)(x, ) + H (Gle) (x 3);
G(2) (x,3) < d(vy(# ), G(z,,) (x9) +e o) (10)

It follows that, for each z & K, d(g(2) (x, (z) (%, ) <eae 'y €D,
therefore (8) holds. We show that g is contmuous on K. Then, for any points
z,w in K and any (xy)CD 0esx<a 0<y<h, ((l)

lete) (. 3) — glw) (x z‘:i % [D4(2) AD,@)] (%, 3) | los(x, 3) || (1)

where D;(z) AD;j(w) = (D;;(z) — D;{w))'U (D;j(w) — Djs(2)).

Since K is compact, {A;;}i-T7w, j-T, N, 1s 2 uniformly ‘equicontinuous family
of real valued functions. Thps, for every 7 > 0, there exists a- § > .0 sueh that,
for any z € K, w € K satisfying ||z(x, y) — w(x, y) || < 8 at every (x,y) <D,

. ! Ih;(2) — Xj(w) | < €/2MN,
and hence p(D,(z )AD,,( w)) < n{MN,
so that (11) implies

8(z) — gtw) 118 = ({ 11gle) (x.5) — glw) (, 5) | | dady < 7. (12) (12
D .
Therefore g: K— €(D; R*) is uniformly continuous.

3. Continuous selections. On analogy of [4]— [8] one proves the following
existence theorem of a continuous selection for multi-valued map G(z2).

Theorem 1. If F: A—comp X is a multi-valued continuous map, then there
ex1stsa contmuous functiong: K -—->£1(D R ) such that, for any .z < K, g(z)(xy)<

G(2)(x, v), a.e. (x,y) € D, that is g(z) is a continuous selection for G(z), given
by (7). | i
4 Proof. Define a sequence of continuous functions g»: K — €(D; R*), n<N,
submitted to the following conditions:

1) d(g"(z) (%.9), 6(2) (.9)) <551, 2.e (82) €D,
2) p({tm2) = D11 (n3) — &) (w3011 > ) <

The condition 2) shows that for each z K, the sequence. {g"(z)},.,u con-
verges, in the norm of €(D;R", to an element g(z) and the convergence is
uniform on K, because the condition 2) is satisfied uniformly for any z € K.
Using the Lebesgue Dominated Convergence Theorem it -follows that g(z) <
e &(D;R") for each z € K. By contmulty of the functions g, » € N, it
follows that g: K — €(D ;R%) is continueus. Therefore, for any z € K, there
exists a measurable function- g(z): D++ X such.that the sequence {g*(z)}nen
converges to g(z) a.e. in measure, and a.subsequence of {g"(z)}.sx that. conver-

-~
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ges to g(z) a.e. on D. Then, from the condition 1), follows that for each z € K
we have g(z(x, ¥)) € G(z)(x, »), a.e. (x,y) € D, because G(z) (x, y) is closed for
my 2 € K.

The sequence {g"(z)}.<n is obtained by induction. From Proposition 2 it
follows that there exists a continuous function g®: K — £(D ; R”?) such that for
amy z € K

1
Aee) (%, 5), Glo) (x,9)) < -, ae. (x,3) < D. (13)
Also, from Proposition 2 and the continuity of FF on 4 = D X B there exists
A, > 0 such that

H(F(x, . 2), F(E,1,7) < (14)

1
4
for each (x,,2), (§,7m,2) in 4 with ||(x, ) — (&) || <A, [lz—z]] <4
and

. it I
p{(x,5) € D] 1g*E) (%, 5) — &%) (x. ) 11> 0}) < - (1)
for each z € K, z € K satisfying ||z(x, y) — z(%, %) || < A, for any (x,y) = D.

By analogy with the Proposition 2, let {}};<r<nvg) be an open finite
cover of K, such that diam U} < A,, for any k; let {$}}1<renqy be the con-
tinwous partition of - unity subordinate to {U}}i<r<ng); we select for each %

a point 2} € U, and a Lebesgue measurable function v,:D-—R"* such that

vi(x, y) € G(z;)(x, ), a.e. (x,9) €D,
and
Hop(x, ¥) — £°(z) (2, 0) [ = d(g°(5) (%, ¥), G(z) (%, ¥))- (16)
It follows from the conmtinuity of each G{z}), that are measurable on D,

[12]. By analogy with the Proposition 2, consider N(1) = N,(1) Ny(1) and
denote AL = AL, v, = o), 7, =z, €U, and pi(z) = pl(2) = ¢}(2) 7} (2),

i=1,N,(1), j =1, Nyl).
The continuous partition of unity, {p(z})}, #};: K— R satisfies:
a) 0 < pl(z) < lforall z € K, i=1N(l), j=1, N,(1),
b) pi(z) =0 if z ¢ U},
Ny(1) No(1) Ni(1) Ni(1)

c) E E Piz) = 2 E g (z)7}(z) = 1 for all z € K.

i=1 j=1 =1 7=1
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For each z € K, define the continuous functions A K—-R
Ni(2) = 2}(2) 9}(2), 1 =1, Ny(1) j = 1, Ny(1)

with
2(z) =0
Na(l)
% (2) = xj_, (2) + agi(2) 3 7/(2), i=1,Ny(1),
i
and
Yo(2) =0
N(l) )
Y1 @) = y1_,(2) + b7i(z 2 qi(z), 7 =1, Ny(1).

For each z = K consider the rectangles
DY) = [5_, (), ) X bh, @), %@, i = TN, j = LN,
establishing a partition of D, except for the lines x = a and y =b.),
Define the function g': K— £1(D; R")
Ny(1)  Ny(1)

812) (x,3) = 35 35 xIDy2)1(x, y)vi(x, 5), 0 < x <a, 0 <y<h

t=1 j=I1
g‘(z)(a y 1 N(l)( ry)» ! = min {i =1 x.l(z) = a‘}' (”)
B0 (5, 8) = vy, (5, 5), p=min§j > 1; 53(e) = B}

The function g' is continuous (see the proof of continuity of g in th
Proposition 2). To verify the conditions 1), 2) suppose that z € K is given,
and (x,y) € D fixed (0 < x<a, 0 <y <b). )

Then (x, y) € D)(z) for a unique pair of indices (3, j), therefore B2 <0

Then

g2 (%, y) = vi(x, y) (i
and |[#(%, y) — 24(%, ¥) || <A, such that
d(g‘(Z) (%, 3), G(2) (%, 5)) = d(vy(x, ), G(2) (%, 5)) < (8

doy(%, 9), GE) (%, ) + HGE) (%, 9), GE) (%.9) < o
a.e. (x,y) € D, that is the condition 1) holds for # = 1.
Moreover, using (13), (16) and (18), it follows
[18"(=) (%, y) — 8°@2) (% 3) 1] < [lvj(x ) — &%) (%) 1] +
+ 118°(z) (%, ) — 8°@2) (=, y) || = d(g°(zy)(%, »), G(z)(x, ¥)) + (M

+ 118°() (% y) — &) (x ) 1] < —l- + 11g° (@) (%, y) — &°(2) (%
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that implies

2

<u({tny) = DIl (v0) ~ &%) )11 > )] <g @Y

that is the condition 2) holds for # = 1.

Obviously, a similar construction can be used for # > 1, and the theorem
is proved.

4. The Picard problem.

Consider the multi-valued equation

0%
axdy

€ F(x,5,2), (x,y) € D, z € B, (22)

where F: D X B—»comp X.

The Picard problem is defined in [2], [3] and consists in determination of
a solution of the equation (22) satisfying the conditions (5) in the hypotheses
(Hy), (H,), (Hy). We state the following theorem.

Theorem 2. Let I': D x B— comp X be a multi-valued map satisfying the
hypothesis

(Hy) F is comtinuous on D X B.

If the hypotheses (Ho)—(Hj) is fulfilled, the Picard problem (22) +- (3) has
at least an absolutely continuwous solution z:D—>Rr, z € C.(D;R").

Proof. Using the Theorem 1 it follows that there exists a continuous selec-
tion g: K— €(D ; R*) for G(z) given by (7). Define, for each z € K, the func-
tion f(z): D—R* by

h(z) (x, ) = a(x, y) 4 SS g(2) (u, v) dudv =

Dy(x, y)

= P(x) + Q(y) — P($)()) + 5 dv 5 g() (u, v)du, (v, ) = D. (23)

0 ()

’l:llell, h(z) = C*(D; R) for each z € K, [10]. One obtains 4(K) C K. Using
the Schauder Fixed Point Theorem, it follows that there exists z =« K such
that A(z) =z, that is A(z) (x,y) = z(x, y), (x,5) € D.

That implies from (23) z(x,0) = P(x), 0 < x < a, 2(4(y),y) = Q(y), 0

. _ o » » =X = ’ ’ y); S
<y < b, therefore (5) and (22) hold for z, consequently z is a solution of the
Picard problem (22)+4(3), a.e. (x,y) € D.

§ — Matemualica 3/1986
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ABSTRACT. — Astronomical Observatory of the University. The paper deals
with the development of the modern astronomical research in Cluj. The found-
ing, endowing - and activity of the Astronomical Observatory of the Univer-
sity are presented, as well as the difficult work of its managers along the time.
The modern residencc of the Observatory and the rich scientific activity within
the framework of this institution are also pointed out.

~ Cercetdrile moderne de astronomie au inceput la Cluj odatd cu iufiintarea
Universitatii roméanesti (1919), avind drept initiatori pe profesorul Ghcorghe Bratu
(1881—1941) 'si profesorul Gheorghe Demetrescu-(1885—1969), care au elaborat
planurile celui dintli observator modern inzestrat*la Cluj s au format primii
stronomi ce urmau si ducd mai departe creatia lor**,

Observatorul astronomic al Universitdtii din Cluj a fost construit si dotat
itre anii 1920—1934, in partea de sud a orasului, unde a avut multd vreme
m cimp larg de vizibilitate. La staruintele profesorului Gheorghe Bratu (direc-
torul Observatorului intre anii 1919—1923 si 1928 —1941), se fac primele comenzi
fe aparate si carti, iar profesorul Gheorghe Demetrescu (directorul Observato-
wlui intre anii 1923 —1928) completeazd aceste planuri, care au fost realizate
stfel : in anul 1924 se obtine terenul, iar in 1927 se construieste sala meridiand,
b care se monteazd o lunetd de treceri, transformata dintr-un teodolit vechi,
fincep lucrarile practice de astronomie. Dupd mari greutdti materiale, legate
te asigurarea fondurilor necesare, cind sursa principald de venituri o constituiau
tixele studenfesti, intre anii 1928 —1931 este construitd cliadirea ecuatoriald
@ o cupold mobild avind diametrul de 5 m (construitd i montatd de casa
Gllon din Paris). Aici au fost instalate in urmitorii doi ani: ccuatorialul,
\Prm avind un telescop Newton (cu oglinda parabolicd, D = 50 cm, F == 250 cm)
i0 lunetd cu .obiectiv Zeiss (D = 20 cm, F = 300 cm), ambele instrumente
find montate de inginerul Nicolae Bratu, fiul prof. Gh. Bratu. Alte instrumente
wi mici, o lunetd de treceri, doud sextante, doud tecdolite, cronometre si pen-
fule (de timp mediu si 51deral) au completat inzestrarea Observatorului. In anul
184 este terminat pavilionul central pentru bibliotecd si laboratoare.

Rolul si meritele profesorului Gheorghe Bratu in domeniul astronomiei sint
megnant infatisate in raportul Facultatii de Stiinte a Universitatii din Cluj
pivind transferul siu de la Catedra de analizd matematicd la Catedra de astro-
pmie. Citdm :

* Universitatea din Cluj-Napoca, Facullatca de Matématicd si Fizicd, 3400 Cluj-Napoca, Romdnia

** Dar preocuparile de astromomie pe melcagurile transilvinene sint foarte vechi, contopindu-se cu inceputurile culturii
nmhzaﬂn Istoria astronomiei comsemmneazd cumostinfe §i cerceliri astronomice remanabtl: ale geto- -dacilor, -observatoare astro-
ic medievale infiinjate in focarele de culturd, datind incd din veacul al XV-lea, precum st lucrari . astnmmnuc scrise, de
it valoare — mcrgind pindg la elaborarea unor szstamz ale lumii — ce se pastreaza §i asti 4:1 in nmzed; dm Alba Iulm, Cluj-
a, Oradea §i alte orase (a se vedea biblicgrafia de la sfirsitul articolului).
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., Dl. Profesor Gh. Bratu, de la inceputul carierei sale stiintifice, gi-a manifestat inciinarea
spre Astronomie. In adevir, bursier prin concurs al Academiei Romane in 1909, Dsa a fost trimis
la Paris cu spetialid destinatie de a face studii §i lucr#iri practice de Astronomde. -

In aceastd calitate, Dsa a obtinut diploma de Astronomia aprofundati la I'acultatea de Stiinte
din Paris, fiind clasificat in fruntea candidatilor. .

Ca , Astronome adjoint” la Observatorul din Paris a ficut timp de trei ani (1909— 1912
lucriiri practice de Astronomie, trecind succesiv celc trei servicii fundamentale, dupi cum se vede
din certificatul eliberat la 19 Iulie 1912 de DI. Baillaud, Directorul acelui Observator. Dsa a Incrat-
1) La serviciul meridian (...); 2) La serviciul equatorial (...); 3) La serviciit? fotografic al cevulwi.

Certificatul Observatorului din Paris se termini cu urmitoarele aprecieri: ,,Rezulti din aceste
expuneri cd Dl Bratu, cu activitatea cdruia Observaternl nostru se poate liuda, a fdcut la acest
Observator un ansamblu de .Incrari foarte comiplete”.

Paralel cu aceste studii si. lucrfdri de astronomie, DI. Bratu a trecut si Doctoratul-in Matema-
tici la Sorboma, in junie 1914. Subiectul tezei sale , Asupra echilibrului firelor’” e o problemi de
Mecanici Analitici in strinsid legiituri cu problema de Mecanici. cereascd a echilibrmui maselor
fluide.

intors in ard, DI. Bratu gi-a continuat activitatea paralel in cele dou# directii: de Astronomie
§i de Matematici puri.

In 1919 fiind numit profesor de Analizi Matematici la Facultatea de Stiinte din Cluj, i s-a
fncredintat si suplinirea catedrel de Astronomie, iur cde la 1 Octombrie 1920 atit Frirectia cit g
organizarea Observatoruliti ‘Astronoinic " din Cluj. . :

fn aceastd privintd sitnatia era cu deosebire grea (...). Crearea unui Observator Astronotaic
la Cluj, mai ales in conditiile financiare de dupd rizboi, era o problema deoschit de anewoioasd g
dacid azi putem spune ci sintem aproape de realizarea ei completi, aceasta se datore§te marilde
calititi de organizator precum si tenacitifii, abnegatiei s inuncii neobosite a ‘Dini Profesor h. Brata
De altfel toti Colegii nostri s-au putut convinge de aceste calitiiti 1 numerasii ani in care Dsa a
facut administratia facultitii noastre, fie ca decan fie ca prodecan.

Remarcim de asemenea ci Dl. Profesor Bratu a profitat de cercetirile stiintifice ficute ia

striinitate, publicind pe lingd vreo 30 de Memotii de Matcihatici purd si urmitcarele hicriri de
‘Astronomie: 1) Efemeridele planetei 498 Tokio; 2) Ffemetidele planetei 537 Pamiy (...); 3) Dew
pre planeta Marte (...). ‘
.+, . De da 1923 la 1928 catedra de Astrouomie la Iacultatca de Stiiute din Cluj a fost ocupata
de DI Profesor G. Demetrescu. De la plecarea Dlui Demetrescu. la Bucuregti. in Martie 1928 5
pind astizi, DI. Profcsor G. Bratu a reluat Directia Observatorului precum si catedra ‘de Astronomie
in suplinire. De atunci Dsa face neintrerupt cursul de Astrononiie la Facultatea noastrd. (..:)

Deoarece, prin lipsa unui Observator Astronoinic, orice cercetatre. astronomicd era imposibil
la Cluj, DL Prof. Bratu si-a. pus ca prim scop al activitiitii Dsale realizarea acestui. Observator §
de numele siu va ramine legatd aceasti creatie. : } ) ‘

Putem spune azi, cu legitimd mindrie si multumire, cd: Sala meridiani e complet instalata
§i serviciul regulat al orei este asigurat. Sala ecuatoriald e cliditi; marea cupold de 6 m diametrs
e montatd ; luneta ecuatoriald e complet construiti si achitatd la Paris si urmeazi si fie adusi la
Cluj in cursul lunii Aprilie 1931. Telescopul afcrent e si el gata gi tinem si remarcim cd graie
relatiilor i interventiilor Dlui Bratu, oglinda parabolici de 0,50 m diametru a fost construitd chias
in atelierele Observatorului Astronomic din Paris. Iste pentru prima datd cind ‘acest Observatar
consimte si lucreze pentru un alt Observator din lume. In fine, clidirea pavilionului central cuptinde
deja subsolul §i parterul.

Putem spune cu drept cuvint cd activitatea Dlui Prof, Bratu s-a identificat cu crearca acestm
agezdmint de cercetdri- stiintifice care, sintem siguri, va, fi o podoabd a facultitii noastre.

Ca atare, socotim in unanimitate ci locul Dlni Prof. Bratu este la Direcfia acestui Observatoe
pentru ca, odat¥ instalat, si poatd culege roadete stiiritifice ale striidaniei sale neobosite de 11 am
{...)". (Semneazi membrii Consiliului ¥acultitii de Stiinte : Th. Anghelutd — decan, N. Abramescn
A. Maior, E. Racoviti, P. Sergescu, D. Pompeiu, Gh. Spacu s.a.; actul de arhivd nr. 1054—
1930/31.)

Profesorul Gheorghe Demetrescu, fiind numit la Universi-
tatea din Cluj la 1 iunie 1923, dar pastrind un contact permanent cu Observa-
torul din Bucuresti — unde 4 revenit definitiv la 1 martie 1928 ca prim-astro-
nom si vice-director, a desfigurat, de asemnea, o activitate remarcabild, atk
la catedrd, cit si la Observatorul astronomic, contribuind temeintc la formares
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primelor promotii de absolventi in matematicd ai Universitdfii, dintre care s-au
dirmat ca astronomi valorosi Ioan Armeanca si Ioan Curea.

Activitatea stiinfificd propriu-zisd in cadrul Observatorului din, Cluj incepe
tin 1933, cind profesorul Gh. Bratu angajeazd Observatorul intr-o colaborare
@ Observatorul din Paris, la ,,Catalogul hdrtii fotografice a Cerulys’, lucrare
de colaborare mondiald, condusd de acesta din urmad, din care primului f{i
revenea, reducerea cliseelor fotografice pentru zona de +20° (intre anii 1933—
1947). Aceastd lucrare — ,,operd monumentald si istorica”, dupa caracterizarea
pof. Gh. Bratu — a avut drept scop eternizarea Cerului secolului XX, impri-
mindu-l pe plici de cupru, dar, evident, inregistrarea in cataloagele ceresti
era suficientd pentru stiinga.

in cadrut unei conferinte {inute la Universitatea din Cluj, profesorul Gh.
Bratu spunea despre aceastd lucrare :

,Pentru a se putca studia schimbdérile ce se produc in pozitia si in strilucirea stelelor in timp
de veacuri, schimbdri ce nu pot fi observate in viata unui om, e absolut necesar ca pozitiile 5i stré-
hcirile actuale ale stelelor si fie fumscrise im calaloage cevesti, spre a se pisira §i spre a se putea
whipara situatia cerului de azi cu cea a cerului de peste 100, 2€0, 1(6C0 de amni.

Cum facerea acestor cataloage cere un timp indelungat i o muncd uriagd, la 1889, la un con-
gres international tinut la Faris s-a decis sd se folografieze Lucati cu bucatd toatd bolta ccreascs,
ficindu-se poze de piitrate de pe clera cereascd de 2° lungime pe 2° ldtime. La aceastd operi inter-
rafionald, pusd sub directia Observatoruluvi din Paris, s-au angajat 24 observatoare din lume (...).

Observatorul din Paris isi luase pc seama lui studierea §i fotografierea a 4 zome ceresti. Dupi
wrerea mea, la lucrarea urei zone, zena -20°, colaboreazd si Observatorul din Cluj.

Observatorul din Paris ne precuri cligeeic ¢i datele necesare si rioi la Cluj facem calcule pentru
tona +-20° — ceea ce rcprezintd o muncid de mai multi ani, pentru a determina cu cea mai matre
exactitate ccordomaitele ccresti ale steleler cuprinse in zona dintre paralelele de 19° si 21¢ latitudine
cereascd. Cind lucrarca va fi terminatd, rezultatele vor fi publicate la Paris intr-un volum special.

Numai cu aceste sacrificii imcpse §i cu aceastd munci uriasd geniile veacurilor viitoare vor
putec descoperi legi ned in $tiinta incd puhn cunoscutd, numitd Astrofizica sau Astroncmia siclard’.

Observatorul astronomic din Clu] era terminat in 1934, dar i mai lipseau
accesoriile. In urmétoriipatru ani, tinerii colaboratori ai Observatorului reali-
wazd completarile necesare: astronomul loan Armeanca (1900—1954) pune in
functiune laboratorul de fotometrie fotograficd si fotoelectricd (printre primele
din lume) cu un fotometru Guthnick cu electrometru Lindemann cu cadrane ; iar
wtronomul Ioan Curea (1901—1977) reinstaleazd vechea statie seismici, cu
sismografe Mainka.

In 1938, Observatorul din Cluj, condus de Prof. Bratu, cste angajat ca
mitate de cercetare deja pe fret divectii fumdamentale :

a) colaboreazd la ,,Catalcgul héartii fotografice a Cerului’”’ in continuare
[prin prof. Gh. Bratu, in colaborare cu I. Armeanca, Gheorghe Chis si Ste-
fan Radu) ;

b) studiul fotoelectric 2l stelelor variabile (prin astronomul I. Armeanca) ;
. c) studiul seismelor din Transilvania (prin astronomul si seismolegul 1.
urea).

Profcsorul 1. Armeanca, sccotit primul astrofizicien roman in sensul strict
d cuvintulud, si-o inceput muunce de specielizere in domeniul astrofizicii la
Gottingen, unde se dedicd fotometridi siclare. Tim) de tra1 eni aici, apoi la
Observaterul din Kicl, sub conducerea piofcserile: Roscnb rg si Stebbe, isi
ficheic teza sa de doctorat cu titlal |, Strdluciri fotograf:ce si folovizuale ale stclelor
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diw vécindtatea -polului’ (19383), care’ constituie ¢ remarcabili contributie 1la
extinderea fotometriei -fotografice, fiind - citati in ‘toate lucririle de bazi de
fotometrie.s [ Armeanca a extins secventa - ‘polard Nord -la toate stelele dintr-o
regiiine de 100’ x #69’; stabilind ‘cu multi precizie strilucirile fotografice'a 260
de ‘stele pind-la magmtudmea de’ 16,25 si strélucirile fotovizuale a 220 de stefe
pind la magnitudinea - -de-14,7}; utilizind metoda dlferenpala A facut un studiu
comparativ-ali fotometrului termoelectric Zeiss cu’ cel fotoelectric Rosenberg si
a stabilit ecuatiile' de cilloare si cele de distanti ale obiectivelor. Pe baza sec-
ventei polare a Iui I. Armeanca s-a obtinut- o crestere a - -preciziei fotometznex
fotografice gi vizuale si a sporit p051b111tatea de utilizare a ei.

Fotometrul achlzltlonat si asamblat in anii 1936 —1938 este instalat in- anii
1989—1940 la telescopul Newton al Observatorului din Cluj, dind rezultate
foarte bune.

‘ Profesorul I. Curea, pasionat astronom si seismolog, realizatorul de mai
tirziu. — in calitatea sa de rector — al Umversxtatu si Observatorului astrono-
mic_din Timisoara, ca si al statiilor seismice din Banat, si-a adus o contributie-
importanti la consolidarea directiilor de cercetare astronomicid din Cluj. in
téza sa de doctorat, referitoare la determinarea polului ceresc pe “cale fotogra- .
fica, di o metoda proprie, care a fost utilizatd si peste hotare in lucririle deée
astronomice. r.

O bruscd scidere a activitatii Observatorului astronomic din Cluj a avut loc -
odati cu declan§area razboiului §i, ca urmare a Dictatului de la Viena, Observa-
torul, impreund cu Facultatea de $tiinte cireia ii aparfinea, este mutat la Timi-.
sodra cu intreaga-i zestre, mai putin cupola si celelate clidiri. Luneta ecuatoriald
este’ reinstalata provizoriu in Gradina horticold din centrul orasului, intr-o clidire
de lemn, unde, la addpostul camuflajului impus de ngonle razboiului, astrono-
mul I. Armeanca reia observatiile fotoelectrice. Dar in urma unui bombar-
dament este distrus intreg echipamentul fotoelectric, incit dupa 1945, cind Obser-
vatorul revine la vechea matcd din Cluj, pot fi continuate doar lucrarile de
fotometrie fotografica. ‘

Profesorul Gheorghe Bratu, greu lovit de evacuarea i greutitfile de reinsta-
lare a Observatorului la Timisoara, moare fulgerator, la 1 septembrie 1941, in -
deplind capacitate creatoare. ;

intre anii 1941—1945, directorul Observatorului din Cluj-Timisoara a fost
profesorul Consiaiiiin Dirvulesc (1890—1943), profesor de astronomie la Facul-
tatea de Stnnte a Universitaii refugiate, care — dupd cum sc stie — a deschis
cercetirii romanesti drumul astronomiei galactice (studiul stelelor duble, al roiu-
rilor stelare, al rotatfiei Galaxiei) si al celei extragalactice.

in perwada 1945 —1954, inceputi prin repunerea instrumentelor in stare de
functionare, activitatea Observatoralui din Cluj a fost condusi cu multd
competen}d si autoritate de profesorul Ioan Armeanca. Se continud traditionala
problema a studiului stelelor variabile pe calea fotometriei vizuale si fotografice
si se incheie lucrarea de colaborare cu Observatorul din Paris. Rezultatele acestei
colaboriri simt imserate in lucrarea ,,Catalogue de 11.755 étoiles de la zome +-17°
a +25° et de magnitudes 9,5 a 10,5, Publications de 1'Obscrvatoire de Paris,
Ed. Gauthier-Villars, 1950.

fn anul 1951, Observatorul este transferat de la Universitate la Filiala din
Cluj a Academiei R.P. Roméine, organizindu-se ca unitate de cercetare. In

A om
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perioada 1951 —1961; Observatorul a primit un sprijin substantial de la- Acade--
mie, atit pentru dezvoltarea planului tematic, cit si pentru cresterea bazei mate-.
ale si a’numdirului de cercetédtori, cipétind si - personal tehnic-administrativ.
Noile conditii de lucru, precum si posibilitdfile create pentru noi colabordri inter=
mfionale — in special” cu: unele observatoare sovietice (Moscova, Odesa) -
deschid o noud perspectivd cercetdrii astronomice clujene. In afard -de I .Ar-
meanca, Gh. Chis si $t. Radu, care se aflau la Observator, in perioada mentio-
natd au venit la aceastd institufie succesiv: Ioan Todoran (1 decembric 1951),
Elvira Botez (1 decembrie 1951, pind in anul 1962), Arpadd P4l (1 mai 1957,
dupd efectuarea stagiului* de doctorat la Universitatea ,, M. V. Lomonosov”
diin Moscova, Institutul Astronomic -,,P. K. Sternberg?, Catedra de Mecanicd.
cereascd).

Din 1961, Observatorul astronomic trece in cadrul Universititii ,,Babes—
Bolyai”” din Cluj, pastrindu-si structura de unitate de cercetare.

Dupéd moartea prematurd a prof. I. Armeanca,; conducerea Observatorului
din Cluj este preluatd de profesorul Gheorghe Chis, elev al prof. Gh. Bratu si
cwlaborator al prof. I. Armeanca ; timp de 23 de ani (1954—1977) el va conduce
awceastd institufie cu acelasi devotament ca si predecesorii sii.

Profesorul Gh. Chis si-a inceput activitatea la Observatorul din Cluj la
| februarie 1936, fiind numit in postul de preparator. A fost trecat asistent,
in cadrul acestui Observator, la 1 februarie 1943, si gsef de lucrdri in acelasi an,
la 1 decembrie. TLa 1 octombrie 1950 devine conferentiar de matematici gene--
nle, iar la 1 octombie 1954 trece la specialitatea sa, astronomie si astrofizicd.
Indata de 1 ianuarie 1960 ocupa postul de profesor titular in aceasti specialitate,
pe care o pastreazd pind la 1 iulie 1977, cind devine profesor cousultant prin
isirea la pensie. Intre anii 1962—1988 a fost decanul Facaltidtii de Matem ici-
mecanicd a Universitdtii din Cluj.

Cercetdrile stiintifice ale prof. Gh. Chis se referd la urinidtoarele patru
domenii : a) probleme de astromertie prin: participarea la ,,Catalogul hdriii
fotografice a cerului’’ (participare amintitd mai sus), determiniri de coordonate
geografice, determiniri de pozitii de comete, planete mici st sateliti artificiali,
tercetari cu caracter astronomic asupra calendarului geto-dacic din vestigiile
anctuarului de la Sarmizegetusa ; b) problema de stele variabile prin studii
ftometrice — fotovizuale, fotografice si fotoelectrice — ale stelelor binare
ftometrice si de tip RR Lyrae, reintroducind m:toda fotometriei fotoelectrice
la Observatorul din Cluj; c) problema d= ma2canicd cereascd prin determindri
(e orbite de comete si de sateliti artificiali ai Pdmintului; d) probleme de cerce-
tiri spafiale, prin infiintarea in cadrul Observatorului din Cluj a Statiei de obser-
wre a satelipilor artificiali (cod COSPAR : 1132) si participarea la prograinzle
{e colaborare internationald INTEROBS, INTERKOSMOS, EUROBS, vizind
blosirea observatiilor satelifilor artificali ai Pamintului (d= pozitie si fotometrice)
hstudiul variatiilor paramatrilor structurali ai atmosferei inalte a Pdmintualui,
b corelatie cu variatiile indicilor activitdfii solare si geomagnetice.

Dintre toate domeniile pe care prof. Gh. Chis le-a imbritisat, astrofizica a
imas domeniul siu de predilectie. Dovadi a importantei lucrdrilor sale §i ale
wlaboratorilor sdi din acest domeniu, in 1974, prof. Gh. Chis a fost ales prese-
finte al Subcomisier nyr. 5 (Stele duble), in cadrul Comisiei de colaborare inter-
mtionald intre academiile de stiinte din tari socialiste, in problema ,,Fizica §t
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evolujra sielelor”, precum §1 vlcepres,aedmte al Cormtﬁtulul National Rouran de
Astronomie (pma in 1980).

In anul 1976, extinderea. ora.-;u}m Qbhga Ohservatorul 1a styamutarea instru-
mentelor de observaii (achizitionate de Gh. Rratn) pe dealul Feleacului, in zona
Fdget (8 km sud de Cluj-Napoca, 750 m altitudine), existind aici conditii de
astroclimat, adecyvate umor observaii astrofizice. Confonn hotaririi  Senatujui
Universit3fii, clidirea si cupola Statiei de observare din Figet. au fost construite
— dupi conceptia profesorulul Gh. Chiy, executantd fiind fnxxeprmderea »Elec-
trometal”’, CluJ-Napoca —+ din rtesurse interne si:cu forje locale, alpeind. in
acest scop circa 1000 00Q lei (Flg 1). Din anul 1977, Statia de observare din
Faget trece in nomenclatorul Centrului-de Astronomie si Stiinte Spatiale Bucu-
re§t1 care in noua orgamzare mcadreaza toate cadrele de cerectare as‘rrongmmd
din fard, care lucreazd pentru aceastd unitate de cercetare.

Riminid la catedri si la Observator si dupi pensionare, profesorul Gh Chis
a condus Seminarul de cercetare ,,Structura si evolufia stelelor”, precum si
activitatea unor doctoranziin specialitatea:, Astronomie si astrofizicd”, ping in,
ultimele zile ale viefii sale. In urma unei boli necrutitoare, el s-a stins din viafa
la 19 mai 1981.

Din 1977, ca director al Observatorului astrouonnc a fost numit profcso-
rul Arpdd Pdl, decanul de atunci al Facultafii' de Matematici a Universitatii,
(1976 —1984). Colectivul de astronomi clujeni, la mceputul noii perioade, a avut
de depasit nenumdrate dificultdfi §i piedici, care pdreau uneori de neinvins
pentru activitatea astronomicd: mutarea prov1zor1e a zestrei i personalului
Observatorului, inclusiv a cercetédtorilor C.A.S.S., in cladirea Institutului de
Matematicd de pe lingd Facultatea de Matematici « Umversﬁatu (str. Repu-
blicii nr: 37), cu exceptie cupolei vechi, care a fost adipostitid in Parcul Sportlv
al Universititii; demolarea vechilor clidiri (din str. Republicii nr. 109), 1
1978 — in locul lor fiind construiti moderna Intreprindere de Elcctromca
Industriald si Automatizdri; demersuri §i striruinfe pentru obfinerea aprobiri-
lor si fondurilor necesare reconstruirii Observatorului pe un nou amplasament,
in valoare totaldi de 2000CO0C lei; si mai apoi, coordonarea lucririlor de
constructie si montaj (proiectantul fiind ELECTROUZINPROIECT Bucuresti,
iar executantul — S.C.P.C. Cluj-Napoca) si mutarea in noul edificiu.

Era pentru noi un motiv de legitima satisfactie si consemnim incheierea
lucrarilor i darea in folosintd, in vara anului 1982, a unui modern si impundtor
pavilion al Observatorului astronomic, in extremitatea sudicd a Grédinii Botanice
a Universitatii (str. Ciresilor 19), a cérei vegetatie bogata condifioneazi aerul
din jurul Observatorului (Fig. 2). Noua cladire asigurd condifii superioarc de
desfasurare a activitatilor didactice si-de cercetare stiintificd, in ea {iind ampla-
gate : laboratoarc didactice §i de cercetare — printre care sala cupolei (vechi),
adipostind noul refractor Coudé (D = 150 mm, F = 2250 mm), achizitionat de
la_firma, Zeiss din R.D.G., in 1980 (Fig. 3), sala meridiana §i Statia de obser-
vare a satelifilor artificiali ai Pamintului (pe terasa clad1r11) biblioteca si sala de
lecturd, cabinetul de astronomie, atelierele de mecanici si electronici, cemtrala
texmlca si celelalte utilitafi.

De un deosebit sprijin am beneficiat in realizarca aeestui obiectiv din
partea organelor judefene si municipale de partid §i de stat, din partea Minis-
terului Educatiei si Invifimintului, precum si din partea proiectantilar si
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oustructorilor. intreprinderilor amintite. Tuturor le exprimam, §i pe aceastd
ale, cele mai vii mulfumiri $i profunda noastrd recunostina !

In ultima vreme, in dotarea Observatorului astronmoic au intrat mai multe
parate noi: un complex de aparate pentru misurarea timpului, aparate de masu-
ure a coordonatelor ceresti (teodolit, sextant, stereocomparator), calculatoare
deetronice, instalatie pentru pozitionarea automati (pe bazd de microprocesor)
ilunetei Coudé (Fig. 4) s.a., care contribuie atit la imbunitatirea cercetdrii
fiinfifice, cit si a procesului didactic.

S-a mdrit, de asemenea, fondul de ciirti si publicatii periodice, Observa-
forul astronomic dispunind la ora actuald de o zestre de peste 16000 de volume

lirti si reviste), precum i de alte materilale documentare de mare valoare
wlturala.

Cereclarea stiinfificd in cadrul Obscrvatorului nostru se realizeazd in prezent
in cadrul a doud seminarii de ccrcclare, ale ciiror tematici le vom schita in cele
® urmeaza.

Preocupiiri in cadrul Seminaruiui ,,Mccanicd ccreascd si cercelari spaliale’”
[nfiintat in anul 1972; conduciter : dr. A, Pal): 1. Probleme dc mccanicd
wreascd : varietati diferentiabile si topologice cu aplicatii in mecanica cereascd ;
tudiul metodei medierii si al aplicatiilor e in diferite probieme de mceeanicd
wreascd  (orbite intermediare ale asteroizilor, cometelor, satelifilor artificiali
ja.); studiul problemei restrinse a celor trei corpuri si elaborarca de modele
matematice pentru cazul cliptic al acestei probleme ; aplicarea mictodei transfor-
mirilor Lie la studiul miscarii perturbate a corpurilor ceresti; aplicarea unor
metode topolegice la studiul problemci celor doud si trei corpuri; studiul solu-
filor cu ciocniri in problema a dovd si # (>3) corpuri. 2. Tcoria miscdrii
uleliftlor artificiali ai Pdmintului (SAP) . studiul miscarii perturbate a SAP
wb influenta diferitilor factori gravitziionali si negravitationali ; studiul metode-
br de integrare numerici a ecuatiiler miscdrii perturbate a SAP; elaborarea
de modele matematice ale miscdrii SAP, ca si de algoritmi si programe de cal-
al in vederea rezolvirii acestor modcle; determindri si amelioriri de crbite ale
SAP; determindri de efcmeride ; studii asupra misciirii satelifilor geostationari;
sudiul miscdrii de rotatie a SAP in jurul centrului propriu de masi. 3. Probleme
privind structura aiwmosferei terestve in cadrul relatiilor Soare-Pdmint : studiul®
wolufici parametrilor de stare ai atmosferei inaite pe baza datelor observagionale’
supra frindrii orbitele a SAP in atmosferd ; claborarea de formule (legi empirice)
i pentru aproximarea paramectrilor de stare ai atmosferei inalte ; studiul corela-
fiel intre evclutia parametriler de stare ai a{mosferei inalic gi activitatca solard
i geomagneticd ; claborarea de algoritmi si programe de calcul pentru determina-
rea de valori ale deusitatii si ale altor parzinetri de stare ai atmosferei inalte.
\. Probleme privind observarca satelifilor artificiali : studiul vizibilitdfii satclifilor
atificiali (couditii de vizibilitate, vizibilitatea satelit-satelit, cazuri particulare) ;
daborarea de algoritmi §i programe de calcul pentru determinaren de cfemeride
de SAP ; studii asupra metodelor de reducere a cbservatiilor de SAP ; probleme
pivind identificarea SAP (metode, criterii).

O bund parte a rezultatelor obfinute au apirut. in urmitoarele publicafis
e Scminarului: Visual Observations of Artificial Earth Satellites. Supplement
Dedicated to the Twentieth Anniversary of the First Artificial Earth Setcllitc Launch.
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University Babes— Bolyai Cluj-Napocd, Astroromical Observatory, Satellite Trac-
king Station No. 1132, Cluj-Napoca, 1977 ; ;,,Babes— Bolyai”’ University, Faculty
of Mathematics, Research Seminaries, Seminar of Celestial Mechanics aid Space
Reseanth Preprints : 2/1980, 3/1982, 2/1984, 10/1985. .

~Preocupdri in cadrul Seminarului ,Structura si evolutia stelelor” (mfun}:at
in anul 1947, actuala denumire datind din 1977 ;.conducitor : dr. V. Ureche) :
1. Interpretarea curbelor -de lumind la sistemc stelare binare strinse: thodele de
interpretare a curbelor de lumind; studiul efectului de reradiatie (reflexie);
studiul efectului de elipticitate ; determinarea elementelor absolute ale componen-
telor. 2. Studmlxpananez perioadei la binare strinse : deplasarea liniei apsidale;
efectul relativist in rmgcarea liniei apsidale ; prezenfa celui de-al treilea corp;
evolutia sistemelor binare in faza transferului de masa ; construirea de suprafefe
echipotentiale Roche si studiul stabilitatii. 3. Studiul fotometmc al unor variabile
de tip RR Lyrae : construirea de curbe de lumini din observafii; determiniri
de perioade multiple ; studiul efectului Blajko ; ajustarea curbelor observate cu
functii spline ; determinarea parametrilor fizici. 4. Studiul stabilitatii pulsatio-
nale a stelelor : efectul rotatlei asupra stabilitatii ; efectul mareic asupral stabili-
tatii. 5. Studiul structurii si stabilitdtii stelelor relativiste : modele analitice si semi-
analitice de structurid interni : oinogen, liniar, politropic, de tip ,,stepenar”;
criterii de stabilitate a stelelor relativiste ; razele critice §i masele maxime ale
stelelor neutronice ; geometria continuumutui spatiu-timp in interiorul si in veci-
nitatea obiectelor relativiste; diagrame de imersiune; energia grav1tat10nala
a stelelor relativiste.

_ Mare parte a rezultatelor obtinute au apirut in urmdtoarele publicatii
ale Seminarulwi: Contributions of the Astronomical Observatory, Univ. ,, Babes—
Bolyai”, Cluj-Napoca, 1976 ; Contributions of the Astronomical Observatory. Pro-
ceedmgs of the Colloquium of Astronomy, Section Astrophysics, Cluj-Napoca,
November 1977, Cluj-Napoca, 1978; ,, Babes— Bolyai” University, Faculty of Math-
ematics, Rescarch Seminaries, Seminar of Stellar Structure and Stellar Evolu-
tion, Preprm"s 4/1983, 2/1985, 6/1986

in virtutea acestor preocupan pe care ii este axatd activitatea, Observa-
torul clujean participd la mai multe colabordri internationale, sub egida Uniunii
Astronomice Internafionale (IAU = Internafional Astronomical Union) si a
Comitetului de Cercetdri Spatiale (COSPAR = Committee on Space Research),
precum si in cadrul a doud cooperéri intre academiile de stiinte din $ari socialiste :
,,Fizica si evolutia stelelor’” — in care Observatorului nostru i{i revine coordona-
rea Subcomisiei (Subpr01ectulu1) nr. 5 ,,Stele duble” si ,Fizica cosmicd”, in
cadrul temei ,,Cercetan si experimente comune cu ajutorul observatulor sateliti-
lor artificiali in scopuri astronomice, geofizice si geodezice’”. Tara noastri a
gazduit ultimele reuniuni ale acestor colaborari in 1982 si, respectiv, in 1983.

Pentru dezvoltarea relatiilor internationale ale cercetdrii astronomice roma-
nesti, in 1930 s-a infiinjat Comitetul National Romin de Astronomie, care a
devenit membru al U.A.I, unde rezultatele noastre au primit o binemeritatd
apreciere, oglinditd si in faptul cdnumai dintre astronomii clujeni cinci au fost
alesi membri individuali ai acestui for mternatlonal

Observatorul astronomic are si menirea de a contribui la pregatirea viitorilor
profesori de matematici si de fizic3, in cadrul cursurilor si seminariilor cuprinse
in planurile de invi{imint ale sectiilor respective, lucrdrile practice de obser-
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wji fiind singurele activitdti care pot asigura o bund infelegere, aprofundare st
ssimilare a cunostintelor teoretice predate la cursuri si exersate in seminarii.
[a aceastd activitate cu studentii participd, deopotrivd, cadrele didactice si
cercetdtorii Observatorului. Cursurile, culegerile de probleme, programe de cal-
el §i lucrdri de laborator, publicate in edituri sau litografiate pe plan local de
citre colectivul nostru reprezinté si ele tot atitea ajutoare-in pregatirea de specia-
litate a studentilor si in inifierea lor in cercetarea stiintifici.

Ca licas de stiinta si culturd, destinat studiului cerului instelat, Observa-
torul atrage o frecventd abundentd de vizitatori, in special clase de elen, terasa

lui spatioasd de observatii — unde se pot aseza mai multe intrumente astrono-
mice portabile de amatori — fiind adecvatd organizarii unor sedinte demonstra-

tive ce contribuie, incepind cu ,trdirea emotionald a lui Galilei”, insotitd de
explicatii ale specialistului, la formarea unei conceptii juste, materislist-stiinti-
fice despre Univers.
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1) Tdward W. Stredulinsky,
Weighted Inequalities ard Degenerate Elliptle
Partial Diffcrential Equations, Lecture Notes
in Mathematics. Vol. 1074, 143 pages, 1984.

The main purpose of this book is the
investigation of various weighted spaces and
weighted incqualities which are relevant to
the study of solvability of the problems con-
cerning linear cr non-linear partial ditferential
equations and in the analysis of the properties
of the solutions. The usefulness of these results
is illustrated in the latter part of the book
where they are used to establish continuity
for weak solutions cf degencrate elliptic equa-
tions.

The book may be used by the specialists
who work in the domein of the theory of
partial differentizl equations and by the stu-
dents who are specializing in this domain.

S SAILAGYT

K. Jarosvz, Perturhitions of Banach Al-
gebras. Lecture Notes in Mathematics 1120,
Springer Verlag 1985, 117 pp.

The beck is dealing withh three kinds
of ginall perturbations for Danach algebras:
e-perturbations of the wnwitiplication, e-iso-
morphisin and e-isometries. The author proves
stability results under smiall perturbations for
varicus classcs of Banach algebras. As the
theory is only at the initial stage the author
states many problems — the book ends with
a list of 20 open problems.

S. COBZAS

K. Sundaresan, S. Swaminat-
han, Geometry and Nonlinear Analysis in
Banaeh Spaees, Lecture Notes in Mathematics
1131, Springer Verlag 1985, 115 pp.

The bock is concerned with diffcrential
nonlivear analysis in infinite dimensional Ba-
nach spaces. The rich and elegant finite dimen-
sional theory do not extend automatically to
the infinite dimensional case. The authors
treat topics as: Smoothness classification of

B-space, Swmooth partitions of the uaily
Smoothness and approximation, Infinite &
meusional differentiable manifolds. The bek
is clearly written, collects togetlier many to
pics scattered in various joutnals and. will &
useful to a large class of mathemativhs
(especially analysts).

8. COBRAN

Palle T. E. Jorgensen and.Re
bert T. Moore, Operator Commulatin
Relations, Mathematics and its Application
1. Rcidel Publishing Co. 1984, 493 pp.

The authors consider infinitesimal
global commutation relations for operatn
showing that apparently distinct topics e
be unified, in an unexpected way, through s
certain analysis of operator commutation r
lations, leading as well to new results in &
verse areas of mathematics and its appliv
tions. The book is of interest for mathematiciay
(both pure and applied) and for researche
in mathematical physics and quantum de
mistry.

S. CORZ

Jerrold Marsden, Alan Weis
stein, Calewlus I, II and III, Spring
Verlag New York, Berlin, Heidelberg, Toki
1985.

This three-volume book represents :
very good introduction to real differest
and integral calculus. In a didactic and gy
rous manner the authors present the ks
notions and results including many geomet
and physical aspects of calculus with a wedt
of excellent applications. Each volume conta
many solved and proposed exercices and pr
blems. The book presents interest and is us.
for the students in mathematics.

D. ANDRIC

Banach Center Publications vol |-
Mzthematical Control Theory, Edited byl
Olech, B. Jakubczyk and J. Zabezyk, P.W)
Warszawa 1985, 643 pp.



RECENZI! 77

" These are the Proceedings of the XVI-th
semester of the Banach International Mathe-
motical Center (September —December 1980).
The book contains forty papers covering va-
rvus topics in optical control theory, writ-
tem by cminent specialists in the ficld as A.
Pensoussan, L. D. Berkovitz, 1. H. Clarke,
R. Gabasov, J-1.. Lions, P-I. Lions, 1'. Mig-
wot, S. Rolewicz et al.

8. COBZAS

Jindrich Nedas, Introduction to
the Theory of Nonlinear Elliptie Equations,
Toubner-Texte  fiir  Mathewmatik, Band §2,
Loipzig, 1983.

In prezenta carte autorul studiazi pro-
Feme la limitd pentru ccuatii cu derivate
partiale de ordinul al doilea de tip eliptic.
Se studiazii probleme ca: spatii Sobolev si
Morrey-Camponate, solutii slabe, mctode apro-
xirative, regularitatea solutiilor si aplicatii in
teoria elasticititii. Cartea profesorului J. Necas
reprezintd o foarte bunid introducere in teoria
problemelor la limité relative la ccunatii cu deri-
vite pargiale de tip eliptic neliniare.

I. A. RUS

Lars Hormander : The Analysis

of Linear Partial Differential Operators: Vol. 1 :
Distribution Theory and Fourier A nalysis ; Vol.2:
Lifferential  Operators with Constant Coeffici-
ents, wpringer-Verlag, Berlin, 1983.

The volumes I and IT are a systematic
stady  of distribution theory and of partial
differential operators with constant coefficients,
Basic properties of distributions, Convolutions,
Yourier transformation, Spectral analysis of
of singularities, Hyperfunctions, ¥xistence and
epproximation of solution of differential equa-
tions, Differential operators of constant stren-
ghth, Scattering theory, Analytic function
theory and differential equations, Convolution
equations. These two volumes are part of a
emarkable book of highest quality and of
greatest importance for research workers and
gradnate  students in  mathematics.

1. A. RUS

Hidevuki Majima, Asymptotie
Analysis for Integrable Connections with Irre-
gular Singular Points, I.cct. Notes in Math.,

1075, Springer-Verlag (1984).

The book is an excellent research mono-
graph. Using strongly asymptotic expansions
of functions of scveral variables, the author
proves existence theorems of asymptotic solu-
tions to integrable systems of partial differen-
tial equations under certain general conditions.
Other topies in this book : Riemann - Hilbert---
Birkhoff problem, Poincaré’s lemma and de
Rham coliomology theorem.

I. A, RUS

E. Zc¢idler, Nonlinear Funetional
Analysis and Its Applications. 1L Variational
WMethods and Optimization, Springer Verlag 1985,
662 pp.

The book is a considerably expanded
version of the book of the author, ,, Vorlesungen
iiber nichtlineare Funktionalanalysis 111", Va-
viationsmethoden wund Optiemierung, ‘Teubier
Texte zur Mathematik Leipzig 1977, 239 pp.,
and belongs to a cycle of five hooks on non-
linear functional analysis: I Fixed point teol-
rems, I1 Monotone 8perators, IV \" Appli-
cations to mathematical physics, published
originaly in German as Teubner Texte and
translated (and expanded) in Tinglish and pu-
blished by Springer Verlag. This is a compre-
hensive monograph on optimization and varia-
tional problems. The book is very well organi-
zed and very clear written. Xach chapter (and
there are 57 chapters) ends with a set of pro-
blems and bibliographical comments. The bi-
bliography is very extensive (30 pages). The
book ends with a list of symbols, a list of
theorems and an index of notions. T'he bhook
is a valuable contribution to optimization
theory and related topics.

S. COBZAS

Jean Taul Gauthier. Strueture
des systemes non-lineaires. Iiditions du CXRS,
Paris, 1984, 307 p.

Dans VIntroduction du livre on présente
les idées genérales, les sources ct les buts du
travail. Les rappels néccessaires de géométrie
différentielle et de 7Topologie, ainsi que la
théorie du controle des systémes non-linéaires
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-avec ses applications sont développés d’une
manicer attractive et accesible d’aprés.le
schéma suivant: I. Variétés différentiables.
II. Gouvernabilité. III. Observabilité ct Ob-
servateurs. IV. Stabilisation. V. Découplage.
VI. Bibliographie. Le livre est destiné aux
étudiants qui débutent dans la recherche,
‘autant que aux spécialistes én Automatique.

M. TARINA

Graphentheorie : ecine  Entwicklung aus
dem 4-Farben Problem, von Martin Aigner,
Stuttgart: “Teubner 1984 (Teubner-Studien-
biicher : Mathematik) ISBN 3—519—02068—8.

Das vorliegende Buch eines bekannten
Autors enthilt eine selir gute Einfiihrung in
die Graphentheorie mit nahezu allen wichtigen
Begriffen und Resultate. Es wird dabei ins-
Dbesondere die wichtige Rolle geschildert die
das 4-Farben Problem in der Entwicklung der
Graphentheorie spielte: sein Ursprung, die
ersten Versuche zur Losung des Problems mit
all seinen Sackgassen und schliesslich seine
ungewdhnliche Losung mit Hilfe des Computers.

- H. KRAMER

Global Analysis — Studies and Appli-
cations I, (Edited -by Yu. G. Borisovich and
Yu. E. Gliklikh), Lectures Notes in Mathema-
tics vol. 1108, Springer Verlag 1984, 301 pp.

The volume contains the translations of
the Voronezhh University Press series ,,Novoe v
global’'nom analyze” for the vears: 1982 —
Yquations on manifolds; 1983 — 7Topological
and geometrical methods in  mathematical
physics; 1984 — Geometry and topology in
global nonlinear problems. The aim of the
series is to publish survey (expository) papers
and a small number of short communications.
Among the members of the editorial board
and contributors there are well known specia-
lists as A. T. Tomenko, A. S. Mishchenko,
S. P. Novikov, M. M. Postnikov, A. M. Ver-
shik et al. The translation and publication in
Lectures Note Series make these important
contributions to global analysis accessible to
a larger set of readers. )

o

8. COBZAS

Nonlinear Analysis and  Optimizatien,
Bologna 1982, Edited by C. Vinti, Lectur
Notes - in Mathematics vol. 1107, Springs
Verlag 1984, 214 pp.

These are the Proceedings of a meetiy
organized in Bologna in Honour of Profess:
Lamberto' Cesari (a similat meeting took plate
in 1980 at the University of Texas at Arlington,
The bhook begins with a paper of D. Graff o
J.. Cesari scientific activity and a paper of
J. Serrin, Applied mathamatics and scientific
thought. There are also ten contributed p
pers by eminent specialists in the field: L
Cesari himself, A. Bensoussan, J. Frels, |.
P. Gosscz, P. Hess, R. Kaman, J. Mawhn
et al.

S. COBZAS

Y. Okuyama, Absolute Summabili
ty of Fourier Series and Orthogonal Sers,
Lecture Notes in Mathematics vol. 1067,
Springer Verlag 1984, 117 pp.

The absolute summability of a scries s
a generalization of the concept of absolut
convergence just as the summability is m
extension of the concept of convergence. The
absolute summability methods for non-abs.
lute convergent series (Norlund — and Ries
— absolute summability) are given both for
trigonometric series and for the Walsh ortho
gonal system. The book will be useful to all
interested in harmonic analysis.

S. CoBzZAs

Raghavan Narasimhan, Com
plex Analysis in One Variable, Birkhius
Verlag 1985, 266 pp.

The aim of this book is to present, from
a modern point of view, the theory of func
tions of one complex variable, relating the
subject to other branches of mathematie,
especially - several complex variables (a field
which owes much to the author of this book|
The autlhor achieves masterly this end and the
result is an excelent monograph in complix
function theory. The book also contains
chapter (Chapter 8) on several complex vari:
bles but, as the author points out in the pre
face, as a whole, the book is about one variable,

S. COBZAS
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P. Schapira, Microdifferential Sys-
fems in llxt- (mnplex Domain, Grundlehren der
mathematischen Wissenchaften vol. 269, Sprin-
ger Verlag 1985, 214 pp.

The subject of this book involves several
franches of mathematics as: microlocal analy-
gis, lincar partial differential ecquations, al-
gebra and complex analysis. Its aim is to
present, at an accessible level, to the analyst
the algebraic methods used in this ficld and
to the algebraist some topics from partial dif-
ferential cquatlons The book is a very good
Introduction to this difficult and very active
domain of rescarch.

5. COBZAS

H. Schlichtkrull, Hyperfunctions
md Harmonie Analysis on Symmetric Spaces,
Progress in Mathematics vol. 49, Birkhduser
Nerlag 1984, 1985 pp.

The Dbook is divided in two parts. The
fist one (Chapters 1 and 2) is expository
(few proofs are given) and gives an introduction
to microlocal analysis and hyperfunctions. In
the second part, containing also some original
contributions of the author, these results are
gpplied to symmetric spaces. The book is an
outhgrowth of an essay which received a gold
medal from the Umversﬂ:y of Copenhagen.

S. COBZAS

Albrecht I'rohlich, Classgroups
md Hermitian Modules, Progress in  Mathe-
matics, Birkhiuser Verlag 1984, Boston—
Basel — Stuttgart.

Cartea contine o cexpuncre sistematici

i detailatd a aborddrii cu ajutorul omorfis-
mlui Galois a diferitelor clasgrupuri atasate
adinelor §i in particular inelelor grupale,
tordare care se dovedeste fundamentald in
greetiri recente. Cartea este utild in cercetiri
teoria numerelor algebrice, K-teorie, forme

tratice si Iermitiene si teoria modulard.

GR. CALUGARFANU

H. Juneck, Locally Convex Spaces
md Operator Ideals, Teubner Texte zur Mathe-
tik, Band 56, Leipzig, 1983, 180 pp.

A. Pietsch was the first who studied ope-
tor ideals in Banach -spaces aud applied
m to nuclear spaces. The ‘author gives in

-
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this book a systematic exposition of the theory

‘of ideals of operators ranging in locally convex
,spaces (LCS), showing that many properties

of several classes of LCS are just consequences
of some stability properties of operator ideals
acting on them. A special attention is paid
to F—, DF— spaces, to spaces of differentiable
and holomorphic functions and to spaces of
unbounded operators.

S. COBZAS

Recent Frends in Mathematies, Rein-
hardsbrun 1982, Teubner Texte zur Mathema-
tik, Band 50, Leipzig 1983, 329 pp.

L R

These are the

rence  held in

Proceedings of a Confe-
Reinhardsbrunn RDG, from
October 11 to October 13, 1982, editde by H.
Kurke, J. Mecke, H. Trichel and R. Thiele,
The conference was attended by 62 mathema-
ticians working in various branches of mathe-
matics (S. V. Bochkariev, I.. D). Kudryavtsev,
7. Ciesclski, W. Dickmeis, R. J. Nessel, K-H.
Hilster, A. Gopfert, J. Necas et al.). The bhook
contains 40 of the contributed papers, the
programme of the conferenceand the list of

participants.

- S. COBZAS
Proceedings of the Second International

Conference oW Operator Algebras, ldeals and

Their /\ppli('ahons in Theoretical Physies, Leip-

“gig 19837 Teubner Texte zur Mathamatik, Band

67, Leipzig 1984, 234 pp.

The book contains the contributions of
the participants at this conference grouped
in three sections: A. Topological algebras
and their representations; B. Operator ideals
and geometry of Banach spaces, and C. Alge-
braic approach to quantum ficld theory and
statistical physics. Sections A + C contain
18 papers and Section B, 12 papers. The book
contains valuable contributions to these fields
and it is of interest for a large class of mathe-
maticians and physicists.

S. COBZAS

Thomas Zink, Cartiertheorie Lom-
mutativer formaler Gruppen, B. G. Teubncr,
Leipzig, 1984.

The theory of commutative formal groups
has a special importance in algebraic number
theory and in algebfaic geometry over a field
of characteristic p./Flie french mathematician
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P. Cartier found a new approach to this
theory which is simpler and more general than
others and which has interesting applications
to abelian manifolds. The book of Th. Zink is
for students and mathematicians interested in
algebraic geometry or number theory and
familiar with commutative algebra. It presents
the theory in a new way based on concepts
of deformation theory. During the six chapters
of the Dbook, besides the main theorems of
the theory, basic facts on isogenies, deforma-
tions of p-divisible formal groups and Dieu-
donne’s classification are treated.

RODICA COVACI

I. Lovasz, M. D. Plummer: Mat-
c¢hing Theory, Akadémiai Kiado, Budapest,
1986, 544 -1 XXXTIT pp.

This book deals with the matchings
(sets of cdges without common points) io
graphs. Tu the theory of matchings a lot of

RECENZI!

applied problems
the entire theory

A complete

can be modelleq, from whid
was really borne,

treatment of this and

lated ubjects is divided into twelve chaptes
These chapters are the followings: 1. W
tchings in bipartite graphs, 2. Flow then
3. Size and structure of maximum ma
chings, 4. Bipartite graphs with perfect mt
chings, 5. General graphs with peie
matchings, 6. Some graph-theoretical pr

lems related to

matchings, 7. Matehiny ¢

and linear programming, 8. Determinants o
matchings, 9. Matching algorithms, 10, T

f-factor problem,

11. Matroid matching, I!

Vertex packing and covering, and Referens
with an impressive number of titles, Al

rithmical aspects

This  well-w

ded to all, who
problems.

are also considered,

ritten bock is recommu
are interested in watehi

7. Kiw
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Revista stiintificdA a Universitdtii din Cluj-Napoca, STUDIA UNIVERSITATIS
BABES-BOLYALI, apare incepind cu anul 1986 in urmadtoarele conditii:

matematicd — trimestrial

fizicd — semestrial

chimie — semestrial

geologie-geografie — semestrial pentru geologie si anual pentru geografie
biologie — semestrial

filosofie — semestrial

stiinte economice — semestrial

stiinte juridice — semestrial

istorie — semestrial

filologie — semestrial

STUDIA UNIVERSITATIS BABES-BOLYAI, the scientific journal of the Univer-
sity of Cluj-Napoca, starting with 1986 is issued as follows:

mathematics: quarterly

physics: biannually

chemistry: biannually

geology-geography: biannualy on geology and yearly on geography
biology: biannually

philosophy: biannually

economic sciences: biannually

juridical sciences: biannually

history: biannually

philology: biannually
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