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NOTE ON THE NUMBER OF HAMILTONIAN PATHS
IN TOURNAMENTS

DANUT MARCU*

Received January 12, 1982

ABSTRACT. — Tor a not strong tournament I we denot by H(T), H(C;),
i=1, 2, ..., m, the number of Hamiltonian paths of T respectively C; (C; is
a strong component of T). Using the results of [4] we show that

H(T) = [T H(C),
i=1
H(T) = («)"T ] 1Cil,
i=1

m
H(T) = 2"t-V[Tc,
i=1
where
e= min min d*+(s),
1<i<m x=V(C))

= min min d7(x).
1<ism z< V(C)

A digraph (directed graph [1]) D consists of a set V(D) of vertices and a
set E(D) of ordered pairs xy of distinct vertices called edges. If xy is an
edge of D, we say that x dominates y [1]. The number oi vertices do-
minating (resp. dominated by) vertex x is called the indegrec (resp. out-
degree) of x and is denoted d—(x) (resp. d*(x)).

A path [1] is a digraph with vertex set {x;, %, ..., %,} and edge set
{%,%y, %%, ..., ¥n_1%,}. This path is called an x,x, path and is denoted
¥ Xy ... %, A strong compoment [1], C, of a digraph D is a maximal
subgraph [1] such that for any two vertices x, y of C, C contains an
¥y path and a yx path.

Digraph D is stromg [1] if it has only one component. The condensed
digraph D*, of D, is the digraph for which the strong components of
D are C(D*) and C,C, is an edge of E(D*) if and only if there exist
x € Cy, x € C, such that xy is an edge of E(D). A fowrnament [2] is
a digraph such that each pair of vertices i< joined by precisely one edge.

A Hamiltonian path [1] of a digraph D is a path including just once
every vertex of D.

* University of Bucharest, Faculty of Mathematics, 7000 Bucharest, Romania



4 D. MARCU

Lemma 1. If D contains ¢ Hamiltonian path, then D* contains also one.
Proof. Trivial.

Lemma 2. Let T be a tournament not strong and C,, C,, ..., C,, 1ls strong
components. The components of T can be placed in a sequence as a form
C,-l, C.-’, C;m, such that every vertex of Cik dominates every vertex of

Ci; whenever k < j.

Proof. By Rédei’s theorem of {3], T contains a Hamiltonian path
It follows from lemma 1 that T* contains onc. Let it C;, C;, ..., C‘m
be. According with definition of T and T* rcsults that every vertex of
C,»k dominatcs every vertex of Cij whenever & < 7. (q.e.d.).
For a not strong tournament 7" we denote by H(1), H(Cy), ¢ = 1,2, ..., m
he numbcer of Hamiltonian paths of 1" respectively C,.

Theorem 1. For a not strong tournament T holds
H(T) = [TH(C)

Proof. Let C‘}’ C,~2, R Cim the Hamiltonian path of T defined by

lemma 2. Retaining this order, we find the Hamiltonian paths in every
component, and after that, we link these paths using the edges of T*
in all possible ways. In this way we generate all Hamiltonian paths of
T. Since T is a tournament it follows (according to lemma 2) that

HH . (q.ed.)
=1

Theorem 2. (C. Thomassen [4]). 4 strong lournamen! with minimum
outdegree >k has at least k! Hamillonian paths starting at any vertex.

Theorem 3. (C. Thomassen [4]). A strong tournament with minimum
ndegree =k has at least 2*~1 Hamillonian paths starting at any vertex.

Denoting

e=min min d*¥(x),
1gigm xe V(C))

B=min min d~(x),
1<ism ze V(C))

t follows, according to theorems 1, 2 and 3, that

H(T) > (a«!)» HICI

H(T) > 27e-0 ]| C).

=]
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PROBLEMES DE RECURRENCE POUR DES
CONNEXIONS SEMI-SYMETRIQUES, METRIQUES

P. ENGHI$* et P. STAVRE**

Manuscrit vecu le 13 mars 71982

ABSTRACT. — Recurence Problems for Semi-symetrie, Metric Connexions.
The results in [3] and [5] are further developed to seml-symetnc metric con-

nexions given by (1), using invariants a5, Z$ W ik and T, k given by (14},

ik “ijk’
(18), (31) and (41).

§ 1°. Soit L, une variété différentiable & # dimensions, de classe C®
et g une métrique riemannienne sur L, de composantes g; dans une
carte locale (U, ¢; ¢(x) = #'(n) ... 2™(x); x = U). Nous allons noter
i
il
dans la carte locale (U, ¢), par Ris les composantes de son tenseur de
courbure [2], par R; = R}, (le tensecur de Ricci) et par R =g"R;, I
courbure scalaire.

Soit dans L, une connexion, D, semi-symétrique, métrique, [1], [18]
de coéfficients

par y la connexion Levi—Civita, correspondant a g, de coéficients

;:k = {;k] + &)ijz — gjkmi Db = gi'ﬁ)r (1)
Nous avons
Th = ;8% — wid; 2
&ijn = 0 )
ot Tj = s — I (les composantes du tenseur de torsion) et parfon

a noté la dérivée covariante par rapport a D.

Nous allons noter par Rl,k les composantes du tenseur de courbure
pour la connexion D, par R;= Rj, le tenseur de Ricci et R= ”R,J
sa courbure scalaire.

Si D a R, =0, alors g est conformément plate [18] et donc si &
variété riemanniennc (L,, g) a 'index ¢, > 1 alors Rjj est récurrent (8]
D’our:

* Université de Cluj-Napoca, Faculté de Mathematique, 3400 Cluj-Napoca, Roumanie
** Université de Craiova, Faculté de Science Economique, 1100 Craiova, Roumanie
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PROPOSITION 1.1. S%¢ la conmexion (1) est la connexion de K. Yano

(C’est-a-dive a Efj,, = 0) de courbure scalaire R # cst et iy, > 1, alors

stfjk,r - CPrRes]k, Py % 0 (4)
ot on a noté par virgule la dérivée covariante par rapport a V.

C'est-a-dire la variété riemannienne (L,, g) est récurrente.
Si D est une connexion linéaire a tenseur de courbure Rjj et on a

Rijpyr = oo Rijn; @ # 0 (5)
on dira que L, est D-récurrente. Il en résulte
iij/r = ?rﬁij (6)

c’est-a-dire L, est D—Ricci-récurrente (la réciproque n’est pas, en géné-
ral, vraie).
Pour les connexions D semi-symétriques [1], caractérisées par (2),
dans [13] on a établi les propriétés équivalentes
T — 0w Ty = Ty o Ti =0 (div T = 0) (7)

ox ox!

ot T; = Ts; (le vecteur de torsion). Plus tard, dans [7], on retrouvé
ces propriétés et, de plus, on montre que si D a la propriété

Tip = Ty (7')

c’est-a-dire D est une E-connexion [6] alors les premiéres identités de
Bianchi ont lieu

R+ R+ Riy =0 (8)

Toujours dans [13] on montre que si I) est semi-symétrique métri-
que et a l'une des propriétés équivalentes (7) alors le tenseur de Ricci
est symétrique R; = R;;. La connexion peut-&tre réduite a une forme
canonique.

Dans [4], indépendemment, on étudie un cas plus général de conne-
xions & propriété (7'). (E-connexions [6]).

Observation 1.7. Les connexions semi-symétriques pour lesquelles «w;
est gradient (connexions semi-symétriques spéciales [7] sont des E-conne-
xions [6]), donc elles vérifient (7’) ou les propriétcs équivalentes.

Dans ce qui suit, nons allons utiliser les connexions semi-symétriques
métriques (1) ou semi-symétriques.

Dans [12] on montre que pour une connexion semi-symétrique on
a les relations

2 Riwp = 2 E Ripo 9)
ri T
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(somme sclon la permutation circulaire de j, %, 4) et donc

2 Ripp =0 <3 Ripw, =0 (10)
b T
si
Ripn = @, Rin (11)

alors de (9), (11) il résulte
2 R, =0 (12)
b

d’ou

PROPOSITION 1.2. St la commexion D est semi-symétrique cf R,,,, est
D-vécurrent a covectewr de rvécurrence o, alors on a (12) et donc on a l¢
deuxiéme groupe d'identités Bianchi (10)

COROLLAIRE 1.1. Si L, est D-symélriquement Cartan ¢ est-a-dire
Rijpyy = 0 alors on a (12), si D est semi-symétrique.

Pour les espaces de Walker [16] et pour la connexion D consi-
dérée plus haut, en les notant par D — K, on a

COROLLAIRE 1.2. St L, est D-symétriquement Cartan alors il est un
espace D — K.

COROLLAIRE 1.3. Dans un espace D — Ky lcs velations (12) ont lieu
si le vecteur de récurremce est o, (Nous allons mnoter Iespace par
o — D — K}).

Dans (12), en appliquant une contraction dans s et %, on obtient
[Riix + (Rud; — Ri33)] 0, = 0 (13)
D’ou
PROPOSITION 1.3. Dans un espace o — D — K ou dans un espace
D-symétriquement Cartan, ws satisfait (13).

COROLLAIRE 1.4. S¢ on note
Aiin = Rijp + Radj — Rydi (14)
alors une condition nécessaire pour que L, soit un espace D-symétriquement
Carton (¢t donc D — K3) ou o — D — K&, est le rang ||Ajll < n.
COROLLAIRE 1.5.
Ap + Aaj =0

COROLLAIRE 1.6. Si la commexion D, semi-symétrique métrique a la
propriété (7') alors

Aip + A + Asy =0
pm’sque Rij = Rj,;.
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De la condition de compléte intégrabilité pour (3) il résulte

Rpijk = -‘Ripjk to Ep,'jk = gl,slz.‘i-jjk. De 1a et de (13) il résulte
[2B; — 8iR] v, =0 (15)
oll Ri = SPRM.

§ 2. Dans [l1], pour une connexion D semi-symétrique métrique
on a introduit les invariants T3, (nommé invariant D -concirculaire) et
Zix (nommé invariant D-coharmonique) et les transformations D-concir-
culaires et D-coharmoniques qui les caractérisent. Celles-ci généralisent les
invariants concirculaires et coharmoniques [9].

Dans [3] on étudie les relations entre les espaces riemanniens récu-
rrents, conformément récurrents, concirculairement récurrents et cohar-
moniquement vécurrents. On va généraliser maitenant ces résultats en
utilisant les invariants T ct Zi;.

On va noter

Hijp = —— (g5%% — gud)) (16)
nin — 1)
et évidemment H # 0. Soit
Zl = R+ 717 (Rud} — Ryd}% + guR; — gyR) (17)

le tenseur coharmonique de courbure relatif 4 V (invariant aux transfor-
mations coharmoniques [9] et

Zh = By 4+ — 1 (Rudt — Bysh 4 gal? — giB)) (18)

n—2

le tenseur D-coharmonique de courbure (invariant aux transformations
D-coharmoniques [11]). Si Clr est le tenseur de courbure conforme, Weyl,
pour V, [2] et Cﬁ},, le tenseur D-conforme de¥courbure pour D, on a

Zip + 2 Hiyp = Cly (19)
ZZ‘& 4+ uR H?jk = C:jk (20)
7 —2
Comme on a
Chr=Cla (21)

il résulte

Zh — Zlp == - H¥(R — R) (22)
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De (17) et (18) par contraction par rapport a % et %, il résulte

R 5 R
gij; Lij = —

n—2 n—2

Zj=—

&ij (23)

DEFINITION 2.1. S$’il existe un covecteur ¢, # 0, tel que

Ziww = 0 Zin (24)
on va dire que L, est D-ccharmoniquement récurrent.
I1 résulte
Zy = 9y (25)
De (3), (23) et (25) il résulte
R, = ¢,R (26)
Donc :

PROPOSITION 2.1. St L, est un espace D-coharmoniquewment récurvent
alors Z; et R somt D-récurremis avec le méme covecteur de vécurremce.

De (3), (20), (24) et (26) il résulte

Cimr = @,.Ciin (27)
D’oit:
PROPOSITION 2.2. Un espace L,, D-coharmoniquement récurrvent cst
D-conformément vécurrent (27) et on me peut pas avoir R = ct # 0.

Si on a (27), de (3) et (20) il résulte

Z—?jk/r = (PrZ?jk - i 2 H}"jk(ﬁlr - (P'Fl’) (28)

d’olr

PROPOSITION 2.3. St L, (n > 3) est D-conformément vécurrent alors on
a (28). La condition nécessaive et suffisante pour que L,D-conformément
récurvent suive D-coharmoniquement vécurvemt est (20).

Evidemment, on suppose que D n’est pas la connexion de K. Yano.

Observation 2.7. Si dans (1) on fait w = 0, alors D = y et on obtient
les résultats de [3].

Observalion 2.2. Si L, cst D-réeurrent (5), D) étant la connexion (1},
alors L, est D-coharmoniquement récurrent ¢t D-conformément récurrent.

On a aussi

PROPOSITION 2.4. Une condition nicessaive et suffisante pour qu'un
espace L, avec la connexion D semi-symétvigue métrigue (1), D-coharmo-
miquement récurreni ouw D-conformément vécurrent, soit D-récurrent est que
L, soit D-Ricci vécurrent.
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Observation 2.3. Si L, posséde une connexion, D, K. Yano alors il est
conforme plate et donc

R .
Zin=——Hi (29)
2—n
D’ott la condition nécessaire et suffisante pour que (L,, g) soit cohar-
moniquement récurrent est R, = ¢,R.
§ 3. Pour une connexion semi-symétrique D dans [12] on a mis en

évidence un invariant Wiy de type Weyl, du groupe de transformation
Th = Ih -+ 8kt + ke (30)

La connexion D définie par (30) est semi-symétrique. o

Si la connexion semi-symétrique D a la propriété (7') alors Wi,
a une forme analoque 4 celle des connexions symétriges. Si d; =0 (r est
fermée) alors Wf}k a une forme analoque a linvariant de Weyl, Wf}k
de la géométrie riemaunnienne [2]. En cas particulier si D cst (1) ou
si il a aussi la propriété (7') alors Wi aura unc forme analoguc a Wi
de la géométric riemannienne. Dans ce cas, comume on 1'a montré, on a
Ry = Hj. Pour (1), le tenseur de Bianchi est nul [12]. Soit done, pour
(1), le tenseur D-projectif de courbure:

Win = Rip — - 1 - (R;i8% — Rus)) (31)

DEFINTTION 3.1. S'il existe un covecteur ¢, tel que
Wi = 0, Wi (32)

alors on va dire que L, est D-projectivement récurrent.
Observation 3.7. Si la connexion D(1) a la propriété (7’) alors on aura
Rije = Rjsi-
Observation 3.2. De (5), (6) et (31), il résulte que si L, est D-récurrent,

aiurs il est D-projectivement récurrent.
De (6), (31) ez (32) ct de I'observation 3.2 il résulte

PROPOSITION 3.1. Un espace L, D-projectivement récurvemt est D-vé-
cur vent, st et seulement s'il est D- Ricct vécurrent (avec le méme ¢,).

DEFINITION 3.2. Le tenseur

5 R
Eij = Rij — 7gij (33)
sera nommé tenseur D-Einstein. S'il existe un covectuer ¢, tel que
Eij/r = CPrEij (34)

nous allons dire que L, est D-Einstein récurrent.
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Si L, est D-conformément récurrent et D-Einstein récurrent (avec
le méme ¢,), alors il résulte

Riw, = o Rip + Hip(R), — o,R) (35)
et réciproquement. D’olt

PROPOSITION 3.2. La condition nécessaire ¢t suffisantec pur que L, soit
D-conformément récurrent et D-Einstein récurrent cst (35).
Conséquence 3.7. Si on a (35) alors on a (28).

PROPOSITION 3.3. Un cespace L, D-conformiément récurrent et D-Ein-
stein vécurrent est D-vécurrent si ot seulement si on a (26).

Notons
Wi =g"Wix, Wa = gaWh (36)
De la compléte intégrabilité de (3) il résulte
Ry = —Risp (37
et donc
Wi= - RZ—%HSZ); Wa=—"—E., (38)
De (32) et (38) il résulte
Wy = o Wi; Wayr = eWa; Ean = o,Ea (39)

c’est-3-dire :

PROPOSITION 3.4. St L, est D-projectivement récurrent alors il est aussi
D-Einstein vécurent.

De (31), (32) et (38), il résulte

— — 1  — —
Rl — o/l = Wiy, — o, Wi + 3 Sh(Wa — o, W) —
— 2 8} (W — @) + Hin(Byy — 0.R) (40)

D’on, en employant (35), (38) et (39), il résulte

PROPOSITION 3.5. La condition nécessairc cl suffisante pour que I'espac®
L, soit D-projectivement vécurrent est (35).

Des propositions 3.2 et 3.5 il résulte:

PROPOSITION 3.6. Les espaces L, D-conformément récurrents et D-Ein-
sterim vécurvents, D-projectivemcnt récurremts et vespectivement ceux gui
vérifient (35) (avec le meme ¢,) coincident.
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Observation 3.3. Si L, est D-projectivement récurrent et si on a (26),
il résulte de (35) que L, est D-récurrent.

Observation 3.4. Si @ = 0 alors D =V ct on obtient les résultats de
[8]. Dans ce cas, comme on le sait [10], si la métrique est positivement
définie alors les espaces projectivement récurrents coincident astec les
récurrents.

§ 4. Soit le tenseur
Tk = Riy — RHY, (41)

qui est invariant 4 une transformation D-concirculaire [11] et qui est
analogue au tenseur concirculaire de courbure de la géométrie con-
circulaire des espaces riemanniens ce pourquoi om le nommera tenseur
D-concirculaire de courbure.

DEFINITION 4.1. Si’il existe ¢, # O tel que
T fjk/' = <P,T:"jk (42)

alors on dit que L, est D-concirculairement récurrent.
De (33) et (41) il résulte:

Ty =T =Ey (43)
et de (42) et (43) il résulte
Ejw = 9B (44)
ou

PROPOSITION 4.1. St L, est D-concirculasrement récurrvent, alors 1l est
ausst D-Einstein vécurvent.

e (42) il résulte
Thinr — o/ Tt = Riyyy — @Bl — Hin(Ry, — o R) (45)
D’ol

PROPOSITION 4.2. La condition nécessaire et suffisante pour que l'espace
L, soit D-concirculairement récurrent est (35).

En conclusion, des propositions 3.2, 3.4 et 4.2 il résulte :

PROPOSITION 4.3. Les espaces L,, D-concirculairement récurrents, D-pro-
jectwement récurrents, D-conformément récurremts et D-Eisteitn récurrents
ainst que ceux ayant la propriété (35), avec le meme o, coincident. Leur
pame commune avec les espaces D- coharmomquement récurrenis avec le
méme @, est un espace D-récurrent avec le méme o,.

Ici encore on remarque que si on prend w =0, alors D =V et on
obtient les résultats de [3].
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ON A LIBERA INTEGRAI, OPERATOR
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ABSTRACT. — In the present paper we study the Libera integral operator

8

2
F(z) = — S f()dt for the class of starlike functions having negative coefficients.
z

0
Our results are sharp and improve the results of Libera and Livingston.

1. Introduetion. Iet o« < [0,1) and B e (0,1]. A function f(z) =

o0
=2+ ) a,2" regular in the unit disc U = {z:]z] < 1} is said to belong
n=2

to S*(a, B), the class of starlike functious of order « and type B, if and

only if
[ {zf"(2)[f(2) — L/ (@) [f(z) + (1 — 20)} | < B, ze U.

It is well known that such functions are univalent in U. The class S*(«)
of starlike functions of order « is identified by S*(c)=S*(e, 1). The class
S*(0) is called the class of starlike functions and is denoted by S*,

Libera [2] showed that, if f(z) & S*, then so does the function
F(z) defined by

z

(1) F() == Sf(t) .

0

Subsequently, Livingston [3] considered the converse problem and
proved that, if F(z) e S*, the f(z) belongs to S* in |z | << 1/2. In this paper
we improve these results of Libera and Iivingston for the class .of starlike
functions having negative coefficients.

The technique imployed by us is intirely different from those of
Libera (2] and Livingston [3]. Infact, our basic tool is the
following theorem due to Gupta and Jain [1]. '

THEOREM A. A fumcltion f(2) =z — 3 ,|a,|z" belongs to S*(«, B) if
n=2

and only if
o {n—1) + Bln+ 1 —20)} an| < 2p(1 — o).

ne=2

The result is sharp.

* Department of Mathematics, Janta College, Bakewar 2 00124, Etawah (U.P.), India
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We shall frequently use the above result in particular for § = 1 which
is due to Silverman [6].
2. Main results.

THEOREM 1. Léet f(z) = 2z — E|a,, |z%. If f(z) & S*(a. B), then the func-

tion F(2) defined by, (1) belongs to S*(p), where p =%. The
— 2a
rvesult is sharp. Further,” the converse need not be true.

PROOF. Since F(2) & S*(«, B), Theorem A ensures that

N (n—1) + Bn+ 1 — 2a) -

Also, from (1) we have F(2) —'Z—E|b |z®, where |b, I—( +1)I Ayl.
Let F(z) € S*(o), then, by Theorem A, it bolds if and only if

E(”“’)lbl

n=2\1—

Thus we have to find the largest value of ¢ so that the above inequality
holds. Now this inequality holds if

n—o' (n—1)+ B(r + 1 — 24a)
ol < 2 fres
=21l <35 Y | an

n=2

or if

(”—c’]bl ("—1)+ﬁ(”+1~2°‘)|a,,| for each n = 2, 3,
1—o 28(1 —

which is equivalent to

< PN =) + Bln + 1 — 20} — dnp(l — ) _
T D{(n— 1) + B + 1 — 20} — 4B(1 — o)

say, (n =2,3,...).

- Pfl,

It is casy to verify that p, is an increasing function of #. Therefore,
3+ B(1+2a)

3 + B — 20)

To show the sharpness we take the function f(z) given by

p= mf pn = pp and, hence p =

. 28(1 — a) 2
/) == 1+;3(3—2a)z'

Then

3{1 + B(3 — 2a)}
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and, therefore

(@ 3148620} 881 —ws _ 3+ B +20) 5o g
F(s) 3{(1 + B(3 — 2a)} — 4B(1 — «)z 3+ B —2¢)
Hence, the result is sharp.
We now show that the converse of the theorem need not be true. To
this end we consider the function

F(z):z—(“")zs

3—0p

Theorem A guaranteces that F(:) e S¥*(p). But the coorresponding function
— 1 — P) 3
2y =2—2 b4

does not belong to S*(«, B), since, for this f(z) the coeficient inequality of
Theorem A is not satisfied.

As promised in the introduction, we now state a corollary of Theorem
I which improves the result of Libera [2, Theorem 1] for the class of
starlike functions having negative coefficients.

COROLLARY 1.¥Let f(2) = z——E[a” |2*. If f(z) & S*, them the func-

tion F(z) defined by (1) belongs to S*(1/2) The result is sharp. The con-
verse need not be true.

REMARK. Recently, Mocanu et al. [5] have shown that, if
7)) =z —|—2a,,z" e S*, then the function F(z) defined by (1) belongs to
n=2

S* (29435), whereas, Miller etal [4] have shown that F(z) € S* @) .

The above corollary provides better estimate for the Taylor expansion
of f(z) are negative. Morcover, our result is sharp also.

THEOREM 2. Let F(z —z—Ela”] . If F(2) e S*¥(o, B), them the
function f(2) defined by (1) belongs to S*(p) tn 12| < #*(p, «, B), where

. 1— o) —1) 4 B + 1 — 2a) {JUO—D
*(p, o, B) = inf )( ]
7*(e, o B) = inf (n—p TrT——

The result is sharp.

00
PROOF. Since F(z) =z — Y |a,|2*, it follows from (1) that f(z) =
n=2

0
=z — (" ';' 1) | @ |2*. In order to establish the required result it suffices
R n=2
to show that

lf'@If(z) — 1] < (1 —p) in |2] <7*(e. «, B).

2 — Mathematica, 1/1986
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Now
’ - 22‘”“ 1)("31-“4"':"_]
(3) [2f"(2)[f(z) — 1] = — <
N e I
we 2 "
1
O s )lannzi"‘“‘
n=2 2
< < (1 —p),
0 + 1 e
1—"§=:2( 5 )lannzr‘“‘
provided
(4) E(u)("“)la zp=t < 1,
n=2 l—p 2

But, for F(z) & S*(«, p), Theorem A ensures that

E{(”—l)+a(”+l_2°‘)}lanl <1
n=2

2B(1 — )

Therefore, the inequality (4) holds if
(n-—— p)(n+ ljla”HZl”_l < {(n— 14 f(n+1 —2a)}|a |

1—-p 2 2B8(1 — o)
for each n =2,3, ...,
or if

lz| < [(1 - 9)(("’_ D+ B +1— 2—“)—)]”(”—1), for each n = 2,3, ...
n—p (n + DRI — a) '

Hence, f(z) & S*(p) in |z| < 7*(p, , B).
Sharpness follows if we take the function F(z) given by

F(z) =z — 2801 — ¢) 2 on=23 ...
(n = 1) + Bln + 1~ 20)

This completes the proof of theorem.
Since r*(«, «, 1) = 2/3, we have the following corollary as an imm

diate consequence of Theorem 2.

COROLLARY 2. Let F(2) =z —}:m,, |2, If F(z) & S*(«), then the fus
tion f(z) defined bv (1) belongs to S*(a) n |zi < 2[3. The result is sha
with the extremal function F(z) =z — (; — “)z2.
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REMARK. 1t is a remarkable feature of corollary 2 that the radius
of the disc, in which f(z) bciongd to S*(«), is independent of o. When
« =0, the corollary improves a result of Livingston [3, Theorem 1]
for the class of starlike functions having negative coefficients.
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I;ENERGIE INFORMATIONNELLE RECIPROQUE

ELENA OANCEA*

Manuscrit vegu le mai 20, 7982

ABSTRACT. — The Reciproeal Informational Energy. The reciprocal informa-
tional energy (informational energy redundance) is introduced. Some of its pro-
perties and their use in statistical correspondence and classification are stated.

L’article introduit l’énergie informationnelle réciproque avec ses pro-
priétés et quelques applications statistiques. ‘
Soit X une variable aléatoire avec la répartition de probabilités;

X(py ---» Pa)y D =0, E;b = 1. On sait [1] que lénergie informatio
nelle de X est:

E(X) =E(py, ... p) = 2 5% (1
avec les propriétés
E(L,0,...,0)=1
E(l/n, ..., 1n) = 1/n,
quelle que soit X on a:
1/n < E(X) < L

Soit (X,Y) la variable aléatoire bidimensionnelle avec la répartition

Y P;J?O, 1:=1; » j=1’"2:
A.’)’x coe | Vi e | e ;;,,,:1

% |pu |ty | - |tmltn Pu=PX=xNY=y
Zj:,’bij=pi=P(X=xi):

X Pa | .o |Di | oo | Pim | B i=T1n, EP"=1’
T | Bm || B | e | Pom | B >t =g = PY = ),

s

B v | g voe | gm |1 j=T1,m, ;91=.1-

* Unsversité de Cluj-Napoca, Faculté de Mathematigue, 3400 Cluj-Napoca, Roumanis
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PEFINITION 1. I/¢énergie informationnelle de (X,Y) est:

E(X,Y)=EXNY) Em (2

Propriétés.
1E. Si X,Y sont indépendantes < p; =i, i =11 j=1m <
E(X,Y) = E(X)E(Y) (3)

2E. Dans le cas X, Y quelconques on sait: P(X =x, N Y =y,) =
PX = 2)P(Y = y;| X = x;), =

E(X,Y) =L GEXIY =) =L HEV|X = x) (4)
EXIY =) =25 (b EVIX = 2) =T (pun)?

3E. On a immédiatement
0<EXY) g1 (5)

DEFINITION 2. L’énergie informationnelle réciproque de X et Y ou la
redondance de I'énergie informationnelle est

Re(X,¥) = E0 220 ®)
Propriétés.
IR. Re(X,Y) = Ry(X, V) )
R.SiX=Yeon=m p=q;, i=j=1ne

Re(X,Y) = E(X) = E(Y) 8)

3R. Si X, Y sont indépendentes <> p; = pug;, i =1,n =1 m <
Re(X,Y) = 1.

4R. On a toujours:

Remarque. Si entre X et Y il y a une rélation :
Y = f(X)
f étant une application détérministe on a:
Rg(X,Y) = Rg(X, f(X)) = E(X).

Donc Rg est un indicateur seulement pour la dépendance aléatoire,
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Applications. 1. On peut utiliser la propriété (2R) comme critéziu
pratique pour vérifier la correspondance entre deux variables aléatoire
par exemple X, Y: Si Rg(X,Y) = E(X) = X =Y dans le sens fixé
(2R) et aussi dam le cas des deux caractéristiques statistiques.

2. La propriété (3R) pceut vérifier indépendance entre deux varia
bles aléatoires ou caractéristiques statistiques X, Y dans ce cas il fau
avoir: Rg(X,Y) = 1.

3. On peut utiliser la redondance de I'énergie informationnelle po
classifier apres la dépendance aléatoire plusieurs variables aléatoir

X0 X oo, Xay B> 2.
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A NOTE ON DUALITY THEORY FOR AN INDEFINITE
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ABSTRACT. — A dual problem is constructed for an indefinite quadratic prog-
ramming problem with linear constraints. The principal idea in formulating the
dual problem is to reduce the primal problem to a convex programming problem
and then to use the results of V. PATXK AR et al [6].

1. Introduetion. The study of the indefinite quadratic programming
problem, in whose dual we are interested, was initiated by K. SWARTUP
[8]. It was proved that for solving this problem it is sufficient to solve
an equivalent convex programming problem.

In this note an attempt is made to construct a dual for such problem
defined as

I Maximize f(x) = (¢!x + «){d'x + B)
subject to Ax < b; x 20

where A is an (m X #) matrix, ¢, d and x are (# X 1) vectors, b is an
(m x 1) vector, «, § are scalar constants and ¢ denotes the transpose
of a matrix. Let

S={x e R'|Ax < b; x > 0}

Assume that S is regular, i.e. nonempty and bounded. Further it is assu-
med that (c!x + «) and (d'x + B) are positive for all feasible solutions.
It is easy to sce that the set S is a convex sct and that the function
f 1s neither convex nor concave on S. It has been shown by O. L. M A N-
GASARTIAN [4] that the objective function in (I) is pseudoconcave
on S.
Problem (I) will be called the primal problem, and with this we asso-
ciate another problem (II) called the dual problem, as given below.
(II) Minimize g(u, v, w) = L
v

subject to — A% 4 dv + cw? <0
bu 4 Bv + aw? £ 2w
u,v =0

where # is an (m X 1) vector and v and w are real numbers

* Bucharest, Romawia, Laboralories of Economic Cybernetics Depariment, 7000 Bucharest, Romania
** Bombay, India, Bombey Meiropolitan Region Development Authority
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? 2. Dualization Proeess. Making use of the variable transforma
y = tx, which is a homeomorphism, with the scalar ¢ > 0 selected so 1
dy + Bt = 1, the problem (I) becomes

(II) Maximize F(y, t) = %

subject to Ay — b < 0

ay + pt =1
»t =0
Or, equivalently
) MMM%F@&:M:d
subject to Ay — b <0
&y +pt=1
»t=20

According to C. R. Bector [1] the function F'(y, f) is convex.
Now (IV) can be rewritten as:
y 2
Nm”]

o)
—4 b y 0
subject to at <) (t) > 11,9, t=20
—1

—& —p

v Minimize F’(y,{) =

In this form the problem (IV’) is in the same forin as the convex fractic
programming problem over linear constraints considered by V. PAT K.
et al [6]. Using the result of V. PATK AR et al. [6] a dual prog
coresponding to this problem is.

“
V) Maximize G(u,v,,v,, w) = (0,1, —1) (vl)
Uy
. —A4t 4 —ad\* ¢ 0
subject to( ¥ B —3) :))1 +(a)w2 < Z(I)w
2

u, Uy, Uy, w 20
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that is,
(V') Maximize G(u, vy, vy, ) =0, — U,
subject to —Au 4 dv, — dv, + cw? < 0
bu 4 Bv;, — Pv, + aw? < 2w
%, 0,V w = 0

Substituting v, — v, = v so that v is unrestricted in sign, we see that
the problem (V') reduces to

v Maximize G(u,v,w) =v
—Atu 4 dv + cw? < 0
subject to d'u + Pv + aw? < 2w
u,w =0

Or, equivalently
(V) Minimize g(# ,v, @) = 1

v
—A 4 dv 4- cw? £ 0
subject to ¥ + Bv 4 aw?® < 2w
u,w 20

which is just the problem {II).
General algorithms to solve such problems are available (see, for example,
5]).
[ )Slnce I is equivalent with III, IIT is equivalent with IV (or IV’), V
(or V' or V”) is the dual program to IV (or IV’) and VI is equivalent
with V, it results that VI is the dual program to I.

Now we shall formalize this dualization process by proving the duality
theorems in the next section.

3. Duality Theorems. The following two theorems are easy to prove
and so we omit the proofs.

THEOREM 1. If x and (u, v, w) are feasible solutions for (I) and (II), respec-
tively, then

f(x) < glw,v, w) for all x,u,v, and w.

THEOREM 2. If % and (ﬁ, v, z/:;) are feasible solutions for (I) and (1), vespec-
tively, such that

f(x) = g(u’ v, w)
then % and (z/t\,'l?, z?}) are the optimal solutions of (I) and (I1), respectively.
We now establish the main duality theorem.
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THEOREM 3. The primal problem (1) has an optimal solution if and only
if the dual problem (II) has an optimal solution. In cither case, their oph-
mal values ave equal.

Proof : The problems IV (or IIT or TV’) and I are equivalent ; therefore, a
solution x = x* of (I) guarantees a solution y* = t*x*, * = 1/(d*x* + )
to problem (IV) (or IV’) As shown by V.P AT K AR et al. [6] a solution
(y*, £*} to (IV') implies the cxistence of a solution (u*, v* = v} — v§, w¥
to (V) and their respective extreme values are equal, i.c.

Fr(y%, %) = — 1 g
o - cty* + at* -
or equivalently, a solution x* = v*/t* to (I) implics a solution (u*, v*, w¥)
4 . 1 cty* 4 ot*
to (II) and f(x*) = (c'a* + o)(d*x* = F(y*, t*)= = =
(L1) and f(x*) = (c'a* + a){@'x* + ) = F(y*, %)= 0 -
-1 _ (w*, v¥, w*). Conversely, using the transformation v = v; — v, in“

v*

the dual problem (II) and applying converse duality theory from Ref. [6],
we get the required result.
REMARK. The dual problem though obtained indirectly, is in an explic
form unlike the one proposed by CR. BECTOR and M. DAHI [2]

M. K. BEDI [3] considered a more general class of problems tha
problem (I), but the duality results do not hold since the converted pri
mal problem is not necessarily a convex programing problem. See al
and Ref. [7] which considers Bedi’s class in a more general setting.
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ABSTRACT. — Some Properties of Compactness in a g-2-Metric Space. In
this note the concept of precompact generalized 2-metric space is defined. It is
shown that under certain conditions on the partially ordered set, which is envol-
ved in the definiton of the g-2-metric, the sequentially compactness implies the
precompactness.

1. Extinzind notiunea de 2-metricd definitd de S. Gahler in 1963
[3], lucrarea [1] introduce conceptul de g-2-metricd (2-metrica generalizata)
in modul urmator.

Sc considerd o multime partial ordonatd (JR, <), o operafie ternard
pe M, ¢: M3 — M, supusd conditiilor :

(¢1) @la, b, c) = 9(a, ¢, b) = ¢(b, ¢, a),

() @ < a;, b < by, ¢ < ¢y, cel putin una dintre inegalitéfi fiind strictd
= o(a, b, ¢) <e¢lay,by,c), a b, ¢, a, b,c, =M si 8 <M, & nevida
si admitind minoranti in U\ 8.

Se numeste g-2-metricd pe multimea (cu cel pufin trei elemente) X
o aplicatie p: X3 > M. care satisface axiomele :

(pra) ¥ #y=>3z € X Je € 8:p(x,y,2) L e,
(pin) Ve € 8:p(x,y,2) < e=x =y sau x =z sau y = 2,
(p2) o(x, 3, 2) = o(x, 2, %) = p(y, 2, %),
(ps) p(x, 3, 2) < @le(x, 5. 0), olx. £, 2), olt, ¥, 2)], V&, 9,2t = X.
Cuplul (X, p) se numeste spatiu g-2-metric iar toplogia &, generati
de subbaza
§={V(x,y) |2,y =X, e =8 unde V,(rv,y)={z € X|p(x 52 <ée}

se numeste topologie indusa de .

Facind asupra mul{imii § anumite ipoteze suplimentare, in lucririle
[1], [2] s-au stabilit o scrie de proprietati ale topologiei &, (s-au indicat
baze de vecinatati avantajoase, s-au studiat proprietdati de separafie, s-a
caracterizat in termenii g-2-metricii nofiunea de limitd a unui sir Moore-
Smith de puncte din X).

In prezenta noti, dim unele proprietii de compactitate ale topo-
logiei .

* Usiversitatea din Cluj-Napoca, Facultatea de Matematicd, 3400 Cluj-Napoca, Rominia
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2. A fiind o mulfime arbitrard voin folosi notatiile €(4), pentru mul-
fimea partilor Iui 4 si 8,(4), pentru multimea pdérfilor finite si nevide
ale multimii A.

Intr-un spafiu g-2-metric (X, p) introducem nofiunea de e-retea
(¢ € 8) relativ la o parte finitd a spatiului prin urmitoarea definitie
(vezi [3])).

DEFINITIA (2.1). Fie (X, p) un spatiu g-2-metric, ¢ = 8 5i M = €.(X).
Se numeste e-retea a spatiului (X, o) relativ la multimea M, o multime
R = X, cu proprietitile :

() R =2,x)

(i) Vx e XJv €« RVy e M:p(x,7,y) <e

DEEINITIA (2.2). Spatiul (X, p) este prin definijie, precompact dacd
pentru orice ¢ € § si orice multlme finitd nevidd M < X, existd o e-refea

a spafiului, relativ Ta M.
Dam acum o caracterizare a nofiunii de precompactitate.

TROREMA (2.1). Spatiul g-2-metric (X, o) este precompact dacd st numai

dacd
Ve s 8YM € 8(X)IR €8(X): X =J N V.lr. »)
M

reR ye
Demonstratie.

Necesitatea. Presupunem cd (X, p) este precompact si fie ¢ « 8 §i
M ={y,¥s ..., = 2(X). Existd atunci o e- refea R = {ri, ..., 74}
a spatiutui X, in raport cu multimea M. Urmeazd ca:

VyeX¥ e{1,2,...,.m}V €{1,2, ..., m}:por, vy, %) <e=
=Vxe X3 e{l,2,...m}Vje{l,2, ...,m}:x € V()=

>VreX¥e{l,2 ...,0:x (V)=
j=1

n " 7 ”m
=sVxeX:xelJ ﬂ V.(*;, ¥;). Deducem ci X =\J (") V(% ).
iZ1j=1 iS1j=1
Suficienta. Presupunem ci
Ve = 8YM = 8,(X)3IR = 2( U m Vri, vj).

unde R = {r;|i =1, n np, M ={y|lj=1, 1,m}. Vom demonstra ci mulfi-
mea R este o e-refea a spafiului X relativ Ta M. Avem

xeX = UmV (roy) =F {l, ...,mVj {1, ... m:
i=1j=

o(rs yj, %) < e =3r ERVy e M:p(r, v, x) < e ceea cc aratd cd R este o
e-retea relativ la M. :
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TEOREMA (2.2). Fie o: X®— N o g-2-metricd si presupunem cd mulfimea
8 < M (care intervine in definitia g-2-metricii o), satisface ipotezele supli-
mentare

(E) ¢o €8 a €M, a<co=3e,6 =8:9(a,¢,8) <¢
(E') Ve €83’ 8:¢ <e.

Atunci, dacd (X, §,) este secvential compact spagiul (X, p) este precompact.

Demonstrafie. Rationdmn prin reducere la absurd. Presupunem cé
spatiul (X, &,) este secvential compact (deci ci orice secvenfd de puncte
din X confine o subsecvenji care tinde in sensul topologiei &, cdtre un punct
din X) si nu este precompact. Urmeazd cé existd un element e € 8 si o
muljime M € €.(X) si nu avem nici o ¢-retea a spatiului relativ la M.

Fie x, un punct arbitrat din X. Mulfimea {x,} nefiind o e-refea relativ
la M, existi un element x, € X si un y, € M astfel ca p(x,, x,, ¥,) < e.
Multimea {x,, x;} nu este nici ea o e-retea relativ la M ; exista deci %, € X
siyh, 92 € M astfel ca p(x,, %5, ¥3) <L ¢ §i p(%a %3 32) < ¢. Continuind in
acest mod, obfinem o secventd de putncte (x,).exy cu proprietatile

(i) m #n =2, # %,

(i) Vm,m = N, m # n3Yum € M: (%, Zm Yoom) < €

Spatiul (X, p) fiind, prin ipotezd, secvential compact, din aceasti
secventd se poate extrage o subsecventa, convergen{d citre un punct x, € X.
Pentru a evita complicarea notatiilor, vom nota in continuare acest subsir
tot cu (#,)pen. Prin urmare, conform celor de mai sus, existd o secventd
de puncte din spatfiu, (x,).en, care se bucurd de proprietatile (i) si (ii) si
care are limita x,. S& observam acum ci, in ipotezele (E,) si (E’) impuse
mulfimii 8, pentru elementul ¢ = 8 considerat, existd ¢, ¢,, ¢; € 8 astfel
ca ¢(e,, €, €3) < e. Intr-adevir, in baza ipotezei (E’), existd e, < e; pentru
e, < e, aplicind ipoteza (E,), deducem ci existd e,, e, = & cu ¢le,, e,, ¢5) < e.
Conform teoremei (2.1) din [2], perechilor (e,, M) si (e,, M) le corespund
respectiv numerele naturale n, = n,(e;,, M) si n, = ny(e,, M) astfel ca
pentru # > n; si avem op(%x %,,y) <e, §i pentru n > m, si avem
p(%o, %4, ¥) < g oricarc ar fi y & M. Notind cu #, = max {n,, #n,} putem in
definitiv scrie :

n > n,=>Vy € M:o(x, % ) < &) 5i p(%c %y) < e,

Fie acum 4, = {x,|n > ny} S {x,|n € N} = A. x, fiind punct de
acumulare pentru mulfimea 4, este punct de acumulare i pentru mulfimea
4, (in [2] se aratd cd (X, J,) este un spatiu T;). Urmeazi ci, orice vecind-
tate a punctului x,, contine puncte din A4,, diferite de punctul x.
Prin urmare pentru elementul ¢; € & pus in evidentd mai sus, mulfimea
V(%0 %s,), ca vecindtate a punctului x,, confine x* € A4, ; existd asadar un
my > my, astfel ca x,, = x* € V, (%, %), adicd p(%, %, %m,) < €3



30 D. BORSAN

Folosind proprietatile g-2-metricii p §i ale operatfiei ternare ¢, avem
atunci :

Vy €M : o(%n, Xme ¥) < @[p(%n0 ¥, ¥) p(Fmy %o 7)) 0(%6 Fmyy %) ] <

< len ey e3) <o

in contradictie cu proprietatea (ii) a secventei (x,),en-
Contradictia la care am ajuns incheie demonstratia teoremei.
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DE CERTAINS PROBLEMES AUX LIMITES NON-LINEAIRES
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ABSTRACT. — The Alternative Method and Numerical Solutions of Some Prob-
lems at the Non-Linear Limit. In this paper the author deals with Cesari's
alternative method (1] applied to numerical study of the periodical solutions for
equations of the form »”’ = g(#,2",f). The obtained results extend those of [3], con-
firming utility of the alternative method as a numerical ome.

Dans ce travail on trouve des solutions numériques périodiques d’équa-
tions différentielles x" = g(x, x', ) 4 l'aide de la méthode de l'alternative
de Cesari [1]. Les résultats en élargissent celles que propose notre travail
[3] et confirment I'utilité de cette méthode pour la résolution numérique
des problémes aux limites non-linéaires.

Soit S lI’espace de Banach des fonctions x:R — R, continues et 2n-
périodiques et ||x|| = sup{|x(¢)|[¢ = [0,2x]}. Pour tout x = S on cons-
truit la série de Fourier

©
x(t) ~ % + 2 (as cos st 4 b, sin st)
s=1

2

a, = x(t)cos stdr, b, = is x(7)sin stdv.

ENE
v §

On sait que cette série est uniformément convergente vers x si x est

une fonction de Lipschitz.
Pour tout m e Z on introduit les opérateurs P, :S— S et H,,:S -S,

ol

Ppux(t) = % + i (as cos st + b, sin st)

§=]
201 .
H,x(t) = 2 — (— b, cos st + a, sin st)
s=m-+1 s
a, b, s =0,1, ... étant les coefficients de Fourier de x = S.

On note Sp, = {x € S|Pux = 1}, Sh = {x € S|Pnx = 0}.
On démontre par calcul

* Université de Cluj-Napoca, Faculté de Mathematique, 3400 Cluj-Napoca, Roumanie
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THEOREME 1. Pour tous m € Z_ et x €S on a

2n
a) Hox(t) =S [‘—2":‘ + 2 sgnft —7) — E‘l:ii_’] x(x)dr
0

s=1

et
2r
T 1 7. sin st
||H,,,||—§ —E+; ; - dt— 0 pour m— co.
€[ o 1i—x] ”cos s(t — v)
b) Hix(t) = [_ A oI Ui d S M‘_l] x(t)dr
(s 4x 2 6 § st
et
2n {
2 ___1'_’ T _® 7. cos st ;
HHmH—'S 41: > 6+s_2—:{ dv— 0 pour m-— 0. 1

On considére I'équation différentielle %" = q(x, ', £), olt ¢:[4, B] X
X [4,, Bi] X R— R est continue, 2n-périodique par rflpport é L fonctlo
de Llpsclutz par rapport a x est &', aux constantes L et L’

Soient m € Z, et x, € So.. On définite le proces itératif
y‘l) = X yll‘-“ = %, + HpY:
Y=t 9 =m0+ Hagn ' 5,1), k=0,1, ..

Si [1yf— %] < a, H)z——xo][ pour tous k=0,1,...,#
oil ﬂ>20. b > Oalors (|1" ~xoll—|IHmyzll—lIIHmQ(yx,yz"', )lll<.
< ||Hmll - |I(I — P, q(y,,y, Lol < aet |38 — xl] = | [Hagbh™
5, 8| < ||Hull - ||(I— )q(y’{“,y;’, )| <bsi m est suffisamment
grand. \ \

On a |47 =3t || < |1Hall- 112 — 227" |, |12 — 5| <||Ha-

q(y Lok 8 —qln 2t Il < (IIH II(LIIyx — il + L'y —
1) < ([|1Hu | BL+ | [Ha | IL") ||ys — %2 " ||. Pour § = ||H, |EL+
H,,.I]L on a
Hys™ — % 11 < S* (98 — 2811 <8 [[Hnll - |19(xe, x5, )]

A =31 11 < 8" [1Hal Fllg(xe, %0 011

Si m est suffisamment grand, les suites yf, y’z‘ sont fondamentales
dans S, donc convergentes, d’oit ¥f >y, €S, Y5>y, € S.
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On a y; =%, + Huyy 2= % + qu(yl’ Y2, t). De plus, y1= x5+

+ I = P,)y, = Yo donc y, = %o + Hug(yy, y1, t). La fonction y, s’appelle
la fonction associée a x, et, au fond, s’obtent par le proceés itératif
Bl

A = g+ Hag(h yh 8), 90 = 7, =0, 1,

Sim<mn x,<S,etye<S est la fonction assoc1ée a %oy SI %) =
= P, y et y, est la fonction associée a x, alors y = y,.

En effet, y = x, + Hag(v, ¥, 1), done [y —yi|] = || % + Haq)y,
¥ot) — xi—Hag (y, 1, 1) || < H, - gy, v, 2) Q(yl,yi,t)llsIIH,.HLH)’—
=5l + [Hy|IL" |]y" — pil]. Mais uly—yll=llx1+H,.y’—x1—
— H,yi|| < {[Hull - |1y" — y|] done [|y" — yi|| < (|| HalPL +
+{[Hy [IL) [y =211 =38]])" —xn|l. Il en résulte ¥’ = y; parce que
3 <1, donc ¥ = y,.

THEOREME 2. L'équation x"(t) = q(x(t), #'(!), #), ot gq:[4, Blx
[4,, B;] xR - R est continue, 2rn-périodique par rapport a #, fonction
de Lipschitz par rapport a x et x', aux constantes L et L’, a une solu-
tion Zn-penodlque si et seulement s'il existent m € Z, et x, = S}, tels

que %4 (£) = Pnrg(y(t), ¥'(2),t) ot vy est la fonction associée a %.. De plus,
9y est solution de cette équation.

Démonstration. a) Si x est solution, soit m suffisauicnt grand tel
qu'il existe la fonction y associée a %, = P,x. Alors, x, + Hig(x, ', t) =
=%y + Hox"' = Ppx + (I — P,) x =2 Mais y =y, = % + Hpy, ¥ =
=% + Huq(y1, ¥2, ). De plus, x = xp + Hu%y, 8" = %, = %0 + Hug(y,,
95, 8). De plus, x = x; = x5 + Hpxy, &' = %, = x5 + H,q(x,, %,,¢) d’ou
Ilyz—lel < Hul[(L |y — %0 + L'[1ye — %|1), |1y — %] <

< Hpll - [lys — %], done ||y, — x|l < 8|ly, — %], possible si
et seulement si y, = %,. Il en resu]te Yy, =%, cest a dire y = x et x''=

=4q(y,5',t), d'otr x, = Pug(y, ¥, t). ,
b) Sment m suflisamment grand et x, solution du systéme x§ =

= mq(y y', t), o y cst la fonction associée a x,. Donc y = x, +
+ Hagly, v’ ‘_t) Par dérivation deux fois on obtient y" = x5 4 (I —
- P,,.)q(y. ¥'1) done 5" = g(v, ¥, ).

Siox, = % +3 (as cos st + b sin st) pour m suffisamment grand tel

s=1

qu'il existe la fonction y associée a x,, alors le systtme x5 = P,q(y, ', )
devient

il:: S q(y(z), y'(x), ©)dx =0
% S 9(y(t), ¥'(x), =) cos stdr = s%a,

2

1 .
= 4y, 5'(2), =) sin svde = s,
0
pour s =1, ..., m, aux inconnues a,, a;, by, ..., Am, by

3 — Mathematica, 1/1986
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Par example, on considére }'équation
2" =0,1sint — x 4+ 0,1 (1 — a?)x’ l

On prend x, =. —2,4 cos ¢ (approximation Galerkin d’ordre 2) a =02,
b =0,75. On trouve & = 0,83 pour m = 3. Les ysteme x) = P,q(y, ¥}
a été résolu par la méthode de la recherche unidimensionelle, la série dg
y étant tronquée au rang N = 13. Les approximations y! de y ont ¢éd
continuées jusqu’'a la précision £ = 107%, On truve la méme solution quf
Urabe, Reiter [2] pour cette equation. De puls, on obtient mém
solution pour m = 1, pendant que dans [2] la solution a été obtenu
a Taide d’un systéeme de 27 équations.

L’étude des erreurs sera faite dans un autre travail.
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ABSTRACT. — The Coordinatisation of a Class of &-Struetures. In the present
note a class of affine Barbilian structures is characterized by geometric axioms.
A coordonatization by a calculus with points which defines an algebraic structure
of loop is introduced.

O structurd de incidentd (€, @, I) este un ansamblu format dintr-o
mulfime € ale cédrei elemente se numesc puncte Impreund cu un subsistem
de submultimi ale lui &, notat ® ale cirui elemente se numecsc drepte, Im-
preund cu o relatic binard simetrica I:

I1Ca8x9
numitd relatie de incidentd. Vom nota pentru A =8, d « 9, I e (4, d),
Ald si'vom spune cd A este incident cu d sau cd d trece prin 4.

DEFINITIA 7. A, B € & se numesc vecine dacd existé a, b  ®

ai, A, Bl a, b st se nolecazdi A o B. Negatia acester relafii se noteazd
prin AGQ B.

DEFINITIA 2. Dreptele a, b € ® se numesc vecime dacd oricare ar
fi Ala existd BIb ai. AoB st tnvers pentru Pla existd QIb a.i. PoQ.

DEFINITIE. O structurd de tncidentd cu vecimdtdti, impreund cu o rela-
tic de echivalentd definitd pe multimmea dreptelor ei, notatd ||, se numeste
o structurd afind Barbilian notatd (8, ®, I, ||) dacd sint indeplinite urmd-
toarele axiome :

AXIOMA 1. VA, B € 2, existd cel putin o dreapti d € @, dI4, B

AXIOMA 2. VA =8 si Vd €9, 3,d,lA4, d, 1|4

AXIOMA 3. AID A\ AId, atunci d¥d, =dN d, =1

AXIOMA 4. dod,, Ald, d,, BId, d,,d0d, = Ao B

AXIOMA 5. 4, d,IA, Bld,, BOA, dd4d,, Bld, Cld, d, a.i. BoC =
=4,0d, .

AXIOMA 6. d,|\d,, A0 d,, Ald,, d = IBId,, d A\ 4,0 d

AXIOMA 7. ¥Yd « 9, 3P, QId, PJ Q. Existi doui drepte concurente
si hevecine.

Vom numi o structurd (2, @, I, ||) pe scurt o &-structuri.

* Universitatea din Cluj-Napoca, Facultatca de Matematicd, 3400 Cluj-Napoca, Romdnia



36 A. VASIU {

1. Primele eonsecinte ale sistemului de exiome.

PROPOZITIA /.71. P, Q « P, PJQ = 3,dIP, Q. l

Demonstratic. Conform axiomei A4, existd o dreaptd dIP, Q si tinin
cont de definifia 1, din P@ Q, rezultd cid d este singura dreaptd incident
cu d.

Vom nota pentru P@Q, dreapta dIP, Q prin PQ.

PROPOZITIE /.2. Dacd 4,94, st AId,, d, s¢ BId,, BO A atunci ori
dreaptd d incidentd cu B este nevecind cu d,.

. Demonstratie. Presupunind ci dreapta d este vecind cu dreapta 4
avind in vedere ipoteza d,@d,, conform axiomei A, am avea AoB, in co
tradictie cu ipoteza AJ B. Deci avem d@ d,.

Conform definitiei 2 pentru d,@d,, existi un punct BId,, nevecin (
orice punct CId, Urmitoarea propozitie demonstrcazi ci aceastd propri
tate are loc pentru orice punct Bld, si BO A.

PROPOZITIA 1.3. Dacd 4,0 d, si Ald,, d, si BId,, B A atunci Bd
oricare ar fi CId,.

Demonstragie. Conform axiomei A, existd o drcapti d ai. B, Cl
In baza propozitici 1.2. are loc propietatea d@d,. Presupunind ci Bo
pentru dreptele d,, d,, d si punctele BC in baza axiomei 4;, am avea d;c
Aceastd contradictie cu ipotcza d,d, demonstreazi proprictatea BYJ

Vom nota in continuare unica paraleld prin 4 la 4, asiguratd dec axi
ma A, prin (4]|d).

PROPOZITIA 1.4. Dacd d@Jd, si AId,, d, atunci oricc paraleld la
intersecleazd orvice paraleld la d, intr-un singur punct.

Demonstragic. Dacd d||d, atunci conform axiomei 44 Bld, d, si 40
Analog dacid & ||d, avem d'@ d, si existd CID', d,. Din d'G d, si d||
in baza axiomei Ag avem s'Od si existd DId’, d. In baza axiomei A,
este unicul incident cu d si d'.

2. Coordonatizarea ®-structurilor. Fie d, si d, dreptele concuren
nevecine, asigurate de axioma A, si OId,, d,. Conform axiomei A, exi
Ald,, A0 si exista Bld,, BJO. Dreptele d,, d,, AB sint doud cite do
nevecine, avind in vedere ipoteza d,0d, si propozijia 1.2. Dreptele d,,
impreund cu 0, 4 si B vom spune cd formeazd o configuratie de coord
natizare.

Considerdm urmditoarele mulfimi: “T¥

. [1d,1]: = {d = 94|14} |
g {d}): ={P|P =8, Pld;} |
Intr-o configuratie de coordonatizare are loc:

PROPOZITIA 2.1. Multimea {d,} este izomorfd cu oricare din urmdtoan
mulfims :

a) [|AB|], b) {d3}, ¢) {d}, Yd D, d||d,

d) [ld,1]1, ) [ld,}].
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Demonstratic. a) Consideram aplicatia
m:{dy} - [|4B]]
P (P ||AB)
Oricare ar fi P = {d,} conform axiomei A4, existd o singurd dreaptd

dIP si d||AB.

Invers, dacd d € [|AB|], din ABQY d, in baza axiomei A, ddd, si
existd QId, d,.

Deci aplicatia = este o bijectie intre {d;} i [|AB|], ceea ce demon-
streazd proprietatea a).

b) Din AB||n(X) si ABSd,, in baza axiomei A4 au loc:
d,F(X) si existd un singur punct X'Id,, =(X).
Aplicatia :
Ty {dy} > {dg}
m(X): = X', X': =d,N n(X) este o bijectie intre {d,} si {d,}.

c¢) Tinind cont de b) si axioma A4 rezultd usor ci {d,} si {4}, d||d,,
sint izomorfe.

d) Considerim aplicatia :

Tyt {dy} > [1ds]]
P (P]|d,)

Conform axiomei A, oricdrui P € {d,} 1i corespuunde din [|d,|] un
singur element. Daci d e [[d,]|] atunci conforin axiomei A4 rezultd ci
existd un singur QId,, d si deci w, este o bijectie intre {d,}7si [|d,|].

e) Consideram aplicatia :

my: {dy} - [1d,]]

X' > (X']|dy)
Aceastd aplicatie, avind in vederc demonstratia de la punctul d) este o
bijectie. Atunci aplicatia
mgomy: {dy} = [1dy]]
este o bijectie intre {d,}, [|d,|]. Intr-adevir
m(X): = (X[|4B)Nd, = X’

iar my(X’) face sd corespundd lui X’ o singuri dreaptd d||d,. Compuncrea

celor doud bijiectii aratd cd: m, = mgom, este o bijectie care stabileste izo-
morfismul lui {d;} cu [|d,|].

_ PROPOZITIA 2.2. Inire mulfimea & i {d}* cxistd o corespondentd
biunivocd.
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Demonstratie. Daci P = € atunci conforn: axiomei A4, existi .o singu
dreaptid x, x||d, si PIx si o singurd dreaptd vy, y||d, si yIP.

Fie X : = n7!(x) si

Y:=yN d,

Dacd y: = n7}(Y’), atunci fiecirui punct P = € ii corespunde un sing
element (x, y) = {d,}2

Invers, dacd avem (X,Y) e {d,}? atunci fie =,(X): = x i y: = m,f}
Dreptele x||d, 51 y||d,, conform propozitiei 1.4., se taic Intr-un sing
punct P.

Notam prin M : = {d;}, a cérui elemente le notdm dupd cum urmea;
O:=o0, A: =1, P: = 4, iar Bld,, il notdm cu 1'.
Dreapta d, = 04 o notdm prin 0, 1. Avind in vedere propozifia 2.2. pute
nota : |

|

g =01:= {(x,0)|x € M}

{
{d): =0T :={0)ly = M, y': = ='(5)}
Cu aceste notatii 4 = (1,0), B=(0,1), 0= (0,0)
PROPOZITIA 2.3. Daci d,@d, si OId,, d, si Pld,, P@O atunci (P ||d}
GPQ, oricare ar fi QId,.
Demonstragie. Conform propozitiei 1.2. dreapta PQ este nevecinid
dreapta d]. Tinind cont dc axioma 44, (P||d,) D PQ.

CONSECINTA. Intr-o configuratic de coordonatizare dreapta ((0,1’) l{

este nevecind cu dreapta (0,1), (p, 0) orieare ar fi p & M (corespunzdtor u
punct P = (p,0) din {d}).

Putem acum defini pe multimea {d;} doud operatii cu puncte: a ad
nare si inmultire.

Fie d) = (B |1d), R: = (P||d,) N 4.

(1) P+Q:=(R||BQ)(" d;, =S. Punctul S este univoc deter
nat. Intr-adevir BQ@d, atunci (R||BQ)@d, si deci existd un singur pus
S < (R11BQ) N d,. -.

Daci in coordonatizareca datid avein:

P=(p0),0=1(g0siS=(s0 .
pe multimea M am definit o lege de compozitic interna.
(2) p+q:=s
Din definitia (1) deducem:
B A+0=0+4=4 \
iar pentru (M, +) avem:
4 a+0=0+a=a »
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Fati de o configuratic de coordonatizare d,, d,, O, A, B, are loc:

PROPOZITIA 2.4 VR, RId;, d; = (B||d,), are proprietatea
R@S, VSId,.

Demonstratie. Yie P = (R||d,) N 4,. Tinind cont de propozitia 1.4.,
(R||d,)B d, si conform axiomel Ag (R||dy)Dd;. Are loc:

R@ P. Intr-adevir presupunind RoP din RP=(R||d,)? d; am avea
conform axiomei A;, BPod,, contradictie cu consecinfa propozitiei 2.3.

Din RGP si RPYd, avem conform propozitiei 1.3. R@ S.

CONSECINTA. Y RId; si SId, existd o singurd dreaptd incidentd
cu ele. Dreapta RSO d,.

Putem acum ardta cd ecuatiile:

By P+X=S
si

6 X+0=S5
au solutii univoc determinate.

Intr-adevir avind in vedere definitia 1 daci R = (P||d) N d;;
dreapta RS in baza propozifiei 2.4. este univoc determinatd. Din RSOd,
rezultd in baza propozitiei 1.4. ¢ (B||RS)( d,=1. Fie X : = (B||{RS)N
N 4, atunci are loc in baza definitiei 1:

P+X=S5

Din BP@d, rezulti (S||d,) N di = 1. Fie R: = (S||dy) N d}. Avem
apoi (S1idy))Nd; =1 si fie X acel punct. Avind in vederc definitia data
in (1) avem:

X+ P=S
In baza celor de mai sus in (M, +), ecuatiile :
N p+x=s
si
B x+p=s

au solutii unice in M si deci are loc:
TROREMA 2.1. (M, 4) este un loop in care o ave rol de element neutru,
Definim acum pe 4, o operatie multiplicativa,
Fie d,, d,, 0, 4, B o configuratie de coordonatizare. Fie P’ = (P||
[|AB) N 4, atunci definim :
©) PQ:=(P'[IBQNd =R

In baza celor de mai sus, se deduce usor ci R este univoc determinat.
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Au loc relatiile :

% (10) AP=PA="P

Dacd P = -(;b, 0), @ = (q,0) si R = (r, 0) definim pe M operatia :
(11) pg:=7r

Din A = (1,0) in baza relatiei (10) deducem cd 1 are rol de uni
fatd de aceastd operatie definitd pe M.
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ABSTRACT. — In this paper an exponential penalty function method is given
for the solving of geometric programming problems. It is proved that after a finite

number of steps the method becomes a stable interior penalty one.

programming test problems have been solved on computer by this method.

In this paper we shall show that exponential penalty function met-

hods from [1] can be extend for geometric programming problems.

We consider the geometric programming problem :
®) inf {po(x) | pa(x) < L, B=1,...,p; x> 0}

where p, are posynomials:

(%) =‘§:1 At At A k=0,1,...,p
el

and ¢e€R ,a;€R j=12 ...,n
The sets I, are defined by:

?
UI~={1,2,...,1H}, Ikn Ih=q)) k#h’

(1)

(2)

where m denotes the total number of terms that apear in the posyno-

mials Ph: k= O 1, p
By cetting

xj=e’l,j= 1,2, RS (4
the problem (P) is transformed into:
(P): inf{g(z) lau(e) < 1, k=12, ...,8}

where

g"if’f
o) =P ae™ L k=01...p

t.k

* Insitwle of Polyiechnics, 3400 Cluj-Napoca, Romania

@

(4)
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and
¢€R,,a;€R j=1,...,n
We note by
) =qle) — 1 k=12 ...,p
gelz) = q.(?)
Then the program (P,) becomes:
(P'z) inf {g () |glz) <0, k=12 ... p}

Let
Q={zre R |glz) <0, k=1,...,p}

We construct penalty functions in the following way :

?
Fole) = & &) + o2 11z 1P+ s 2 exp (fa (7))

k=1

where (s,)sen, (f)sey are real positive sequences satisfying the followi
conditions :

Spty =21, n e N, limt, =00, lims, =5 >0

n—=0 1”n— 00

and || - || denotes the cuclidian norm.
THEOREM : If program (P) is superconsistent and canonic [2, pag. I
then (i) min {F,(z) |z € R"} has a wunique solution z,, n € N

(i) There exists an n* € N, such that for any n € N, n > n* impl
2, € int Q.

(ii) If we note by Q(g.) the solution set of the problem (P,) and 2,
an element of Q (g,) wilh {he properiy that.

lze |} = min |[z]],
7€Q(go)

then the sequence (2,)nen converges to z.

z€0) e |

(iv) g (z) =ming () + O (j” )for 7n— 00,

Proof : A geometric program (P) is canonic if and only if its dual D]
an admissible solution y > 0 (every componcut of y is positive) (Th
rem 9.2 — /[2/), where

(D) : max ‘["’()’) = ﬁ ( - )y,- ﬁ () ly € Q*}
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and Q¥ C R™ is the set of those v & R™ which satisfy the conditions

yl 2 O; yz ? Oy ey _"'m > O (8)
o Vi= 1 9)
=1,

a; v; = =1,2 ..., n (10)

o
=1

If (P) is consistent and there exists an y* € Q, y* > 0, then the
program (P) has solution (Theorem 8.2., [2]).

The program (P,) and therefore the program (P;) is convex, every
hypotesis of the theorem (3.1) from [1] is fullfield and thus, the theo-
rem is proved.

Remark 1. If the program (P) is only consistent, (instead of super-
consistent) and in addition we assume that the dual (D) of the program
(P) has every y;, ¢ € I, unbounded in Q*, then the set Q of admissible
solutions of program (P;) is compact. (Consequence 8.1. {2]).

Under these conditions the statement (ii) of theorem remains valid
even for non-regularized penalty functions of the following form :

P
falz) = pel2) + “?31 exp (Bgi(z)) mneN

Remark 2. In view of remark (2.4) from [1], considering the regula-
rized penalty functions F, with the choice of s =0, as the limit poin
of s,, the method presented works at least like an exterior penalty method,
where accumulation points of the (unlque) trlal solutions solve the pro-
blem (FP;).

In addition, if the Slater condition is satisfied, then the method
becomes a (stable) interior penalty method after a finit number of steps.

Remark 3. Choosing the parameter s, = ¢, ' and keepping the super-
consistent condition of the program (P), we get the better estimate for
the rate of convergence of the values, namely O(¢, 3/2) for ¢, — o0.

Using this method we solved the following geometric programming
problemes :

1) min {2x,%5 "%, + 2%, + %% + % '}

» x1> O) x2>0, x3>0, x‘>0
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Starting with (1, 1, 1, 1) (which is an exterior point of Q), a
42 iterations the method gives.

min {2x,25 %, + 2%, + %% + % '} = 12,0032141
for %, = 1,2243291
x5 = 0,2752316
xg = 0,7782453
%, = 1,2564112
2) min {x; 4 x,}
on |9 T '<1
2,>0, 2,>0

After 30 iteratious, with starting point (1, 1) (which is an extc
point of feasible set ) the method gives:

min {, 4+ %x,} = 3,9886424
for x, = x, = 1,9943212

For un constrained minimum we used the method of conjugate
dients.
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ABSTRACT. — The author genealizes in the present paper the results obtained
in [1] on differential subordinations of the form ¢(p(2), 2p'(2)) < A(s)
when $(p(e), 22'(2)) = «(p(e)) + B(p(2)) v(ep'(s)) by using the methods in [1]
and (2], then consequences and applications of these are given.

1. Introduetion. Let H(U) be the space of functions analytic in the
unit disk U. If f, g €« H(U) we say that f if subordinate to g(f<g
or f(z) < g(2)) if g is univalent in U, f(0) = g(0) and f(x) = g(u).

Let ¢:C2—> C be analytic in a domain D, and let p be in H(U)
with (p(z), 2p’'(2)) € D when 2z € U.

Let & € H(U) be univalent in U and suppose that p satisfies the diffe-
rential subordination $(p(2), zp'(z)) < A(2).

In [1] the authors determine conditions on ¢ and % so that p(2) <
< h(z) in the case U(p(2), 2p'(2)) = O(p(2)) + 2p'(2) @(p(z)) and they give
applications of these results.

In this paper we shall study the differential subordination in the case

v(p(2), 29'(2)) = «(p(2)) + B(p(2)) v (28" (2))
and applications of these results are given.

2. Preliminaries. We will need the two lemmas presented in this section.
LEMMA 1. Lat g € H{U) with g(0) = 0 be univalent and starlike in U.
If f e HU) and

Re [2f'(2)/g(2)]1 > 0, 2 € U then [ 1is univalent in U.

This result is the well-known criterion of univalence of Oza ki and K a p-
lan [3].

We said that L: U X [0, 400) = € is a subordination (or Loewner) chain
if L(-, ¢) is analytic and univalent in U for all ¢ > 0, L(z, .) is conti-
nously differentiable on [0, +o0) for all z € U and L(z; s) < L(z; ¢)
when 0 < s <¢.

LEMMA 2. [4, p. 1589]. The function L(z, t) = a,(t)z + ..., with a,(t) #

#0 for all t > 0 is a subordination chain if and only if Re [ P / —‘;‘i] >0
4

forall z € U and t > 0.

® Industrial Licls no. 1, 2900 Arad, Romanis
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THEOREM A [2]. Let h, ¢ € H(U) be univalent in U and suppose q e

€ H(U). If & C3 5 C satisfies :
a) ¢ is analytic in a domain D C C3,
b) (¢(0), 0, 0) = D and $(¢(0), 0, 0) = A(U),
c) Y(r, s, t) & A(U) when (r, s, t) € D, :

r = q(t), s =mIg (%), Re(l + t/s) > m'Re(l + £q"(8)/q' (X))
where (| =1, m 2 1,
then for all p = H(U) so- that

(p(2), zp'(2), 2%p""(2)) & D when z = U we have

$(p(2), 2p'(2), 229" (2)) < h(z) = p(2) < g(2).
3. Main results.

THEOREM 1. Let g be comvex (univalent) in U, and lcet «, P be analytic
in a domain D D q(U) and v analytic in C. Suppose that

Q) Re X)) + 8@ v+ @) S
Blg(e) (1 + 1) 2¢'(2)

or all 2 € U and t 2 0
(i) Q2) = z¢'(2)B(q(2))y'(2q'(2)) is starlike (univalent) in U.
If p is analytic in U with p(0) = q(0), p(U) C D then

a(p(z)) + B(p(2))v(2p(2)) < «(g(2)) + Blg(2))y(2q(2)) < p(2) < gq(2).
Proof. Without loss of generality we can assume that p and ¢ satisfy
the conditions of the theorem on the closed disk U. If not, then we can
replace p(z) by ‘p,(z) = p(rz) and ¢(z) by ¢,(z) = ¢(rz), where 0 <7 < 1.
Then the new fumctions satisfy the conditions of the thcorem on U ; we
would then prove p,(z) < g,(2) for all 0 <r <1 and by letting »1 1~
we obtain p(z) < ¢(2).-
The function L(z, #) = «(q(z)) + B(g(z))y{(1 + #)z¢’(z)) is continuously dif-
ferentiable on [0, 4-c0] for all z € U and analytic in U for all #'> 0.
Because ¢'(0) # 0, Q'(0) # 0 from (i) for 2 =0 we deduce that Z—L(O, ) £

z

# 0 for all ¢ > 0. Because ¢ is convex, a simple calculation combined with:

(i) yields Re lz%L—/i)—lt‘]> Oforallz « U and ¢ > 0. hence by Lemma 2‘,'l
;| . 0% . .

L(z, t) is a subordination chain. If we let A(z) = L(z, 0) = «(q(2)) +
+ B(q(2))y(2¢'(2)) and wusing (i) for ¢ =0 we obtain

Re [2/'(2)[Q(z)] > O for all z & U, ’

hence by Lemma 1, % is univalent in U.
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Let 4(r, s) = oc'(f) + B(»)y(s) analytic in the domain E = D x C; then
(9(0), 0) = E, ¢(9(0), 0) = 2(0) = h(U) and because L(z, ¢) is a subordi-
nation chain we deduce

«(q(€)) + Blg@)y((1 + £)8¢'(X) & A(U) for £ > 0 and |{| = 1.
Using Theorem A we conclude that p(z) < g(2). If we take B(w) = 1,
w « (. then from Theorem 1 we obtain:

COROLLARY 1. Let q be comvex (univalent) in U, let o be amnalytic in a
domain DD q(U) and let v be analytic in C. Suppose that

(0 Re — 4 ___ 5 ¢
Y (1 +7) 2¢'(2))

for all z € U and ¢t > 0
(i) Q(2) = 29’ (2)Y'(2q'(2)) is starlike (wumivalent) in U.
If p is analytic in U with p(0) = ¢(0), p(U) C D then

2(p(2) + v(2p'(2)) < «(q(2) + v(2¢'(2)) = p(2) < q(2).
If we take a(w) =0, w = C then form Corollary 1 we obtain:
EXAMPLE 1.1. Let q be convex (univalent) in U and y be analytic in
C and suppose that Q(z) = 2¢'(2)y'(2q¢'{(#)) is starlike (univalent) in U.
If p is analytic in U with $(0) = ¢(0) then

v(20'(2)) < v(2q'(2)) = p(z) < q(2).

If in this result we take ¢(z) =z, z € U then Qz) = zy'(z) is starlike
(univalent) in U il and only if v is convex (univalent) in U, hence we
obtain :
EXAMPLE 1.2. Let vy be analytic in € so that v is convex (univalent)
in U. If pis analytic in U with $(0) = 0, then v(2p'(z)) < y(2) = p(z) <

<z We can easily prove that for [x| < 1 the function y(z) = eM is
convex (univalent) in U and analytic in C, hence we obtain:

EXAMPLE 1.3. If || €1 and p is analytic in U with $(0) = 0, then
Mt < M o= p(2) < 2.
z
Since F(z) = 1 Sf(t)dt is convex if f is convex of order —1/2 [5], we
z

0

M1

can easily show that v(z) = , |A] € 3/2 is convex (univalent) in

U and analytic in C, hence we obtain:
EXAMPLE 1.4. If |A| < 3/2 and p is analytic in U with p(0) = 0, then

MO Mg
prem = = p(2) < z.
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If we take a(w) =0, w € C and y(w) = ¢*, w € C then from Theorem
we obtain :
COROLLARY 2. Let q be comvex (umwvalent) in U and § be analytic
domain D C q(U).
Suppose that
(i) Re B'(g(2))/B(g(x)) 20, z €U
(i QUe) = 24'(2)Blg(a)) e
is starlike (unmivalent) in U.
If p is analytic in U with p(0) = ¢q(0), p(U) D D then

B(p(2)er® < B(g(2))e® = p(z) < g(2).
If we take B(w) = w, w = (, then from Corollary 2 we obtain:
EXAMPLE 2.1. Let ¢ be convex (univalent) in U and suppose th
(1) Re ¢(2) >0, z € U

(i) Q(z) = 2¢'(z)q(z)e™
is starlike (univalent) in U. If p is analytic in U, with $(0) = ¢(0), th
D(2)e?® < glz)ed® = p(2) < q(z).

If we take B(w) = ¢%, w = C then from Corollary 2 we obtain:
EXAMPLE 2.2. Let ¢ be convex (univalent) in U so that

Q(2) = 2¢’(2)ea+2ta)
is starlike (univalent) in U. If p is analytic in U and p(0) = ¢(0) the
PR +3p'(2) & eal)+20'(s) = ;b(z) < g(z
If we take, in this example, ¢(z) = 2z, (7| < 1/ 2we can easily prove th

Q(z) = aze®™ is starlike (univalent) in U, hence we obtain :
EXAMPLE 2.3. If |A| < 1/2 and p is analytic in U with p(0) = 0, the

Pt ap'(s) L pIM ]b(z) < Az,

An interesting case is obtained when in Theorem 1 we take y(w) =1
w < (; we can easily show that in this case we have:

COROLLARY 3. Let q be univalent in U and let «, B be analytic in
domain D D q(U) with B(w) # 0 for all w = q(U). Suppose that

. a’(q(z)) 2Q'(2) e

® Re 9(9(2)) () ]> 0.2=U

(i) Q(2) = 2¢'(2)B(q(2)) is starltke (umivalent) in U.

If p is analytic in U, p(0) = q(0) and p(U) C D then o(p(2)) + 2p'(
B(p(2) < «(g(2)) + 24'(2)Blg(2)) = p(2) < ().
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This corollary represents Theorem 3 from [1], and for B(w) =1, w € C
we obtain : '
EXAMPLE: 3.1. Let ¢ be convex (univalent) in U, « be analytic in a
domain D D q(U) and suppose that

Re[ “lgld) +1+LE]> 0,z U,

If p is analytic in U, p(0) = ¢(0) and p(U) C D then a(p(z)) + 2p'(2) <
< a(q{2)) + z¢'(2) = p(2) < q{z). This example gives us some interesting
particular cases presented in the next cxamples.

EXAMPLE 32. If ¢ is convex (univalent) in U with |Im g(z)| < =/2,
z &€ U and p is analytic in U with p(0) = ¢(0) then

M 2 (2) < e 4 2'(2) = B(2) < gla).

Proof. The function «(w) =¢*, w = C is analytic in, C and

Re[a (g(z) + 1 + ‘{(‘;’ — eReaw cos Im q(z) 4 Re(l +4 ‘”’)> 0,:eU
t4

if g is convex in U and |[Im ¢(z)| < =/2, 2 & U.

Remark. If, in this example, we take ¢(z) = Az, [A] < =/2, we obtain that
if p is analytic in U with p(0) = 0, then

oML 2p(2) < M 4 hz = pla) < N
EXAMPLE 33. If ¢ is convex (univalent) in U and Reg(z) > B, 2z « U
and if p is analytic in U with p(0) = ¢(0), then

Pl) (5 ) — B) + 22'(2) < 4l 396 ~ B) + 24'() = p(2) < gL2).

Proof. In Example 3.1 considering «(w) = — w? — fw, w < C analytic in

1
2

[q@) — za+( ‘q,';:’)] >0

C we have

Re[a'(q(z)) +1 +‘”,(‘))

when z € U.

Remarks. 1°. If we take 8 = 0, then from Example 3.3 we obtain:
If ¢ is convex (univalent) in U with

Re g(z) > 0, 2 € U and p is analytic in U with p(0) = ¢(0), then

S P + 2'(2) < 5 6) + 20(0) = p(2) < g(a).

2°. We can easily show that g(z) < €, |A| < 1, is convex (univalent)
in Uand Reg(z) >0, 2 € U hence we have It Al €1 and pis
analytic in U with (0 ) =1, then

PZ(Z) + 2p'(2) < e“‘—i— AzeM = p(z) < M.

4 — Mathematica, 1/1986
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_ 1+ (28—~ 1)
142
easily show that ¢ is convex (univalent) in U and Reg(2) > B, z €

hence we obtain :
If B <1 and p is analytic in U with $(0) = 1, then

1 ] ’ 1 —28 — 2(2p2 — 4 3 1 — 28)¢2
P@W;p@%—@Y+ﬂ4@< B (32 B+ 3)z + (1 —28)
(14 22
1+ (28 — )z
1+2

4°. If we take B = 0 in this last case, we obtain:
If p is analytic in U with $(0) = 1, then

3P0 + ) < = () <

3°. If we take, in Example. 3.3., ¢(2) , B<1, we¢

= p(2) <

l—z'

5°. If we take, in Example 3.3, ¢(2) = IL then ¢ is convex (unis
-z

lent) in U, hence we obtain:
If p is analytic in U with p(0) = 0, then

1 ) § R 3 z L
36 + P + 2 ) < 5 e = ) < T

{

6°. If we take, in Corollary 3, a(w) = w and B(w) = L w, w §

Y
vy # 0, Rey > 0 then we obtain the well-known result of Halllenbe{
and Ruscheweyh [6]. !
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UNUI OPERATOR DE TIP BERNSTEIN
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ABSTRACT — Approximation of Functions of Two Variables by Means of an
Operator of Bernstein Type. In this paper a linear positive operator of Bernstein
type introduced and investigated recently by Bleiman-Butzer and

Hahn ([l1]isextended to two variables. The corresponding operator I,m " de-
fined on the space C(D) of continuous functions on D = [0, ) # [0, 00}, is given

t (2.1). It is proved that if f = C(D), then lmUZ,_,  f uniformly on every

compact [0, a] x [0, b] (a,b > 0) when m, n »00. An extension of the well-
knows asymptotic estimation of Voronovskaja from the Bernstein operator to
the operator L,  is given at (3.1). Theorem 2 shows an evaluation of the order

of approximation of the function f & C(D) by L mn f, using the second order
modulus of continuity w,. One sees that the operator Lm'” has approximation
properties similar to those of operator B, . of Bernstein, defined «:n the space
of continuous functions on a rectangle {0, ] » [0, b].

1. In lucrarea [1], G. Bleiman, P. L. Butzer si I, Hahn
au introdus un operator liniar si pozitiv, L,,, atagat unei functii f, continua
pe [0, o), definit prin

) = s B0 ) m e

k=0

Scopul acestei lucriri este extinderea la douid variabile a rezultatelor mai
importante din lucrarea citati.

2. Notim cu C(D) spatiul functiilor continue pe I = [0, ©) X
X [0, o). Unei functii f € C(D), ii atasam operatorul L,,,, definit prin:

@1) (Laf )%, ¥) = Lua(f; % ) =
=(1-ix)'" (l+y E();,(k’( )xkyif( kk+1,n~;-+l]’ N

Operatorul acesta este liniar §i marginit, in sensul cd pentru V(x, y) € D,
avem

(22) Lwa(f5 % 2) — fx, 3)| < [Ifllcgm ¥, f € Cow),

unde am notat cu Cg(D) clasa functiilor definite pe D, mirginite si uni-
form continue in sensul normei:

(2.3) [f]legmy = sup |f(x, ).
(zpeD

* Institute of Polytechnics, 3400 Cluf-Napoca, Romania
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Operatorul este pozitiv pe D, in sensul cd dacid f(x, 3) 2 0 V(x, ) =
atunci avem de asemenea L,, (f; %, y) > 0, pentru V(x, y) € D.
Pentru a demonstra cd lim L,, (f; x, v) = f(x, ¥) pentru VY(x, y)

LIRSS 2ol
€ Dsi Vf € C(D), efectudim citeva calcule preliminare. Aplicim operator
L, , functiilor d¢ proba 1, x, y i 42 4+ y2 Rczultatele sint cuprinse

LEMA 1. Pentru V(x, y) & D, avem :
(2.4) Luu(l; %, y) =1

(2.5) Lynlt; %, y) = x — x(H_x) ,meN
2.6 mn x, ( ) n N
(2:6) Lna(v, %, ) =y =5\ 73
9 2. 4 4 2 2 2% (1 + 2)* 2y (1 + )
(27) Lnalte 725 .y x4 pe g ZEUEAE ) B0
pentru
(285 1 > N{v: unde N(x) — 24(1 4+ x)
n 2 N(y, wunde N(¥) = 24(1 + ¥).
Demonstratic : Relatiile (2.4), (2.3) si (2.6) i...itd imediat folosind lormy

binomului, dupd cium urmeazd :

m "
it B AL e

(1 + xjm —(l + ¥ k=0 j=0

. 1 - ”")(”)xk N N
Lm,n(t; xr y)_' (1+x)m (] +y)” .hEEO &~ (/c ]_ y m—k+l ]
1 Zo(m * 3 %
- —— . —_ - . 1 x"l_xm —_
1+ x)m kgo(k)x m—Fk 41 1+ xm [T+ #) ]

(1 + »m

Analog se gaseste ci

Lmn y X = 1 — » ].
ol % 9) y[ (1 +)»
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S calculdm rezultatul aplicdrii operatorului L,, asupra funcfiei a2 4+ 32
1 1

Avem :
" (m\ (n ) I
i ER L)
-gm (L E VR ol | (m— R+ 1)

S O N (L —

l+x)"' k=0 bm—k+1)’

i:Mi

Lua(tt -+ 125 2, 4) -~

bl

‘<,

1 (n) 4t
UL = AV FAS ORI

fn [1] se demonstreazi ci

: = (™ R 2 25(1 + )
0 = 'v{)k——(\» 21+ AP
. Tt &) G S T
pentru m = Iv(x)) unde Nio = 24(1 + x).

Aplicind aici acest rezultat. avein:

A0+ U
m+ 2 n4+2

Lon(t? 4+ %5 %, ¥) < &+ 224

pentru m > N(x), unde N(x) = 24(1 + x) si pentru » > N(y), unde N(y)=
=241 + ).
Rezultatele acestei feme le folosim pentru a demonstra

TEOREMA 1. Daci f « C(D), atunci
lim Z,..(f; % ¥ flx, v), Y(v.y) €D,

7L,1L -2 00
convergentc fiind  uniformd pe ;ioave compact 10, a' 0, 8] C D.
Demonstratic : Din relatiile (2.4', {2.5), (2.6), (2.7) re71'*3 cd avem

Hm L,.(f; % v) = f(x, »), Y(x, y) € D,

"m0

unde f(x, v) reprezintd pe rind functiile 1, x, v, #* 4 »* Aplicind tcorema
lii VI. Volkov [4], care constituie o extindere Ja doud variabile a
cunoscutei teoreme a lui Bohman—Korovkin, rezultd ci atunci cind m, » —
-, situl L, , f definit la (2.1), tinde citre f, Y(f € C(D).

3. In continuare ne vom ocupa de cvaluarea ordinului de aproxi-
mare a functiei f € C(D) prin L,,, f. Pentru aceasta avem nevoie de unele
nofiuni preliminare. Notdm

Cy(D) = {f € Cs(D) | f*" € Cy(D), 1 <4, j <2,
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{unde prin f¢.9 am notat derivata parfiald de ordinul 7 in raport cu
si § in raport cu y a functiei f), cu norma

£ e =171y + 11 1ies + 1111y
unde
[1flleg = sup |f(%, )]
(x,9)=D
1,0 0,1
[ftley = sup {If(x )|, 1fE, 1fE 1}
(x,9)=D
2 1,0 (0,1) 2,0 ,1) 0,2
|1f11eg = sup {Iflx ¥) 1 1GR3 LR 1/ERL 1GR3 1G5

Vom demonstra
LEMA 2. Dacd f  C3(D), atunci arve loc inegalilatea

' (3 — ) 1+ | (1 + 9P
(31)  [Lnalf; % 9) f(x»3)|<2llf|lc§[m+2 ot

4o+ 0+ 5)
m+ 2 n+ 2

pentru orice m > N(x) st orice n > N(y), unde N(x) == 24(1 + x) s¢ N(y)
= 24(1 + y).

Demonstraic : Calculele care urmeazd se bazeazi pe rezultatele ILemei
si pe liniaritatea operatorului L,,. Pentru inceput folosim relatia (2.
apoi aplicim functiei f formula lui Taylor. Avem:

Lua(f3 8, 7) —f(x, ) = Lua{flt,7) — fix,3); %, 9)] =
= Lua[fin(t — 2) + f300x — ) + = f{z Wt — %)+ flent — ) (x — )

0,2)

1
+ 5 fEas — 3P 5 5] = i Lt — %5 %,9) + fo3) Lmalt—5; %, 9)
1
+ Lmn[ JEDE — 2P+ fEalt = 2) (= 2) + flemz — 2« y]'

unde t < & <, <7 <y.
Trecind la modul §i folosind definitia datd normei in spatiul Ch(D), ave
(Lwalf: 8 %) = F(2 )| < [Lialt — %5 %, 9) |+ Lnals — 352, 9) 1111 f1 e,

+%Lm,»[(t — x4 1 — 3% %3] flleg
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Folosind relatiile (2.5) si (2.6), gdsim:
Lnalf 6 7) = F (2 2) <[5

)] 1 fleg +

+§Lm,n[(t Sx =32 % W2 Sl

) Tl

Pentru calculul lui L, [(fx + 7t — 3)%; x, y] folosim relatiile (2.5),
(2.6), (2.7) st (2.8). Vom avea:

L,,,,,.[(t R T A 22(1 + #)? 4 2y(1 4 9)?

m 4+ 2 n4+ 2

+2x2‘1ix)m+2y (1+y) +2 y(1+x)m'(liy)”'

Folosind aceastd majorare si grupind termenii in alti ordine, rezulti:

Lualf £, %) — f(x, 9)| < x[ ) [f11Es +

+

1+

+HEEE 2 (ks + o (ks +
+Hy S22 2 (|11 + o () TS 11 s

In [1] s-a demonstrat ci pentrum > N(x), unde N(x) = 24(1 + x),avem:
x " , (1 + x)! 2 x " "
2[5 1 lep + [ + 2 (i, <

mt 2

2x(1
g’_(i

(1S Tep + 11" ep)-

Aplicind inegalitatea analoagd in cazul a doud variabile, gisim :

Lma(5 4, %) = flw )1 < (11 1y + 1171 1e) +

+ 2R 1111, + 11711 + 2 () (;Tyt [1f Ve,

pentru m > N(x) si # = N(v), unde N(x) = 24(1 + %), N(y) = 24(1 + 3).
Folosim o altd inegalitate datad in [1]:

z(1 + )2 S x( x )m[x(x 4 2m 4 4) 3m + l]

m 2 1+ % m4 2 + 2

pentru m > 4x, x > 0,
De aici rezultd ci

,x( x "'W<2x(l+x).
14 %/ m 4 2



56 A. CIUPA

Folosind aceastd majorare, obtinem :

sl f 6 ) = (5 )| < 20117 1ibs + 11f11eg) [Tor2E 4 220

+2x(1 + 2 gy +y)'],
m+ 2 n 4+ 2

Deci

(£ _ #(1 4+ 22 y(1 49
Ll 8, %) = fl& 3)1 < 211f1leg [T+ 7

#(1+ a2 (1 +y)'|

2
+ m+ 2 n 42

fn continuare vom folosi modulul de continuitate de ordinul d
w,, definit astfel:

w,(t, f) = sup, |Aksf |, unde b= (hy, k), |I2]1= Ihy|+ Ik,
TEOREMA 2. Daci f € Cx(D), avem :
\Lmalf 32, 3) — f(x, 3)| < 2C{os(/A(x, 3), ) + A(x, 3)|1f]lcsmr}s

unde

(L4 22 | oyl +y)p (1 + 2 1+ 90
Alw, y) == T 2 T

m = N(x), n 2 N(y), cu N(x) =24(1 4+ x), N(y) =24(1 4+ v), iar C ¢
o constantd pozitivd independentd de f si A(x, ¥).

b

Demonstratie : Pentru f < Cg(D) si g € C3(D), avem urmitoarele inega
tagi:
3.2) [|Lualf: % ) —f(% )| < Lmalf % ¥) — Lualg: % 9) 1 +

+ Lna(g: % 3) — g% ¥) | + lg(x, ) — fx )| < 2{1f — &llcgm+

9 o Ul 7 TR Ul T W U B o e o7 o I
+21iglieg [, + T 2 TR S

In continuare folosim functionala K, definiti pentru ¢ > 0, prin:
K(t, f) =inf {||f— gllcgm + ¢11&]Ickm}-

guCh(D)

Legitura dintre functionala K §i modulul de continuitate de ordinul ¢
este datad in [2]:

K(t, f) € Clogl#'?, f) + min {1, §|1f]lcpm ],

pentru V¢ > 0, f € Cp(D), cu constanta C pozitivd §i independentd de
si t. '
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Observind cd membrul sting al inegalitdtii (3.2) nu depinde de functia
g € C3(D), obtinem :

ILwa(fs %, ) — f(x, ¥)| < 2K(A(x, 9), f) <
< 2C{0, (WA, ¥), f+ min {1, A(%, ¥)} ||f]lcpm} =
= 2C{w,(JVA(%, »), f) + A=, ¥) - [Ifllcpm}-

Din rezultatele obtinute mai sus, se constatd cd operatorul liniar §i
pozitiv L,,,, definit la (2.1), arc proprietdti de aproximare a functiilor
dc doud variabile, analoage cu cele pe care le are operatorul lui Bernstein

By, definit pe spatxul functiilor continue pe patratul unitate. Acestea
vizeazd o teoremd de conv ergen‘,cd uniformd de acelagi tip pe un drep-
unghi de forma [0, a] X [0, 8], 0o tcoremi analoagi cu teorema lui
Voronovskaja si cvaludri cu ajutorul modulului de continuitate de ordi-
nul doi, care sint comparabile cu evaluarea dati de T. Popoviciu
f3] pentru operatorii lui Bernstein.
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CALCULUS OF THE SAFETY COEFFICIENT AT VARIABLE
LOADING THROUGH ASYMMETRICAIL CYCLES USING
PARABOLIC APPROXIMATION
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ABSTRACT. — In this paper the diagram of the resistences at weariness (Haigh
diagram) is approximated by a parabole and the expression of the safety coeffi-
cient at variable loading for this modelling is obtained, (12) — (13). The procedure
used here makes the calculated coefficients be closer to the real omes. :

The classic modellings of the diagram of resistances at wearin
(Haigh diagram) through the schematizings suggested by Serensen a
Gh. Buzdugan [1] lcad to the following expressions of the safe
coefficient at variable loadings

1
C = ’
$=TT%
1 |
C, == " !
V¥ + o
where, using the acknowledged mnotations,

Y =o06,/o_;, 6= ouc,.

The present paper has in its purpose to approximate the Haigh ty
diagram by a parabole, the expression of the safety coefficient for t
modelling being obtained.

Imposing on the parabole

2
OpyL =— UGy + QcmL + Y

the condition of passing through points A(0, ¢_,), B(o¢/2, o¢/2), C(s.
determinations

‘\( = 6—1»

result for coefficients «, B, v.

* Engineering Institule of Hunedoara, 2750 Humnedoara, Romania
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The parabole omothetic to parabole (4) to the origin, the coefficient
ents being dctermined by relations (5), (6), (7), the points of which repre-
sent loading cycles with the same safety coefficient ¢ > 1, leads to rela-
tion

g &= (B — o) o =0y =0 ®)
where
OmL = COp, 9)
opL = CGy. (10)
Introducing notation
B=p>, (11)
Sy

from relation (8) rcsults the expression of the safety coefficient at va-
riable loading having the from

& = ‘ : (12)
1 S¢
\/;(¢—B)ﬂ+,e'(1 P R
[ 2

In case the exact value of 6, is not known, the condition that the
parabole pass through point B may be given up, imposing on it the
condition to admit axis Oop as of symmetry, so f = 0, case in which
relation (12) becomes

1
Cop = ————1 . M (13)
\/: $t - 02 4 Py v

In case of the numeric application characterized by o, = 10 daN/mm?
oy =6 daN/mm?, ¢, =72 daN/mm?, o¢_, =43 daN/mm?, ¢,= 64,5 daN/mm?,
the values of the four weariness coefficients, corresponding to the previous
modellings, are

ca =3592 ¢, =4,284 cp = 4,441 ¢, = 508. (14)

The method suggested here has, compared to previous methods, the
advantage that the curve chosen for the limit cycles approximates better
the diagram of resistances at weariness, which makes the calculated c
coefficients be closer to the real ones.
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ABSTRACT. — Starting from the classification method employed by D. Bushaw
in [1], the problem of determining the number of non-equivalent positions obtain-
ed from a propositional function by quantification of the variables is studied.

Let P(x,, ..., x,) be a propositional function with n free va
bles. One gets a proposition by binding in some way the variables
the universal or by the existential quantificr.

We are interested in determining the number of propositions wt
results by changing the order of binding or the quantifiers (the f
problem). If we have bound successively two variables by the same qu
tifier, the other variables preserving the order of binding and the qua
fiers, we obtain equivalent propositions, that is they do not depend
the order of these two variables. How many equivalence -classes
obtains in this way ? (the second problem). How many classes of non-e
valent propositions result if the propositional function is symmetr
with respect to certain groups of variables? (the third problem). Sim
problems arise if we let some variables frec.

These problemns may appear in a classification method and their s
tions show the number of related notions which can be derived fror
given propositional function. Such a classification method was used
D. Bushaw in [1] in conncction with Iyapunov and Poisson stal
ties. His paper contains only numecrical results. In our paper we g
the general solutions of the three above mentioned problems and f
under the assumption of using k quantifiers. The solution of the sec
problem may be regarded as a generalization of Fubini’s numbers, beca
for B = 2 these numbers are the double of the corresponding Fubi
numbers. :

We shall present now the above mentioned problems in an cquival
form, to introducc simpler the % quantifiers.

1. The first problem. Lect us consider n ordered sets M; satisfying
following conditions :

card M, =k, fori=1, ..., n;
MO\ M; =8, if i #5.

How many words of length n can be obtained by taking from ecach s
exactly one element?

¢ University of Cluj-Napoca, Faculty of Mathematics, 3400 Ciuf-Napoca, Romanis ;
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In other words, if we denote:
M;={xi, ..., m}, fori=1, ..., n (1)
with x} # x,f it 7 # 4 or j # ¢, we look for the cardinal a,, of the set:

A,,,k:{.;;: Al <, e < R (G .., i,,)eP,,} (2)

1 "
where P, denotes the set of permutations of 1, ..., =.
It is easy to prove ihat:
dap =mnl - L for B 21 (3)

and we take by definition aox = 1.
We remark that for every & the series:

o0

a0
m
Ap(t) =2 app - — =D, (k)"
n=0 n! n=0
is uniformly convergent for |£| < 1/&, and its sum:

Axlt) = (1 — k)2 (4)
is the exponential gencrating function (see [3]) for the sequence (@yz)n=os
that is:

iy = AN0).

Remark 7. The numb:.r of words of length not grcater than # which
can be obtained by taking at most ouc clement from each set M,, that

is the cardinal ay, of the set:
0 3 B . . . . ’
A,,,,:{x;.: xJ; (y, ..., tm)e Pp, 1 <4y, o0, e Sk, m < n} 29

is:

” n n
ag,k = 2 ( ) CAn_pmp = E :"'k .

m

m=0 m=0 “mk
Since
Apirp == k(n 4 1) - @y (5)
we get the rccurrence relation :
Gnirp = k(4 1) - app + 1 (5)
and the exponential generating function:
Aot — e . 4;
W) = — (4)

2. The second problem. If in A, we identify two words which differ
by subwords with the same position and whose letters have the same lower
index, how many different words result?
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In other words, we want to determine the cardinal ,, of the quo
set :
Bn,k == An,k/"’

where " ~’" means the equivalence relation defined by:

uxxhv ~ ulxiy

where # and v are subwords, possible empty, m {1, 2, ..., &
i, 7—A{1, 2, ..., n.

We may identify B, with the subset A;; of 4,; which con
only the words of A4,; satisfying the following condition : if therc are
successive letters with the same lower index, then their upper inc
are ordered increasingly.

Let BZ;,,, be the subset of A,; composed by all its words whose
letter has the lower index not greater than j. Let b, = card Bj,.

k
bap =2 bhs (m=1,2...)
j= ‘
and we take:
bop =bhp=1 (=12 ... k).

A word in Bf,,,, has on the first p positions (1 < p < #) letters
lower index not greater than j followed (if p # %) by a letter with
index greater than j. It results the relation:

R Lid ny R
tha = 35 () 33 B
=P e

and so we have:

r(n
by = (k — 1)2( )~bn-p.»+1
F=1\p
where bop = 1.

THEOREM 1. The exponential gemerating fumction for the nwm

(bn,k):o=o is
Bi(t) = (1 — k + ke=t) 1L,

Proof. Since byp < aup, all the following are true (see [2]) and
radius of convergence is at least 1/k:

Bf) =1 +”§[(k - 1):2(2) aen 1] 2 =

R L N (1 : X &
=Y+ k-1T — epp= k=1 E T
n=0 nl a=1 nl p=inp =1pl a=iml

=+ (R — 1) - Bp(t) - (¢¢ — 1).
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Remark 2: It may be proved that b,. = 2f,, where f, is the Fubini’s
number (see [3]).

Remark 3. Let us consider the set of words of length not greater
thann, that is consider the set:

Boyx = Anp/~ (6)
If by, = card By, then:
n (n
oy = E( ) -~ bn_ip
i=o\?
or:

B b, —1
—_— . ’
1 (7))

0
bn,h =

The sequence (bai)meo has the following generating function :
B(f) =—2 . '
+0) 1—k+h- et ®)

3. The third problem. If in A, we identify two words in the following
relation :

1, .2 2 1
UKVXNW X UX;V X W 9)

where u, v and w are subwords (if 1 = j the subword v canmot be empty)
and i, j € {1, 2, ..., R}, what is the cardinal cny of the quotient set:

Cop = Ala]~. (10)

It is obvious that we may identify the set C,, with the set 4.,
consisting of those words of A,; in which the upper index 1 appears
before the upper index 2. If we add to the set A,; the words of the

21

form ux;x;w, we get 2 . ¢, words. But the number of the words of the
2.1 .

form wx{x%;w is by_14, SO:

Cnk =‘% ’ (bn,k + bn—l,k)-

If relations of the form (9) hold for the elements of p pairwise dis-
joint sets M,, then the cardinal of the corresponding quotient set is:

b4
chy= L E(f) “ buip. (11)

For the sequence (cs4)n—2 we have the following exponential genera-
ting function :

olt) =5 [B»(t) + § Bi(s) ds] : (12)
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Remark 4. If we allow words of length not greater than #, we obt:
a set of cardinal:

n—2p 2 2 (p — 2 (2 2
=2 .. E( p) (i ) . (z )c’f"ﬁ""" (1
i=0 4,=0 ip=0 1 ?

where :
P . .4
i 4+ 1 -1 0
S = El[*2 ] y Sp = E i, Cak == Cupy Cnp = Dy
j= j=1

and [x] represents the integer part of x.
Remark 5. Since

Bi(t) = By(t) + (k — 1) - By(®),
we get, step by step:
B() = [Pas(By)1(0),

where P,, is a polynomial of degree # + 1 which verifies the follow:
recurrence formula :

Poalt) = [t + (B — 1) - 2] - Pa_ya(t), Poalt) =t (
As B,{0) = 1, we have:
THEOREM 2. For every n:
bup = Pax(1) (
where the polynomial P,, is defined by (13).

Remark 6. Denoting
n+1

=E df»,k .t dg,k =0 (

t=1

y (13) it results:
dop=% - doop+R—1E—1) -&pi=1 ..,n4+1 |
Again denoting :
dop=Fk—1)""d, i=1, .., #n+]1 (
from (16) we have:
d=i-dr+ (—1) - d70 (
Since :
B=d, &, =(—1, &=0,i=23, ... l

from (16') it results that d, are independent of k. That is, we have
following :
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THEOREM 3. For auy n and any k:

b,.,,,="§(k— 1)-t.d, (19)

=1

where d are given by (16) and (18).
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FONCTIONS DONT I,A SOMME JOUIT
DE LA PROPRIETE DE DARBOUX
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ABSTRACT. — Functions Whose Sum has the Darboux Property. It is shown
that the sum of two functions in the Baire first class without cominon point of
discontinuity and having the Darboux property, possesses the Darboux property
too.

1. Introduction. Comme H. Lebesgue 1'a déja remarqué en 1904, |
semble des fonctions jouissant de la propriété de Darboux n’est pas fe
par rapport a I’addition. Néanmoins, A.M. Bruckner a prouvé récemn
que la somme d’une fonction continue avec une fonction jouissant d
propriété de Darboux ¢t appartenant 4 la premiére classe de B
posséde la propriété de Darboux. Dans la deuxiéme section de cettet
on étend le résultat de A.M. Bruckner au cas des fonctions qui o
pas de points communs de discontinuité. I.a troissiéme section ufi
cette extension pour la construction d’une fonction bornée jouissant
la propriété de Darboux qui cst nonprimitivable ¢t non-intégrable aus
de Riemann. De pareilles fonctions interviennent dans une classifical
proposée en [7] pour certains enseinbles de fonctions réelles.

2. Paires de fonctions dont la senine Jouit de la propriété de Darbo
Soit I un intervalle en R. On dit qu'unc fonction f: 1 — R jouit de
propriété de Darboux si pour tous a, b € I, a < b, et pour tout 2, s
eutre f(a) et f(b), il cxiste ¢ = [a, 8] tel que A = f(c). On dit qu’
fonction f: I - R appartient a la premiére classe de Baire lorsqu’il ex
une suite de fonctions continues f,:1— R telles que lim f,) =

— 00

"
pour chaque x €I On désigne par @ et &, les ensembles
fonctions jouissant de la propriété de Darboux, respectivement appa
nant a la premiére classe de Baire. Pour abréger I'écriture on j
R, =D 8,.
Soient a, b,¢c, « € R, aveca < ¢ < beta # b, et soit s, [a,b]-
la fonction donnée par la formule

sin sl x # ¢,

sa,c(x) — X —c

o st x =c.

® Université de Cluj-Napoca, Faculté de Mathématigue, 3400 Cluj-Napoca, Rowmanis
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Sans dificulté, on vérifie les propriétés qui suivent:

a) Sqc € B; et s, est intégrable au sens de Riemann pour tout
se€R;

b) Sy € D si et seulement si || < 1;

¢) S4. est primitivable si ct seulement si o« = 0.

H Lebesgue [5], pag. 90—91, a rcinarqué que la somme de deux
fonctions de ® n’appartient plus nécessairement a 9. En effet, pour

les fonctions f, g: [0, 1] > R données par f(x) = —g(x) = sinl six # 0,
X

et f0) =g(0) =1, onaf ge€dect f+ge¢D Les fonctions f et g de
cet exemple sont toutes les deux discontinues. H.W. Ellis [3], pag,
484—485, a construit une fonction f € 9 et une fonction continue g, telles
que f+ g ¢ D. De plus, AM. Bruckner [1], pag. 4, donne un exem-
ple dans lequel la fonction g est lindaire. Un cxemple possédant les mémes
propriétés que celui de A.M. Bruckner avait été construit implicitement
par H. Lebesgue. A savoir, la fonction ¢: [0, 1]» R de Lebesgue
[5], pag. 90, prend toutes les valeurs de [0, 1] dans tout intervalle, donc
¢ €9; la fonction ¢ : [0, 1] » R définic dans le méme livre de Lebesgue,
pag. 91, par {(x) =0 si ¢@(x) = 2, et Y(x) = ¢(x) si ¢(x) # «x, vérifie
¢ €9. La somme h{x) = ¢(x) — x n'apparticut pas a @, car ¢(l) =1
et il existe a [O, %l tel que ¢(a) = 1, donc %(l) = —1 et hfa) =1 —

—a> 0, tandis que %(x) # O pour tout x % 0. Une recherche approfon-
die des_phénomeénes relevés par les derniers exemples a été entreprise
par R. Svarc {li]J et AL M. Bruckner et J. Ceder [2]. Finale-
ment, rappelons que W. Sierpiniski {10] a montré que toute fonction
téelle sur I peut étre écrite comme une somme de deux fonctions de 9.

D’autre part, il est iiatéressant de mettre en évidence des conditions
supplémentaires assurant l'appartenance a ® de la somme de deux fonc-
tions de 9. Les théorémes suivants, valables pour un intervalle compact
I=[a, b], a <b, fournissent de telles conditions.

2.1. THEOREME (C. Neugebauer [8]). Si f est approximati-
vement conmtinue, g est primitivable et U'une des fonctions f ot g est bornée,
alors f+ g € D.

22. THEOREME (AM. Bruckuner [1], pag. 14). Si f = D&, et
g est continue, alors f+ g € DB,.

Désignons par disc (f) I’ensemble des points de discontinuité d’une
fonction donnée f. Enoncé d’'une maniére symétrique, le résultat qui suit
constitue une généralisation du Théoréme 2.2.

2.3. THEOREME. Si f = 98,, g = 98, ¢ disc (f) N disc (g) =6,
dlors f+ g € DR,.

La démonstration du Théoréme 2.3 s’appuie sur la caractérisation
suivante des fonctions de @ dans 'ensemble &, :

2.4. THEOREME (W.H. Young [12]). Soit f: [a, b] - R une fon-
cion de $,. On a f € D si et seulement si pour chaque x < [a, b] ils existent
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une suite crovssante (x,) el une suite décvoissante (y,) lelles que a < %
<2<y, <b limx, =limy, = x e limf(x,) = 11mf . = f(x). (L

=t 00 #—=» 00 H— 0
que x = a ou x = b, la suite (x,), respectivement ()',,) ne figure pas i
cet énoncé).

Pour une démonstration du Théoréme 2.4 voir aussi [1], pag. 8-

Démonstration du Théovéme 2.3. On a f-4 g € &,, car la dasse
est fermée par rapport a l'addition. Pour établir la rclation f+ g
nous utiliserons le Théoréme 2.4. Soit x € [a, §]. Adincttons d'ab
que a < x < b. Lorsque x ¢ disc (f), la relation g € 98, et le Théor
2.4 impliquent 'existence d’une suite croissante (x,) et d’unc suite dée
ssante (y,) tellesquea < %, < ¥ < y, <b,lim 5, =lim v, = x etlim f(x,

n—+o0 n—+00 L A dvs]

= lim f(y,) == f(x). Puisque f cst continue dans le point x, on a
7— 0

lim [(%,) + g{x)] = lim [f(3) + g0m)] = /(x) + ().

Lorsque x = disc (f), on a x ¢ disc (g) et on procéde de la méme man
en utilisant la relation f = @&, et la continuité dc¢ g dans le point

Quand ¥ = a ou x = b on raisonne comme plus haut en travail
seulement avec la suite (y,), respectivement la suite (x,). Par conséqu
dans tous les cas la condition du Théoréme 2.4 est remplie pour la son
f+g donc f+ g 9.

2.5. REMARQUES. Comme le premier exemple de H. Lebesgu
montre, la condition disc (f) N disc (g) = @ est essentielle pour la valab
du Théoréme 2.3. En eftet, dans cet exemple on a f =98, g !
et disc (f) M disc (g) = {0}. Remarquons aussi que, en vertu du Theord
2.2, les tonctions ¢ et ¢ du deuxiéme exemple de H. Lebesgue n’appar
nnent pas a &,.

2.6. REMARQUE. Toutefois, la condition disc (f) () disc (g) =9
Théoréme 2.3 n'est pas nécessaire. A cette fin rappelons que la fone
f:[0, 1] R iatroduite par R.J. Fleissner [4], pag. 18, est bor
discontinue dans le point x = 0 ¢t approximativement continue. La f
tion g = so0, avec &« = 0 ¢t b = 1, est primitivable, donc le Théoréme
implique f + g = 9%, bien que disc (f) N disc (g) # D.

3. Une fonction bornée jowissant de la propriété de Darboux, qui
non-primitivable et non-intégrable au sens de Riemann. Dans cette sec
nous utiliserons le Théoréeme 2.3 pour la construction d’une fonc
bornée de 9$,, qui est non-primitivable et non-intégrable au sens de ]
mann. De pareilles fonctions interviennent dans une classification prope
en [7] pour certains ensembles de fonctions réelles.

Soit (#,)s»1 une suite dont 'ensemble de termes coincide avec I’ensen
de tous les nombres rationnels de lintervalle [0, 1].

3.1. THEOREME (D. Pompeiu [9]). (i) La série de fonctions
227 x — )

n=1
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est uniformément convergente sur [0, 1], donc sa somme F esl unc fonction
continue sur [0, 17;

(i) La fonction F: [0, 11— [a, b] ainsi définic, ot a = F(0) ct
b=F(1), posséde unc dérivéc positive, cst bijective et son inverse G = F~1
est dérivable sur [a, 0] ;

fiii) bg,a dérivée g = G’ est bornde et non-iniégrable au sens de Riemann
sur [a, b).

Pour une démonstration du Théoréme 3.1 voir aussi [6].

32. THEOREME. Dans la classe DB, il existe une fonction bornée,
qui est mon-primitivable ot non-intégrable aun sens de Riemann.

Démonstration. La fonction g: [a, b] - R du Théoréme 3.1 est pri-
mitivable, donc g € @ et g € &, (cf. [5], pag. 92); il s’en suit qu'il existe
un point de continuité ¢ € [4, ] pour la fonction g (cf. [1], pag. 1).
La fonction f = s, est non-primitivable, mais elle est intégrable au sens de
Riemann et vérifie f € 9R,.

Puisque dusc (f) M) disc (g) =, le Théoréme 2.3 cntrainne f+4 g €
c98,. La somme % = f 4 g satisfait également le reste des propriétés
de 1'énoncé, car les classes des fonctions bornées, des fonctions primiti-
vables et des fonctions intégrables au sens de Riemann sont fermée par
rapport a l'addition.

33. REMARQUE. La fonction » de la démonstration du Théoréme
32 prouve bien que la Théoréme 2.3 est effectivement plus général que
le Théoreme 2.2.
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SPATII CARE ADMIT CONEXIUNI SEMI-SIMETRICE, METRI(
SI APROAPE METRICE

P. STAVRE*

Intrat in vedacfie la 20 decembrie 79871

ABSTRACT. -- Spaces Admitting Semi-Symetrie, Metric and Nearly Metrie
Connections. The semi-symetric, metric connections being S — circular con-
nections. The semi-symetric, metric connections being S — circular connections
and the associated connections of the Weyl type are studied in the present
paper. Then results of theorems 1—7 are obtained.

Fie L, o varietate diferentiabild #n-dimensionald, de clasd C® §
metricd Riemanniand in L,. O conexiune liniard, D, in L,, al cirui te
de torsiune, T,

{

T(x,9) = Dy — Dyx —[2,5], %,y = %(L,) }

este de forma {
T(x,5) = o(y)x — o(x)y

unde w este o 1 — formid, o € AY(L,), se numeste semi-simetricd

[8)).

Intr-o harti locald, T se va scrie

k h h
T;j = g 8j hand mj&-.

Avem
o(T(x,5) =0

Fie y conexiunea ILevi-Civita corespunzitoare lui g(g;) si T
cientii conexiunii D. Conexiunile (D), metrice, sint i

l 1 1
Iy = { ] + = (TH) + — (Tags + Thea)d"
7] 2 2
Dacd se cere ca D, metrica, si fie semi-simetricd, atunci se 01:1
h
F?h = |]k] + ﬁ)jst — gjkwh ;o (e* = ghsws)

Vom avea
gin =0,
unde s-a mutat prin /, derivata covariantd in raport cu D.

® Universitatea din Cratova, Facultatea de matematicd, 1100 Craiova, Romdnia
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DEFINITIA 1. O conexiune semi-simetricd metricd (3) se va numi
S-concirculara, dacd

1
Wijj — ;gijwmmm = f8;; f = &L,) (6)

Denumirca de concirculard este datd prin analogic cu transformirile
concirculare din geometria concirculard (a unui spatin ¥,) a lui K. Yano.

In [6] se studiazi aceste conexiuni si sc aratd ci sint caracterizate de
invariantii, echivalenti,

s R s S\ 8 4 8S o aS

R, n__(n ) (839 — 8ir®j) = 7ijr —n(n ) (587 — %) (6)
s 1 s s 1 s s ;
= T (gin: — &iRj) = 7, — w1 (853, — &%) (7)

(unde 7, este tensorul de curburd, #; tensorul lui Ricii, 7 = g"’r,,j iar
r=gra (2)). o ,

Membrul drept din (6) este tensorul de curburd concirculara din V,,
cunoscut. Se mai aratd si

TEOREMA 1. Condifia necesard si suficientd ca spatiul sd athd curburd
Riemanniand constantd este

$ R 8 s ’
Ry, — (g8, — £ud7) =0 (6"
n(n — 1)
sas
5 1 s s 12
Ry — —— (g Ri — g Rj) = 0. (6")
Din (5), rezultd
Ogn = g™ Omit + figa; i = :—2 (8)
Schimbind % cu I si scidzind rezultatele obtinem
Riuey, — Thows = (@a0™0us — Eue"omp) + (f18s — fun) )
Sau
Rivoy = fign — figsr (10)
Din {5) rezulti .
@y — @i =0 (5")

Din (2') (5') rezultd
do =0 (11)

(o este inchis3). Tensorul lui Ricci R este simetric iar tensorul lui Bianchi
este nul ([5]).
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Cum D este si metric3, notind

h
Rpskl = gthsu

obfinem si pentru R,u proprietdti analoage cu cele pentru 7.
(10) rezulta

W’Ry = (n — 1)f;; o R} = (n — 1)f,
Din (10), (13) rezulta

[Rskl -

1 (gslcR;. - gSIRZ) ]o),, =0

care este conditia de complet integrabilitate pentru (5).
Din (7), (14), rezulta

h 1
[rskl -
n —

Dar (5) se mai scrie

1 (gsk";l - gsz”:)] w, =0

1
0;; — w;0; + Egijmmwm = f8&;

unde s-a notat prin (,) derivata covarianti in raport cu conexiun
Conditia de complet integrabilitate pentru (5) este (15).

Dacd cerem cid D, care este S-concirculard, si aibd propriel
(6'), atunci (14) este satisficutd (5i deci (15) este satisfacutd). Dar in
caz, conform teoremei (1), spatiul este cu curburd Riemanniani
tanti.

Invers. Fie un spatiu cu curburd, Riemanniand, constantd. A
avem

1
7’:»1 — o1 (gsh”? — gsﬂ’:) =0
Deci avem (15) care este conditia de complet integrabilitate p
(5") ([7]). Fie o solutia lui (5") si ' definitd prin (3) cu acest w.Ea
face (5), adicd I' este S-concirculard. Deci avem (5), (7). Cum avem
Jezultd (6} (sau 6”). De unde ‘

TrOREMA 2. Ca sd existe o conexiune semi-simetvicd S-comcir
cu proprietatea (6') (sau 0"') estc neesar 5t suficient ca spatiul sd aibd cu
Riemanniand constantd.

Fie dar o o solufic a lui (5”) si conexiunea

(A
T = L‘k}— o 8
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Evident, conexiunea T' este semi-simetrici si are temsorul de torsiune
egal cu tensorul de torsiune al conexiunii semi-simetrice I'. Deci tensorul

deformirii afine r}';, = l",’-’k — f‘,’-',,, este un tensor simetric,
T;"kz 0.)]82 + 'm,‘Bf - gjk(t)h. (18)
Avem, ([4)]
G|l 7= 203g; (19)

unde s-a notat prin // derivata covariantd in raport cu T. Obtinem in
acest fel pe varietate o structuri de spatiu Weyl, desi I' nu este simetrica.
Se va numi structurd D-Wey! (structurdi Weyl semi-simetricd). De unde
TroOREMA 3. Dacd spagiul arve curburd Riemanniand comstantd, atunci
pe varietatea L existd o structurd de spafiu D-Weyl.
in general, pentru (17), avem

RSy = b+~ 8H(Tyn — Toy) (18)
unde T, = Tg. Daci o, din (17), este w, din (3), rezultd
Ri = 7i + 2f(gs%% — gad}) (19)
fn acest caz, cum w este inchisi, avem
Tip = Ty (20)
Deci
R?jk = 7’?1'1;- (21)

DeriNITIA 2. O transformare I' = {(I'), de conexiune, este numitd
transformare de tip I'p, dacd tensorii de curburd se corespund (21).
Cum avem (21) rezultd

TeorREMA 4. Transformarea de conexiune (17), cu o solufie a lus
(5"), este o tramsformare de tip Tg.
Din (18), (19), (21) rezulti

Ris = Rip + 2f(g53% — ga)), (22)
care dd relafia dintre tensorii de curburd ai celor doud conexiuni.
Avem, '
Ry = Ry + 2f(n — 1)g; . foR-F (23)
R=R+2u(n—1f ' 2Zn(n — 1) (24)

De unde, invariantul

R S . S = 'S _—
wr — 1) (887 — gir 37) Rw —

R, — (8% — &ir 85) (25)
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Sau, dacid se cunoaste initial (6), atunci din (6), (21) rezultd (25).
general, avem

TEOREMA 5. Dacd T' este S-concirculard si I, D-Weyl, cu acela
din T, atunci un invariant al transformdrii (18) este dat de (25).

Din (21), (25) rezulta
R R
Ry——gj=Ry—=gj=r5— —gy
n n "

Din (25) (26), rezultd

R, — —1 (Ry8 — R,5) = I, — —— (B8 — R, &) = P},
n—1 n—1

unde Pj, este tensorul de¢ curburd al lui Weyl ([1]).

De unde

TEOREMA 6. Dacd I' este o conextunc S-concivculard iar T este S-1
cu acelasi comvector, w, atunci avem (27).

In cazul ci spatiul are curburd Riemannian3 constant3, existen}
w este asiguratd si invariantul (25) este nul.

Fie dar I' (3) S-concirculari si T' (17), cu acelasi w. Deoarece T
S-concirculard avem (5). Din (2”), (§') rezultd
oy oy _

’

% ax;

adicd @ este un gradient. Deci existd o hartd locald in care forma |

ds = o da?
poate fi adusi la forma canonici
ds = dx!
si deci o la forma canonicd
w; = s

[Ti‘k=8’;=—rﬁl; E>1
Th=0; i{i=jsaud,j>1
De unde

TrOREMA 7. Dacd spatiul admite o conexiune, T', S-concirculard, a
este un spagiu cu torsiume constantd (in semsul cd existd o hartd in can
Stunea este constantd ).

In aceasty harti, T are forma canonici
=03 =0} s>1
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Decd, in accastd hartd, coeficientii conexiunii 1 coincid cu coefi-

cientii conexiunii Levi—Civita pentru s > 1. Sau

6.

7.

8

i = 28i; &ijs=0, s>1

Adici T este aproape metrici.
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scientists on the cccasion of the 90-th Anni-
versary of Marston Morse’s birth.

H. WIESLER

Perspectives in Mathematics, Fditcd by
W. Jiger, J. Moser, R. Remmert; Rirkhiuser-
Verlag, Basel — Boston — Stuttgart, 1984, 587 pp.

The authors, in selected problems, report
on the state of mathematics today and give
directions for future development. The ques-
tion treated provide a broad overall picture
of the today mathematical research. The volume
is published at the occasion of the 40-th anni-
versary of the foundation of the Mathematical
Research Institute in Oberwolfach which has
exercised a fundamental influence on the deve-
lopment of mathematics both in FRG and
abroad.

H. WIESLER

Global Analysis — Analysis on Manilolds,
edited by Themistocles M. Rassias, Teubner
— Texte zur Mathematik, Bd. 57, BSB B.G.
Teubner Verlagsgesellschaft, Leipzig, 1983;
376 pp.

The papers published in the volunme report
on recent results and provide an account of
some of the most important achievements
in the areas of Marston Morse’s fields of study :
Analysis, Topology, Calculus of Variations,
Geometry and Dynamics. The submitted works
are dedicated to the nmemory of Marston Morse
on the occasion of the ninetieth anniversary
of his birth.

H. WIESLER

RECEW

G. Hammer, D. Pallasg
(editors), Seléeeted Topies in Operation
search and Mathematical Economies. S
Verlag, Berlin, Heidelberg, New York,
1984, X - 478 pages (Lecture Notes in
nomics and Mathematical Systems, Vi
226).

This volume contains 37 papers
senting lectures by invited speakers and
munications given at the 8th Symposi
Operations Research, held at the Uni
of Karlsruhe (FRG) from August 22 to
25, 1983. The papers are grouped in
parts having the following headings:
mization Theory, Control Theory, Mal
tical Economics, Game Theory, Graph
Fixed Point Theory, Statistics and M
Theoretic Concepts, Applications. The
finds in these papers recent develo
from a wide spectrum of up-to-date
fields, highlighting not only new basic
retical results, but also important tec
and methods of direct practical interest.
refore, the book is to be recommended
researchers working in the rapidly
up area of Operations Research.

WOLFGANG W, BREC+

D. H. Luecking and L. A
bel : Complex Analysis. A Funetional
lysis Approach. (Universitext). SpringeJ
lag, New York— Berlin- 1Teidelberg-]
1984, vi 4 176 p.

The aim cof the bhock is to pre
standard material on {unctions of a ¢
variable, using methcds of functional
such 2s daality in lasslly convex A«
vector spaces, the Halin-Banach theorex
principle of unifocim boundedness. Note
all the nceded elements of functional an
are proved in the book.

The main object of study is the |
convex space H(G) of all holomorphic fun
on the open set G, endowed with the tof
of uniform convergence on compact &
of G. The description of the dual of H(G
allow simple proofs for Runge’s approxin
theorem and the Cauchy integral th
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The book is addressed to mathematicians
and students of mathematics with some know-
ledge of complex variables.

V. ANISIU

Jean-Pierre Kahane, Some Random
Serles of Funetioms, Second edition, Cam-
bridge Studies in Advanced Mathematics 5,
Cambridge University Press 1985.

The first edition of this well known book
was published in 1968. A Russian translation
appeared in ,Mir” Editors, Moscow 1973.
With respect to the first edition there are six
new sections in the old chapters and five new
chapters, reflecting the progress made in this
field since the appearence of the first edition.

S. COBZAS

P. T. Johnstone, Stone spaces, Cam-
bridge Studies in Advanced Mathematics 3,
Cambridge University Press, 1982,

The starting point of this book is Stone’s
representation theorem for Boolean algebras
published in 1936, 1937. The term Stone space
stands for compact Hausdorf totally discon-
nected spaces, characterizing the prime ideals
spaces of Boolean algebras. Johnstome’s book
gives a systematic account, in a categorical
language, of all facts related to Stome spaces,
proving that mathematics still exists as a
whole and not only as a collection of parti-
cular areas of research and emphasizing the
dialectical interplay between ,,discrete” and
,continuous’ mathematics. The book ends with
an extensive bibliography — 40 pages and
can be used both by beginners, as a textbook,
and by specialists as a reference book.

S. COBZAS

Multifunetions and Integrands, Stochastic ana~-
lysis, Approximation and Optimization, Cata-
nia 1983, Edited by Gabriella Salinetti, Lec-
turs Notes im Mathematics 1091, Springer
Verlag 1984, 234 pp.

These are the Proceedings of an interna-
tional conference held in Catania, Italy, in
June 1983, under the scientific direction of
R. T. Rockafellar, M. Valadier and G. Sali-
netti. The book contains survey papers, re-

ports on recent progress and problems for
further investigation, written by eminent spe-
cialists in the field (R. T. Rockafellar, J-B.
Wetts, J-P. Aubin, C. Castaing, A. Cellina,
E. de Giorgi, C. Olech, L. Thibault, M. Vala-
dier et al).

S. COBZAS

G. M. Henkin, J Leiterer, Theory
of Functions on Complex Manifolds, Akademie-
Verlag, Berlin 1984, 226 pp. Published also
by Birkhiuser Verlag, Basel —Boston— Stut-
tgart 1984.

The zim of this book is to give an in-
troduction to the theory of functions of se-
veral complex variables based on global inte-
gral formulas (appropiate generalizations of
Cauchy formula). This approach is more con-
structive than that based sheaf theory or
¢-Neumann problem and permits to obtain
the results in a strengthened form. Each sec-
tion of the book ends with exercises, remarks
and problems. An extensive bibliography is
given. The book is a valuable contribution to
several complex variables.

D. ANDRICA

J. Elschner, Singular Ordinary Differen-
tial Operators and Psceudodiiferential Opera~
tors, Mathematical Research (Mathematische
Forschung) Band 22, Akademie-Verlag, Berlin
1985, 200 pp.

A linear differential equation whose coef-
ficient of the highest derivative vanishes at
some points is called degenerate or singular.
The aim of this book is to present, using the
methods of linear functional analysis, a gene-
ral theory of solvability of such equations
(Chapters 1—3). The book also contains appli-
cations to partial differential equations (Ch. 4),
index and Fredholm property of some pseudo-
differential operators (Ch. 5) and Galerkin
method (Ch. 6, the last). This book is a valua-
ble contribution to differential equation theory.

S. COBZAS

Daniel Segal, Polyeiclic gropus, Cam-
bridge Traets in Mathematies, Cambridge Uni
versity Press 1983.

This book is a comprehensive account of
the present state of the theory of polyciclic
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groups. Also, providing a connected and self-
contained account of the group-theoretical
background, it explains in detail how deep
methods of number theory and algebraic group
theory have been used to achieve some very
recent an rather spectacular advances on the
subject.

G. CALUGAREANU

Théorie de ’itération et ses applieations, Tou-
louse (17—22 Mai 1982), Editions du CNRS,
Paris 1982, 264 pp.

Les travaux présentés au Colloque sont
groupés en cing sections. Conférences géné-
rales (L. Reich, G. Targonski, R. Thom (pré-
sentation orale)), I. Théorie mathématique de
litération, II. Systémes dynamiques discrets,
bifurcations, attracteurs, III. Systémes dif-
férentiels, IV. Applications.

I. PAVALOIU

H. Baumgirtel, Analytic Perturbation
Theory for Matrices and Operators, Akademie
Verlag, Berlin 1985, 427 pp. Published also
by Birkh3user Verlag, Basel—Boston—Sut-
tgart, in the series Operator Theory: Advances
and Applications, vol. 15, 1985.

The book studies how the Jordan struc-
ture of a matrix changes by small analytic
perturbations. The perturbation theory for
isolated eigenvalues of linear operators in
infinite dimensional spaces and the case of
several complex variable analytic perturbations
are also considered. As perturbation theory
strongly influences areas beyond mathematics,
especially theoretical physics, the book is of

interest for mathematicians, physicists, en-
gineers, a.o.

S. COBZAS
Hans-Ulrich Schawrz Banach Lat-

tices and Operators, Teubner-lexte zur Mathe-
matik Band 71, Leipzig 1984.

The purpose of this book is to present
the theory of Banach lattices and some as-
pects of operators between them. The volume

is divided into three parts — wvectorl
Banach lattices, and operators, The th
vector lattices is developed as far 3
needed for further investigations of |
lattices. The main aim of the second ¢
is presentation of various classes of ]
lattices. This chapter also contains the
sentation theorems for C(K) — and [
spaces.

The third part deals with the ord
perties of bounded linear operators b
Banach lattices. The results are used to
the structure of certain types of Bany
tices. ;

The proofs of the basic facts ar
in full detail, whereas the proofs of|
results are more concise; thus the i
accessible and useful not only for the spy
but also for research workers in other

1

1!
|

{

Mathematical Research, Band 18, A
Berlin 1984. Structural Induction on
Algebras, by H. Reichel.

This book represents the second
the Introduction to Theory and Appli
of Partial Algebras. As partial algeb
usefull in computer science, the auth
lopes a special theory for applicaticns
direction, where the structural induc
free algebric strnctures plays an im
role.

G. Scheja, U. Storch,
der Algebra, Teil 1, Teil 3, B. G. T
Stuttgart, 1980, 1981.

The book contains the lectures d
by the authors in Bochum and Os
Universities. It is an introduction in
algebra, useful for students in math
and physics. The first volume deals wi
clements of set theory and a basic s
groups, rings and modules. Volume 3
some special questions, supplements
of the six chapters of the first volume,
exercises are proposed to the read

R. C
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B. Huppert, N. Blackburn,
Flnite Groups II, 11X, Springer-Verlag, Berlin—
Heidelberg— New York, 1982.

Volume II and III are completing the
fiust one (appeared in 1967). They give dgs-
aiptions of the recent development of certain
jmportant parts of the subject. Volume II
deals with relations between finite groups
and linear algebra, giving some elements‘of
general representation theory and presenting
the linear methods which have proved useful
in questions involving nilpotent groups and
wluble groups. The final volume is concerned
with some of the developments of the subject
in the 1960’s: local finite group theory, Zas-
senbiaus groups and multiply transitive permu-
tation groups. The book is of special interest
for mathematicians who study and research
finite group theory. Mote than any other work,
it reflects the status of research in this field.

RODICA COVACI

J-P. Aubin A. Cel 1ina, Ditferential
irelusions, Grundlehren der mathematischen
Vissenschaften 264, Springer Verlag, 1984,

%42 pp.

Differential inclusions arise naturally in
the study of dynamical systems having velo-
tities not uniquely determined, i.e. the diffe-
tential equations 2’ = f(#) is replaced by the
differential inclusion ' F(x), f-a set valued
mapping. The topics the book is dealing with
gre: set valued mappings, existence theorems
(via selection and fixed-point theorems), ap-
plications to optimal control and viability
theory, Lyapumov functions. The book is
slf-contained and can be recommended to
al those interested in these problems (mathe-
meticians, economists, biologists etc.).

S. COBZAS

W. H Schikhof, Ultrametric caleulus,
An introduction to p-adic analysis, Cambridge
Studies in Advanced Mathematics 4, Cambridge
University Press, 1984, 366 pp.

The analysis on the fields with non-ar-
chimedean valuation, i.e. a valuation for which
the triangle inequality is replaced by the

strong triangle (ultrametric) inéquality is called
ultrametric (non-archimedean, p-adic) analysis.
The bock is dealing with the familiar notions
of continuity, differentiability, (power) series,
integrations etc. Going on this way there are
things looking like in the classical case
(analysis over R or C), but, as the author
points out in the preface, ,,the strong triangle
inequality causes fascinating deviations from
the classical analysis’”’. The book is an excelent
introduction to mnon-archimedean analysis.

S. COBZAS

S. Wagon, The Banach—Tarski Paradox,
Encyclopedia of Matheatics and its Applica-
tions, Cambridge Univ. Press 1985, 251 pp.

In 1924 8. Banach and A. Tarski proved
in Fundamenta Mathematicae an astonishing
results which is often stated as: It is possible
to cut up a pea into a finitely many pieces
that can be rearranged by rigid motions to
obtain a ball the size of the sun. Such a con-
struction is possible in every space R» with
n >3 and it is impossible in R! and R®.
Since our world is at least three dimensional,
a practical application of this striking result
of pure mathematics will solve, probably,
the food problem on our planet. The con-
struction uses the axiom of choice (AC) and
this result has determined many mathemati-
cians to look critically at the AC. The final
chapter of the book contains a discussion on
the philosophical and technical aspects of
the usage of AC. The aim of the book is two-
fold: the first one is to present as simple as
possible the Banach—Tarski paradox and
related results and the second one is to present
some very recent and deep results of Gromov,
Margulis, Rosenblatt, Sullivan, Tits and others.
The result is an excellent monograph which
everyone will enjoy to read. A word is to be
said on the elegant typographical shape of
the book.

S. COBZA$

J. D. Dollard, Ch. D. Friedman,
Produet Integration with Applications to
Difierential Equations, Encyclopedia of Ma-
thematics and Its Applications, Cambridge
Univ. Press 1984, 253 pp.

The product integration (called sometimes
multiplicative integration) is a tool discovered
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in 1887 by V. Volterra for solving systems of
differential equations. The monograph treats
systematically the product integral, its pro-
perties and applications to differential equa-
tions. The book also contains an extensive
Apendix by P. R, Masani (34 pages) entitled
,»The place of Multiplicative Integration in
Modern Analysis’”’. The bock will he useful
to all interested in differential equations, es-
pecially in complex setting.

S. COBZAS

Julio R. Bastida, Field Extensions
and Galois Theory, Encyclopedia of Mathe-
matics and its Applications, vol. 22, Addison-
-Wesley Publishing Co., 1984, 294 pp.

The book is a very good presentation of
an important branch of algebra: the theory
of field extemsions and Galois theory. The
author presents, in an accessible way, the
main ideas and results of Galois theory. Each
section is completed with many proposed pro-
blems. The book ends with an extensive biblio-
graphy. The book is useful for the algebraists
and students in mathematics.

D. ANDRICA

N. Z. Shor, Minimization Methods
for Non-Differentiable Funetions, Springer-
Verlag, Berlin — Heidelberg — New York—Tokyo
1985, VIII 4 162 p.

This monograph summarizes some ex-
tensions of the author’s results concering
generalized gradient methods for nonsmooth
minimization. It is the translation oftheRussian
original: , Methody minimizatsii nedifferent-
sirnemykh funktsij iikh prilozheniya”, pu-
blished by Naukova Dumka, Kiev, 1979.
We warmly recommend the book not only
to those who are interested in minimization
methods, but to all who are interested in
new methods of investigation in optimization
theory.

D. I. DUCA

Paul Erdés, Andréds Hajnal
tila Md4té Richard Radoi
natorial Set Theory: Partition Relati
Cardinals, Akadémiai Kiadd, Budapest

This book presents the most im
ideas and results in combinatorial set!
The book contains 12 chapters: Introd
Preliminaries, Fundamentals about p
relations, Trees and positive ordinary pi
relations, Negative ordinary partition n
and the discutions on the finite cd
canonization lemmas, Large cardinals,
ssion on the ordinary partition relatia
superscript 2, Discussion on the ording
tition relation with superscript >3,
applications of combinatorial methods,:
survey of square bracket relation. Att
it is given an extended literature and an
index. The book is an excellent guide
interested in partition theory.

D. ANl
John B. Conway A (a
Functional Analysis, Springer-Verlag,

York — Berlin — Heidelberg —Tokyo, 198§
+ 404 pp.

Unlike many modern treatment
book begins with the particular and
its way to the more general, lielping the !
to develop an intuitive approach to thes
Thus the first two chapters are on
spaces, the third is on DBanach spac
the fourth is on locally convex spaces. (
V treats the weak and weak-star top
The following four chapters look at
bounded operators, Banach algebras, (
bras and spectral theorem. Unbounded
tors and Fredholm theory for bounded
tors on a Hilbert space are examined
last two chapters.

I. MU}
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SPATII D—H-RECURENTE

P. STAVRE®, P. ENGHIS**

Inteat In rédacgie s 14.1.1983

ABSTRACT. — D—H—Recurrent Spaces. The results in [3], [4] and [9]
~are further carried in the present paper. The D-H-recurrences (2,1), (3,4),
4,1}, (5,2), (6,1) establisched and the relationships between ID-H-recurrences

tensors H?ik (3.9), (4,5), (5,7), (5,8), (6,4), (6,8}, (6,9) are evidenced, showing
$

that they are analogue to those between the tensors for which the D-H-recur-
rence has been defined.

Introducere. In prezenta lucrare se fac extinderi a rezultatelor din
(8], (4], [91.

Se stabilesc. D— H-recurentele si se pun in evidenti relatiile dintre
tensorii de D—H —recurenyi Hjj aritind ci ele sint analoge cu cele

s

dintre tensorii pentru care s-a definit D—H —recurenta.

§1. Fie L o varietate diferentiabili dec calsi C® inzestrati cu o
metrici riemanniand g de componente g;; intr-o hartd locald (%; x*). Vom
nota cu V, conexiunea’ Levi-Civita corespunzitoare, de coeficienti { 1}e

in harata locald (u, #%), prin R, componentele tensorului de curburd

(Ii, prin R,; = Rj; tensorul lui Riccl iar prin R = g¥ R; curbura sca-
lara.

O comexiune D semisimetrici metricd in L,[2], [14], in harta
locald consideratd (u, x%), are coeficientii:

= { etk — gt (L1
of = ghw, (1.2)
$l
Tih = ;8 — ] (1.3)
gin =0 (1.4)

unde T este tensorul de torsiune a lui D iar prin | s-a notat derivarea cova-
riantd in raport cu D. .

le AUniversitatea din Cluj-Napoca, Facultatea- de Matematicd-Fivicd, Catedra ds matemalics, 3400 Cluj-Napoca
omdnia

**Universitatsa din Craiova, Facultalea de Sh'infs: economice, 1100 Crai ova, Romdnia
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Fie Rjk;, tensorul de curbgré a lui D, By = Rfjs tensorul lui Rio
A = g4 B;; curbura scalari, Tj, tensorul D-concircular de curbura [l

ijh tensorul D—coharmonic de curburd [11], m tensorul D-p

icctiv de curbura [10] si Chs respectiv tensorul de curburid conformi
lui D.
Daci D este o conexiune K.Yano (adici Rj, = 0) atunci g e
conform platd [14] si avem:
W45 — Wy = 0 (]
unde prin virguld s-a notat derivata covarianti in raport cu V.

Din (1,5) rezultad relatiile echivalente [6] wyj — wj =0, 90,
—0,0, =0, Ty — T, =0, Thy= 0, (div T=0), do =0, (w inchis

(L

Daci D este mai generali ca o conexiune K. Yano, Rju# 0, d

tensorul D-concircular de curburd [11], T;,,, este nul, atunci pent
n = 3, g este conform plati [7] si avem

B, -20R =0, E,=24R (L

deci [4], [7] rezulti Rj; recurent respectiv D—recurent [4] cu cowy
tor de recurenti 20

i i i
Rim,» = 20, Ripn = Rijpnge Al
Avem deci |

PROPOZITIA l.1. D-comexiunile ce nu sint conexiumi K. Yano ;M
tensorul D-circular nul, sint D-recuremte cu covector 2.

§ 2. DEFINITIA 1. Vom spune ci spatgiul (L,, D) este D—H
curent, daca

R,;,;,/, = o, R + H]kh(le — 6,R) VA

unde o, este un convector iar Hj, un tensor de tip (1; 3).
1

Din (2.1) rezulta
Ry = o,Rjp + {ffk(R/' ) (24

unde Hj = Hj; si spatiul se va numi D— H-Ricci-recurent.
1 1

Observagia 1. Un spatiu D—H-recurent este si D— H-Ricci recuren,
reciproca nefiind in general adevirata.
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Notind H = g*H,; din (2.2) rezulti
1 1
R/, — c,ﬁ = H(R,, — c,R) (2.3)
1

si dacd (L, g) este D— H-recurent propriu (R, — o,R # 0) atunci H =1
§i avem !
PROPOZITIA 2.1, Imtr-un spatiu (L,, D) D—H-recurent propriu avem
H= g'.jH,'j = 1.
! 1
Este cvident ci un spatiu (L,, D), D—H-recurent in care R}, — o, =
=0 este D-recurent [4] cu acelasi covector g,.

S3 presupunem ci (L,, D) este [)—H-recurent de covector ¢ §i D-re-
carent de covector 6 # o

By = o,Fm (2.4)
Din (2.1) si (2.4) rezulta
@, — o) B = Hyu(fy — o,R) (2.5)
1
si cum din (2.4) avem B, = 5, R, din (2.5) rezulta
(G, — o) R = RH;kh( o,) (2.6)

si in ipoteza in care lucrdm o # o, deducem:

o= RH]HL (2.7)

jer din (2.1) si (2.7) pentru s, rezulta
s, =90n R (2.8)
Avem deci

PROPOZITIA 2.2, Imtr-un spapin (L,, D) D—H-recurent de vector o
5t D-recurent de vector  # o, tensorul de D—H-recurentd este dat de (2.7 ),
tar ¢ verificd (2.8).

COROLAR 2.1. Din (2.1) si (2.7) rezultd pentru R # 0,
Hjwy =0 (2.9)
1

COROLAR 2.2. Dacd spatiul (L,, D) este D-recurent de wvector o,
dat de (2.8) el esté si D—H recurent de tensor de H recurentd dat de (2.7)
iar 6, arbitrar.

in particular dacd @ = 0, avem D = V si se obtin rezultatele din [9].

Considerind tensorul D-concircular de curburi

";kh = ;’kh — R flI;hh (2.10)
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unde S

s 1 i ‘ |

Hip = ——=(gin — & ) A}
nin — 1)

dacs spatiul (L,, D) are proprietatea Fjy =0 si # > 3; atunci confon

propozitiei 1.1 rezulti (1.8) si dacd (L,, D) este D— " H recurent- propt‘

avem o# 2w, iar din (2.7) rezultd

}{;kh = Hj (2]{
Avem deci:

PROPOZITIA 2.3. Dacd D este o comexiune scwmi-simetricd mai generg
cu o conexiune K. Yano, dar cu tensorul D-comcircular de curburd nuk
spatiul (L,, D) este D—H-recurent, atunci avem (2.12).

Observatia 2. B # 0, deoarcce din anularca tensorului D- conc1rcu]1

de curburd ar rezulta R,k,, = 0 si conexiunca ar fi' K. Yano. La fel R
# const. deoarecc din (1.7) ar rezulta o, =0 si D ar fi egald cu V.

Observafia 3. Proprietatea 2.3 are loc pentru ) # V. Pentru D=
adicd w = 0 din anularea tensorului concircular de curburd pentru # 3
din faptul cd curbura riemanniand este constantd, rczultd R = counst.
deci Riw,, = 0, de unde:

COROLAR 2.3. Dacd (L,, V) este V—H rccuvent, atrnci spapiil nu ‘jﬁo#
fi recuremt cu comveclor de rvecurcila 6 # 6.

Fie pentru D, tensorul lui Tinstcin

Ej=R; - 5_ gii (Zi

Evident, daca 11;,;, == 0 avem Ej; = 0. S presupunem deci Zjm#0
ci E; cste D-recurent

E,'.,;/,. =3 G, .;,-J' . (2]“
Din (2.2), (2.13), (2.14) rezultd |
- o 1 \
(£ — c,R){:I{,-,- —&i)=0 (21
de unde avem- NP

1 . B Ty
H; =—g; = Hj (2.1

1 ”

Invers, din (2.2) si (2.16) rezulti (2.14), deci avem:

PROPOZITIA 2.4, Dacd (L,, D) este D—H-Ricci recurent, atunci conds
necesard si suficientd ca temsorul lui Einstein sd fie D-recurent este (2.16
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COROLAR 2.4. Dacd (L,, D) estce D—H recurent atunci (2.16)
este conditia mecesard si suficientd ca temsorul E (2.13) sd fie D-recurent
cu acelagt covector de recuremfd.

§3. Fie Z};.;. tensorul coharmonic de curburd [5] si Z;kh tensorul
D-coharmonic de eurburd [8], [11]. Avem [4],

ik (3.1)

Cm = m

C,u = Z

e (3.2)

ande Hj, este dat de (2.11).
Cum avem [I12] Chs = Ciw, din (3.1) si (3.2) rezulta

PROPOZITIA 3.1. Intre temsorul coharmonic de curburd al lui V si D,
eistd relagia

Zin — Zin = — Hiw(R — R) (3.3)

DEFINITIA 2. Vom spune cd spatiul (L,, D) este D—H-coharmonic
recurent daci

Ziwwy = 6,2 + IZ{;M(R/' — o R) 34)

unde o, este un convector si Hj, un tensor de tip (1.3) cu proprietatea
2

Hyjo = Hij= — ——g,;. (3.5)
2 2

n —

Din (3.4) rezultd

1
———8i— H,.,)(R,, — R =0 (3.6)
" - 2

si dacd Hy; ar fi diferit de — g,, ar rezulta R, — a/,R = 0 gi deci [4]

n —
spatiul (L,, D) ar fi D- coharmomc recurent.

Din (3.5) rezultd

H = giH; = — 2 _ )
2 gz’ n—2 (37
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Sa presupunem spafiul (L,, D), D—H-recurent (2.1). Denvind cova-
riant in raport cu D tensorul D-coharmonic 2}, si tinind seama de (2.1)

si (2.2) avem:
Z;Jk/r = o, Zuk -+ H;yk + — ( ; iha;-. — I{ijs;: + gikH; — gij H:) .
1

8
(B, — &R (3.8) 38)

unde H} = g“H,;
Din (3.8) rezulti:

PROPOZITIA 3.2. Un spatiu (L,, D), D—H-recurent este si D—H-
coharmonic recuremt cu acelasi covector o §i cu temsor Hjy de H-recuvemtd
2

dat de
Hiy = Hiy + —— (Had} — Hy 8} + ga H} — gH) (55) (39)

Reciproc, din (3.4) si (2.2) rezulti:

PROPOZITIA 3.3. Un spa;iu (L,, D), D—H-coharmonic recurent este
D—H-recurent, daci st numai dacd este D—H-Ricci-recurent cu acelasi

covector o, st temsor de D— H-Ricci-recurentd H,, Tensorul H,k;. de D—H-
recurentd fiind dat de (3.9).

Dacd w =0, atunci D = A §i Zjy = Zjm §i sc objin rezultatele din

[91.
Exista un Hj, cu proprietatea (3.5) dat de

”

i —_—
ke =
2 —

p H (’},AO) (3.10)
84. Fie Tj, tensorul D-concircular de curburi. (2.10).
DEFINITIA 3. Spatiu. (L., D) este D—H concircular recurent, dacid
T ;:u./y =, T;:u -+ 51;»(3/' - O'rE) L\) 0 (4.1)
cu H =0, unde H = g‘JH,,, _}Iij =.—Hf,~S.
3 3 3 3 3
Din (4.1) rezulta

Ty = o,T + Hij(R, — o,R) (w2) (42
3

unde Tij = T:’js = E; (bl_’b) (4.3)
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iar din (4.2) avem
H(R/, — O, R) = O
3

si dacd H ar fi diferit de zero, ar¥rezulta, [4], spatiul (L,, D), D-concir-
3

cular recurent. Prin urmare condifia H = 0 in (4.1) este esentiali.
3

£ Dacd presupunem spatiul D—H-recurent, derivind covariant (2.10)
n raport cu D si tinind seama de (2.1) obtinem:

Time = o,Timn + ({ﬁu — Hju)(R, — o, R) (4.4)
§i reciproc. Avem deci:

PROPOZITIA 4.1. Orice spatiu (L,, D), D—H-recurent este si D—H
concircular recuremt si reciproc. Intre temsoric de D—H-recurentd si D—H-
concircular recuremtd avem relatia

Hiw = Hjy, — Hjw (4.5)
3 1
COROLAR 4.1. Conditia necesard $t suficientd ca (L,, D) sd fie D—H-
concircular recurent este ca (L,, D) sd fie D—H-recurent.
COROLAR 4.2. Condifia mecesard si suficientd ca spatiul (L,, D)
concircular recuremt sd aibd temsorul lui Einstein vecurent, este ca H; = 0,
3

§. 5 Pentru o conexiune semi-simetrici D in [l10] se stabilesc trans-
formarile proiective de conexiune care au ca invariant tensorul

Wi = Rip — ﬁ (3R; — 3iRa) (5.1)

analog cu tensorul proiectiv de curburd a lui Weyl, iar in [9] se stabilesc
condiiile in care Wjj; cste egal cu tensorul proiectiv de curburd a lui Weyl
pentru V.
DEFINITIA 4. Vom spune ci spatiul (L,, D) este D—H-proiectiv recu-
rent, daci . . .
Wine = 6, Wi + {{:jk(R/r — O’,R) (5.2)

tjk*

cu H=0, unde H =g¥H;, H; =gs‘.H; iar Hj = g¥H:,
4 4 4 4 4 4 4

Daci in (5.1) inmulfim contractat cu g¥ avem

W * [P _ R s
Wi = I(Rk - 3;) (5.3)
unde . o
Wi =g" Wi (5.4)
— w =
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Din (2.13) si (5.1) rezults .
Winy — 0. Win = iy — o Rp— (5. 5) (5.6)
v (B — 0.Ey) — 8(Eay — 0,Ea)] — Hin(R,, — o,R)

iar folosind (4.2), (4.3), (4.4) si (5.6) rezulta: MM

_PROPOZITIA S5.1. Orice spatiu D—H-concircular recuvent este D—H-
prosectiv recurent cu.

§ $
Hi = Hj;
3

4

(ShHu 8 sh) (5 '-',’) (57)

Reciproc, daci in (5.2) inmulpm contractat cu g%, in baza lui (4.3)
si (5.5) avem:

~ PROPOZITIA 5.2. Orice spapiu (L,, D) D—H-proiectiv recurent este i
D —H-concircular recurent cu

Hip = Hip+ L (5H, — 5H,) (5.8) (58
3 4 n 4 4

COROLAR 5.1. Spatiile (Ln, D) sint in acelasi timp, D—H-recuremte,
D — H-concircular recurente 52 D— H-protectiv recurente. Intre tensorii de D—
H-recurentd existind relafiile: (4.5), (5.7), (5.8).

COROLAR 5.2. Dacd in spapiul (L,, D) tensorul lm Einstein este
D-recurent, atunci intre temsorsi de D— H-proiectiv recurentd ss D—H con-
circular recuremtd avem

Hjp = Hj (5-9) (5.9)
4 3

in particular pentru @ = 0, D = A, obfinem rezultatul din [9] iar
pentru H,,;. =0, obfinem rezultatele din [4].

§ 6. Fie Cps tensorul D-conform de curburi.

DEFINITIA 5. Vom spude ci spatlul (L, D) este D— H-aonform recu-
rent (n> 3), daca : -

ijk/, = G,ijh + H:j;,-(ﬁ/, — ﬂ,R, (Gcl) (61)
. S 5 .
cu H,-j = Hfjs =0.

Daci D este mai generald decit o conexiune K. Yano si tensorul

D-concircular de curburd nu este nul Zj# O, intre Cip si Ti existd o
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relgi;'ie"i.{l_lﬂj analoagi cu cea' dintre Cin 5i i [3] si anume: -

Ciir = T+ JTZ'(T‘*B; — T8 + g,-,,T; _gijj:;) = Cijt (6.2)
unde 7‘;=gjk;f1_"'k,-. De unde

C:_rh"_ G'fcuk = Ti]k/f ( ikfr UrEik) -

- 8;( ijlr — Or v) + g,k( jlr — G'E) - g{j(E;/r - O"E;)] (6.3)

Daci spatiul (L,, D) este D—H-concircular recurent, din (4.1), (4.2),
(43) si (6.3) rezultad (6.1) cu

s fﬂ‘ = Hs (SSHW Szg‘["i + g,';;l:;‘l; - g,]I;[;) (64)

De unde

PROPOZITIA 6.1. Dacd spatiul (L,, D) estc D—H concircular recurent,
atunct este D — H-conform recurent cu tensor de D—H recurentd dat de (6.4).

COROLAR 6.1. Orice spatiu (L,, D) D—H-concircular recurent cu ten-
sorul lus Einstein D-recurent cu acelasi covector o, este in acelasi timp D—H
conform rvecurent si D—H proiector recurcnt cu

$ S
Hjj, = Hiy = Hi
5 4 3

COROLAR 6.2. Dacd spatiul (L,, D) este D—H-recurent, atunci din
propozifia 4.1 §i corolarul 6.1 rezultd cd spatiul (L,, D) este D—H-con-

orm vecurent cu Hy, dat de (6.4) si Hyy dat de (4.5).
A 5,! . 7]
Din (3.2) rezultd
Cimr = Zir + ;;%2- R, Hiy, (6.6)

sau

"(—::jk/r — Ur-éjk = ijk/r — GrZth + " i . :jk(_R/r - 07.1—?)’ (67)

De unde
PROPOZITIA 6.2. Condu‘m necesard i suficientd ca un spafiw ( L., D )

sé fie D— H-conform recurent (n > 3) este ca spatiul (L, D) sd fie D—H-
coharmonic vecurent cu

Hiy = H; o (6.8)

>
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COROLAR 6.3. Un spatiu D—H conform recuremt (n > 3) este D-
vecurent, dacd st numai dacd este D— H-Ricct vecurent cu acelasi coveclor

COROLAR 6.4. Conditia necesard si suficientd ca spafiul (L,, D)
fie D-conform recurent este ca (L,, D) sd fic D—H coharmonic recurent

Hy dat de (3.70), [4).
2

COROLAR 6.5. Dacd (L,, D) este D— H-concivcular recurent, atunci
D—H coharmonic vecurent cu

$ r s
Ht]h - ik — itk (E
5 n—2 '

unde
Hjj, este dat de (6.4).
5

Observatia 4. Relatiile intre tensorii de D—H-recurentd (3.9), (4
(5.7), (4.8), (6.4), (6.8) sint analoage cu relatiile cc cxistd intre tensc
pentru care s-a definit D— H-recurenga.
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ABSTRACT. — The study on differential subordinations of the form ¢(p(z),
zp'(2)) > h(2), Legun in 1] and {2] is further carried in the present paper
for the case in which ¢(p(e), z£'(2) = «(zp’(2)) + Bist"i2))v(p(e)) by employing
the admissible functions method of [2], obtaining generalizations of the results in
[6], some consequences and examples being then presented.

Introduetion. Iet f and g be analytic in the unit disk U and let
H(U) be the space of functions analytic in U. We say that f is subor-
dinate to g (f> g or f(z) > g(#)) if g is univalent in U, f(0) = g(0) and
U) < g(U). - o ,

If :C%2> C is analytic in a domain D, if % is univalent in U and
if pis analytic in U with (p(2), 2p'(2)) € D when z € U, then p is said
to satisfy the first-order differential subordination

b(p(2), 2¢°(2)) < B(z), z € U.
In [1] the authors determine conditions on ¢ and % so that p(z) <
< h(z) in the case
v(p(2), 2p'(2)) = 8(p(2)) + 2" ()@ (p(2))
and they give applications of these results in univalent function theory.
In [3] the author study the differential subordination in the case

(p(2), 2'(2)) = «(p(2)) + B(p(2))y(2p'(2))
and applications of these results are given. .
In this paper we shall study the differential subordination when

(), 2p'(2)) = «(2p(2)) + Bl2p(2)v(£(2))
and we give some particular interesting cases.
Preliminaries. We will need the next two lemmas to prove our theorem.

LEMMA 1. [4] Let g € H(U), with g(0) = 0, be umivalent and starlike
inU. If f € HU) and Re[zf'(2)/g(2)] > 0, z € U, then f is univalent in U.

We said that L: U X [0, +o) - C is a subordination (or Loewner)
chain if L(-, #) is analytic and univalent in U for all ¢ > 0, L(z, -) is
continuosly differentiable on [0, +0) for all z & U and L{z, s) < L(z, t)
when 0 < s < t.

* University of Cluj-Napoca, Faculty of Mathematics, 3400 Ciuj-Napocs, Romania
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LEMMA 2. [5, p. 159] The function L(z, t) = a,(t)z + . . . with a,{t) #|
for all t 2 0 is a subordination chain if and only if

oL | oL
Re[z;/;]>0 :
for all z € U and t > 0.

THEOREM A. [2] Let h, q € H(U) be univalent in U and suppa]
g e HU). If ¢:C*> C satisfies: ' E
a) ¢ s analytic in a domain D C C3,
b) (¢(0), 0, 0) € D and ¢(g(0), O ) n(U),
7 r

c) Y(r, s, £) & MU) when (7, s, t) €D, r= (() = m&q'(%),
Re(l 4 #fs) > m Re (1 + tg"(8)q'(Q) where || = 1, m > 1,
then for all p = (H(U) so that (p(z), z2p'(z), 2%"'(2) D, when z €|

we have :

Yp), (), 2p"() < hlz) implies that p(z) < q(2).

" MAIN. RESULTS. THEOREM. Let g be comvex (univalent) in U, a
let «, B be analytic in C and v analytic in a domain D D q(U). Su;bﬁa
that

(i) Re Bl + )29°(2))v"(9(2) >
(1 + 1)29'(2)) + B((1 + #zq'(2))v(q(s)) |
for all z€U and ¢t >0 !
(i) Q(2) = z¢"(2)(’ (24’ (2)) + g’ (zq (z) v(q(2))) is starlike (umivalent) in
If p is amalytic in with $(0) = ¢(0), p(U) C D-and a(zp’(2)
+ B2 (2))y(#(2)) <,°t(49.(2)) + B(=q'(2))v(q(2)) then p(2) < q(2). |
. Proof. Without loss of generality we can assume that $ and ¢ satﬂ
the conditions of the theorem on the closed disk U ; if not, then we ¢
replace p(2) by p,(2) = p(rz) and q(z) by g¢.(z) = g(rz) where 0 <7 <;
The new functions satisfy the conditions of the theorem on U and we wot
then prove that $,(z) < g,(2), for all 0 <7 < 1. By letting » ¢+ 1~ wed

tain p(z) < q(2).

The function
L(z, t) = «((1 + £)29")2)) + B((1 + £)24'(2))v(4(2))

is continuously differentiable on [0, +o0) for all z € U and analyt,ic"i
U for all ¢ > 0. Because ¢’(0) # 0, Q'(0) # 0 from (i), for z =0 we dedu
that

oL ’ ’ ’ B(O)T'(Q(O)): -
— (0, ) =4q'(0 0) 4+ p’(0 NIl +¢t+ A
% (0, £) =¢'(0)(«’(0) + B’ (0)y(q( )))( + 70 + B,(O)T('(o))) ‘

and

Z—L(O,t)aéOforaut?O.
- (0, ¢ |
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Because ¢ is convex in U, a simple calculation combined with (i)
yields

Re[za—L/a—L-]>0for all z€e U and ¢t 20
oz | Ot

hence by Lemma 2, L(z, ¢) is a subordination chain.

If we let
Wz) = L(z, 0) = a(2q’(2)) + B(2¢'(2))v(¢(z)) and using (i) for £ =0 we ob-
tain Re [24'(2)/Q(z)] > O for all z « U, hence by Lemma 1, % is univa-
lent in U.

Let §(r, s) = a(s) + B(s)y(r) analytic in the domain E =D x C;
then (¢(0), 0) € E, ¢(q(0), 0) == 2(0) € A(U) and because L(z, ¢) is a
subordination chain we have

(1 + ) T¢'(8)) + B((1 + )T (C)v(9(8) ¢ A(U)

for £ >0 and |{] = 1. Using Theorem A we conclude that p(z) < g(2).
This theorem give us some particular cases presented in the next
corollaries.
If we take y(w) = 1, w = C then from Theorem we obtain:

COROLLARY 1. Let g be convex (umivalent) in U, « and P be amalytic
m C and suppose that

Q) = 2¢'(z)(« (zq (z)) ( q( ))) s starlike (umivalent) in U. If p
is analytic tn U with q(0), then
dzp'(2)) + B(2p(2)) < « ZQ( ) + Bleg'(2)) implies that p(z) < q(2).

If we take a(w) = w, Blw) = aw?, w € C then from Corollary 1 we
obtain :

Example 1.1. Let ¢ be convex (univalent) in U, a € C and sup-
pose that Q(z) = zq'(z)(1 + 2azq’(z)) is starlike (univalent) in U. If p is
analytic in U with $(0) = ¢(0), then
#(e) + alzp'(2)) < 2q'(2) + alzg'(z))* implies that p(z) < g(2).

If we take in this example a = 0 we obtain the well-known result
of T. J. Suffridge [6].

This example give us some interesting particular cases if .we replace
¢g by simple convex functions.

Example 1.1.1. If a, » € C so that |aA| < 1/4 and p is analytic in
U with $(0) = O, then ‘
#'(2) + a(2p'(2))® < Az 4 a(Az2)? implies that p(z) < Az
Proof. 1f we take in Example 1.1., ¢(z) = 2, A € C, z € U we obtain
that -
2Q’(2) = Re 1+ 4axs 1 — 2[2a)] >
QL) 1+ 2an 1 — |2a)2|

when - {2/aAzl < 1/2,.z2 € U: and, this last mequallty is equivalent with
N < 1)4.
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Example 1.1.2. Let a, A € C so that |A| =7, where 7, € (0, ])
the root of the equation

1 —7 — pre’(3 4 3r + 2p7%") =0, p = 2|a|.
If p is analytic in U, $(0) = 1 then
zp'(z) + a(zp’(2))? < AzeM 4- a(rze™)? implies that p(z) < M.
Proof. We can easily prove that ¢(z) = ¢™ is convex in U wh

I\l € 1. By letting Az = =vre¥, 0 <7 <1 and ¢ = 2a = pe®, p=1
a simple calculation yields
Re 2@ 1 (
0() ~ |14cked|®
and 1 4 clet|? > (1 — prer cos¥)2,

Tet¢: [0, 11> R, ¢(r) = 1 — »r — pre’(3 + 37 + 2pr2e). Since ¢'(7)
<0, ¢0) =1, ¢(1) = —2pe(3 + pe) <0, we conclude that there exi
ro = (0, 1) such that ¢(r,) = 0. Moreover 7, is the only root of the fu
tion ¢ and for all » € [0, 7,) we have ¢(r) > 0.

Let ¢: [0, 11> R, §(r) = 1 — pre’. Because §'(r) < 0, $(0) = ¢(0) =

and o(r) = ¢(r) — 7(1 + pe’(2 + 37 + 2p7%’)) then o¢(r) < (r) for
r € [0, 1], we obtain that () > 0 for all » = [0, 7., hence

1+ cet|2 = (1 — pre’)2 > O and Re%‘?—> 0 for all z & U when [} <

t4
Example. 1.13. Let a, A € C so that |A| < min {r, 7} wh
ro = min{lr] :7* + 2(1 + a)r + 1 = 0} and

ri=min{r; r> 0, »* 4 2(3|a] — 2)»® + (8la|> — 12ja| + 1)* —
— (8la|2 — 16|a| + 1)r2 + 2(3|a| 4 2)r — 1 = 0}.
If p is analytic in U with $(0) = 0, then

' ’ 2 by 4 Py
W) + alap @) <+ a( TEEw

Proof. We can easily prove that ¢(z) =

1 — 7 — prer(3 + 37 + 2pr%e))

)2 implies that $(z) <ﬁ;

is convex in U wh

142
|A] € 1. By letting a2 = { =re* 0 < r < 1 and ¢ = 24 = pe’®, we obbs
Re22@ o =—r'—@e — 4t — @' —Gp+ I)r' + (20" — 8p + )p* — (Bp + 4r+!
Q(e) 18+ (¢ + 38 + (c + )L + 1

Let ¢:[0, 1] R, o(r) = —1* — (3p — 4)r® — (22 — 6p + I)¥

+ (202 — 8p + 1)r2 — (3p + 4)7 + 1; because ¢(0) =1, ¢(1) = —8p<

there exists 7’ «(0, 1) so that ¢(r')=0; hence ¢(r)>0 for all » € [0,

where r, is the smallest positive root of the equation ¢(r) = 0. A sim|
calculation yields

B4+c+3)+(c+3)% +1%£0, for all z e« U, when J)

< min{l, 7y}, hence Re% > 0 for all z € U when |A] € min {ro,r
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Remarks. From the proof of Example 1.1.3. we observed that this
result is not sharp ; better upper bounds may be found in the case when
a€R

Case 1. Tet 0 <a<<1 and A € C with
I\l < min{l 4+ a — +/a® + 2a, 7.} where
rr=min{r:r> 0, »*— 2(3a + 2)r® 4 2(4a* 4- 8a + 1)r? - 2(3a + 2)r —
— 1 =0}
If p is analytic in U, $(0) = 0, then

’ ’ 2 Y¥4 p¥4 2, . rL )
'(2) + a(zp'(2))? < R + a ( T )z)’) implies that p(z) < gy

Proof. In the case 0 <a <1 we deduce that

’ rt—1
Re o > T e T
— 2(44% 4 8a + 1)72 4 2(3a + 2)r 4- 1)
where { = Az = r¢®*, 0 < r < 1 and the right-hand term is defined for all
reUwhen|A S 7g=1+4a—4a + 24 = (0, 1). Ifwelet $: [0,1] » R

Y(r) = —r* +28a + 2)r* —2(4a®2 + 8a + )12+ 2(3a + 2)r — 1  we
have

$(0) = —1, hence Re%()i)> 0 for all z € U if |A| < min {r,, 74}.
zZ

Case 2. Leta > 1 and » € C with
1Al < min{l +a —Ja2 + 2a ; r*} where
n=min{r:r> 0, » — 2(3a + 2)r® 4 2(4a® + 6a + 3)rt — 2(3a + 2)r +

+ 1 =0}.

If p is analytic in U, p(0) = 0, then
' reA\2 2z z 2, . V1 )
2p'(2) + a(zp'(2))? < T + a((l " M)’) implies that p(z) -<——1 Y

Proof 1In the case a > 1 we deduce by using the proof of Example
1.1.3., that

2Q'(2) > -1
Q) T 1P+ (c+ B+ + L+
— 2(4a® + 6a + 3)r2 — 2(3a + 2)r — 1),

where { = Az =7e*, 0 < r << 1 and as in the Case 1 we deduce the above
result.

(—7 + 2(3a + 2)r°—

2 — Mathematica 2/1986
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"“When a == 1 we can casily show the following result. ..
Case 2'. If [A| <3 — 24/2 and p is analytic in U, p(0) = 0, then
p'(z) + (2'(2))* <

Az + ( Az )2
(1 + 22)? (1 4 22)?

2z

implies that = .
implies that p(z) < T

Case 3. Let —2/3 < a < 0and » € C with [2] < min {1, 7, 7,} where
7o = min {jr}: 72 + 2(1 4 a)r 4+ 1 = 0} and
r*.= min {Jr] : r* — 2(3a + 2)r® + 2(4a® + 8a + 1)r* — 2(3a 4 2)r+1 = 0}.

If p is analytic in U, $(0) = 0, then =0

)+ e <

Az p¥4 2
(1 + 2y * a((l +»M)')'

implies that p(z) -< ﬁ

' Proof. If 2/3<a <0 we can easily show that

Re 2 5 T A+ 2(3a + 25—
on CTererovserarr | T

— 2(4a* + 8a + 1)7* + 2(3a + 2)r - 1)

where { = A2 = re*, 0 < r<l Wehave G4 (c+ )Cz—{— (c+3)t+ 10
for all ze U when |A| < min {1, ry} and the right-hand term is positive
when |A| < min {1, 7,, 7.}.

Case 4. Let a < —2/3 and A € C with |A] € min {1, 7y, 7,} where
ro=min{|r|: 72 + 2(1 + a)r + 1 =0} and . .
7o = min {|7|: 7* + 2(3a + 2)r® 4 2(4a% + 8a + 1)r* 4 2(3a + 2)r +- 1 =0}

If p is analytic in U, p(Q) = 0, then vn

2p'(2) + alzp’ (@) < — * implies that p(z) <

a . ¥4 .
1+ )t ((1 + M)‘J i ' 142

Proof. As' in the Case 3, we can show that if # < —2/3

~R_e I.Q'(Z)‘ > -1 : (—74 o 2(3a + 2)73_
RIS LG 1S e LS e 9 o ' .

— 2(4a2 + 8a + 1)7* — 2(3a + 2)r — 1)

where { = M =17, 0 < r.< 1 and ¢ = 2¢ and the .right-hand term is
positive for all z € U when |A| € min {1 Tor Tu}-
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When a = —2/3 we can easily deduce the following result:
Case 4. If |2 < (4 —-4/7)/3 and 'p is analytic in U, p(0) =0 then

R e |

(1 + 22)2 311+ a
imlpies that pz) < —2— .
1+ 2z
Example 1.1.4. Let a, % & C with |1 < 7, for a = —1/2 and |A| €

< min{ro,m—:;} for a # —1/2, wherc

7o = min {r: 7 > 0, -—(8la|* + 6|a| -} 1)r® |- (8la|* - 12]a| + 1)7* —
— 3(2la| + 1)y 4+ 1 = 0}.
If p is analytic in U, p(0) =log 1 =0, then

Az
14 2z

#'(z) + a(zp’(2))? < T ,2 implies that p(z) <log (1 + A2).

+ a(

Proof. If |A] < 1 the function g(z) = log (1 + Az), log 1 = 0 is convex
(univalent) in U; if we let ¢ = 2a == pe™® and i = {=re* 0 <7 <],
by using Example 1.1. we deduce

Re 2@ _ (z20—3p -1+ @t —6p + P — Be +r+ 1
Q(f) T+ Q3L+ €+ egf?
The vri'ght-h'an'dmt'erm is defined and positive when |A] < 7, in the
case a4 = —1/2 and for |7 < min{ro, ﬁ} in the case a # —1/2 for
. -

all z € U, and using Example 1.1. we obtain the above result.

Example 1.2. Let ¢ be convex (univalent) in U and a e C\{—1} so
that Q(z) = 2¢'(2)(1 + ae®™®) 1is stalike in U. If p is analytic in U,
#(0) = ¢(0), then

2p'(2) + ae' ™ < zq'(z) -+ ae'® implies that p(z) < ¢(z).
Proof. If we take, in Corollary 1, a(w) = w and B(w) = ae®, w  C,
then we obtain the above result.

Example 1.2.1. Let ac C\{—1} and r= C so that |A| < min {r,, *}
where #, = min {jz|: 1 4 g¢"= 0} and

7y =min {r:7> 0,1 — 2|aler — |a|rer — |a|>€* + |a|?e—> = O}.
If p is analytic in U, $(0) = 0, then
2p'(2) - ae?'®) < Az 4+ ae™ implies that p(z) < Az
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Proof. We use Example 1.2. in the case ¢(z) == Az, z € U. The fund
Q(z) = Az(1 - ae¥) is starlike in U if

Re 2Q(2) _ Re at - el 4 Yk N 2pef — gre? — re¥ A eV
Q(z) a v+ & 7 la=t - eXj

20,

where a™1 == g¢® and { = Az = re®, » 2 0. We can casily show that-
inequality is satisfied under the conditions of the cxample.

If we take, in Corollary 1, «(w) = w and B(w) = aw*, w «(
obtain :

Example 1.3. Let ¢ be convex (univalent) in U, a € C, n € N*
suppose that Q(z) = 2¢'(z)(1 4 an(zq’(2))*~!) is starlike in U. If p is an
tic in U, p(0) = ¢(0), then

z2p'(2) + a(zp'(2))* < 2q'(2) + a(zq'(z))* implies that p(z) < q(2).

Remark. If » = 1 or a = 0, this example yields the well-known r¢
of T, J. Suffridge [6], and for # == 2 we obtain the Example 1.1,
1

Example 13.1. Let a € C and » € C with [A] < (n¥a])'™",
is amalytic in U, p(0) = 0, then
zp'(2) 4 a(zp’'(2))* < Az + a(r2)* implies that p(z) < Az
Proof. If we let { = Az = 7¢* and a = p¢® we obtain, for ¢(z) =
z € U that
Re 2Q(2) > nphr2(®-1) — y(n - 1)pr=t 4 1
Qs 11 + nafn-te

1

and if |a] < (#%a])»~! we can prove that the right-hand term is pos

for all z € U

Remark. For a = 0 this result holds for all » « C, and for
we obtain the Example 1.1.1.

Example 1.32. Let a € C and i € C so that || < 7, wherer
e (0, 1] is the root of equation

1 — 7 — njajr—tetr=Vr((n + 1)(r + 1) 4 #¥lajrret—7) = 0.
If $ is analytic in U, p(0) = 1, then
zp'(z) 4 a(zp’(z))* < Aze* 4 a(rze™)® implies that p(z) < ™.

Proof. The function ¢(z) = ¢*, |A] < 1 is convex (univalent) in
If we let 2a = p¢** and = M =vre" 0 <7 <1, then

Re 220 2()

where
I

22

o(r) =1 —r— % el =1 (s 4 1) + (m + 1)r - ’2

-1}
pren=ii),
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A simple calculation yields

ll + na?;”—‘e(n—l)’;le > (1 —_ _Z_ prn—le(n—l)r'cn:. )2:; e(’,)

and if we let ¢(#) = 1--2 yr-lett=1r then ofr) < Y(r) for all 0 < »r < 1.
2 P ? Y

Because ¢'(r) <0, 0 < 7 <1, ¢(1) €0 and ¢(0) = 1> 0, there exists
ne (0, 1] so that ¢(v,) =0 and for all » « [0, »,) we have

P(r) = o(r) > 0. If » & [0, 7o) then B(r) 2 ¢3(r) > 0
ad by using Example 1.3. wc obtain the above result.

Remark. For n == 2 we obtain the Example 1.1.1. and for a = 0 this
wult holds for all » € C.
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A FIXED POINT THEOREM FOR DECREASING FUNCTIONS
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It is well-known that an increasing functiont on a complete lattie
has at least a fixed point (see [1]). An analogous result for decreas
functions does not hold. Indeed, if B is a complete boolean lattice an
f:B— B where f(x) = £ is the complement of x for every x € B, [is
a decreasing funciton without fixed points. Consequently, we must giv
other conditions for the lattice or (and) for the function to assure th
existence of a fixed point. The aim of this notc is to give sufficient
conditions for a decreasing function f: . - L where L is a chain to have
a fixed point.

In what follows, L wili be a chain aud f: L - I will be a decreasi
function. The fixed point set of f will be denoted by F,. If a,b €
and a < b, we will denote the sct {x e L ja < x<Ch by (a, b) Th
chain I is densc if (a, b) # @ for cvery a, b € L with a < b. We al
consider the two subsets of L: D = {x eL|x < flx ), and I = {x el
x 2 f(x)}. We have obvicusly F,==DMN I and L == D {J 1. “

LEMMA 1. Let L be a chain and f: L — L a decrcasing function. Th

(1) f has at most one fixed poiil.

(i) x <y for cvery x € D, v & [,

(iii) /(D) < I and f(I) < D.

Proof. (i) Let x, v be fixed points, soy x a0 Then f{v) < fla
that is v € x, hence 1 - v
(ii) Supposc x> vy for some x & ) wudl v e« /. Then f(r) < f(v; an

x < f(x), f(v) €, hence ¥ < v bv trassitivity ; but this contradicts the
hypothcsw

(iii) Obvious.
Remark. If, morcover, f s surjective, then f(D) = I and f(I) =

Proof. To show, e.g., that f(D) = I, we take x € I and prove that
x € f(D). But x=f(y) for some y € L. If vy € D then x = f(D). i
yel, then x € f(I) € D, hence x « DN I is a fixed point, there-
fore x = f(x) € f(D).

LEMMA 2. Let L be a complete chain and f:L— L a decreasin
surjective function. Set a ==sup D and b = inf I. Then

(i) a < b and (a, b) # O,

(ii) a=f(b) € D and b = f(a) = 1.

}

* General Schoo! nv. 3. 2700 Deva, Romania
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Proof. (i) a < b follows from Lemma 1, (ii). Now suppose a < ¢ < b.
lfceD then a # sup D and if ¢ € I then b # inf I, contradiction.

(ii) From b < x for cvery x « I, it follows that f(x) < f(b) for cvery
re], hence y < f(b) for every y € D because f(I) = D. As a =sup D
it follows that @ < f(b) and similarly f(a) < &. On the other hand a < b
implies f(6) < f(a), therefore a < f(b) < f(a) < b, which shows that a € D
ad b & I. Moreover, f(b) &« D and since a =sup D it follows that
t=f(b) and similarly & = f(a).

We can now state the main result of this note:

THEOREM. Let L be a complete chain and f: L — L a decreasing sur-
wive function. Set a =sup D and b =inf I. Then f has a fixed point
fad omly if a =0, in which case the fixcd point i1s a = b.

Proof. If a =10 then a = f(b) = f(a) by Lemma 2, (1i). Conversely,
icis a fixed point then ¢ € DN I, hence ¢ < a < b < ¢, therefore
xl'—:b = C. o

COROLLARY. Let L be a complete dense chain and f: L —- L a decrea-
g surjective function. Then f has an unique fixed point.

Proof. This follows immediately from Lemma 2 (i) and the Theorem :
1=b by the density assumption and Lemma 2 (i), so a = b is the unique
ixed point of f by the  Theorcm. .
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A GENERALIZATION OF A COINCIDENCE THEOREM OF HADZi
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ABSTRACT. — The purpose of this note is to generalize a coincidence theorem
of Hadzic in [1] and to show that the remark in [2] about the mentioned theo-
rem is not true.

1. In the sequel we shall use the following notations. For a metr
space (X, d), CB(Y) (CI(Y)) stands for the family of all nonempty clox
bounded (closed, resp.) of Y (C X, d(», Y) — the nearest distance fro
a point x¥ to a set Y, H(Y, Z) — the Hausdorff distance between ty
sets Y and Z, N — the set of all nmatural numbers.

In (1] HadZi¢ has proved the following

THEOREM M. Let X be a complele metric space, S and T contumd
mappings from X into itself, A a closed mapping from X into CB(SXNT.
such that ATx == TAx, ASx = SAx for everv x € X and

H(Ax, Ay) < q d(Sx, Tw) for cvery v, v € X, wheve q € (0, 1). Th
there exists a sequence {x,) such thal

1) For everv n € N, Sxgpyq € Axoy, Ty, € Awy, 4,

2) There cxists z = lim Tx,, = Hm Sxu, .,

3) Tz € Az, Sz € Az.

Theorem H can be generalized as follows

THEOREM 1. Let X be a complete metric space, S, T continuous m
plinfs Srom X into itself, A, B, closed mappings from X into CL(X). Supp
tha

(i) A(X) C T(X), B(X)C S{(X), S4 =4S, TB = BT,

(i1) There is an wupper semicontinuous from the right function
q: [0, wo)— [0, 1) such that

H(Ax, By) < q(d(Sx, Ty)) - max {d(Sx, Ty), d(Sx, Ax), d(Ty, By),
5 [d(S% By) + d(Ty, Ax)]}

for every x, v € X,
Then there exists a z & X such that S: e A2, T: & Bz

¥ Current address: (1983—1985) : Instiytut Matematyczny PAN, ul. Sniadeckich 8, skr. pocztowa 157, 00~
Wayseawa, Poland
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PROOF. Take %, € X and put y, = Sx, then fix r> d(y, Ax,)
and choose v; € Ax, so that d(y,, yy) <7 - By (i), there is an x; € X
with y, = Tx,. From (ii) we have

d(y,, Bxy) < H(dx,, Bxy) < q(d(y,, 3,)) - max {d(.\‘o. 1) A(¥e, A%o),

Ay, Br), 5 [Hye Br) +dly A0}

Inview of ¥, & Ao, 43, Bay) < d(ver 31) + dl3y, By) and qld(ye, 1)) <1
from this we get d(y,, Bxy) < q(d@(3o, ¥1))4)¥e, ¥1) and hence

d(yy, Bx) < min {d(ye, ¥1), 9(d(y0, y1))7} = L.

Select y, = Bx, so that d(y,, y,) <<t. By (i), there is an x, € X with
Sty = y,. Analogously, there is an y; € Ax, with

A(yy ¥y) < min {d(yy, o), 9(A(y1 ¥2))9(d(Yo, ¥1)7}

and vy = Ty,
Generally, we can comstruct two sequences {%,}, {3} with the fol-
lowing properties

Vo = SXay € Bxo,_1, Youi1 = Txgpq1 € A2y, (1)

curr < min {c,, g(c,) ... g(co)7}, where ¢, == d(¥n, Yus1). (2

From (2), ¢, = ¢ = 0. By the upper semicontinuity of ¢, lim g(c,) < ¢(c).
Fix & with ¢(c) <k <1, there is an n, € N such that ¢(c,) < & for
n > n,. Hence, for n > n, we have from (2) ¢,41 < k#*R, where R =
= k=™g(cy,) ... g(co)r. Since k< 1, {y,} is a Cauchy sequence and hence
Ya—> 2. By continuity of S and T, Ty, —» Tz, Syzmys1 — Sz. From (i)
and (1) we have Tyz,, =] Bsz,,_l = Byz,,_.l, Sy2n+1 <= Asz,, = Ayz,,. By
closedness of 4 and B we get Tz € Bz, Sz € Az. The proof is complete.

2. In [2] Sanderson claims that ,,the truth of Theorem H is in doubt
as the proof is incomplete’”. But Theorem 1 shows that Theorem H is
true and it seems to me that the proof in [1] is standard and clear enough.
Moreover, the counter-example in [2]:

X=1,...,27% ...,0}, S = T = identity, A(0) =1, A(1) =4(2-") = X

is not true. In fact, 4 is not contractive, for
H(A(O), A(-;-)) =H(, X)=1> d(o, %)

Besides, 4 is not closed, for 2-*« A(2-*) = X, but 0 & A(0) = 1. So this
counter-example has no relations with Theorem H.

3. The following result shows that closedness of A and B can be
replaced by commutativity of S and T. Namely, we have
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THEOREM 2. Let X be complete, S, T continuous on X, A and B multi-
valued mappings from X into CUX). Suppose that each of S, T commules
with the there others, A(X) \J B(X) C ST(X) and Condition (i) in Theorem
1 s satisfied. Then the conclusion of Theorem 1 still holds.

Proof. Denote U = ST, take x, € X, put y,= Ux, fixr>
> d(vo, ATx,), choose v, € ATx, with d(y,, y,) <7, then sclect x, € X
with y, = Ux,. From (ii) we have

d(y,, BS%) < H(ATx,, BSx) < ¢(d(yo, ¥1) max{dm, 1), d(v, BSx),

1 .
7 400 BSw)} = ¢(d(re, 31)dlyo 1)

Choose y, € BSx, so that d(y,, ¥,) < min {d(yv,, ¥),9(d(¥e, ¥1))7} then
select x, with y, = Ux,.
Repeat this process, we get two sequences {x,}, {v,} with

Yan = Uxgp € BS%xap—1, Yons1 = Uxonyr € AT x, (3)
and for which (2} still holds. So y, -y € X. Now by (ii), we have
d(Uy, ATy) < d(Uy, Uys) + d(Uyzn, ATy) < d(Uy, Uyz)+ H(BSyz-ii

ATy) < d(Uy, Uya) + 9(d(Uy, Uyza-1)) max{{d(Uy, Uyzn_s), d(Uy, ATy),

AU, Uy. ), 5 [(Uy, Uya) + d(Usnnr, ATY)1} |
Since d(Uy, Uwvga—y) » 0 and ¢(0) < 1, we have ¢(d(Uy, Uyzu—1)) < k < f
for » large enough. From this by letting # — o we get d(Uy, ATy) <
< kd(Uy, ATy). This shows that Uy e ATy in view of closedness of ATv.
Similarly, we¢ have Uy € BSy. Putting z = Uy, from this we get the
desired result: Sz « Az, Tz « Baz. '

REMARK When S = T=the identity, Theorem 2 reduces to Theorem
1 in [3].
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ABSTRACT. — In this paper we present a fixed point theorem for multi-valued
functions of contraction type. The class of all mnultivalued functions which satisfy
our condition is miore large than those classes considered in [1], [2], [4], and

[6].

Definition and notations. In the sequel we shall use the following
pations. For a metric space X by CL(X) wc denote the class of all
-empty closed subsets of X. By H we deriote the Hausdorff distance
(L(X) generated by the metric
H(4, B) = max {Sup inf d(a, b), Sup inf d(a, b)}
beB a<d as4d be B

W all 4, B € CL(X)

hd, as usual d(x, A) = inf {d(x, y), y = A}

Let F: X — CL(X) be a multi-valued function.

‘ DEFINITION. A sequence {x,, » =0, 1, 2, ...} is called an orbit of
fat x iff g =%, %41 € Fx,0=0,1,2, ...

THEOREM. Let X be a metric space,; F: X — CL(X) be a function satis-
fitg the following conditions :

i) There is an orbit of I at a pomt Xq, comammg lwo successive con-
wgent siibSequences

Xni ;S0 Xy Xni+1 T Xk
ii) There exist real numbers q, and q,:
gs < 1 such that

H(Fx, Fy) < q,d(x, y) + g, max {d(x, Fx)+ d(y, Fy), d(x, Fy)+
+d(v, Fx)} for all x, y in X.

Then %, € Fx,

Proof. Suppose x4, ¢ Fx,. Since Fx, is nonempty and closed we have
%, Fx4) = 7> 0. From the condition 7) of the theorem it follows that
br every e>> 0, there is a non-negative integer i(e) such that for all

¢ Institule of Mathematics, Ha-noi, Viel-nam
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i > i(z) both x, and x, .. belong to the open ball centered at x, of ra-
dius e: x,, €0 (%, ), %11 €0 (%, ¢).
And hence for all ¢ > i(e) we have
d(xni, xn;-{»l) S d(xn‘-r x*) + d(x*, xu...i.]) s 23
From here we have:
d(x,,'., Fx,,‘.) =2 U) (1)

From the definition of the distance between a point and a set in metric
space, it follows:

A(%n, Fxy) & A(%n, %y) + d(xy, Fxy)
And thus, for all 7 > i(e) we have
Ay, Fxy) <€+ 7 () (2)
From the condition i¢) of the theorem and using (1)
and (2) have for 7 > i(e)
H(Fx,, Fx,) < qyze + qomax {2e 47, (¢ +7) + ¢}

Hence

H(Fzx,, Fx,) < e + qar + 2¢) LD (3)
In the other hand

A(xy, Fxy) < d(%y, Xu11) + @(%n41, F2y)

From this for ¢ > i(e) we have
d(x.‘..n, Fx*) 27—z k\“\ (4)

Since ¢, < 1, it is clear that (3) contradicts (4) when z is chioseen suffi-
ciently small and 7 > 4(¢)
Thus x, = Fz,

Remark 1. In the condition #2) of the theorem ¢, is arbitrary and ¢,

1
can be more than e

Remark 2. In the proof of the theorem the condition ¢i) need be
fulfilled only for all pairs of tipe (¥, %)

By considering the simple-valed function we have the following.

COROLLARY Let X be a metric space, f: X=X be a mapping satisfying
the following conditions :

1) There 1is an orbit of f at a point x, containing two succesive comn-
vergent subscquences

o Yer EmtriTSo s
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11) There exist real numbers ¢, and q,, g, << 1 such that
A(f(xn.), f(%4)) < (%0, o) + g max {d(x,,, f(xn)) +

A d(%y, f(%4)), d(%u,, f(xx)) + d(xs, f(xn))} for all integers 1.

Then x, is a fixed point of f.

The following cxample shows that the theorem does not hold if g,
is replaced by 1.

Example. X :{—u . n=0,12 } U {0} U {1,
. . __l_ - 1
f: X - X defined by f( ,2'.) —

1=0, 1,2 ..., f(0)=1: f(1) = —1.

The reader can verily the fulfilment of all conditions of the theorem
with ¢, = ¢, =1 and f has no fixed point.
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SOME NONNEGATIVE DETERMINANTS IN INNER PRODUCT
SPACES

ALEXANDER ABIAN*

Received : July 30, 1983

ABSTRACT. — Cauchy — Schwarz inequality is generalized in the paper, under
the forin of a m-order dererminant.

A fertile source of inequalities is provided by the notion of the inner
product of a vector with itself in a finite dimensional vector space over
the field of the real numbers R. Let # and v be vectors in'such an #-
-dimensional vector space R* Thus, # is identified with an p-tuple of real
numbers, say, (@;, 4, ... %) and v is identified with an #n-tuple of real
numbers, say (b;, by, ..., by). Denoting the immer product of u and v by
<u, v>, we have according to the usual definition :

<, V> = ayb; + ab, + ... + ayb, () )
Replacing in- (1) the: vector v by u, we have
<w, u>=a+a+ ... +a (2 (2
Since the right’ sxde; of the equality sign in (2) is a sum of squares of the
elements of R (the set of all real numbers), we have: o
C<u, u> >0 for every vector u m R - L',ﬂ; o 3)

ObVibusly, (3) is an inequality and as shown below, it is the motivating
factor behind many inequalities. For instance, let us take instead of #
the sum v 4 w of vectors v and w. But then we have:

<v4w v+w>=<v, v>+ 2%, w>+<w, w> [\1) 4)
which by (2) yields the following inequality:
<0, v>+ 2<v, w>+<w, w> = 0 for every v, w in R® (5)

The inequality (5) itself can be rewritten in various ways, each giving rise
to an inequality. Thus, from (5) the following two inequalities follow im-
mediately :
<v, v> + (W, w> > —2<v, w> for every v, w in R" (L) (6)
and
<v, ¥>+<v, w> > —<v, w> —<w, w> for every v, w in R® (3)(7)

True, that (5), (6), (7) are inequalities, however, most probably they
are neither too interesting nor too useful. For instance, neither seems to
be as interesting or as useful as the Cauchy-Schwarz inequality. A reason

* Depariment of Mathematics, Iowa University, Ames, Iowa 50011, U.S.A,
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for this perhaps lies in the fact that v + w is a quite trivial linear combi-
nation of v and w and in a way omne should not expect to obtain an in-
teresting inequality by merely replacing # in (3) by v + w.

Let us now consider a less trivial linear combination involving v and
w. For instance, let us consider a lincar combination involving v and w
which is also orthogonal to w». In particular, let us consider the lincar
combination of v and w given by:

<V, VIW — <V, WV (8)

which is orthogonal to v. Indeed, it is trivial to verify that the inner pro-
duct of <, v>w — <v, w>v with v is 0. Now, let us replace # in (3) by
{8). Thus,

<(<y, v>w — <v, w>v), (v, V>W —<v, w>v) > = 0 9)

Applying the distributivity law to the above inner product and observing
that r<v, w> = <w, v>r for every v, w in R* and every » in R, we obtain,
after obvious simplification :

<V, UY, D>CW, W> — <V, V><V, w<v, w> = 0 (10)

If v #0 then <v, v> % 0 and therefore upon dividing both sides of the
inequality (10) by <v, v> we have:

<v, Ud<w, W> —<v, W><v, w> = 0 for cvery v, w in R" (11)
regardless whether v =0 or v # 0.

Inequality (11) is quite interesting and quitc useful. Indeed, it is the

Cauchy-Schwarz inequality. Thus, starting with an interesting linear com-

bination (8) of v and w and using it in an obvious (but very basic). ine-

quality (3), we obtained a trather interesting inequality (11).
We may rewrite inequality (11) in the determinant form as follows:

lew, v> <v, w>

20 for every v, w in R» (12)

v, w> <w, w>

Thus, the Cauchy-Schwarz inequality lends itself to be expressed as
a nonnegative determinant.

Looking at <x, y> as an entry in a matrix indicating the entry at
the x-row and y-column, we rewrite (12) in the following form:

<X, x> <x, y>
<y, x> <, ¥

An immediate genceralization of (13) to any finite number of vectors
is known in the literature as the Gramian of these vectors. Thus, for vec-
tors x, v, z the inequality corresponding to (13) is

=0 for every x, v in R» (13)

<x, x> <x, y> <X, Z>
<y, %> <y, 3> <y, 2> 20  forevery x, vy, zin R» (14)
<z, %> <z, ¥> <z, 2>

Clearly, (14) is another example of nonnegative determinants.
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Gramian type nonnegative determinants are known in the literature.

Below, pursuing our approach of considering the inner product with
itself of an interesting linear combination of vectors, we obtain a new
class of non-negative determinants.

Let us observe that in the case of vectors v and w the nonnegative
determinant (12) is obtained as a result of considering the inner product
with itself of a nontrivial linear combination of v and w which is ortho-
gonal to v. Motivated by this, for vectors u, v, w let us consider a non-
trivial linear combination which is orthogonal to both # and v. Such is
for instance the linear combination of #, v, w given by:

(<u, v>cv, W> —<u, V<V, V> + (<%, V>CU, W> —<u, U><V, W>)v 4
(15)

It is not difficult to verify that the inner product of the vector given
by (15) with itself (which is a nonnegative real number) can be written
as the following determinant (which, accordingly, is also nonnegative):

+ (<u, u><v, v> —<u, v><u, V>)W

<U, > <u, vV>||{<u, u> <u, w>
<, V> <9, V>|{<u, v> <U, @w>
20 (16)
<U, U> <u, W| [<u, u> <u, w>
<, v> <v, wl|<u, w> <w, w>

Let us observe that the nonnegative determinant given by (16) is a
2 by 2 determinant whose entries, in their turn, are also 2 by 2 deter-
minants. Moreover, the (1, 1) entry in that determinant is the 2 by 2
determinant given by (12), and, the (1, 2) as well as the (2, 1) entry
in that determinant is obtained from determinant given by (12) by substi-
tuting w for v in every occurence of v in the rightmost column of the table
of (12), and, the (2, 2) entry in that determinant is obtained from deter-
minant given by (12) by substituting w for v in every occurence of v
in (12).

Appliyng our scheme to four vectors #, v, w, z we obtain the fol-
lowing (quite nontrivial) 2 by 2 nonnegative determinant :

<, > <, V>||<w, u> <u,w>||||<u, u> <u,v>|<u, u> <u,z>
<, V> <, v>|<u,v> <0, w>|||{<u,v> <, v>lj<u, v> <v, 2>
<, u> <, w>||<u, > <u,w>|||l<u, u> <u, w>||<u, u> <u,z>
<u, 0> <v, w>||<u, w> <w, w>i|||<u,v> <v, w>||<u, w> <w,z> S
<, u> <w, v>| <u, u> <u, z>|||{<u, u> <u,v>||<u, u> <u, 2> -
<u,v> <v, v>| <1, v> <v, z2>|]||<n, v> <v,v>|<u,v_> <, z>
<, u> <u,w>|| <m, u> <u, 25| {|<u, w> <u, z2>\|<u, u> <u, z>
<u,v> <v, w>|| <u, w> <w,z>||||<u, v> <v, 2>||<w, 2> <z, 2>

Naturally, all the results mentioned above are equally well applicable
for the case of the real inner product spaces, and, more generally, for the
case of the wumitary spaces.
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We summarize the method of construction of our (new class) of 2 by 2
nonnegative determinants as follows.

Let vy, va, v3, ... be elements of a real inner product (or a unitary)
space with «<v;, v;> indicating the inner product of v; and v;. For every
inteber # 2 2 we define inductively a 2 by 2 symmetric matrix S, as
follows :

Wy, V1> <V, Up> a a
Sz=( SRS 1 V2 )and S,,+1=(u 21)

Wy, Vy> <y Uy> Ay Qg

where a;; = S, and ay, is obtained from S, by substituting v,+, for v,
in every occurence of v, in the rightmost column of the table of S, and
ay is ob;ained from S, by substituting v,;, for v, in every occurrence
of v, in S,.

Replacing every matrix S; which occurs in S, by its determinant
IS/ we obtain a nonnegative determinant |S,|, i.e., |S;| > O for every
integer # > 2.

§ — Mathematica 2/1986
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ABSTRACT. — The aim of this paper in to whow that there exist a semigroup
S which although without zero divisors yet is not cancellative, and moreover
a Ring exists that is hypervaluated by such a semigroup.

|
§ 1. Introduetion. We wish to consider the following questi0u:1
‘Is it possible to have a semigroup S that has no zero divisors and
non-cancelative, and a ring R that can be hypervaluated by this se
group ? N
We mean here our semigroup S to have a zero clement 0 and a u
element 1, iswehave0 s =s -0 =0Vs e Sandl -s=5-:-1=sV¥¢
€ S. We remark that 1 and 0 are unique.

DEFINITION 1 We say that a semigroup S is ordered if it is supph
with an order < such that

l.if a, b, ce S then a <b=>c-a<c-band a-¢c<bh-c
2.0< 1 (hence 0=0-cg1l-c=cVcef)
If the order is total, S is called totally ordered :

DEFINITION 2 An hypervaluation on a ring R is a function (11) f74
R onto a totally ordered semigroup S satisfying the following conditions]

g =0« a=0 VaesR

.la|=|—alVaeR !
. la+ b §Max {|a|, |0} Va, b R

.la-bl=lallb| Ya, b R

Remarks 1. If the semigroup S does not have any zero divisors th
the ring R does not have any either. Indeed suppose a, b € R a # 0 b #
but witha - 6 = 0. We thenhave |a - | = |0} = 0. So ja - b| = |a] - bi =
But a # 0 implies |a| # 0 and b * 0 implies |b] £ 0 and vet jajb =
contradicting our hypothesis that S has no zero divisors.

2. We easily see that a cancellative semigroupe has no zero divisors, how
ver the converse is not true in general as we shall see in what follow

We are able to give an affirmativ answer to our question thus pn
ving the following theorem:

= WK —

THEOREM : There cxists a totally ordered a semigroup S, with no
divisors and yet mom cancellative, and a ring R that can be hvpervaluah
by this semigroup.

* John Papadopoulos, Ioulianou 4i —43, Athens, Greece
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The theorem was proved by constructing an example in steps. We construct
first a semigroup S, with the desired propertics (i.c. totally ordered, no
zero divisors;. and not: cancellative) starting -out from a given but arbi-
trary totally ordered bcmlgroup S;- Then we coustruct a ring R that is
hypervaluated by Sj. .

§ 2. Construction of S,. We begin with an arbitrary given totally
ordered semigroup {S;, -, >} = {0y, a, b, ...} where 0, its absorbent
(zero) element. Consider now the sct S = 5, U {0} that we get if we
adjoint -a -new -element 0, to the set S, and an operation *x defined on
Sbyaxb=a-bif a, beS,and Oy, x a=ax0,=0,Ya € S,. (In
puticular 0y x 0; = 0; % 0, = 0,).

PROPOSITION 1 {S,, *} s a semigroup. The proof of this is straight
forward.. Let’s show for example the associativity: Let be a, b, ¢ € S,.
It 4, b, ¢ € S; the associativity results {from the associativity in S;. And
if for emample a = 0, we then have (0, x #) x ¢ =0, x ¢ = 0, % (b x ¢).

PROPOSITION 2 (S, x) does mot have anmy zero divisors

Proof: Indeed it is impossible to have a, b € S, a, b # 0, with
a% b = 0, because since a, b # 0, it follows that «, b € S; and so their
product in S, (which coincides with their product in S)) a x b=a - b
also belongs to S; - S, a-b €S, =a-b # 0, because 0, & S,.

PROPOSITION 3 (S,, *) is mnot cancellative

Proof : Indeed suppose a, b, €Sy a, b £0, a+#b
We have 0; x a = 0, =0, =0, - b =0, * b since 0, is the absorbent
(zero) element in S, (but not in S,). So in S, we can have 0, x a=0, % b
without having a = & (we chose a # b).

PROPOSITION 4 There is a compatible lotal orvdering > on S, that makes
(Sy, *, >) dmto a totally ordered semigroup.

" Proof : :Define 0, < aVa S, and a<b iff a<bVa, b €85, The
conclusion follows immediately.

§ 3. PROPOSITION 5 Let I be a two-sided ideal of an integral domain R.
If R/I can be hypervaluated by S, then R can be hypervaluated by S,.
Before proving this proposition let’s make two remarks:

1. In what follows, we employ, with no risk of confusion the symbol -
to denote; the composition in S, as well as in S,.
2. The term ,ideal” in a ring not necessarilly commulative signifies a
two-sided ideal.
Proof of proposition §. Suppose we have the valuation ||:
RIIL_ 1,85, ={0, a, b...}
We construct a va]uation [l :
GRS, = {0, U S; by posing:
fasRa=0 then l[aH
facR a # 0 then |[a||—-ja—|—lj
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This implies that if a € I, then ||a]| = 0,
We show now that || || is a valuation of R onto S, = {0} U S,

1) Va & R we have {|a]] = 0, if and only if 4 = 0 by definition of

2) We show that ||—al| = |la}]l Va € R
i) if a # 0 then —a # 0 and we have

[lal]| = |a 4 I} = |—a + I| (because | | is an (hyper) valuatic
R/I and —a + I = —(a + I) in R/I = ||—a]]|
ii) if « =0 then —a =0 and so |la]] = ||—a]| = 0,.

3) We show that |la + bl| < Max {|la]], , [|b]]} Va, b « R. Indeed
i) if @ =86 =0 then a 4- b = 0 evident case
i) if a=0b %0 then a + b =17
lal| = 0y [|b]] < 0y and [la + b]| = ||b]]

iii) if 4, 5 # 0 we can have a4+ b #0 or a +b =20

«) if a 4+ b =0 then |ja + b|| = 0, < [lal|, ||b]] so <Max {|}a]|
B) if a + b = O then we have

llall = la + I} [|b]] = [b + I
{la + b]| = |a + & + I| (by definition)
=la+ 1)+ @+ 1) sMax{ja+ 1|, b+ I}}

(since | | is an hypervaluation for R/I)
= Max {|all, |id]l}.
4) We show that {|a - b|| = |la]| - ||b}l| Ya, b € R, Indeed, we disti

the following cases:

i) if a = b = 0 then ab = 0 evident
i) if =05 #0 then a - b =0
so |lall = 0, [|b]] # 0, and {{a]| - ||b]] = O,.
Also |la - b]| = [|0]] = 0, so ||a - b]| = ||a]| - ||b]|
iii) @ # 0, b 0 we have a - b # O (since R is taken to be an in
domain)
and so we have |[ab|| = |ab + I| (by definition)
and so |[a]| = |a + I|
I16l] = 16 + I
lal| - {18l = {a + I| |b + I| = |ab + I| (because)| | is an hypervah
= ||ab|{ for R/I)
We have verified that the condition 1), 2), 3), 4) that define an (
valuation are satisfied by the function || ||: R— S,

So || || defines an (hyper) valuation from R onto S, and Proposit
is thus proved.
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§ 4.Coffi’s condition for hypervaluability of a ring. pEFINITION 3.
Let A be aring a € A. We call the set of left annulators of a to be the set
{#] * € Ajx - a = 0} and we denote it by Ng(a). In an analogous way we
define the set of the right anmulators of a denoted by Nd(a).
Coffis theorem of valuability of a ring. Let A be a ring with a unit ele-
ment 1.
4 can be hypervaluated by a totally ordered semigroup S if and only
if it satisfies the following conditions:

1. For all a € A Ng(a) = Nd(s) (and we denote this set by N(a))
2. For alt a, b, € A we have N(a - b) = N(b : a)
3. The family N = {N(a)la € A} is totally ordered by inclusion.

In particular, A4 posesses an hyprvaluation stja] - N(a) is a one-to-one
corresepondence betwecn S and N.

We remark that Coffi in his construction suppose the semigroup
Conmutative. The ring 4 is not supposed necessarily commutative, but
with an indentilty element 1. The details can be found in [1]. The idea
is the following :

For each a € A its ,value” la] is N(a).
So, ||: 4 - N = S,. Moreover S, is totally ordered by the total order
defined by :

a, b# A a<b iff N(a) = N(@)

Now according to our previous discussion, we can take a ring A of
the form R/I (ie A = R/I where I is non-zero two-sided ideal of the ring
R) and s - t A satisfies the Coffi theorem conditions. By Coffi’s theorem
then we have an hypervaluation ||;: 4 &« R/I - N = S;, which in turn
induces (according to our proposition 5 in § 3) an hypervaluation {|,: R —
- S, (where S, is the semigroup with the desired properties, as it was cons-
tructed in § 2) and this provides us with the desired ¢xample.

§ 5 A conerete case Let's take R = Z the ring of integers. [ = (16)
the ideal generated by the integer 16, 4 = R/(16) and A satisfies the
Coffis theorcm conditions as we can easily verify (we observe that Vb = 4
V) = {x = Z|16]b x}. So A is hypervaluated by a certain semigroup
Si =N = {N(a)la = A}. By our discussion in § 3 then, R is hyperva-
luated by S; = {0,} U S; which has the desired properties.
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ABSTRACT: — For integrating Cauchy’s problems
%= f(t, x) x(t,) = »° (1)

on each interval g, #;,, of the division /p < ¢, < ... < ln (hi = th, i=0,1,

..., n), another Cauchy problem y = gu(t, %), ¥(fy} = Yp—y (fs) is formulated .
with the solution: y,(2), 2 = 0, 1, .., n(y(t) = x°)) The function xj, defined
by x4() = y(f) if te [, 144,]. is an approximation of . solution (1). :TFhe,
relationships between f(Z, %)} and gi(¢, #).. k=0, 1, ,n.—1, ‘are, ¢stalﬂns -
hed, which ensure the discrete convergence of the appro*ﬂmatne solutlon xp o,
twerds ». ;

Let be the Cauchy’s problem

% =f(t, x)- (H (1)
x(fe) == A°
with the solution’ x(f) dcfined on [, T} We '~ur)r)¢( that f 1, TT'x

X R* > R” is a continuous functl(m To mtcgrah 1h1s pmblun WL use the
followmg method. Let be & = (T — t)/n and ¢=t  +ih, 7 =01,
, n. On each interval [z‘k, bhip] 1™ defincd "‘ﬂ(;“lll Cauchy’s probl( m

y = gk( ¥)
V(&) = yea(te). (2 (2)

with the solution y:(¢) on [f, &,y ). For & = 0 we usc y(f;) =='a”. Wc note
by x, the function dcfmcd by x(f) = ; ve(t), if 't € {tithey] x,, is called
an approximation of the solution of problcm (1)."This mcthod was. used by
IXxarulL. (2] and Paviel G [4] to intcgrate linear’ diferential equatlon
with variable coefficients. ' Ma rinescu- C. f3) consider ‘$uch” method
to integrate linear systems of differential cquations with variable coeffi-
cients. A direct proof of convergence; is given.

We are interesed to establish a connection between the equations (1)
and (2) which assure the convergence of the approximation x.to x. We
say that x, concerges discretely to x-if limy. max. |7, (&) — %(%)|} = 0.

FAN) k—-On
THEOREM 1. If [Ift, x) — &t )|l < at)llx — Il + clt — &
on [t, b, where £, € (I, tayy], ax(t) is a “non- negative continuous func-
tion on (ty, b)) and ¢, v > 0, £ =0,1, ..., n — 1, then the approximation

xy, converges discretely to x, the solution of the C auchy’s problem.

* Uniyersity of Brajov, Faculty of Mathematics, 2200 Brasov, Romania



CONVERGENCE OF A METHOD OF INTEGRATING CAUCHY'S PROBLEMS 39

Proof. Let a: [lg,t,] > R be the function defined - by -«(f) = a(?t)
if t €[k tesa). For t & [, &) we have

t

() = #(t) + (5, ©(s))ds,

t.

V() = mlts) + Sgk(sy vi(s))ds

k

and, further
t
x(t) — yult) = x(t) — 2alt) + | [f(s, () — guls.2a(s)) Jds
'
Using the hypothesis of the tﬁeorem we obtain
H
1) — YOI S Nx(t) — 3l + S ax(s)1|%(s) — yu(s) llds +

‘y

H

+C S I — 4l ds < l1x(ts) — vl + 20 4 -g a(s)]1%(s) — va(s)llds.
Y+ 1 :
tlz k

Applying Gronwall’s lemima it results

a(s)ds

Y+1
1) — 3a(O1] € (13(0) = yu(enl] + icf- )

and particullary for ¢ = ¢,

tht1
‘ * a(s)ds
TRy < ((lxlts) — i e 2CRTTLY gy o= ([
!I?(k+l,) ~Vall+)ll § ((Hx(tk) Iltat] L AT J €. k=1, 2,(\/;"1)
For k= 0 one has the inequality
fl
a(s)ds

2ckY 4
—— ‘7
y+ 1

[x(£) — ()

N
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For 2 = 1 we deduce

t
a(s)ds

+1
lxtta) — alt)ll € (11x(8) = ;alt)ll + 25)

¢ 1,
" Ia(s)ds " J‘ a{s)ds
2CHY 2ChHY
£ & + &

y+1 y+1

1 ts
- ( J‘ a(s)ds ;f a(s)ds)
L] 1
' + e .

Inductively, it results

'y t t
v+1 J a(s)ds J' a(s)ds J‘ a(s)ds
2Ch eh + eh Ny S

Nx(£s) — ()]l € YT

tk te

3 v J‘a(s)ds
T g B T 0y ),

28ChYH!1 f sl
y+1 = y+1

and hencelim max |x(t) — y(t)il = 0. *
kiO E=0n

We apply this theorem to prove the convergence of mentioned met
used in [3] to integrate linear sysrcins of diffcrential cquations with var
ble coefficients :

?
=2 ail)x + bi(l) i =12, ...,
i=1

We attach to the system (3) on cach interval [/, f,4+1] the system WIJ
constant coefficients 1

b4
i z\a,,(t,,)y, + b i=1,2 ..., 5,

where & € [ty trsr]. We suppose that a;(f), 4,/ =1,2, ...,p and b,m
1 =12, , p are continuous wirh their derivatives on [to,t ]. This m
hod is known as the _step ‘method. In this case f(¢, x) = A(t)x + b(t) and

&t y) = A(tk)y + b(tk) where

an(t) . .. apt) by (2)
A(;):(. Coe e .), b(t)z(z )
ap(t) - . . app(t) by(t)
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Then _ _
1f¢, x) — gt V)l = [|A(t)x + b(t) — A() y — b(ta)I] €

SllA@B)xr — Afl)x + Af)x — Ayl + 16¢) — bE)I) S
S NAG) — A@) - 1=l + HAG N — vl + 116(¢) — bE) €
snA&mw—oﬂ+CM—M§0@xmﬂmmw—wn+cu~hL

7

where C = (p + 1)M with |aj(t)|r€ M, |bi(t)|€M for all

telto, ta], 4,7 =1,2, ... p, and ||x(t)|| S 7, t €[ty to + nh], x() being
the solution of the equation % = A(f)x + b(¢).

The conditions of THEOREM 1 can be weakened. Let % be acom-
pact set which contains the sets {x(t):¢ = [¢,,t, 4 nh]}
and {x(t) : ¢ = [¢g, t, + »h]}. Then we have

"

SU@M—&&@W

4

THEOREM 2. If s &)

B _ o

for every t, €t <t Lty and everv x € K, such that lim
Kl 0
and Hgk(t» x) - gk(t:y)” § 'L”x _y”, k= 0:1 yere, B 1 then Xy COM-
verges discretely to x.
Proof. For every t  [t;, #;+,] onc has the equalities
:
w(0) — wlt) = 2(8) — wm(t) + [fls, 2(5)) — &ls, m(s)1ds =
5
!

=ﬂm—n@+juuuw—&@ﬂma+smwxw—gmnwna

1 i}

and hence
¢

() — 3a(E)I|  I1%(8) — 2a(@)l| + E08) + L {115(5)— (s)llds
Using Gronwall’s lemma we obtain
Hx(E) — =@l < [xE) — @) 4 E(h) ] (4)
In the same way (for ¢ = #;;,) we find
tig1
2(tiz1) — mlliv) = x(4) — w(t) +S [f(s, %(s)) — &l(s, m(s)(1ds

'
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and adding up these <qua11t1cs for 1 = 0, 1, ..., k& — 1 we obtain

¢
k-1

) = ) = 3§ Ufls, 60) ~ lo, (o) )s —

§=
i

11

<

H kg i+
=3 § 16 #00) - a5, x(o) 10 + 2 S [e:(s, =(5)) — &5, (s ls

Futher we deduce 1

1

a
—

%) — xalta)l] € y

I

tig1
§1£6), x(5) — s, x(s) s

¢ t

k—ltH—l potF1 |
+ 2 st 560 — el welids < hEd) + L5 § 11006 )naj
{

i

Using (4) the last inequality becomes

i1

1xtt) = el € REU) + LI OIx(6) — w(Ell + &AL § esemas

4

E(h) +me(t — )|l + ER) (T — ) =

k-1
= (et — 1)2_:0 Ha(t) — ()l + e E(R)E. ’
Applying the a}séfetely Form of Gronwall’s lemma we obtain
l12(t8) — Za(ta)l| S -SPERYR: - ¥
Finally

max |[x() — B()ISnER)E = (f = fo)etia—w SELT
k=0

and hence lim max [|x(t) — x(6) || = 0. *
BlLO k=0n
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Now, we show that the theorem 2 implies theorem 1. Indecd, if
%)~ &t Y€ ai®)l|x — y|l + Clt — 4" then for cvery 4S#-<
<i"g t,_l one have the inequalities

t" Iz

[fl x) — gi(t, x)1dt S I1f@¢ x) — g{t, x)||dt €

( ~ 5 v 20KY !
< C\ It — LYt € 25 — i g ;1
. Y

¢

2cKY+1

: . E(h)
Takin h) ==
g &(h) o

we observe that lim>—
240
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ON THE COMMUTATIVITY OF SOME FAMILIES OF.CLOSED
OPERATIONS IN A HETEROGENEOUS CLONE

10AN CALUGAR*

Recesved : Oclober 26, 1983

ABSTRACT. — The heterogeneous algebras, introduced by Birkhoff and
Lipson (1], play a very important role in computer science and essentialy
in the study of abstract types [4,7]. We introduce the concepts of heterogeneous
clone and abstract hetrogeneous clone of operations, and a commutativity pro-
perty between two families of closed heterogenous operations. This commuta-
tivity is generaly complex and restrictive, but in the particular forms is very
powerful in the specification of abstract types. '

1. Introduetion. Following the notations in [4], let S be a nonvoid
the elements of which will be called sorts. Each indexed family of
A = (Ag)ses will be called S-sorted family of sets and each ined
family of mappings f = (f)ses, where f;:A;— B, is a mapping (s ¢
will be called S-sorted mapping. An S- sorted operator domain (signa
consist of a set ¥ equipped with two mappings: d: £ ->S* and ¢:I
called domain and respectively codomain; For cach c=X with 4
= weS*and ¢(s) = s € S, we say that ¢ has functionality (w,s) €
X S. So we can see £ as a disjoint union ‘

r- U Bu=UD.-Ur. |

(w,s)€S* %S

where}~ = {0 & Z/d(c) =w = S*],3}~ = {6 Zfe(s) = s= 5%

Zos = 2w 2o

Tet 6 € Zy, w=5;...58; If se{s,...,s,) we will say that
closed ; Otherwise 6 is called open.

A X-algebra (or heterogeneous algebra) 4 consist of an S-sorted fan
of sets (A,)ses called carrier sets, and for each (w,s) € S* x S and «
6 € X,,, there is a function o4: A* > A; named operatlon of typ
and sort s, where A¥ = A4;, X ... X 4;,. If w = ¢ 1is the unit elem
of the free monoid S*, then 64 is a nullary operation. If at most one op
tion o4 is a partial function, 4 will be called partial Z-algebra.

A X-algebra B is called Z-subalgebra of 4 if B, < A, for all s¢
and for all ¢ € X, 65 = o4/p, Where o4 is the restriction of o4 to

* Energomontaj Trust Bucharest, Calculation Center, Calea Dorobanti str, no. 1035, Sect, 1. 7000 B
Romania
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Let A, B two ZX-algebras. An S-sorted function f: A —» B is called
I-homomorphism if for all 6 € 2, ; (w € S*, s € S) the following diagram
commute :

Aw o4 A,

o P (1.1)
l l
Be i B,

Let X = (X, )ses an S-sorted family of variables and Wg(X) the
word Z-algebra freely generated by X([1], [2], [5], [6]). The properties
of Z-algebras can be expressed by formulas builts over equations of the
form (¢, t');, s €8S, ¢, ' [Wg(X)],, using the firstorder predicate
calculus. In the most general case we can consider sentences in the prenex
normal form

Q15121 - @uSuxa A\ ((V Pii# 9V V75 =15) (1.2)
1gigk 1<5<1 1+1<€5<m

where Q; = {V, 3}.

The specification of an abstract type consist of a triple SP = (S, Z,
E) where X is an S-sorted signature and E a set of sentences in the form
(1,2) called axioms. If the axiom in E are simple equations, the type
will be called equational and then the category Algse of all X-algebras
satisfiyng E form a variety in the sense of [2].

For the formal description of an abstract type let take the following
example :

type DATA ¢s (BOOL) +
sort data
ops Egae  — data
CONDyu, : (bool, data, data) — data
EQuua :(data, data) — bool
OKuua :(data)- bool
axioms ¥ data D, D,, D,
(l) CONDdata (T, .D, Dl) =D
{2) CONDyys (F, D, D)) =D
) EQuwta (D, D) =

1

(4) EQuta (D, Dy) = EQuata (D4, D)

5) EQuata (D, D)) = T &EQuasa (D), Dy) = T = EQisa (D,Dg) =T
6) OKuata (D) = CONDyaty (EQuata (D, Egua ), F, T)

eol

where BOOL, is the usual type of the truth values (see [4]).
Now S = {bool, data}, Z ={T,F, &V, =, EQuo, CONDyoo, Fuata

CONDysta, EQuata, OKuua}, E contains the axioms of BOOL and, the
axioms (1) ... (6) above.
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. .2. Clones of Heterogeneous Operations. Let 4 be a novoid S-sorted
fanuly of sets-and denote by -H(4) the set of all finitary heterogeneous
operations on A. Then H(A) can be viewd as a disjoint union :

H(A) = \J Hgy(A), where H,, (4) = {c €« H(A)[d(6) = w, ¢(c) = s}.

w,;sS* xS
Let w=s;...5, € §% 1 € H,,(4), (=1, ...,n), u<S* and
c< H,s (4). Then there is a unique operation 6 on H(A) defined by:

0(c, 71, -+ ., T)(@) = o(14(a), . .., T(a)) for all a = A% (24) (2.1)

and let denote O(s, 7y, ..., 1) = 6[1y, ..., 7,], calling it ,,composition”
of vy, ..., 1, with o. T
For any w € S*, where S* = S* — {¢}, with w =5, ... s,, there ar¢ »

operations on A ‘denoted 1wsi and. defmed by :
1"%a) = a; for all ac 4%, i=1,...,n (22) (22

Let call 1*% unit operations or projections on the i—* coordinate. We
can now regard H(A) as a partial heterogeneous algebra with sorts S* x S,
nullary operations the units and the other operations defined in (2.1)
with - d(0) = (w, s)(#, s,) ... (, s») and d(0) = (u, s). (24)

Definition A set'H of heterogeneous operations on an S:serted family
A of sets, containing the unit operations defined in (2.2) and closed under
the -compositions (2.1) is called heterogeneous clone of operations. on. 4.
This notion was introduced by P. Hall (1958) and stud.led for the homo-
sgeneous case :{[2], {6]).
Generaly, giving an S-sorted family A of sets and the clonc H (A) of‘ -all
operations on 4, we will call H, a clone on A4 if H, is a subclone of' H(4),
ie a subalgebra in the sense mentioned above.

Let H,, H, be heterogeneous clones on A; An S* X S-sorted mapping
f:H,— H, with peoperties:

(i ) 4(f(6)) = d(o) and ¢(f(6)) = ¢(o) for all ¢ € H;

(i) f1™ = 1"% w = S* i=1,...,n and :
(iii) f(o[ry - .., T]) = f(0) [f(%1), .. f )], for. all _ composable opera-
tions o, 1y, ..., T, € H,,

will be called homomorphism of heterogeneous clones on A.
The set of all heterogeneous clones on an S-sorted family, 4 of sets w1th
theirs homomorphisms, form a category.

Let T an S-sorted signature and 4 a Z-algebra. The dctions of ‘the
operations in ¥ determines a heterogeneous clone on. 4, denoted. X% and
called heterogeneous clone of action of ¥ on 4.

DEFINITION. An abstract heterogenous cloné  is a -partial heterogenous
algebra H .defined as follows:

-2 12 there are two mappings 4 : H -» S* and ¢: H » S which assocxa.tes
to each o = H the domain d(c) and the target ¢(o) and. S



ON THE COMMUTATIVITY OF CLOSED OPERATIONS 47

.. .2° with each weS™*, w="s;, v..8,, H coutains thc unit- operaters
1 w—s;,1=1, ..., nand g
3° for 6,7,....,7, in H with d(z) = ... = d(z,) and
d(o) = ¢(7y) ... c(rn) € S*, there is an operation on H denoted
byefry, - .., Ta) : d(r;) = ¢(5) with properties :

@) (olr oD - ) = aleilng ool o B ] ]
where d(t;) = c(ny) - .. ¢(Nm) € S*

() 1™ [ty ...,t] =1, i=1,...,n
As a conscquence of this definition we have the
DEFINITION FEuvcry heterogemeous clone of operations is abstract.
3. (ii j) — Commutativity of Two Families of Operations. Let £ an

Ssorted signature, A a X-algebra and © = (1, ..., T} 6 = (6}, :.:, Ow)
two families of operations in X%, with:

Gy 1Sy v« Sy oo Sin = Sy 3.1
G Sip oo S5 e S Sy

G Smy - Sij + - Smw — Smj, and
s ot . ’ ) N)
Tl D81 e S, 1o Smy > Si (32)

S , ’ !
Ti .slj...s,j...s,,,] —}.S'j

Tyl Sy -« Sih - cn Smn = Sin
We call-t = (1, ..., ) in (3.2) compsable with ¢, in (3.1) il d(e;) =
=¢(ty) ... ¢t ) & S*.
DEFINITION. Giving two families of closed operations in 2%, ¢ = (oy, ...
oo, G) and T = (7, ..., T,), we will say that ¢ and v commuté (7, 7) if:
(i ) oiscomposable with t; '
(ii)-* is composable with o;, .and
(iii) for all-ay E...Asi,; (@=1...,m; 7=1,... %) we have the identity,:
6i(Ti(@1, s Ama)y oo, T Ay e, Amg), s T, e, ) =
(3.3)
= ?j(.o'l((_ln' ceey (I,l)l): ey Gi(aun ce ey am)y ey O'm(a»u- R amn))

Let now @ =s;; ... 8y for j=1,...,n and take v; =17, 5;;;
We the<have. ... ' »

i

. , , o
g 0,( 1“0%h (ay,, ..., I O S (R a,,,,,)) =6y, ..., Ain) =

R

=LY (alay, o, A)s e Gilda, 2 @in)y - os Om(@my - - -, Ama)) (3.4)

and therefore we can state:
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PROPOSITION. Every family of closed o perations of the form (3.1)co mmute
(3, 7) with a cooresponding family of umits.

If we denote w; = s;;, ...s;, for i =1, ..., m, and take
0, s @1 si s i) Siay s
0'1=11 11,..',0'5_1 = 171" 1:.1’ iy = 1%+1 '+1;.7’,__' G =
’ 4
w8 L 1PL $; 1% 1.8 5
= 1"»"m and 7, = 1", | g, =1%"0%-1 ¢, =

’ ’
W41, g w;,s;
= 15+vhatl g, = 1"%"  then (3.3) becomes :
o(ai, .., @Gijo1, (@15, .., Ami)s Fijpr, .o o, Bin) =

= ‘r(alj, c oy @ity 6(61,‘1, ey a,~,.), a;'+,,~, veey a,,.,-) \3{) (3.5)

where ¢ = 6; and 7 = v;, When this is the case, we call (3.5) (s, j)-
commutativity of ¢ and 7.

The (7, j)-comutativity of two families of closed operations defined
above, generalises the commutativity of two operations in the homoge-
neous case, ([2], III, 3), and 1s powerfull in the specifications of the abs-
tract types ([31, [4]).

4. Examples

4.1. Let M a monoid acting on a set A. This is a heterogeneous algebra
(see [1]) with X = {lu, %, o}, where ly M—->M,x :M X M > M and O:
:M x A -+ A and axioms:

ly0a=a for all a= 4, and
(men)oca=mo(noa) forall mneM,acAd

Let take first the families of operations (%, o) and (%, ). The for (s, j) =
= (2, 2) the relation (3, 3) becomes: (Uf.4)

(men)e(poa)=(meple(noa)forallmn, psMaecAd (41.1)
If p = 1, then using the first axiom we have:
men)oa=mo(moa) (kI (4.1.2)

which is the second axiom stated above. On the other hand, taking m =
= 1y in (4.1.1.) and using the first axiom we obtain :

no(poa)y=pomoa) (WD) (413

Now if M is the monoid of all functions 4 - A, * is the composition and
o is the value function, then (4.1.3) establishes the center of M.

Secondly, taking the (1,1) commutativity of the families (s,s), (s,
+) we have:

(man)s(peg)=(mep)omeg (1lh) (414

which contains simultaneousely the associativity and commutativity of
s in M
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42. As a second example, let take the type CIRCULAR—LIST (DATA)
(see [3], Fig. 4.2.2.). The last axiom assert :

JOIN (C, INSERT (Cl, D)) = INSERT (JOIN (C, C1), D)  (4.2.1)

for all circular__list C, Cl; data D
where INSERT : (circular__list, data) — circular__list and

JOIN: (circular__list, circular__list) —» circular__list

The (4.2.1) aseert the (2.1) commutativity of JOIN and INSERT
in the sense of (3.4).
Finaly, the axiom 17 in the same specification is:

RIGHT (INSERT (INSERT (C, D), D1)) = INSERT (RIGHT (INSERT
(C, D)D) (4.2.2)

where RIGHT : circular__list — circular__list.
We have RIGHT o INSERT : (circular__list, data) -» circular__list
and then (4.2.2) express the (1,1)-commutativity of RIGHT o INSERT

and INSERT.
Naturaly, for more complicated types the commutativity relations

are more complicated.
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ABSTRACT. — On Certain Optimal Quadrature Formulas. The quadratare
formulae of (1)-type form are studied, with an exactness degree of (3}, for
which the rest is minimum with the functionscloss W™ M; x,, xp. It is pro-
ved that such formulae are only extent in the case when m = 2p 4 1, and such
forntylas are effectively construed when p = 3 and p = 4 (formulae (9) and
/(11)), also estimations of their rest (formuiae (10) and (12), respectively) being
given. :

o

Smt Wwr+t [M Xos %m ] ]ensemble des fonctions Aéfinies sur’ I'inter-
valle [%e %m], qui satisfont aux conditions: f e C’[x,, xm], St seg-
mentaire coninue et |fr+9(x)| < M, % < [%, %m).

On considére la formule de quadrature

Sf(x)dx = Ao[f(%0) + f(%m)] + AL [f(%1) + f(Fm-1)] + ... + 4p[f(%) +

A f@e1)] + bLf(@sr) + -+ fmop1)] + Ruaa[f], U,

ot f = Wt [M %o, %m], Ao, Ay, ..., A, sont les coefficients, 0 .S";“j;% <
<~["L§—l} et x; = %+ ik, i =0,1,..., m les noeuds de la formule.

 Dans ce travail, nous proposons ‘de determiner les coefficitnts A,
i=0,1, , p de maniére & ce que le degré d’exactitude soit egale a
3etle reste R.,.H(f) soit minime, quand fe W4(M; x,, %]

Ce probleme a été aussi considéré par Durand [9] dans le ¢cas r =

=1 $p=1; G Coulmy [3] dahsle casy = 1, p = 3; Lacrc‘lt[Q]""
pour z.=3,.p =2, Dans ces articles. le problémc du reste n’a pas £té

posé.
D. V.Ionescu [5] {61, [7], [8] a déterminé les restes de formules

(1) dans le cas » =1, 3, 5, p < 4, en supposant que f € C”[xg, %]

Gh. Coman [1], [2] a détérminé les formules de quadrature (1)
optimales pour la classe W2[M; x,, x,] dans I’hypothése que le degré
d’exactitude de la formule est » = 1.

En appliquant al méthode de ,la fonction ¢” donnée par le prof. D,
V. Ionescu [4], nous prenons sur l'intervalle {x,, x,,] les noeuds x,, %,

ey Xy, X = %o+ th; 1=0,1, ..., m. Nous attachons aux intervalles

* Untversité du Cluj-Napoca, Faculté de Mathematigue- Physique, 3400 Cluj-Napoca, Romania
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o 2d; - [%5, %a), s Ix,,,_l x,,,] les fonctions ¢y, ¢4, ..., ¢, solutions des
équations dlffel'entlt:llts
<p§“’)(x) —1,4i=1,2, ...,m, 2)

avee les conditions aux limites’

rerr

91(%o) = ‘Pi(f"o) = 91(%o) = 0; — @1"(%0) = ou' (%) = 4,
Pn(¥m) = Om(%m) = Pm(%m) = 0 (3)
q;}f)(x,,) = <pﬂ1(xk); s=0,1,2: k=12 ...,m—1
% () — or¥1() = Pula(¥m-p) — Pmlrr1(¥n—p) = 4,
Ch=1,2...,p
o' (%) —eim)=h k=p+1, p+2, ...,m—p—1
On obtient la formule

*m

Sf(x)dx— ~ q»;"(xo (xo) + 2 [oa” (%) — eaa(m)] flm) +
4 @n (%) f(m) A- S (%) OV (x)dx,

avecle reste

*m

Rui[f1 = o(x)f™(x) dx. (4)
. :
I@s fonetlons , .
SRDR _ £ o — )
£ % x) (x %)t EAo(x x,)_,_._ A 2 (» x.)+, (5)
41 4=0 3! i=pt1 31 " .

ol
{u siu>0
Uy =

051u<0,

vérifient les équations différentielles (2) et les conditions aux limites (3)
rlativement aux points xg, %y, ..., Xp_1-
I reste & déterminer les constantes A,, de ianiére 3 satisfaire aussi les

wnditions au point x,.
£ 4o,
-0. 2

On obtient
Eku, - mEkAk =—p(p+ 12 +1) -2 (G;b(p +1) +1).

h=1

(6)

“_‘Eck FACULT‘T//
(‘ng cLus-NAP““" % )

N DB HATE\”“\G/
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On observe que pour la détermination compléte de la solution du prol
(2)4(3), ¢ — 2 conditions sont encore nécessaires

D’aprés (4) nous obtenons 1’évaluation
IRms1(f)= < M]J,

ol
m *x
J = { lo(0dx A--Ezk ot Iy = S |on()|dx.
N g =

De cette maniére le probléme posé se reduit 4 la détermination des «
cients de la formule (1) tels que les intégrales
y/d
I = S loa(x)|dx; k=45 ..., p+1,

X
k-1
solent minimes

LEMME Le polynome de Tchébychev de seconde espéce
x—a). __sin{r+ ljarccosx =~ )
0= hy ) Ur) = —F = - ~1sx<l
ath,
est Uunique polynome pour lequal U'intégrale S | P,(x)|dx

a-h,

atteint son minimum. Ici P,(x) est un polynome arbitraire de degré 1,
lequel le coefficient de la puissance la plus élevée est égal a l'dinité.
Pour la démonstration de ce lemme, voy [10].

De cette maniére le probléme posé se reduit a tels que les poly
o R=4,5 ...,p+ 1 coincident avec le polynome de Tchéb

h - Q4( = a) , sur lintervalle [a — Ay, a + k], on
1
a =2t hy =222
2
On obtient le systéme d’équations
EA — k—-l
=0
k=1
E‘Az — 32kk—-1)+ 7 h
i=1 64
- 2 —1 82k —1)+5
>4, = Pl L
i=1 2 96
k=1

Yol = A PUSE B L,
=1 1024
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En tenant compte des conditions (6) + (7) il resulte que
m=2p + 1. (8)
Ia solution du systéme d’équations (7), avec la condition (8) est :

1° pout p =3 (m =7)

1995 8255 4481 6773
o = —— z, 1 = — 11, 2 = — l’, a = —_— h.
61 144

la formule de quadrature correspondente este

X

S f(x)dx =

N

wrer 11995(f(xo) + f(x)) + 8255(f(x:) + f(s)) +

#;

4481(f(x,) + f(%5)) + 6773(f(xa) + f(x))] + S e(2)fMV(x)dx, )

ot
]R,(f)l < 0,0899494 hsM. (10)

2°. Dans le cas p = 4, le systéeme d’équations (7) a la solution

4469 33951 33663

Ao= Ay — = Ay = — 44, 2200 4, =64, — 220,
Ag = — 44, + 31829 h A4, arbitraire
ainsi la formule de quadrature optimale est:
f(f(x)dxm(m-wi‘ﬁh}u xo) + f () + (- 44, + THLA)
() + flxa)) + (840 = 2220 B (flx) + f(z)) +

31829

+ (— 44 )(f(xs)) + f(%e) + Af(2)) + f(x5) + Rolf].

4469

En choissisant A, = ot i, on obticnt une formule de quadrature du
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type ouvert AT
{ fx)dx = o 160757 (xr) /() — 6849((xa) + f(x) +

+ 13953(f(x5) + f(xe)) + 4469(f(x4) +f(xs))+.s @ ()T x)dx, {

%

avec le reste

R(f,)| < 0,7032546 M#S.
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ABSTRACT. — This paper presents a Fundamental Theorem of Algebra for
Generalized Monosplines as introduced by Braess and Dyn [5). Such mo-
nosplines generated by the polynomial spline kernel are of primary interest,
but similar results are obtained for totally positive generalized monosplines
where the corresponding kernel satisfies the cone condition of Burchard (61

I. Introduction. An extended totally positive (ETP) kerncl K(x, y) is
afunction K :[a, b] X [¢, d] = R such that for any set of points a< %, <
€HLE ... €, <bhand ey € v, € ... €, €4, the corresponding de-

terminant det {K(x;, y,)}}jo1 = K(”' oS 0. We call K a totally

Vv V2 ooo Yni
positive (I'P) kernel if this determinant is nonnegative. Where the points
coincide, we replace the function by increasing partial derivatives of
the function and require sufficient smoothness of the kernel. '

Let K(x, v) be an ETP kernel on

la,0] X [¢c, @] and define Z;, == {v = (v, ..., Vmtys): v; 2 0
m #
for i=0,1, ..., m+4 1}. For veZ;, wel; letEm,- =N= Ev,».
=0 i=1
Define A™ja, bj = {v = (¥, ..., 24,) 14 == %5 < 2y < ... < Xy < Xpp, =0},

o7
et 1= (0, 1,...,1,0)eZ; and let K,(x, t) :a—"ﬂ.—K(x, 1).
Define the sign fuuction o (¢) to be
l,l‘ﬂ+:l

)
Lo+

6 (f) = (—1)"! for t; <t <ly, i=0,1, ..., m
tw+1

Here ¢, = ¢ and ¢,,4, = d:The sign is normalized by
6r0+1(f) = 41 for c<t < {, in accordance with Braess. and Dyn [5].
We define the generalized monospline M (x) by

d " >"’i_1
M(x) =SK(x, o (Qldq(z) —‘20 15'_: a;K(x, ), (%)

c
where dp 1s a nonnegative, nonatomic measure.,

* University of Cluj-Napoca, Faculty of Mathematics, 3400 Cluj-Napoca, Romaniq
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A generalized monospline can also be defined in the case where the
generating kernel K(x,y) on (%) is only totally positive. If the kernal
satisfies certain cone conditions, a fundamental theorem of algebra can
be obtained (see Section II). The most studied kernel of this type is the
polynomial spline kernel

x x=20

K,(x,t) = (x — t)»~! where x} = {O %<0

In this case we define the ,,Generalized Polynomial Monospline”’. M, for
n — (OF] > 1

4 "

by Ma(x) = S (x —tpto (£t+ delt) Zé ]Ela,, tya (1Y (1)

Then M,(x) is a polynominal of degree n on each of the infervals

(bistps), =0, ...m — 1, and M « C"% ' in a neighborhood of #

It is necessary to study the zeros of such monosplines andasa result
obtain a bound on the coefficients of generalized polynomial monosplines
with a full set of zeros.

Throughout the following we will count multiplicities in the manmner of
Micchelli [13].

The following theorem which arises from the theorv of generalized

signs, will be of use in the following:

Theorem A [9]. If the number of sign changes cf a monospline of the
form (x) is given by Z, then Z < N. Moreover, if Z =N, then if the gene-
ralized sign vector is of the form (S, Sy, .-, Sn+1), then

S;=sgn M(x,), 7=12, ..., N+ 1L

Here a < x; <, < ... < an41 < b define the 91gn changes of M( ).
II. The Zero Structure of Generalized Poh nomial. Monosplines.
LEMMA 1: Let M,(x) be as defined in (1). Then M, lhas at most

"
Z;co; 4 m zeros, counting multiplicities.
$u = + 4

Proof. We first consider the case # = 1. Then ¢ (f) = (—1)*!' = +1
tw+1 )
and so this reducecs to lemma 2.2 of Karlin an?l Schumacher

[11] which states that M,; has at most 2m + 1 zeros, noting that «; =1
for all <. wi=A4

As a monospline of the above type is of class C*~2%(—o0, ), for # > 2
we may use the theory of generalized signs. Therefore, using Theorem A
the result is shown,
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LEMMA 2: Let M, be a monospline of the form (1) which vamishes at

1< X< .. < Xy where N =E(‘°i + 1) — L Ifw;, < nthen xpy < t;, <
1=0
< Zgimi—n+1 where k(i) = 2 (wj + 1). In the case that w; = n then ;== 1y
1=1
Proof. Suppose w; < # and ¢; < ;. Define M, to be the monospline
which agress with M, to the right of # and has no knots to the left.

Then M, has at least w, 4+ 2 (0, + 1) + 1 zeros since M, is conti-
=41

I
mous at ¢, but M, has only m — ¢ knots. By lemma 1, M, can haveat-

"
most g -j- Z: (w;j + 1) zeros, so the first incquality must hold. The

J=i+1
reamining assertions follow in a similar manner.

PROPOSITION 1: Given any K>0there exists a A > 0 such that whenever
M(x) is of the form (1)

and M lmsz w; + m distinct zeros in (—K, K) then |ag) < A. for 1 =0,...
i=0
v om, =0, w; — 1.

Proof. The proof follows that of Micchelli [13, pg. 426]. It
proceeds by simultaneous induction on # and m. The case m =0, # > 1
s obvious. If # =1 and m > 1 then w; =1, 7 =1, ..., 7 and this case
is handled by Karlin and Schumacher [11].

Now suppose the proposition is true for all generalized monosplines
of the form (1) with degree » and m — 1 knots. Let M be a monospline
of form (1) of degrec # with m knots. Consider first the case o; < #,
t=1,...,m.

Define D, M(x) = lim

k=0T

M(x+k})l M) phen D, M is of the form

(1) and by Rolle’s theorem and lemma 1, D, M hasE w; + m—1 distinct
t=0

zeros. Therefore the induction hypothesis implies that all coefficients

of D, M are bounded. Hence the same is true for M except possibly for the

constant term A,. Since M has certainly one zero and all of its knots are in

(-K, K), we see that 1, is also bounded.

In the case of m = # for some ¢, we can appeal to lemma 2 to
conclude that the two monosplines M, and M_, as defined above, both
have a maximum number of zeros in (—K, K). Applying the induction
hypothesis to M, and M_ we again conclude that M has bounded coef-
ficients.

We now include the possibility of iultiple zeros, using a limiting
procedure  similar to that of Xarlin and Schumachec [I1].
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3 **PROPOSITION 2: Given any K >0 there exists a A > 0 such that whene-

ver M is of form (1) wzlhzm, + m zeros up to order n in (—K, K) then
lagl < X for 1 =0, . mand]-—O .,o)—l

Proof Let v; be the n1u1t1p11c1ty of the zero x;, where E v,=N= E o+

1=0

+m We then ,,spread apart’ the multiple zero x; by defmmg Swi+i(l) =

-1

=% —|—]e/2‘ forj—O 1, 1andm~2v,+l where ¢ isa
j=

suff1c1ently small positive number to insure that —oo <S5, <S8, <...<

< Sy << 0.

_ By proposition 1, given any K> 0 there exists a A > 0 such that
whenever M is of the form (1) with zeros S,(!) in (—K, K) then the cor-
responding coefficients 4} satisfy::|a}| < A for ¢=0, 1,..., m,:j==0,
1, ..., w; — 1. Noting that A ds 1ndependent of /, there must be a sub-
s\aquence of coefficients converging as l—» 0, where in the limit, |a;| <
gAfori=0,1...,m j=0,1,.. — 1. By Rolle’s theorem the
resulting monosplme M(x (x) has zeros at the x; With the desired multi-
plicities v, : AR

III. Generalized Gaussian Quadrature Formulas with Multlple Nodes for
Weak Chebysev Systems. In this scction we discuss multiple node Gaus-
sian: quadrature formulas for weak Chebysev: systems where the integral
cohtains a sign ‘funetion’ as in the prévious: Sectlon ‘This will latér be
fised to obtain a fundamental theorem of algebra for ‘totally pOSIﬁV'e ker-
nels.

An- N-dimensional space of funetlons is called a weak Cheébysev space
if uesU 1mphes that » has at most N — 1 sign changes.

Let {u;}¥ ' bea basis for U, where the domain of U is [—35, 1 + §]
for some 8 > O Given a set of positive integers {w;}”  and two non-nega-
tive: integers @, and ‘o, ‘we have the followmg two relationships:

m+1
(a) N=7), w; +m

=

amf (b) U 1s a subspace of C*H— 8 1 + 8»], where »

E L -k > max {max @, ‘max (o) — 1)}
1€ikm =D, m+E

Notlce that if @o 1 ahd omp1 < 1, we can set 3 =0.
- Define ‘the convemty cone K(U) by
Kr( U) = feC"[ 8 1—|—8] 0<t, < ... <ty = U( "Nf)>O];

) t: seey t1\7+l
We then have the following assumption on the conc:
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For each set O<t1<t2'<'... <ty <1,
(@)

- (d4) "
Ulty, -, ] ={(f0), 0) ftn), - (51) fa), - flta)s s fltm),
(@ +1)—1)
~f(1), ... of(1) ytf € K(U)} contains a basis for RV
Consider now a measure da which has the property: For cach sub-
space Uy generated by the functions {u,, ..., uy, f} where f € K(U), da
is a positive measure. By this we mean that for every nontrivial nonnega-
1

tive u € U,,Sudoc > 0. Let o(t) be defined on [—§, 1 4 §] as in’ Sec-
~ o+l .
0

tion I.
A quadrature formula of the form
m4195~1 N

Q) = 2 2 , a; uf( i) where 0 =t, <{; < ... <Ilp<ly=1=1, such that

O(w) =Su(t (1) do(t) for all u € U

will lead us to a fundamental theorem of algebra as desired.

Consider, therefore, the Gaussian transform of u~(x) defined by

u,(x, € ms (____( -;,») y)dy

for. each: e #'0 and 7.== 1, , N. For each ¢ # 0, it is well known that
fw(x; e):i=1,2,. N forms an N-dimensional u;tended Chebyshev
system. A result of D y n [81) tells us-that for each & % 0 there is a
unique quadrature formula of the type

mt1 @51 ()
Qu(f) = z X, e
so that Q(uy - ; Su, ; g)o (x)da(x)
; t ((e),0-+1

forz—l 2, ..., N,
where O—to()<t1() ...<t(e)<tm+l(e)=l.

By going to an appropriate subsequence we can assume that as ¢ | 0,

tie) > t;, where 0 =1t <t Sty < ... <ty Sty =1
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Actually, for these limit points it is true that:
LEMMA 3: The limit points satisfy 0 =ty < t; < ... <ly <Ilyu=
Proof. Assume, for example, that 0 == #; < t; =1, <y < ... <4<
A sequence of functions {#,} will be constructed where %, in the sy
of {u;(-; ¢)}iii is such that Q.(u) = O for each e > 0. Further, as ¢ |
u — u, uniformly where Su(t)at(tllda #0,
0

a contradiction.
To accomplish this, sclect a # which satisfies

wP0) =0 j=0,...,00—1
() = 0, us(e) > 0, ||ne| = max [ue(x)| = 1

xe[0,1
wt(e) =0 =0, ..., 0;,—1
Wt(e) =0 =0, ..., o
W) =0 j=0,..., 0p1—L
Recall that ¢ (f) is normalized so that ¢ () = 4]
el +1 te),o+1
for 0 <t < #(e).

i=1,2

1=23,4,...,m

2 "
Notice that u, haszmi + 3 (0 + 1)+ opsr + 1 =N — 1 zeros,
1=0 =3
allowing the certainty that # has no further sign changes.
By going to a subsequence it can be assumed that #, -« € U
formly, where ||4]] = 1 and #(t)c (!) = 0. Clearly Q,(%,)=0 for each ¢
tow+1

but S uoda > 0, which is the desired contradiction.

LEMMA 4: For these limit knots, 0 < ¢, < ¢, < ... <, <1, the det

minant D([¢,, ..., ] of
4 , {wo—1) (eq)
uy(fo)us(to) .. w1 (fo)us(ty) -y (t),
' s (@e—1) ()
Aun(to)un(te) - un  (E)un(t) ... uy (%)
(0,) (g1 1)
uy(ts) - wytm) ooy (Em)y(lms) - u (tm)
. (©,,) (W 41—1)
uN(tz) [N %N(tm) e UNn (t,,,)uN(t,,,H el lty (tm-l-l)/

1s positive, where ty =0 and f,,, = 1,



GENERALIZED POLYNOMIAL MONOSPLINES 61

Proof. Assume that the conclusion is not valid. Then there is a set
{ Gip d;} of elements not all zero such that

we—1 m 9 m+1
F(u) 2 cu(0) + 8 ¢ w(L;) E tn1) =0 (2)
$=0 i=1 j=0 1=0
forl=1,2,...,N.
Since we have assumed that U[4, ..., {,] contains a basis for R¥,

there is an f, & K(U) such that F(f,) # 0. Define f,(x; ) to be the
Gaussian transform of f, and define

Ue)= {u(x; g) = f:aiui(x; g) :iaf < II ,

g=1 1=1

N N
00 o) = fo(x: 9 = sl o)+ S amtrs 93 = 1)

1m0
and
w;—1 m 9 Om41 1
R@=§®WW§£&M@+ Y, dig?(1).

As we have assumed that F(x) = 0 for 4 « U, letting #(c) - ¢, we
can secure for each %> 0 and z(y) > 0 with the property ¢ < ¢(n)
and #(-; ¢) & U(e) = [Fy(u(-; <)) <. 3)

Also, as F(f,) # 0, for small ¢> 0, F(fy(:; ¢)) is bounded away
from zero. Thus, for small ¢ > 0 we can find a C, which is uniformly
bounded so that

M(mep = Qo 1+ CGRIf( 5 9] (@)
On the other hand, (3) and the properties of @, and F imply
Su‘at(:ffl = Qo(tt) = Qu(ts) + CeFo(tts) + 0(1) ()

for all w, € U(s) as ¢ | O.
Now for each ¢> 0, choose a v, in U(f,, ¢) which satisfies
W(0) = 0 =0, ... w—1
Wit (e)) = 0 j=01, .., 05i=1 ... m
0 j =0, Lo omer — 1
%(%) >0 for x= (0, #¢)).
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‘Hence; as v, is a function in the span of {u,-; e)};-t and.fo(~; ¢
we can use equations (4) and (5) and the fact that Qy(v,) = F,(v,) =0 y
the construction of 7, to conclude that

S”c Suae+t da = 0(1) (6) (6)

On the sother-hand, by going to a subsequence we can find. a.function
2 in-U(f,, 0) which-isthe uniform limit of {ve}. Moreover, v has sxgn +1

t

T ,.
n (0, ¢,) and sign (—,;)’»‘_-_‘m for x< (5, ti).
Thus ' "
Voo . hle) - : o
(o) o(x) dulx) =tim { jufx)l (+1) (+1) du(x) +
F+ L, w41 g0 s
~ hle)
+lim { fu(o)(— ot (—1)or daf) +
h(s)
20.+m ‘ ‘lﬁ:a,'}m '
+lim § e (1) (—;)‘f“ daz)

.(t)

wh1ch is stnctly p051t1ve contradicting (6) LR L el
We now prove a general existence theorem for generahzed Gaussmn
quadrature formulas w1th respect to weak Chebyshev systems

THEOREM 1. There exists a gemmhzed Gaussian quadrature Jormula
of the form
LGN
mt1 0i=1

Q(uﬂ 20 E u‘”(t‘) such that () (7

1
Q(u) = S () o (¢) da(t) for all ue U,.
totl
it o
whmo_to<t1< Ll <y =1L

Proof. By the result of Dyn, for each € — 0 there is 2 umque qua-
drature . formula @, with the property _

Q.[u,-(.;‘é)ﬂ‘=8u,-‘(t; do()daff) i=1...,N
C . batl TN

E e
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Letting €10, the cocfficients associated with @, must be bounded
uniformly, for othcrwmc one could umstrmt a sct of coctficients {c;, Cip dg}

wot all zero such that the Lorlcspondmg F [sce (2)] Fu =0 for all
# € U. To construct such a set of coefficients, assume that exists a coef-
fident a; < {c;, ¢ dsy which is unbounded. Upon dividing by this
coefficient, in the limit onc obtains a non-zero F for which Fu = 0 for
alw e U.

As such a relationship contradicts lemma 4, the coefficients of {Q,}
are bounded as £ —» 0. Thercfore, by compactness, there exists a limit for
the coefficients of @ = lim Q,. Hence we have the existence of the desi-

-0
red quadrature formula.
m41 01
LEMMA 5. If Qu) = > a;; w(t;) is such that
=0 j=o

Qm):Smncupmm/mau%eU,

Lol

where 0t € ... €ty €1, t,=0, typ1=1,
then (a) 0=ty <l <ly< oo <lp<UImy1=1 and
i é(wj-l-l)
=1
»»(b) S (—1) 1 !

Proof. Assume that (a) is not correct. Then a contraction can be ‘rea-
ched as in lemma 3. . . S
To prove (b), for each 1.< & < m and e > 0’onc can find a func-

. N
tion #(-; €) in the span of {(u,-(-; e)} " which satisfics

i=1

a5 @)l = max Ju(e; ) =1
W05 &) =0 j=0...,00—1
ule; ) =0 ‘
Wt ) =0 =01 .., i=1..,k—1 k+1,..m
lt(j)(tk ; S) = O ] 0, . , W) — «

2, (@;+1)
=1 (toi+1)

(_ ) (tk ’ )> 0

wW(lye) =0 J=0,1 .5, onn

By lettmg e4.0 we . can . seeure a uniform lmut function on - [0 1] .
u.€ U.-As #; is~a zere of. multiplicity w; 4+ 1 for i # k,sim= L, ..., m,-
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the sign of the integrand u,,(t) c (t) remains constant over [0, 1]. As

wer=N(ty; €) > 0, uyo (f) is a nonnegatlve product. Consider, then, the
Lot

result of the fact that

1

Q(n) = Su(t)‘c B o) forall w e U;

1

0< S u(t) oft) da(t) = Q) = au,—1 #H~V()

¢,0+1)
implies that

f; (0;+1)
SEN. By, w1 = Sgn 4r- () = (—1)"

THEOREM 2. There is a unique quadrature formula of the form (7) such
that

Q) = Su s (t) da (8) @8)
taftl
for all w € U. [Note that by Lemma 3 all the ¢ are distinct and lie

in (0, 1).]
Proof. By Theorem 1 there exists a formula Q* of the form (7) which
satisfies (8). Let

A*= [a&b o0y as,u.—ln al.lh ey a:,»,—l) a'z'o. ey a:o,m'—l» a:l+l,0: ooy
a:t-}-l,o..u—lt tl. IR ) t::ﬂ C RN

be the set of values which define Q* and for |e] > 0, let u;(-; €) be
the Gaussian transform of #;(-; 0) = #;. Consider the nonlinear system
of N equations

1
(-5 ), Al ={mlt; ) s@datt) (9) ®)
; sl
with the vector of N unknowns:
A = [aoo, s ooy ao,a).—lu aol: . al,ﬂ,—l » a’o, o0y ""ﬂ_h aﬂ+l,°v ey
a;, v+ 1,0, -1 tl, sy t.ﬂ

L 223

associated with any quadrature of the form (7). For € = 0, clearly
Q* = Q(-; A*) satisfies (9). We indicate his dependence by letting
A* = A*(c) for € = 0. We would like to aaply the implicit function theo-
rem to (9) with the parameter ¢ near ¢ = 0. At 4 = A* and ¢ =0, the
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Jacobian determinant at A = A*and ¢ =0 is + I_I a5 o;—1 D[tl, &, .. ,t if

where D(f), ..., ¢,) is as defined in lemma 4. By lemma 5,
21: (b)j'l-l)
Sg0 @it = (—1) i=1,...,m,
hence @;4,—1%# 0 for 7 =1, ..., m. Further, an argument fashioned after

Lemma 4 shows that D(t;, .., t,',.) > 0. By the implicit function theorem,
for small |e] > O one can find a solution A*(e) of the nonlinear system
{9) close to A*.
Assume now that there is another solution to (9) at € =0, say
= A(0). Then by the same reasoning one could find a solution

A

A(e) of (9) close to A for small le| > 0. For even smaller [e| > 0, f/l\(e) #
# A*(e). Thus far such ¢, (9) has at lcast two solutions, contradicting
the result of Dyn. ’

IV. Fundamental Theorem of Algebra for Generalized Po]ynomial

(x—t)p 1

Monosplines. Consider the polynomial spline kernel ®,(x, ¢) = , where

p > 3. We are given a nonnegative integer o, < p, positive integers

‘w‘}, , and positive integers {v,} which satisfy the relation ships

fe=1
a N s m = £ 33
(a) gm + Z_‘{v
(b) If }M, = maxw; and M, = maxy,
1€i€m 1<i<m
then M,+M,<p—1

THEOREM 8. For each set of n distinct numbers, 0 < 2, < 2, < ...
< %y < 1, there is a unique gemeralized monospline of the form

M(x) =Sd>,ﬂ(x, t) o (t da(t) —E a; @Y (x, 0) 2‘:2_36 a; (%, ;)

0
such that M, has a zero of order v; at %, i =1, ..., n.
Here
o(x, ¢) =%(D,(x, ) and 0 <t < ... <te <l
4

Indeed, for this monospline, 0 <t <ty < ... <ty <1 and

i
2 (wj+1)
i=1

Sgn @i,p,—1 = (—1) yi=1...,m

§ — Mathematica 2/1986
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Proof :
We set S(k) = E v, =1, ..., n where v,=0, and define
=0

al—l

u t) = D, (x,, ¢ l==1,...,
s +1 (2) o — 1 »(%h, 1) PO ::
So M¢-1(x,) translates into
! =1 ) i w;‘;
SuS(k)+l(t) o () da(t) = 2 a; uly 41(0) + 2 2 u ; UGy 8 I=1
3 t, w+1 7=0 i=1 j=0 k=1 o

From the fundamental theorem of determinants for polynomial splin
[12], one can infer that

(a) {u (t)}, , form a weak Chebyshev system.

(b) Forfeach x « [0, 1] one of the functions f(f) == 4 ®y(x, ¢) isi

the convex cone K(U) of {u,i(t)}i .

(c) For each sequence 0 < ¢, < ... </, << 1, the set of N functid
D,(x, 0), ..., 05" V(x, 0), Dp(x, 1), ..., Oz, 1),

Oy, 1), .., DFM2(%, Ls), Bl L), .., O (s, 1)

is independent.

The fact that +:®,(x, #) is in the convexity cone of {u(t },,, 1 combind
with the 1ndependence in (c) tells us that for each 0 <4, < ... </y<|
Ult,, ..., te) contains a basis for R~, :
Therefore, the result follows directly from thcorem 2.

One can also obtain similar results by including the right hand e
point f,4;=1. We seek an expression of the type

m wi—l w‘_u—l
0 = 25 Lo ay uilt) + 2 &u(1), (o
= 1= =
where 0 < ¢, € ... €1{, < 1, such that
1
Q(w) = { ult) o(t) d=(t) (o
to+1

0

N
for all # in the N-dimensional subspace generated by {u;}’.ﬂ.

The {o;}, {v;} and w41 satisfy the same restraints as in the first application.
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Proceeding exactly as before, we can show:
THEOREM 4. There exists a unique Q of the form (10) which satisfies (11).

Furthermore, for such a Q, 0 <t < ... <t, <!l and ai,-1 has
2‘ (“’j“'l)
f=1
sign(—l)’ for i=1, ..., m.
Remark :
For the cases p = 1 and p = 2 in the defining polynomial spline kernel
(x — )2
Dy(x, t) = ——
oo ) ="

similar results can be obtained. In the case that p = 1, the relationships
{3) and (b) preceeding Theorem 3 reduce to the restriction that

{a)’ N =2m+ 1 where ;=1 for ¢ =0, ..., m

and

.

(b)l M1=M2=1. Vi=].f0r1«.:1,...,n
In this setting o(¢) = 4 1 for all { and therefore the generalized

tw+1
monospline reduces to the Tchebycheffian (77~) monospline of degree 1
with m knots considered by Karlin and Schumacher [11]. The fundamen-
tal theorem of algebra for the case p =1 is found in Theorem 1.1 of
that paper.
Consider the case p = 2, where

a m 9

M(x) = S (x oo () dt— ;0,; ai(x — t)2. (12)

We wish to show the existence and uniqueness of such a generalized

N

monospline where {xi}i=1 are given and we require that M(x;) = 0 for

i=1,2, ..., N. We assume first that a < x; < 2, < ... < %, < b.
Consider first the monospline M,(x) which is the restriction of M to

(fr ¢,). By lemma 4 Section III, %y < < %94y for 2=1, 2, ..., m.

By definition, therefore

—_— 2
My(x) = (x 2 J_ ag1(% — ¢) — agp,.

In the case wo =1, My(x) =(x — ¢) ((’K '2— 9 am) and so M,(x,) =
= M,(x;) = O implies that we must have x; = ¢ and a4 == x’; c.

If vy =2, then ay and a,, are given by unique solutions to a linear
system induced by the zero structure. The determinant is nonzero as a
result of the fact that ¢ < %; < x,. The right hand side is nonzero for

the same reason, giving a unique set of defining coefficients for M(x).
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In considering M (x) in the interval ¢, < x < ¢{,, as x, < £, << x5 by lemma!
of Section I
(# ~ &)t

M(x) = My(®) + (=1 + 1(E5) = an(x = 1) ~ oy

We then use the fact that M(x,) = M(x,) == 0 to determine the uk
nowns da,,, a,, aud /.

If &, = 1 then we are in the classical case and Theorem 1 of ¥ic
chelli [13] gives the desired result.

If w, =2 then by lemma 4 of Section III, {; = x;. Thus we
solve for a;; and a,, using the equations M(xg) = 0 = M,(xs) — a,
M(x,) = 0= M;(x,) + (%4 — %3)* — ay3(%, — %3) — @y5. Therefore a5, = Mg,
and a;; = M,(%5, %, + (%4 — %) . .
where M,[x,, x,] denotes the divided difference of M, with respect
xg and x, (see ref. [7], page 195). Note that M(x) is not identically
for if it were M,(x) would be identically equal to py(x) = —(x — x
+ ay,(%* — %3) + a,5. Upon examining the roots of p,(x) one finds
it has one real root to the right of x;. Thus M has a third root and
must be identically zero, a contradiction.

The above process may be repeated to recursively determine the
{a,,, g, t.};: , and so follows the existence and uniquences of a generali
polynomial monospline when p = 2 and we have simple {x,-}iil

To allow the zeros to have multiplicity two when p = 2 we emply
a limiting argument similar to that of Karlin and Schumachejy
([II], page 267). In this case

14

d
N = .Eowf + m = ), m; where if @ = max w; and
=

t=l 0Cigm

# = max #;, then o 4+ # < 2, and we have prescribed zeros of M(x)4{
1<isr

%; of order n, 1=1,...,7. Here M(x) is of the form (1).
For each I>1 consider a set of points {y‘(l)}i’=l formed from {x,}: '

by ,spreading apart’” the multiple zeros. Specifically, if Xm_; < %, 3
=%Xm1+1<%¥m+2 for some 2< m < 7 — 1, then define y,1.1(l) = x,, + 2iz where

¢ is a sufficiently small positive number to insure that y,(!) < y;4.()) for
t=1,..., N — 1. For each / there exists a generalized monospline of the

form (12), call it M, with zeros { y‘(l)}:il. Suppose that M, has the repre
sentation
a

M,(x) = S (x — byt o (t)dt — 303 a(x — thyn-i,
Lo+l ¢=0j=1
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The sequence of coefficients {af,}’." “ and the sequence of knots

ta0 j=]
{t.-’}:_o depend continuously on the variable x and hence on /. By Propo-
sition 1 of Section II the coefficients are uniformly bounded as [ — .

The knots {t,-}:__o are trivially bounded as noted by lemma 2, Section II.

Thus there exists a subsequence {/,} such that all coefficients and
knots converge. By continuity and Rolle’s theorem, the limit generalized

monospline has the desired zeros {x,}'

i=1
We can now state an extension to theorem 3:
THEOREM 5. The results of theorem 3 remain valid of p=1 or p = 2.
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ABSTRACT. — Let the functions f(2) = z + a,22 4+ ... and its inverse f!’
be analytic and univalent in the unit disc. The authors obtain upper bounds
for |a,| and |as| under various additional hypotheses — namely, that f and
F~! are both (i) strongly starlike of order «, (ii) starlike of order §, (iii) convex
of order 8.

1. Introduetion. In this note we discuss several classes of functic

Z) =z+ E.an 2", (1
n=2 .

that are analytic and univalent in the unit disc U = {z:|2] < 1}. 1
class of all such.functions we denote by S. We denote by o the class
all functions of the form (1.1) that are analytic and bi-univalent int
unit disc, that is f € S and f~! has a univalent analytic continuation
{lw| < 1}. We also introduce the following classes:

(1) The class S, fa] of strongly bi-wiarlike [unctions of order «, 0 < ag
(i) The class Sg(B) of bi-starlike functions of order 8, 0 € 8 < L
(i1i) The class C4(f) of bi-convex f{unctions of order 8, 0 < ]

For the above classes we give bounds for |a,l, |as}; also for the ‘ch

C,(0) we give the bound for |a,| aud the extrenal function.
The class ¢ was first investigated by Lewin [1]; the showed th
|a2| < 1.51. Later Brannan [2, Problem 6.82] coujuturud that ja,

JZ The class S, [«] and the class C4(0) = C, were first introduced. in 1

2. The elass S [«]

A function f(2) of the form (1.1) belongs to the class S;[«], 0 < &<
if it satisfies the following set of conditions:

f € o, (2
2f'(z .
ar zj < 1, (2.
. g—— f(z) , 2] {
arg&'(w)—| < |l <1, (2
g(w) 2

* The Open Univers.ty, Milton Keynes, U.K.
** University of Kuwait, Kuwaif
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where
g(w) = w — ayw® + (24§ — az)w® + ..., (2.4)
is the extension of f~! to the whole of |w] < 1.
THEOREM 2.1. Let .
©
fz) =z + Eza,, 2",

blong to Sy{a). Then
20

ja,] < Wi and |azl < 2a.

Proof. We are going to follow the notation used in [4]; namely, we
denote by P,, 0 < « < 1, the class of functions

9

P(z) =142 pu 24,

k=1
that are analytic in the unit disc U and subordinate to the function
:—i'-—z *. Now, P(z) € P, if an only if P(2) = [A(z)]*, where h(z) € P,;
-z
and P, is the class of functions of positive real part in U.
Conditions (2.2) and (2.3) can be written as

#'(z) _ o
e [Q(z)] (2.5)
and
wg'(if’) — [P(W) ]a’ (26)
&(w)

respectively, where Q(z), P(w) belong to P, and have the forms
Oy =14+cz+cpz+ ...

and
Piz) =144 pyw + pw? + ...

If f(z) € Sa(a), then by (2.5)

PO Q) = 1 4 oxr + e + ... 1%
f2)
From this, it follows that
a, = «¢,
2a; = a% - oac, + 2z — 1) 2.

2



72 D. A. BRANNAN, T. S. TAHA

Also by (2.6)

T = plo)l = [ + pw + pio* + I

This gives
Ay = _“pl

3a3 = 2ay + ap; + He—1)

2

28
Combining the set of equations for a,, a3 we obtain

22— Bt pa)
:
a+ 1

By a well known theorem due to Carathéodory [5, page 411, |p.] < 2,
|c,] < 2. Hence

{pml €2

For a, we have
day = a(py + 3c) + 2a(x — Vet (AP (2.7)
If «a =1, then |ay] < 2. So we consider the case 0 < a < 1. By (2.7)
Ny (23) 4 Reay = aRe {p, + 3c; — 2(1 — a)c}}. (28) (2.8)

For the functions Q(z), P(w), Herglotz’s representation formula [5,
page 40] states that

2n

0@ = S dm)

1 — ze7#
0
and
2n e
Plw) = | 522 du, ), .
. — we

0

where u,(t) are increasing on [0, 2x] and pi(2=x) — p(0) =1, 1 =1, 2.
We also have .

and

y =2S e~ duy(t), n=1,2,....
0
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Now (2.8) becomes
2 2r

4Re ay = 2«5 cos 2¢ dy,(f) + 6a S cos 2¢ dy,(t) —

—Sal—augcostdp,l ] [ smtdp.l(t]]

n 2 2
< 2a S cos 2t du,(t) + 6« 5cos 2t dp,(2)+8a(l—a) Ssm t dp.l(t)]
[}

0

2n
{1 zgsmztdgz( ) +3 — GSsdep.l(t)
0

2}
By Jensen’s inequality [6, page 61, we have that

2r 2 2r
[S Isin ¢] du(t)] < Ssin“tdy.(t).

41— a)l S sin ¢ dy, ()

0

0 0

Hence
2n 2r
4 Re ay < 20 {4 — 2S sin? ¢ dp,(t) — 2(1 + 2¢) 5 sin? ¢ dp,(#)
0 0

Therefore Re a; < 2«, which implies that

lagl] < 2a

The effect of the bi-univalency condition can be easily seen by looking
at the coefficients of the corresponding class S*[a] introduced in [47];
this is the class of functions f of the form (1.1) univalentin |2| < 1 and
satisfying the condition (2.2). There the sharp coefficient bounds are

|ag| € 2a,
and
if 0<a<l, then |ag| € «

if — < a £ 1, then |a,) € 3«2,
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and

if o= —, then |a| €

1 <l
3 3
In each case the stated cocfficient bound is sharp.
It would be of interest to know what the sharp bounds on the coef-

T . .
ficients a,, a; are in the class Sg{a].

3. The elass S;[3)

i We defirfe the class S;(8), 0 < B < 1, to be the class of functions of
the :form (1.1) satisfying the following conditions:

. fec,
71 : 3.1
{m}>ﬁ 1] <1, (1) (3.1)
and
ze ) : 3.2
Re{()}>ﬁlw|<l (3.2) (3.2)

where g(w) is the same function as in (2.4). We call Ss(B) the class of
bi-starlike functions of order B.

THEOREM 3.1. Let

f&) =2+ X a2

n=2

belong to So(B), 0 < B < 1. Then .

aa} < 2(1 — B) and |ag| < 2(1 — B).
Proof : Let P(B) be the class of functions V(z) analytic in |2] <1
with V(0) =1, Re> (2) > B in |z] < 1. 12( £ o
In fact P(0) is just the class of functions |
P(z) = 1 + puz + p2* +
for which Re P(z) > 0. . _
- Note that V(z) « P(B) if and only if

P(z) = 1ITB (V(z) — B) belongs to P(0).

Hence, it follows that there exists a unique P(z) € P(0) such that

Vi) =8+ (1 — B)pla), (33 ©3
for V(z) in P(B).
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Now conditions (3.1) and (3.2) are equivalent to

SO gy
T = g+ (1 - 8)00)

anéi

) _ g4 (1 - B)P(w),
g(w)

respectively, where Q(z), P(w) belong to P(0) and have the forms

Q@) =1} cz+ ez + ...

and

P)=14 pw + pgw? + ....

Now, it follows from (3.4) that
a; = (1 — B)e
and
2a5 = a,(1 — .{3)01 + (1 - B)c,.
Mso from (3.5) it follows that
az = —(1 — B)py

and

4a3 = 2a3 — ax(1 — B)py + (1 — P)po

The four equations give
243 = (1 — B)(cz + 2o)-
Using the bounds for |c,| and [p,|, we obtain
las] < §2(T—B)
and
lag] < 2(1 — B).

75

In comparison, let S*(B), O < B £ 1, denote the class of functions
starlike of order B in 2] < 1; this is the class of functions f of the form
{L.1) univalent in |z] << 1 and satisfying the condition (3.1). It was shown

in [7] that the sharp coefficient bounds for a,, a, are

las| < 2(1 — B),
lag] € (1 — B)(3 —28).

It would be of interest to know what are the sharp bounds on the coef-

ficents a,, ag in the class Sy(B).
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4. The elass C,(p)

A function f(z) of the form (1.1) belongs to the class C,(B) it satisfies
the following set of conditions:

feo (L.1) (4.1)
zf"'(z)
Re{——f,(,) + 1} > 8 la>1, (h) (4.2)
wg”' (1)
Re{m)— + 1} > 8, |wl > 1, (k.")) (-4_3)

where g(w) is the function defined in (2.4).
THEROREM 4.1. Let

flz) ==z +§,z a 2,
belong to Co(B). Then
lagl < JT—B and Jag] < 1—8. Jay= Z=

L~
Moreover, for the class Co(0), the extremal function is given by f(z) =

1—=
and its rotations.
Proof. Using the same notation as in Theorem 3.1, conditions (4.2),

(4.3) give (42)

jT‘)’ +1=p+(1-8QE (ubh) (4.4)
and

'%L;ihr L=p+(1=pPw. (45)  *3)

where Q(2), P(w) = P(0).
Equation (4.4) gives us that

2a, = (1 — B)e, (4.6) (4.6)
and
6ay = (1 — B)cy + 2a5(1 — B)e;.  (\3) (4.7)
from these two equations we obtain
6a; = 4a} + (1 — B)c,. (“.¢) (4.8)
Now, by (4.5) we obtain that
2a, = —(1 — B)py Q, .9) (4.9)
and

12¢} = 64, + (1 — B)ps — 2a5(1 — B)pr- (. M0)  (4.10)

I'd
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The two equations give
8a% = 6ay; + (1 — B)p,. (4.11)

Combining (4.8) and (4.11) and using the bounds for |p,| and |c,|, we
obtain that

lag] < JT—B
and
lagl < 1 — .

In the case B =0, we have C4(0) C C, where C is the class of all
) normalised functions convex in the unit disc. This implies that

la,) €1, »n=2,3,

which is sharp as seen from the function

fz) = : (4.12)

which is in Cq(0).
The question arises whether the class C,(0) and the class C are the
same. The function

[(l T ], 1 <a<l,
1 - z 2
belongs to C ; since it is not bi-univalent, it is not in C4(0) — consequen-

tly Co(0) is a proper subclass of C.

We emphasize that it is #not true that: A function f(z) is bi-convex
in U if and only if zf’(z} is bi-starlike in U. This is clear from the func-
tion in (4.12) which is bi-convex; however for that function zf'(z) is the
Koebe function which is not bi-starlike (since it is not bi-univalent).
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Measure Theory and 1ts Applications. Pro-
ceedings, Sherbrooke, Canada 1982, Lectures
Notes in Mathematics, vol. 1033, Springer-
Verlag, Berlin Heidelberh New York, 1983,
317 pp.

These are the Proceedings, edited by J—M.
Belley, J. Dubois and P. Morales, of the
Workshop on Measure Theory and its Appli-
cations, held at the Université de Sherbrooke
from June 7 to 18, 1982. The Workshop
was attented by 87 mathematicians from
12 countries presenting new and significant
results in Ergodic Theory, Choquet Repre-
sentation Theory, Vector Measures and
Topology. The book contains 29 contribu-
tions of the participants. Let us remark the
snrvey papers by G. Choquet, ,,Represén-
tation integrale”, p. 114—143 and by J.
Diestel and J.J. Uhl, Jr., ,,Progress in Vector
Measures” — 1977—-1983, p. 144-—192.
There are also other valuable papers written
by leading specialists in measure theory as
M. Ackoglu, J. Batt, N. Dinculeanu, A.
Bellow, J.K. Brooks, G.A. Edgar, P. Greim,
J. Oxtoby, F. Topse. By presenting the
State of the Art, new results and putting
problems which open new ways of investiga-
tions, this book is a valuable contributions
to measure thory and related fields.

S. COBZAS

Complex Analysis — Methods, Trends and
Applications, Edited by E. Lanckau and
‘W. Tutschke, Akademie Verlag, Berlin 1983,
398 pp.

This is the first book in a series initiated by
the organizers of the conference on ,,Com-
plex Analysis and Its Applications to Partial
Differential Equations’, regularly held at
the Halle-Wittenberg-Martin Luther Univer-
sity. The aim of the seties is to pfesent sur-
veys giving a comprehensive explanation of
complex analysis.

. The book is divided into two parts: I.
Complex Analysis and Its, Relations to Other
Spheres in Mathematics, and; II. Complex
Methods in Partial Diffevential Equations
and Other Applications of Complex Amnalysis,
and contains twenty-two papers written by

eminent specialists in the field as W.Te
chke, E. Lanchau, B. Bojarski, J. Lam
nowicz, S. Prossdorff V.S. Vnogradov, L1
Wolfersdorff et al. The papers present vair
aspects of the holomorphy in the whole
of mathematics and its applications, emph
sising the new concepts of generalized am
tic functions of I.N. Vekua, pseudo-anlfi
functions of L. Bers, (p.q)-analytic funcie
of G.N. Polozii, having deep and frii
applications to PDE. The book is a v
ble contribution to the modemn comk
function theory and its applicationsd
we recommend it warmly to all people
rested in this field.

8. Co

M. M. R ao, Probability Theory ai
Applications, Academic Press, New ¥
1984, 495 pp.

The book is designed as a graduate
on probability theory and its appliu
All the proofs are given in detail and
key results are given multiple proofs

The author avoids excessive gen
ons (for instance Banach space valued
variables have not been included), the
requisites being a knowledge of Ia
integral. The necessary results fron
analysis are reviewed in Chapter I an
of them, usually not covered in sl
courses, are given with proofs. The
very well and carefully written. The
explains the special character of the si
the notions are gradually introduced
the need of an abstract theory is vey
motivated on apparently simple rea
problems. The book also contains veryi¥
-resting historical and philosophical comne
on the evolution of ideas and conce:
probability theory. Many classical priis
are discussed in detail and others sep
sented in the problems at the end ofa
chapter. Some of these problems aen
tine but there are also some more difc
problems, usually provided with hints

‘The result is a fine book on probatd
theory and we recommend it warmlyt:
people -interested in learning, applyin
teaching probability - theory. .

S. COBZ
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Hugo Steinhaus, Selected Papers,
PWN Warszawa, 1985, 899 pp.

The book contains 84 from 255 papers of
the eminent Polish mathematician Hugo
Steinhaus (1887 —1972), one of the founders
{together with S. Banach, J. Schauder ef al.)
of functional analysis. The articles were
chosen to cover the wide area of interests of
H, Steinhaus, the fields he made fundamen-
tal achievements being: trigonometric and
orthogonal series, functional analysis, pro-
bability theory, game theory, topology, appli-
cations of mathematics, popularization. The
papers are arranged chromnologically, in order
to help the reader in following the develo-
pement of scientific ideas of H. Steinhaus.
The book also contains an article on the life
and work of H. Steinhaus written by E.
Marczewski, a list of scientific publications
of H. Steinhaus and some of his polemics,
pamphlets and programmatic talks.

S. COBZAS

Conference on Applied Mathematics, Lju-
bijane, September 2—35, 1986, Edited by
Z. Bohte, University of Ljubljana, Ljubljana,
1986

Prezenta carte cuprinde 27 de lucriri pre-
zentate la a ,,V-a Conferintd de matematici
aplicate” tinutd la Ljubljana in 2--5 sep-
tembrie 1986. La aceastd conferinti au par-
ticipat 126 matematicieni din universitdti gi
centre de cercetare din Jugoslavia. Cele 27
de lucrdri, mentionate mai sus, trateazi
probleme actuale din urmitoarele domenii:
Analizi numericd’ Informaticdi, Iicuatii dife-
rentiale ordinare si Ecuatii cu derivate par-
tiale. Recomanddm aceastd carte tuturor
cercetdtorilor antrenati in aceste domenii.

I.A. RUS

Diserete Geometry and Convexity, Editors
Jacob E. Goodman, Erwin Lutwak, Joseph
Malkevitch, Richard Pollack, .dnnals of
the New York Academy of Sciences, Vol. 440,
The New York Academy of Sciences, New
York, 1985. (NII-+392 pages).

The amin of the volume is to collect under
one cover some representative current work
in the areas of geometry which could be

mbsummed wunder the heading.. Discrete ,

Geometry and Convexity. These areas include

79

a rather wide spectrum of problems including

purely combinatorial questions involving the

geometry of finite sets of points on one extre-

me and integral geometry at the other. The

contained 35 papers, signed by outstanding

specialists of the field are distributed as
Pryoblems

follows :

1. Discrete 8);

Convexity (7);

3. Qualitative Convexity (5); 4. DPolyhedral
Geometry (5) ;

S. Tilling, Packing, Covering and Weaving
(5); 6. Computational Aspects (5). Most of
the papers have both expository and research
paper characteristics. The reader can find
in them an extended literature and an impor-
tant amount of open problems as well. The
volume ends with Index of Contributors, Au-
thor Index and Subject Index.

2. Quantitative

A. B. NI'METH

D. P. Parent, Exereices in Number
Theory, Springer — Verlag, New York,
Berlin, Heidelberg, Tokyo, Problem Books

in Mathematics, 1984, pp.

This problem hook ia a very good and
attractive introduction to number theory.
The book contains ten chapters in the follo-
wing order: Prime Numbers,; Arithmetic
Functions ; Selberg’s Sine,; Additive Theory ;
Rational Sevies; Algebvaic Theory; Distyi-
bution Modulo 1,; Transcendal Numbers
Congruences Mod p; Modular Forms,; Qua-
dratic Forms; Continued Fractions,; p-Adic
Analysis.

Each chapter is divided in three sections:
introduction and basic results, problems,
solutions. The solutions are complete and
contain many remarks and bibliographycal
comments.

The book is useful for all interested in
number theory and related fields.

D. ANDRICA

A, Langenbach, Vorlesung zur hihe-
ren Analysis. Hochschulbiicher flir Mathe-
matik. Band 84, VEB Deutscher Verlag der
Wissenschaften Berlin 1984, 280 pages.

The book presents some fundamental
methods of linear and nonlinear functional
analysis, useful for those students and specia-
lists, (mathematicians, physicists etc.), who
use analytic methods in, their research do-

“main as the theory of differential and partial
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differential equations, maximum and mini-
mum problems, optimization and control
theory, approximation and numerical methods
etc.

To read the book one needs relatively
few previous knowledge, a very clear way of
presentation is chosen, too general results
are not discussed. The book is written with
very much pedagogical sense, so it is availa-
ble to the studemts of mathematics, physics
and engineering of lower years.

The titles of the chapters and appendices
arte: Metric and Normed Linerar Spaces,

$\$
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Topological Spaces, Functionals and Min:
mum problems, Hilbert Spaces, Comsirwh
Methods for Minimum Problems and Equ:
ons, Application of Prolongation and Com
tion Methods, Classification of Pastial D}
rential Equations, Theory of Elliptic Equihm
Linear Parabolic and Hyperbolic Equalim
Theory of Evolution Eguations, The Sex-
Weierstrass Theorem, Measure-theordinl
Basis of Integration of Continuous Fusdini
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THE IRRATIONALITY OF CERTAIN INFINITE PRODUCTS

C. BADEA*

Received : January 19, 1986

ABSTRACT. — The aim of this paper is to prove the irrationality of a class
of infinite products. The main theorem generalizes an old theorem of Cantor
[3] and a recent result of S4ndor [7]. Also, a counter-example for an asser-
tion of Froda (5] and an application of the main result are given.

1. Introduetion. An old theorem of Cantor [3] asserts that if () is

1 sequence of positive integers with 7,4, > #ni for all large %, then the value
of the product

s

(1+7) M

g

=
l"

-1
i irrational.

Recently Sandor [7] gave, among other things, some conditions for
shich the value of the infinite product

IT{1+7 @
flint ny

is irrational, where (m,) is a sequence of primes and (»;) is a sequence of
psitive integers. Namely, he proved that if (m,) is a sequence of primes with

imm, = 0 and () is 2 sequence of positive integers which verify the ine-
(21
qualities

Masr > s i B> k31 3)

then the value of the product (2) will be irrational.

The purpose of this paper is to give some conditions for which the value
of the infinite product

I+ y

i irrational, where (a,) and (b,) are two sequences of positive integers. Our
theorem extends Cantor’s theorem which is obtained for b, =1, # > 1 and
$indor’s result.

In the case when the infinite product (4) is divergent the problem of
the rationality of his value is needless. Thus we shall assume in what follows
that all infinite products which appear are convergent. Another way in which

* University of Craiova, Department of Mathematics, 1100 Craiova, Romania




4 C. BADEA

we can avoid this trivial case is to make the convention that oo 1s irrational
and rational in the same time.

In the proof of the main result we shall use a crltenon for 1rrat10na11ty
due to Brun [2]. A generalization of Brun’s criterion was given by Froda
[5] but, as well shall see in the third section of the present paper, Froda’s
[5] generalization is not true.

As an application of the main result we shall prove that every conver-
gent infinite product of rational numbers greater than [1] has an infinitely
many disjoint subproducts (to be defined) with irrational values.

We note in ending that the same method of proof for the main’ theorem
was used in [1] to obtain some criteria for the irrationality of certain series.
2. Main result. The main result of the present paper is the following

THEOREM. Let (a,) and (b,) be two sequences of positive integers such that

b, b, (b -1
Apt1 > :l n+ as a, +1 — b,y L;) (5)

holds for all large n. Then the value of tke product (4) is an zrratwnal number.
For b, = 1 we obtain Cantor’s theorem. Also, the above Theorem is more

general than Séndor’s result. Indeed, if the sequences (m,;) and (m,) verifie

Sandor’s conditions then, using (3) for £ = 1, we shall find that ]

2
B i1 = My,

Because im m, = oo, for all large % we have
R—arn

m 2 my — 1)
h41 L ae i\
Mgy 1 MR > "y + —

ey 3 M

H— 1 — mpyy

Thus Sédndor’s conditions impiy the requirements of the main result, i.e. our
Theorem is more general than Sédndor’s result.
"YProof of Theorem. We have

f_ﬂ“r ikt lantbl o (g) (6)

an'wx[n_.oo ay ... Qn

B.tuns criterion asserts that a positive real number « which is the 11m1t of
an increasing scguince of iationals

where %, and y, are pgsitive integers, is irrational when

B N
. Fer2 ™ %11 . Hog1 = Fr
for all large. r.
o Takmg into accoupt this theorem we shall- prove the inequality (8) for
=(a,+b)...(a +b) and x, =a; ... a,. Because the bs are positive

mtegers we get ‘than (y/%,) is an increasing sequence-and thus, keeping in
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mind Brun’s theorem, we shall find that the value of the infinite product
(4) is an irrational number. _

The inequality (8) in our situation y, = (2, + b,) ... (a4, + b,) and x =
=a;...4a, is equivalent with the following inequality

Vo180t b, 0= 1)  Yela, +b,,., —1
r4+1\r4+2 r+2 ! < r\Fyq1 r+1 (9)
Z (@, — 1) (@, — 1)
and thus with
(@ + 040 @+ by — 1 < a1 tby —1 ) (10)

a —1

a, (a0 — 1) r+1

From (10) we deduce, by routine calculations, the following equivalent
lation

bt2ai 1+ App10p1b2 + b1 < byyiGrg2 + brgodris + byrbryo (11)
Hence we have

by polby g — 1)

b Ay 41 + I 72 (12)

a, 2 > 'Z'—H Urp1+
r+1
We see that (12) is just (5) witih #» 4 1 instead of #.

Therefore, from the assumptions of the Theorem, it follows that (8) holds
for every sufficiently large » and thus (via Brun’s criterion) the proof of the
the main result is complete.

A simple consequence of the main theorem is the following

r+1

COROLLARV:. Let k be a positive integer and (a,) a scquence of positive in-
leers such that

A1 > ap+ (k—Na, +1 — &

[oe]
for cvery sufficiently large n. Then the value of the product 1‘[( 1 - ’—‘) isan
n=1 @r
iational number.

Proof. We take in the above Theorem &, = &.

For & = 1 the condition of the above Corollary reduces to a,., > a;, i.e.
ve obtain Cantor’s [3] theorem.

3. A counter-example. A generalization of Brun’s irrationality criterion
was given by Froda [5]. Froda proved that Brun’s criterion is also true
vhen y, and x, are positive real numbers such that (8) holds. The same method
of proof of our theorem remains valid to show, with the help of Froda’s gene-
nlization, that our theorem is also true for positive numbers 4, and b,. How-
eer, this is not valid because Froda’s generalization is not correct. A counter-
mample is given in what follows. We note that the fact that Froda’s proof
for his generalization is not correct was previously known.

Let us define the sequence (c,) by ¢; = 2 and by the recursive relation

Cng1 = Cn — ¢, + 1 (138)
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We note in passing that this sequence is in many situations a counter-examgle
for some irrationality assertions (see for instance Frdés and Straus [4).

Let us consider the following two sequences (4,) and (a,) given by

__ logl§
® T ollen
and

(a3 + log 1.5).. . (an -+ log 1.5) .

a, ... an

o, =

Let us assume that Froda’s assertion is true. Then, because (a,) is increasiy
we deduce that

lim «, =ﬁ (1 +log 1.5)

7—00 he=1 an

is irrational whether

Upp1 << Uy (u

for every sufficiently large #, where

(@, + log 1.5) ... (a, . + log 1.5) —- (a, -+ log 1.5) ... (an + log L.5)

»

a ...a —a,...au

nil
Following the same steps as in the proof of our main result and of th

Corrollary, we get that (14) is equivalent with the inequality from the stat
ment of the above Corollary with log 1.5 instead of %, i.e. with

a,,.H' > ap + (log 1.5 — 1)a, - 1 — log 1.5 (13

We denote b, = 1/(2Y» — 1), then b, == a,/log 1.5. With these notations »
rewrite (15) as

but1 > bz log 1.5 + (log 1.5 — 1)b, — 1 + (log 1.5) 7 I
Because
-3 log 1.5 0 1 0 I/cn
IT(1+252) =TT (1 + ;) = [T 20 = 27
n=1 an P » n 1

is convergent (see Gleason, Greenwood and Kelly [6, pp. 4294
we obtain that b, tends with #» to infinity. Hence

(log 1.5 — )b, — 1 + (log 1.5)71 <0 {u;
for every sufficiently large #.
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On the other hand we have

1 2
lim b1 . lim(2 fen 1) Cpi1 1/,:"+1 _

2 2

nso by S 1/cn 2 gltmt1_
= (log 2) lim 6"2“ =log 2 > log 1.5
na  C,
keause lim 21 — log 2 and ¢, tends with #» to infinity by (13). It results
70 x

that
by > by log 1.5 (18)

fr cvery sufficiently large n.

From (17) and (18) it follows That (16) holds for all large ». Therefore,
if Froda's assertion is true, the number

i log 1.5 ad
lim a, = H(‘ 4+ = )ZH 2!/on

n— ol n=1 ar n=1

isan irrational number. Passing to series we find that
¢
0
© > ey
[T 2% =2

n=]

is irrational. But ) 1/c, =1 (see [6, pp. 429—430)], so we get that 2 is an
n=1

mational number, which is of course a contradiction.
Hence Froda’s assertion is not true in general.

0
4. An application. We say that [] v, is a subproduct of a given product
k=1
x ©
kH w1l (vy) is a subsequence of the sequence (#,;). Two subproducts [ ] v, and
el k=1
ﬂ w, of the same product [] w, are disjoint if (w,) is a subsequence of the
= k=1
squence (#;) from which has been taken the subsequence (v,).
As an application of the main result we shall prove the following un-
expectedly

PROPOSITION. Every convergent infimnite product of rational numbers greater
tan 1 has an infinitely many disjoint subproducts with irrational values.

This proposition is similar with a result from [1] where we proved that
every convergente infinite serie of positive rationals has an infinitely many
disjoint subseries with irrational sums (the notions of subseries and disjoint
subseries are defined similary).
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Proof of Proposition. Let P = H ¢, be a convergen‘t infinite product wit

n=1
=1+ b,/a,, where v, and a, are’ p051t1ve integers, # 1, 2, .... Becass
the product P is conwergent, the sequence (b,/a,) tends to zero ‘When # tenc:
to infinity. Because a, and b, are positive mtegers we get that the sequen:
(a,) tends with # to mflmty

Hence there are an mfmltel} many disjoint subsequences (afh); ar
(’bﬁ,‘&));. p=12 ... of the sequences, (a) and (b,) respectively, such th

il v
b - B, —
k+1) 2 : w= 1) Vnlk, .
Ap(kt1) > D) Aniry —+ _m__n— Ay + 1 — bariy

o n(k) )
for all large 7.
Now, using the main result, we find that the subproducts’ of P generied
by the subsequences]( 41, ‘and (B Lﬁ.l) ‘hate nratlonal values, '_‘
The proof is complete.
Finally, we propose 1he fol]oy\mg o

QUESTION. Is there a comvergent infinite {)roduct of mlwnals greater tha
such that all ils subproducts, have frrational values:? 0 ;

An affirmative answer to this question would provide a uegatne answe
to the problem of replacing in the above Proposition the word ,irrationd
by ,,rational”. We note that the corresponding| question for the series hasa
affirmative answer . Thus the above problem has a negative answer fu
series and this negatlve result may be explained by the fact that the st
irrationals is. uncountable whijle the set of rationals is, ,,only” denumemab
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GENERALIZATIONS OF AN ASYMPTOTIC FORMULA OF
RAMANUJAN

LASZLO TOTH*

Rueived : September 77, TONG.

REZUMAT. — Generaliziri ale formulei Ramanujan asimptetice. In Iucrare
se aratd ci dacd f este o functie numericd total multiplicativd mirginitd, atunci
pentru 4 > 0 are loc evaluarea asimptotici (3.4). Ca un caz particular se obtine
relatia (3.5) iar in cazul 2 = 1 se obiine rezultatul lui Ramanujan (3.6).

1. Introduetion. Ict oz(n) denote, as usual, the sum of the k-th powers
of all positive divisors of # and let 6,(n) = o(n) denote the sum of all positive

divisors of n.
In 1916 Srinivasa Ramanujan ({5], eq. 19) stated without proof the follow-

i ing asymptotic formula
2; ox(n) = 2 (3) #* -+ 0(a2 log? x), (1.1)

where (s) is the Riemann Zeta function. Several years later B. M. Wilson
(7], §7.) mentioned that using analytical methods another formula of Ra-

manujan, namely

3 dalne) U9 Ue—@) U mH s —a ) (1.2)
n=1

ns Z(2s —a— b)
(5], eq. 15) leads to an asymptotic formula for the more general sum
E%(")‘ 6,(n), which reduces to (1.1) in case a =0b=1.
L1 $1

The aim of this paper is to establish an asymptotic formula for the sum
E ci(n), k>0 (it is the case a = b = k> 0) using a simple clementary method

ji4} .
tased on two convolutional identities (corollaries 2.1. and 2.3.). In fact we

vill deduce a slightly more general result (thecorem 3.2.) and obtain as a con-
gquence the asymptotic formula . fer S~ 6i(n) (corollary 3.3.).

n<xy

2. Preliminaries. Thrcughout this paper # is assumed real and > 2, and
#>1 denotes an integer. Let ¥ denote the Dirichlet convolution of arith-

metical functions defined by

(f % Q)m) = 351 - g(%)

* 3900 Satu Mare, N. Golescu str., no. 5, Romania



10 L. TOTH

We recall that an arithmetical functionis multiplicative if f(m#n) = f(m)f(n)

when m and # are coprime and :completely multiplicative if f(mn) = f(m) (n\
for every integers m, n > 1.

. It is well-known that the Dirichlet convolution of two multiplicative func-
tions is also multiplicative and the multiplicative functions form a commutative
group under the Dirichlet convolution. Utmy=4

Let u denote the Mébius function and let E, (n) = 5%, Ey(n) = Un) =1
for every n. We have pwx U = I, where I(n) = 1 or 0 according as # =1 or
n > 1 is the Dirac function (the unit element of the group) and o, = U x E;.
It is also well-known that the functions u, u? = p - w the characteristic function

of the square-free numbers, o, are multiplicative and E,, U, I are completely
multiplicative.

LEMMA 2.1. If f and g are completely multiplicative functions, then
(f* g)eEy = f* * &8 x pifg, 2.1)
where o denotes the ordinany composition of functions. '

Proof. Both sides of (2.1) are mutiplicative, being the Dirichlet convolution
of multiplicative functions (the composition by E, preserves the multiplicativity).

So it is enough to verify the above identity for » = $*, a prime power. Noting
f(p) = a and g(p) = b we have

(fF x g x uife)(p’) = (f* * &) + (/* x &)™) f(p) &(p) =
= () + LN &P + .- + LD () + ) + () +
+ () 84p) + - .- + L) () + &) S(P) &lp) =
— (a2i + a2i—2 b2 + . + a2b25—2 + b2i) + (a2i—2 + a2i—4 b2 + . _I._ a?blt'-l +
4+ 0¥ 2) ab = a* 4 a¥* 1 b + a¥2h + ... 4 a%¥ 2 4 ab¥1 4 ¥ =
= f(p¥) + f@¥ N ep) + ... + f(p)g(p*™) + &(p¥) = (f * &) (%)
and the proof is complete.
COROLLARY 2.1. (g = E,) If f is completely multipicative
(f % Ey) o Ey = f* * Ey x y¥fE, (:U_) (2.2)”
COROLLARY 2.2. (g = E,, f=U)
6y°oE, = 6y x p*E,, that is
ox(n?) =d;"c,,2(d) u%(3) 8% for all » > 1.

LEMMA 2.2. If f and g are completely multiph’cative Sfunctions, then
(f * g =/ xg* % fg » u¥fe (%) (2.3)

_ Proof. The function f is completely multiplictive so its inverse under the
Dirichlet convolution is f~' x = uf (see for example [1], theorem 2.) and
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fiby % ky) = fky % fk, for arbitrary functions %, and k, (see [1], theorem J5).
$o the above identity is equivalent to

(f * & * uft=g" % fg x pifg or

(f * &P x uf* = ¢glf * g * v¥).

Let denote 2 =f *x g where g=/h *x f' x =h % uf and we have to
prove

B % pf* = glh * )
Because of multiplicativity it is enough to verify this identitiy for n = p,
( * wf)(p) = () + ) uW(p = H(p) — B OP(p) =
=Pty — RN AR + M- Of(P)) = @)k * v»zf (1) = (g * )P
which proves the lemma.

Remark 2.1. Using that U x p? = 2v, where v(n) denotes the number of
fistinct prime factors of #, formula (2.3) leads to

(fx g =12 gx (Ux pi)fg or
(fxgr=r*gx2f
wich is analogous to the elementary formula (a + b)* = a* 4 8* + 2ab
Remark 2.2. For particular functions f and g (2.3) gives interesting form4s.
Ve mention a single example: if f=g=U, f x g= U x U = 7 the divisor
fmction and we have
=1 % U *%p?or #2x p =% p2 [8]
For a further generalization of (2.3) see [4], theorem 2.
An immediately consequence of lemmas 2.1. and 2.2 is

wMMA 2.3. If f and g are completely multiplicative functions, then

(fxgP=(fxg oE, xfg (2.4)
COROLLARY 2.3. (g = E;) If f is completely multiplicative
(f * E)?=(f x E)) o E; x fE, (2.5)

COROLLARY 2.4. (g = E,, f=U)

o = o0, 0 E, x E,, that is

of (B) =2 0(d?)d*
d8=-n
Define D(f, s) by the Dirichlet series

D(f,s) =332 s> 1.

3
fne=] n
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We have D(U, s) = Z(s), s> 1. fis bounded and completely multi 1cat1
the series D(f, 5) is absolutely convergent for s > 1 and peey pieshe

Dt 5 =11 =)™ (26) 2.6)

» ?*

where the product extends over the primes p {(cf. [2] ch. 7. theorem 5).
LEMMA 2.4, If f is bounded and completely multiplicative, then

D, k)= 288 g (1,%) (2.7)

D(f228)
Proof. The series D(u*, k) is absolutely convergent for 2> 1 and the

general term, is a multiplicative function of # so it can be expanded mto an
infinite product of Euler type (cf. [2] ch. 7., theorem 5):

D{p*, k) = T (i\ PS8 ) H( 4. f#) )

PRl b
-1 ~58) T ) - 555

We will use the following familiar estimates :

LEMMA 2.5. , o
>t =T o), (28) s
> 5 =0 (log x) (29) @9

2;; —0x-Y, 0<k<1 (a10) 210

n<x

2%=0‘( ). k> 1 (2uM) @

”>x1‘l X

LEMMA 2.6, (cf. [3), lemma 2.3) If f.‘ is a boi;nded arithmetical function,
then for k >0

D(fk+l) s
> U x E(n) == ——— 7! +0(4 Ql)_) (2.12)

n<y 1

where A, (x) = x*, xlog x or x according as k> 1,k =1o0r k <1
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Proof. By (2.8) we have

ngx
8<—d—

1 (x)kt+1 x|k AR fld) 1
Bl o S o)
g, r+1ld d k41 5=, ab ! l;dk
A R f@ _ A S 1
= e _ oS> 2 )=
k+1d§l ok, dtt! i (x “Zxd")

A1 k-1 k !
=k+lD(f'k+ (x Edk+l) (de;;)

The first O-term is O(:'c‘”'1 - ) = 0(x) by (2.11) and the second O-term is

for > 1 0(x*); for £ =1 O(log x) by (2.9) and for &k <1 it is O(x* - x'~%)
=0{x) using (2.10) and the proof is complete.

3. Main rezult.
THEOREM 3.1. If f 1s completely multiplicative and bounded, then for k> 0

(2 — PUL2E+ )DLk 1) gy
S % Er) = SREEDDLLD s 0Byx), (B

3
where By(x) = x%, xtlog %, x°log x, or x*+! according as k>1, k=1,
b=2 or k<1 and k ;e%-
Proof. By corollary 2.1. and lemma 2.6. we have

20 (f % E)(n?) = 2 (f* % Eu % p*fEy) (n) =

ngxr ngx

= T wHdflddf % E2)Q) = 2 @@t T (% Ea)(3) =

=
=

_D(f 2k +1) uX(d) f(@) 1
2 + 1 e E ah T t O(xnﬂ :‘;’ -;’”—‘) +

n<r

x
b< 3
X

2k 4+ 1 { d

=

= 2(d (“dklf_‘{Ml Zht1 ol4
;“()ﬂri dJ +(2

X
d

_ D(f% 2k + 1) gy wd)f(d)
= 2L e S 4 01 a

% l‘_‘-(d)f(d) T —
(2: d Az,,[ )) where?; AR

_ DU+

by lemma 2.4.
T D@, 2k + 2)



14 L. TOTH

1

Using (2.11) the first O-term is 0 (x”‘“ —) = 0(x**') and the. second O-term

xk
for k> 103> a*[%)* ) for k= ) 2
is for k > (dz‘) (d)) 0(x) ; for 10(§d(d)) (;d)
1
—0(a log %) by (29); in case k= - it lso(zd“’_logi)=
: d<x’

1 1 3
0 (xlogxz\, d 2) =0 (x log x - xz) =0 (x log x) using (2.10) and for k<1,
d<x b.“
k aé — the second remain term is 0(2 d* x) =0 (xz ;) = 0(x**1) or
d<s a dex ql—k
(2 @ (= "") - ov(x% » —-) — 0(x*+1) according ag 2k <1 or 2k 1 by (2.10)

d<x d(: Cuo)
COROLLARY 3.1. (f=U) For k>0

o MR DTRAD g, -
3 o) = IR L g L0(By (), (WD) . (B

where B,(x) is given in theorem 3.1.

COROLLARY 3.2. (f= U, k=1) i

Y o(n?) = ax® + 0(a2log %), ('5"5\ 3.3)
nEX
wheve @ = SO 8@ 5t@) |
3%(4) 3
Now we prove our principal resuit. )

THEOREM 3.2. If f is completely multiplicative and bounded, then for k >0

DU+ B = BEBAPURLD oGy

3
where Cy(x) = 2%, x*log? x, x° log2x or #*+! logx according as k> 1, k=
h=1,k=;—or k<1 and k ;e_;-.

Proof. We use corollary 2.3. and the above theorem.

2 (f * Eim) = “E‘('(f * Ey)oE, x fEy) (n) =

s

=2 SO x EN(3) =2 @) 1 (f * E)(¥) =

3‘7
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= fd)y @ RN DG ) (djz**‘ +o(B,, (1))}=

d<x 1 @ +1) D(fz 2% 1 2
- D k—»ID(f,k.J, k1 . )
(2k + 1) D (f% 2k + r)) 2 dkﬂ -I-O(E d B,( )
) =~ fld) e 1
uhere;;; AT —?:1 PLEaY O(;’x——d’ﬂ-l} = D(f, kR + 1) +0(x_k)

aud the remain term is: case £ > 10 (Z dr f;i] ) = 0{x%);

d<x

~—

casekwlo(vd(—’ log = )——O(x-log xZ; )=0(x210g2x'

1
d

1) w3 o s g ) o]
1

| w

&}

1
ase k= — O
2

QZ

d<x d
(x\k+1

and in case £ <1, & # — tl%OiY\_,dk(—, )~O(x"+‘log x)

\d<x
which proves the theorem.
coroLLARY 3.3. (f=U) For k>0
G2h ) R, .
K2k 0(C(x)), 3.5
2 o) = (2 + 1) € (24 + 2) +0(Gi(=) 3.5)
where C,(x) is given in theorem 3.2.
corortary 3.4. (f= U, k= 1; Ramanujan)

Y o¥(n) = £a® + 0(x2 log? x), (8.6)
L%y
where p = 2t ‘: C(‘:)‘Z = 213).

Remark 3.1. In 1970 R. A. Smith [6] improved the error term of Rama-
nuyjan’s formula {3.6) into

0(x%log?® %),
using analytical methods.
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NQRMAL I1 — COMPLEMENTS IN FINITE GROUPS
[ :

I. VIRAG*

Rexveived : September 15, 1986

REZUMAT. — Il-complement normal in grapuri finite. In cele patru teoreme a
din lucrare s¢ dau conditii necesare si suficiente pentru existenta r-complemen-
tului normal in grupuri finite.

1. Preliminaires. Let G denote a .finite group, = a set of prime numbers
and =’ the complementary set of . A normal x—complement in G is a normal
Hall »n’-subgroup of G.

The purpose of the present paper is to give some necessary and sufficient
conditions for the existence of normal w-complements in finite groups.

The notations and the termmology used are largely standard.

If g= G, then g has a unique decomposition in the form g=g, - gv = gw gn .
where g, is a w-clement and gy, is a w'-element of G. We call g,, g respec-
tively, the n-factor, n'-factor of g. If = consists only of ome prime p, we write
& for g.. Each g € G is the mutually commutmg product of its p-fa.ctors & # l

for the different primes,
Two elements g, & = G will be said to be m-conjugate in G, if their ﬂ-fac-

tors are conjugate in G in the ordinary sense. Since the n-factor of an element
" & is a power of g, conjugate elements are also n-conjugate. The m-conjugacy is
an equivalence relation in G. We can thus speak of the m-conjugate classes in G.
We use Kg - (g) for the -r:-con]ugate class of the element ginG. g o
It is clear that:
— K o(g) = K¢, =(g,) for every g G.
— K, (1) is the set of n'-elements of G.
— If G has a normal normal w-complement K, then K = Kg, ﬂ(l) (Hence
the normal n-complement is uniquely determined by the set x). : 5

LEMMA 1. (see [4], lemma (20.4), p. 106). For every n-clement g €G, if C4(g)

is the centralizer of g in G, then
IKe, =(8) | = G CG(€) - [Keg (&), ()] N “(1)

LEvMa 2. If H is a Hall -;r-subgroup of G, then’ the Jollowing condztwns areé
equivalent ;-

(@) If two elements of H are con]ugate n G, they are conjugate in H.

(a;) For every h = H, Kg () N\ H = Ky (k). ’

Proof. We observe first. that, since H is a w-subgroup, 4 =&, for every
for every & = H. Hence the n-conjugate classes of H ocincides with thé conjugaté

classes of H.
tiir e B N
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I.VIRAG 17

Assume (@,). It is obvious that Ky . (h) < KG,,, (WINH for any & = H.
let k € K¢ . () N H. It results that #( = h,) and k( = %,) are comjugate in
6. Hince from (al) h and k are conjugate in H. Thus 2 € Ky . (h).
~Conversely, assume (a,). If b, & € H are conjugate in G, then K, . (k) =
=Ks . (k). It follows from (a,) that Kgu . (#) = Ku,» (R).

Hence % and k are conjugate in H.

2. Necessary and sufficient econditions for the existence of the normal
=-complements

THEOREM 1. (A reformulation of a theorem of R. Brauer). The following
cwnditions are necessary and sufficient for the existence of normal m-complement in
G:

(A,) There exist a Hall w-subgroup H of G.

(Ay) Foreveryh € H, Kg » (h) H = Ky, (h)

(Ay) If E is an elementary m-subgroup of G, then E is conjugate in G to a
subgroup of H.

Proof. The statements are immediate consequences of the Brauer’s theorem
(see [1], Th. 3) and of the LEMMA 2.

Remark 1. ([2], Th. 2) The condition (A;) in THEOREM 1 can be replaced
by the following:

(As) If 1 # h = H and P is a Sylow p-subgrup of Cg(h), for some p e =
not dividing the order of h, then the elementary w-subgroup <h> X P is conjugate
inG to a subgroup of H.

Remark 2. ([3], Th. 1). The condition (A;) in THEOREM 1. can be replaced
by the statement :

\A3) If h e H satisfier the condition Cg (h) # G, then Cy (h) is a Hall n-subd-
group of Cg(h) and Cg(h) has normal w-complement.

THEOREM 2. The following three conditions are equivalent 3
@)  The finite group G has normal wm-complement.

(By) There exist a Hall n-subgroup H of G.
(i) {(By) CH(h) s a Hall m-subgroup of Cg(h)and IKCG(,.) ,,( )1
= |C4(h) : Cylh) | for every h  H. : ‘

(C,) There exist a Hall n-subgroup H of G. i} =i

i) <) ) Any m-element of G is conjugate in G to an element of H.
CH 1 KCG(_{O. ~31)| = |Cs(h) |« for every h € H. (|Cq(h)|n ts the largest
integer dividing |Ci(h)| al of whose prime factors are in n’)

Proof. (i) implies (ii). Suppose that G has a normal w-complement. The
wndition (B,) follows by THEOREM 1 and (B,) is an immediate consequence
o REMARK 2,

(i) implies (iii). Assume (B,) and (B,). It is obious that (C,) and (C,)
follows from {B,) and (B,).

In order to prove (C,) we use industion on the number of p-factors of =-
dements of G. Let g be a n-element of G and g = g5 = hg,, where g, # 1

9 — Matematica 3/1986
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is the p-factor of g, for some p € n. If A = 1, then (B,) and Sylow’s theorem
shows that g is conjugate in G to an element of H. If # # 1, then by induction
h is conjugate in G to an an element of H. Replacing g by a conjugate, we may
suppose that » = H. It follows from (B,) that C,(h) containa Sylow p-subgroup
P of Cg(h). Since g, € Cg(h), it results that g, is conjugate in Cp(h) to an element
?é )P gl Cy(h) = H. Hence g = hg, is conjugate in G to an element of H. Thus
{C,) holds. .
(iii) implies (i). Suppose that (C,), (C,) and (C;) hold. We apply THEOREM 1.
It is clear that (A,) holds. It remains to prove (A,) and (A;).
u Let Ky=(h) (1=1,2,...,n) be the different m-conjugate classes of
. Then

H = () Ku (k) (disjoint). () 2)

Hence

Hi=3 K<) () @)

i=1

By (C,) any n-element of G are conjugate to an element of H, Hence, for
every g € G, there exist an #;, € H such that K . (8) = K¢, n (h,-).' It follows
that K¢ (7)) (4 = 1,2, ..., n) are the all n-conjugate classes of G, i.e.

G — L=)l Ko, (k) (W) (4;

The equility (1) implies from (Cg) that o
|Ke, n(hi) | = 1G: Ce(hi) | - 1Cq(hs) |- (5) CF

Since H is a Hall n-subgroup of G, it results that Cyx(h,) is a m-—subgroug
of Cg(h;). Hence

1Cs(hs) I < [Ca(hi) - Cyylhi) |
This inequality implies from (5) that -
[Ke, ()| < 1G: Cg(hy) ] - |Colhs) : Cylh) |- (C) (6:
It results that ) -
Ko, (h) | < IG:H| - | H:Cylh)| = IG:HI| - |Knnlhi)]
Hence by (3) we have

> 1Ko, ()| < 16+ HI (35 1Kna(h))) = 163 HI - 1H| = (6]

=1 =1

This implies from (4) that ; ‘ -

~1

G = L_J Ko, x(h,) (disjoint) 3) (
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It follows that K¢ (k) VH = Ku,» (h) for every i  H. Hence (A,
holds.

It remains to prove (A;).
We first note, that from (6) and (7) it follows that

|K¢, n(hi) | = |G: Cglhi) | - |Co(hi) : Cylhi) |
Hence from (5) we obtain that

ICe(i) lw = |Colhi) :Cplhi) | 8)
This shows that Cgx(k) is a Hall n-subgroup of C4{(h) for every 7 € H.

Let E be an elementary w-subgroup of G, i.e. E is the direct product of a
relement % and a p-subgrup P, for some p € n 1 E = <h> X P, It follows
from {C,) that % is conjugate in G to an element of H. Replacing E by a con-
jugate, we may assume that 4 € H. Since Cy(h) is a Hall n-subgroup of Cg(h),
it results that Cy(k) contain a Sylow p-subgroup P of Cg(h). Since P, is a p-sub-
goup of Cg(h), the Sylow’s theorem shows that P, is conjugate in Cy(h) to

a subgroup of P < H. This proves that E is conjugate in G to a subgroup
of H. Hence (A,;) holds.

COROLLARY. If the finite group G has a nilpotent Hall n-subgroup H. then the
following conditions are equivalent

(1) G possesses normal w-complement

(il) |Kcgm, = (1) |=1Ce(h) |w for everyh « H

Proof. The statements follows from THEOREM 2 and from a Theorem of
Wielandt ([6]. The 5.8, p. 285)

As an application of Corollary, we obtain.
THEOREM 3. Tge following conditions are lquivalent :
(i) G 1s a p-milpotent group

(ii) If P is a Sylow p-subgroup of G, then for every h € P the number of
V-clements of Cg(h) s |Cg(h) |p.

Remark 3. It is known (see [5], p. 137) the following conjecture: If #
{ivide the order of a finite group G and the number of solutions of x* =1 in
G is exactly », then these solutions form a mnormal subgroup of G.

It n = |G|y then it is obvions that K; . (1) is the set of solutions of
#=1. We hawe the following reformulation of THEOREM 2.

THEOREM 4. If n = |G|, then the following three conditions are equivalent :
(i) The solutions of x* =1 in G form a normal subgroup of G.

(B;) There exist a Hall = — subgroup H of G

(By) For every h & H, Cy(h) is a Hall = — subgroup of

Co(h) and if |m,| = |Cq(h)|w, then the number of solutions of A =1
(in Cg(h) is ny,.

(if)
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(C}) There exist a Hall = — subgroup H of G
(iii){ (Cs) Amy m — element of G is conjugate in G to an element of H
(Ci) For every h = H, the number of solutions of x™»=11n Cg(h) is:

REFERENCES

1. Brauer, R, On quotient groups of finite groups, Math. Zeitschr. 83, (1964), p. 72-84,
. Dade, E. C., On normal complement of sections of finite groups, J. Austral Math. Soc. 19 (S«
A), (1975) p. 257—262,

Suzuki, M., On the existence of a Hall normal subgroup, J. Math. Soc. Japaa, Vol. 15, .
(1963), p. 387—391.

. Beit, W., Characters of finite groups. W. A. Benjamin, Inc. New York, Amsterdam, 19
Hall, M., The theory of groups. The Macmillan Company New York, 1959.

. Huppert, B, Endliche Gruppen I. Springer-Verlag Berlin Heidelberg New-York, 1967,

ome W N



STUDIA UNIV. BABES—BOLYAI, MATHEMATICA, XXXI, 3, 1986

THE DEFINITION OF DISTANCE AND DIAMETER IN FUZZY SET
. THEORY

GIANGIACOMO @GERLA* and RAFFAELE VOLPD*

Received : December 14, 1984

REZUMAT. — Definirea distan{ef si diametrulul in teoria muljimilor fuzzy.
In tucrare se defineste distanfa futre doud mul{imi nuantate (fuzzy) si diametrul
unei multimi nuanfate. In cazul clasic aceste definitii se reduc la cele cunoscute.

1. Introduetion. In any metric space (S, d) it is possible to define the dis-
fance between two subsets X and Y of S by setting 3(X,Y) =0 if X =@ or
Y=¢ and

3(X,Y) =inf {d(x,y)/x € X, y €Y} otherwise. (1)

The distance between a point x and a set X is defined by setting &(x, X) =
=3({x}, X).

This allows, for instance, to characterize the non-empty closed sets as the
sets X for which x € X if and oaly if &(x, X) = 0.

Ancther foundamental concept is that of diameter A(X) of a set. One
defines it by setting A(X) =0 if X = and

A(X) = sup {d(x, y)/x € X, y = X} otherwise, (2)

In this paper our aim is to define analogue concepts for the fuzzy sets. So
we define the distance between two fuzzy sets and, hence, between a fuzzy point
and a fuzzy set.

We call closed a fuzzy set containing all the fuzzy points that have distance
from it equals to zero, and we show that the complements of closed sets deter-
mine a fuzzy topology, the fuzzy topology of lower semi-continuous functi-
ons.

Also, we define the diameter of a fuzzy set. This will allow tc characterize
the fuzzy points as the fuzzy sets with diameter equals to zero.

2. Prerequisites and definitions. Let X a set and R the set of real num-
bers. We say fuzzy subset of X or, more simply, fuzzy set [8] a function
f:X— [0, 1] where [0, 1] denotes the set {« € R0 < « S)?.

We denote by F(X) the class of the fuzzy subsets of X. If f, g € F(X)
then we set f < g iff f(x) < g(x) for any x € X. Moreover —f, the comple-
ment of f is the fuzzy subset of X defined by setting (—f)(x) = 1 — f(x) for
amy x € X. If (f,)ier i8 a family of fuzzy subsets of X then Vie:if; and
Mietf; are the tuzzy subsets of X defined by setting

(Viarfi)(x) = supiar{fi(£)} and

* Dep. Mat. and Appl. R. Caccioppoli via Messocannone 8, 80134 Napoli, Italy
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(Aierfi)(®) = infi {f;(x)} for any x € X.

We denote by f, and f, the fuzzy sets for which fy(x) = 0 and fy(x) = 1
for any & € X.

Moreover, if « & [0,1], we call a-cut of a fuzzy set f tht subset Cf =
~ {x = X[f(x) > «.

A fuzzy set f is called crisp if f(x) = {0, 1} for any x € X. The fuzzy
sets crisp can be interpreted as characteristic functions of subsets of X and,
hence, they can be identified with these subsets.

For any a € X and « € (0,1]={x € R/0 < x <1} the fuzzy set fi,
defined by setting fa(x) =0 if x # a and fi(x) = « if x = a, is called fuzzy
point ([7], (3], [4]).

We say that the fuzzy point fi belongs to the fuzzy set f, fi € f, if fo<f
that is if f(a) > «.

We can now define the concept of fuzzy topological space (see references).
To this aim we give the following definitions.

DEFINITION 1. A class = of fuzzy subsets of X constitutes a fuzzy topology
if the following conditions are verified :

a) f oSS~

b)if fgstthen f\NgeEn

c) Vierf: € t for any family (f,)ic1 of elements in <.

The pair (X, t) is named fuzzy topological space; the elements of t are
named open, the complements of these elements are named closed.
The following definition is dual of Definition 1.

DEFINITION 2. A class C C F(x) is a system of closcd fuzzy subsets of X
1f the following conditions are verified :

a) Jo fi = C

b)if g eC then f\/geC

€) Nierfi € C for any family (f)ic1 of elements of C.

Obviously, the class of complements of a system of closed fuzzy set is a
fuzzy topology and the class of complements of a fuzzy topology constitutes a
system of closed fuzzy sets.

3. Distance between two fuzzy sets. Let (S, d) be a metric space. We define |
a distance between two fuzzy subsets f, g of S in the following way:

1

atf.q) = [ 8(C7. e L?) @ |

0

Note that if B > « then C} = {x = S/f(x) > B} < Cf = {x = S/f(x) > o} |
ang, hence, 8(C}, C%) > 3(Cf, Cj). This proves that 3§(Cf, Cg) is an increasing |
function of « and, hence, that the distance between two fuzzy sets is giefmed for .
any f, g < F(S), even if it is finite or infinite. An example of a pair of fuzzy
sets with infinite distance is the following. : )

Let (S, d) be the set of real numbers with the usual distance, and consider

1 and f, where f is the fuzzy set for which f(x) = x/x + 1, then a(fs, f) is
Sfequal to oo.
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If in f and g there are two crisp points, that is if there exist x, v in S
for which f} and f} belong respectively to f and g, then, being any contribu-
tion 3(C7, Cg) < d(x,y), the integral in (3) assumes a finite valuc.

If f and g are the characteristic functions of two subsets X and Y of S

1
then Cf = X and C* =Y for every a > 0, hence d(f,g) = S 3(X,Y) da = 1

0
3X,Y) = 3(X,Y). Then (3) generalizes the classical definition of distance
hetween two subsets of a metric space.

Obviously the distance between a fuzzy point f2 and a fuzzy set g is

1

S&(x, C%)d3. Moreover the distance between two fuzzy points 8 and f7 is
Bry

aqual to | 3({8}, {¢}) dex and therefore
0
dfe, fO) = [y \ B - d(b, o). (4)
This proves that, for the fuzzy points crisp, the distance defined by (3)
coincides with the usual one between points.

Itisinteresting to examine the case that f and g assume values in a finite
subset {yo, ..., Ya} Of [0, 1]. Then, if 0 =y, <y; < ... <7y, =1 we have

E 3(C% CF) - (vi — vim1) 5 (5)
if,fori=1,...,%, yi—yici=1/n
a0 =13 3¢5 (€1 ©)

In general, we can also utilize Formulas (5) and (6) to compute a suitable
approximation of the distance between two fuzzy subsets.

We can give a definition of closure for juzzy sets:
DEFINITION 3. A fuzzy set f is metrically closed if either f = f, or, for

ewery fuzzy poimnt f3, f3 € f iff d(f:, f) = 0. We denote by C the class of the
metrically closed fuzzy sets.

PROPOSITION 1. The set C is a system of closed fuzzy subscts of X. Equiva-
lently, the set © of the relative complements defines a fuzzy topology.

Proof. It is obvious that f, and f, are elements of C. Let f € C and
¢€C, and let f7 a fuzzy point. If f; = f \/ git is obvious that d(f%, f V g) =
=(. Conversely, suppose that d(f%, fV g) =0, then 3(x, Cfy,) = 0 for every
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B < a. Suppose, by absurd that f7 ¢ f Vg, then f(x) < « and g(x) <u,is
f+ & f and f; ¢g. This implies that d(f%, f)> 0 and;d(fs, gy > 0 and therfu
that 3(x, Cf) > 0 and 3(x, C}) > 0 for a suitable y < . It follows th
3(x, C;U Cp) > 0 and, since Ch, = CFUCY, 8(x, Clva) > (%, CFUCY> 0
absurd. This prove that f; = f \/ g and therefore that f \/ g € C. °

Let (f)ier be a family of elements of C and set f = _/\I fi: we have to puo:

that f € C. If f;  f it is obvious that d(f%, f) =0. Assume that d(f, )=l
then 3(x C%) = Ofor every B < a.If, by absurd, « > f(x ) then o« > f(x,) ad
e
therefore f; & f;, for a suitable j € I. Thus ( (x, C‘3 dﬂ > 0 and there exi
0

¥y <« such that 3(x, Cz) > 0. Since (j < Cf, we have also that §(x())
> (x, ij) > 0, an absurd. Thus we have proved that « < f(x) and thereior
that f; = f. This complete the proof.

Now we show that the above defined fuzzy topology = coincides wit
the natural fuzzy topology defined in [2].

PROPOSITION 2. C 1is the class of the upper semicontinuous functions from'
to [0, 1]. It follows that < is the class of the lower semicontinuous functions.

Proof. Let f « C, then, to prove that fis upper semicontinuous, it suffi
to prove that {x € S/f(x) < «} is open for every « € [0, 1]. Equlvalently,w(
can prove that C} is closed. Let x € S and §(x, CJ) = 0, then 3(x, Cf)=i

for every B < « and therefore d(f3, f) = S 3(%, C}) d@ = 0. Thus f; sfai
(1]
x € Cf. This proves that Cj is closed.

Conversely, suppose f upper semicontinuous or, equivalently, that (f

closed for every « € [0, 1]. Moreover, suppose that d(f;, f) = S 8(x, CH 8=

]
= 0, then §(x, C}) = 0 for every B < a. This implies that x € C} and ther

fore that f(x) > B for every B < «. In conclusion f(x) > « and f; /. T
proves that f = C.

4. Diameter of a fuzzy set. Let f be a fuzzy subset of S, then wesw
A(f) = sup {d(x, y)|x and y are fuzzy points of f}. n

The number A(f) may be either finite or infinite, we call it the diamds
of the fuzzy set f.

If A(f) < oo then f is called bounded.
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Being 8(f%, f8) = d(x, %) - (x A\ B), it is obvious that
A(f) = sup {d(x, ) - [f(x) A f())[% y = S}. ®)

PROPOSITION 3. If f is crisp then the definition of diameter is the classical one.
Moreover if f < g then A(f) < A(g).

Proof. If f is the characteristic function of the set X then A(f) = sup
v y) - () N FONIf(x) #0 fly) # 0} = sup {d(x,y)/x < X, y < X}.

Suppese that f < g, then d(x,y) - [f(x) A f(9)] < d(x,y) - [g(x) A &0)]
nd A(f) < A(g).

PROPOSITION 4. The diameter of a fuzzy set f # f, 1s equal to zero iff f 1s a
Juezy point.

Proof. Tt is obvious that the diamecter of & fuzzy point is zero. Conver-
ely, suppose that f is a fuzzy set for which A(f) = 0. Then, by (8), d(x, y) -
A f(0)] =0 for every x,y € S. By hypothesis, there exists a & S for
whick f(a) # 0F and, ify # a, since dia,y) # G then f(a) A f(y) = 0. This
proves that f(y) = O for every y # a and therefore that f is a fuzzy point.

PROPOSITION S. For any f = F(S) and « = (0. 1]

A(C)) < A(f)]e . (9)
Then cvery a-cut of a bounded furzy set is bounded while the converse: falls,
Proof. If %,y « CF, i.e. f(x) 2 a, f(y) > «, then d(x,y) - [f(x)/\f(y)]-:%

>d(x,y) - «. This proves that A(f) > « - d(x, y) or, equivalently, d(x, y) <
<A(f)/e.

To prove that there exists a fuzzy set f such that A(f) = o0 and A(Cy) <
forany « € [0, 1], let S be the positive real numbers set and define f: S—
~[0,1] by setting f(x) = 1/(/x + 1). Now A(f) > d(C, x) - (f(0) A f(%) =
=x/(«fx + 1) for any x € S. Then A(f) = oo while it is obvious that every
at of f is bounded.

Proposition 5 shows that our definition of bounded fuzzy sct is different
fom Kaufmann’s deflnition [6].

. In metric space theory one proves that a subset is bounded if and only
ifit is contained in a suitable circle. In order to obtain a similar result for fuzzy
wbsets we give the following definition.

DEFINITION 4. We call f-civcle with center f] and radius v, the fuzzy set
(ff, r) such that, for amy fursy point f5, f8 = C(f,7) iff d(fi,f1) <7 and
b<y.

PROPOSITION 6. The f-circle C(f7, r) is the fuzzy set defined by

Y if d(z, ) < 7y
z) = 10
fe) {r/d(z, ¢) otherwise, (10)
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Moreover the diameter of C(f?, r) is not greater thawn 2r.
Proof. By definition f = V{f /i<y, x = S and d(f% fY ) <7}, then f(j=
= VA8 <yandd(fS,fY) <7} = V{B/B <y and B - d(x,c) <7} This v

ves (10)

To show that A(f) < 2r observe that, for every pair of fuzzy points i
with B <y and B’ < v, the following triangular inequality holds:

a(fs, f5) < d(fe, 1) + alfl fe). fu
In fact, by d(b, b) < d(b, ¢) + d(c, &), we have

(BA B) - d,b) <(BA B) - db o) + (BA B) - dle, ¥) < B-dlbo+
+ 8 e ) = @AY o)+ (BA @ -dle, ) = dfl, [+ dfLA)

But (BA B) - d(b, b)) = d(f}, f¥) and then (11) is proved.
From this it follows that A (f) < 2.

PROPOSITION 7. Let f be a bounded fuzzy set, y =sup {f(x)} and ce!

a point such that f(c) > 0. Then f is contained in the f-circle C(fI, A(f)f

1t follows that a fuzzy set f is bounded if and only if it is contamed wn o)
circle.

Proof. Let r = A(f)/f(c) and denote by g the f-circle C(f7, 7). If d(z¢<¢
< 7y then g2) =y = sup {f(x )} and therefore g(z) > f(z). If d(z, ¢) > r/y ther
g(z) = rf[d(z, ¢). Since f(c) - f(z ) < f(e) A\ f(z), we have also that d(c,2) - fli-

TH@) <'dle.2) - (Flo) A f(2) < A(f). This proves that  f(z) < r/dlz, o) =gl

Finally, observe that, if (S, d) is the euclidean plane, then the diameter«
an f-circle C(f7, 7) is just 2r. Indeed, let z and 2z’ two points collinear with:
suchthat d(z, ¢) = d(z’, ¢) = r/y. Then d(z, 2’) = 2¢/yand d(f3, f7) = v d(z4)=

= 2. Since f; and f}, are fuzzy points of the f-circle C(f7, 7), this prove
that the relative diameter is 2r.
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REZUMAT. — Funetli particulare n — o-aproape convexe. In lucrare se dau

unele rezultate referitoare la functii particulare din clasele de functii AC,(3),
1 1

AC, (;) , Ca (E) introduse de H, S. Al-Amiri in [1].

1. Introduction. Let A be the class of functions f(z), analytic in the unit
disc U with f(0) = f'(0) — 1 = 0. Like in [2] we denote by K, .(3) the class
of functions f = A which satisfy

D7f(z) DPHIf() '

" 7 G (0
where « > 0, 8 <1 and D"f(z) = P * f(z) = — where (%)
— Z e

stands for the Hadamard product. Note that the classes K, ,(3)and Z,(3) =
= K, o(3) are studied in {2] and the classes K,,,a(%] and Z, (l) were intro-
2

duced by H.S. Al — Amir [1] and S. Ruscheweyh [6] respectively.
Like in [3] we denote by AC,(8) (the class of n-closeto-convex functions
of order 3) the class of functions f € A which satisfy

ntle,
Re 21T

Dn+1

> 8, z € U, where g = 7,,,(3)
&(2)

and we denote by C, «(3) (the class of n—a-close-toconvex functions of order
}) the class of functions f € A which satisfy

Dn+l 2 n+2
Rel(l — ) lf() + o« 2 ;"(Z)] > 3, z € U where
D*H1f(z) D" tig(z)

¢ € Zys2(8). The classes AC, ‘%) and C, (%) were introduced by H. S.
Al— Amiri [l] and some properties of AC,(8) and C, .(3) given in [3]
by using sharp subordination results (see [4], [5]).

In this paper we will present some results concerning particular functions
of this classes.

2. Preliminaries. Let f and g be regular in U. We say that fis subordinate
to g, written f(z) < g(2), if g is univalent, f(0) = g(0) and f(U) < g(U).

* Industrial Lycée, 2900 Arad, Romania
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"Ne will need the following lemmas to prove our main results and we denk

by by(z) =3~ Y14, Rey > —1.

=1 + 7
ZLEMMA 4. [3, Theoiem 2]. Let v > —1 and

n— oy 2 — +
3o = max {” Y, u} <3< L

If feZ,(8) then f x b, € Z,(8(n, v, 8)), where

S(n, v, 3) =— < ] —Y-l-n)
F

n+ 1 {’ . l_
[;, 2n + (1 — 8),y 42, 2)

and this vesull is_sharp. .

LEMMA B. [4). Let h,q € H{U) be univalent tn U and suppose:
e HU). If&: C3— C satisfies :

a) ¢ is analytic in a domain D C C3

b) (4(0), 0,0) € D and 4 (9(8), 0,0) = A(U)
U)W s f) €D when (r,5,8) €D, v =q(4), s =mlqg'(%),

Re (1 4+ #/s) =2 m Re (1 + L9 (0)/q'(X)), where |G| =1, m > 1, then ford
p € H(U) so that (p(z), zp'(z), 22p"'(2)) € D, 2z = U we have:

(p(2), 2p'(2), 2#p"(2)) < h(z) D p(2) < q(2).
3. Main results,

LEMMA 1. Let vy > —1 und 8, = max {"'—Yl 2"—7} <3 <2':—7+:
n+1 2m+1) 2n +1)

- 1 + 1
th 1) 8 € ., = Y — .
en (1) ¢ S(n, v, 8) ”+1(F(1 s 1) Y+n>
, 2(n — oLy Hiud
2

\

Proof. The above inequality is equivalent to

F[l,2(n+l)(1—8),Y+2;%}f(’(n+l)8+y—n) <y+1

Because F (1, 2+ 1M1 —3), v +2;%] =1+ f:a—’; whera
. Pyt

b1 o+ k=1

e T o

show that if 8§, <8 <E’£L+lthen a,,s{

(n + 1)
holds.

and v =2(n 4+ 1)(1 — 3), ¢ =y + 2 we can e

b 'J" for all k<N, hencel

b
Ay = —
c




PARTICULAR N —  «-CLOSE-TO-CONVEX FUNCTIONS 29

THEOREM 1. Let v > —1 and

n—v+1 21z—y+2}<8<211~«(—[--3'
’ I
n 4 2 2(n + 2) 2(n 4 2)

maXx {

If f & AC,(3) related to g & Zp1(8) then f x by & AC,(3) related to g x by =
& Zy11(3).

Proof. Because g € Z,44(8), by using Lemma A we have G =g *x b, €
€Z,n(3(n + 1, v, 8)) and from (1) we deduce that G = Z,,(3). Let F(z) =
= f(z) * by(z) and D**+'F(2)/D*+1G(z)=p(z), p(0) = 1. From the well-known for-
mulas [6]

ADH ()" = (k + 1) DH1f(z) — kDM () 3)
ADF() = (y + 1)DM(z) — YDM(z), Rey > —1, k < N

we obtain
D" () 1 D'"IG()

= p(2) + alz) zp’(2), where a(z) =-

D" lg(s) RS {0

Using again (3) and because G € Z,;; (3) we obtain
D"+2G(z)
D*T1G()

1

Re a(z) =1—1——[(n—|—2) Re +Y—n——1J>

+y F(I,Z(n +2)(1 = 8),y - 2;%}

hence Re «(z) > 0, z € U. Because f « AC,(3) related to g = Z,+1(3), then

B) + o) () < Inle) = T

Without loss of generality we can assume that p and 4 satisfy the conditions
of the theorem on the closed disc U; if not we can replace p(z) by p,(2) =
= p(rz) and hy(2) by hs, ,(2) = hs(rz), 0 < » < 1, and these new functions satisfy
the conditions of the theorem on U. We would then prove ps(2)s , < 45(2)
for all 0 <7 < 1 and by letting r— 1~ we have p(2) < 7,(2).

Let (7, s) = r 4+ a(z)s which is analytic in C? and {(%5(0), 0) = 45(0) =
€ hy(U). A simple calculus shows that

Re Yo = hall) _ my Re afz) > 0, z € U, where
Co25 (L)
bo = h(To) + af2) moLohs(Co), me = 1, 50| = 1.

Using the fact that {ohs(,) is an outward normal to the boundary of the
convex domain /,(U) we conclude that ¢, ¢ %y(U) and using Lemma B we
have p(z) < hg(2) i.e.

F  AC,(d)related to G = Z,,1(8).
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Taking # = 0 in Theorem 1 we obtain:

-y 2-— 3
COROLLARY 1. Let v+ > —1, max{ ). Y, Y} <8 < _4_Y and f, ge!

4
Then

Re 8 >84€UwhereRe(1+4g )>28—-1zEUzmphes
g(z) A’(Z)

R >82€UwhereRe 28 —1, 2€ U and
b4

G()

F=fxb, G=g * by.
Remark. Taking 8 = ; in this corollary we obtain that if y € [n, n4l
and f € AC, ‘;) relatedto g € 7,1, (;) then f *x by = AC,,(—z-) related to ¢:

< Z,,.H(%). This last result holds for all y = C with Rey > %, nel
Theorem 2],
COROLLARY 2. If —1 <y <0 then f=Z, ("—T——’I‘) implies that f xb:
n -

= Z,,(§ (n, Y, n J—r lr)} , where
n

- 1 I'(y + 3/2) - b It B
B(n Y, -l-l) G DETO +nHandtzs result is sharp.

2n — vy

Proof. If —1 <y < 0 then max {" — T,
n+1 2mn-+1

we obtain our result.

=2"Y and using Lem
) n -1

A for §=""1
w4+ 1
Taking y =0 in Lemma A we obtain:

<8< and f = Z,(3); then f % by, € Z,(}n

COROLLARY 3. Let
n

3)), where

1 [ — 2+ 1)(1—3) 2n+l
n -] [ 2 _ n+1)(1-9) ] Jor 3 # n 1)

3(n, 0, 8) = 1 -
# -k [21n2+n] f078—

2(n + 1)

and this result is sharp.

Taking #» = 0 in the above corollary we obtain :

COROLLARY 4. LetO < 8 <1and f = A withReZ > 5, z « U. |
) f2)

I(s)

Re >3, z € U where
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28 —1

1
2—22“’8)’f07 3 #E

1
22’
amd F=f x by and this result is sharp.
COROLLARY 3. If v >0 then f = Z, (;7"—1—‘1‘)) implies that f x b, €
n -
e/ (2}1 —v+1
2(n + 1)

i th frox, v v d usi mma A
Proof. If ¥ > 0 then max {n prAdTrarrey Gbymary and using Le
2n — y

for ="' we obtain the above result.
2(n + 1)

1
f(}?’ 8—;

and this rvesult is sharp.
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ABSTRACT. — Calculation of the Influence of the Walls upon a Compressible
Rotating Flow. The problem of the influence of the walls on a fluid flow,
produced by a rotational displacement of a thin profile in the fluid mass, is
envisaged. Using the Bessel functions and the equations obtained in [2] the
authors provide a special technique which allows the computing of the above
mentioned influence in the case of a circular wall (of a ,,channel” type} or of
a straight unlimited wall. The flow is considered plane, potential and compres-
sible, the fluid being inviscid.

On sait que le mouvement irrotationnel d’un fluide idéal di au déplacems
dans la masse tluide d’un corps solide rigide S, de dimensions finies, rappor:
au repére inertial fixe Ox, y,z,, est régissé par 1’équation fondamentale [2]

1 1 dw
Ap — Ly .gradw—L 22 =0
P c’v grad w 5 5

olt I'on a posé
3¢ 1
W=-—2Z+4 -1
.13 + 2

Ici on a designé par ¢ le potentiel des vitesses, par v = [v| le module:

la vitesse absolute v, par 8/3¢ la dérivée partielle par rapport i ¢ dans le s
téme de coordonnées x,, ¥,, 2, {, et par ¢ la vitesse de propagation du so.

On a supposé aussi que le fluide, au repos a 'infini est assujetti 3 unel
de compressibilité barotropique p = p(p) — réliant la densité p A la pressic
p — et que les forces massiques soient négligeables.

Si on écrit I'équation fondamentale dans les variables x,y, z, ¢ liées:
corps S en mouvement alors en désignant par v,(v{), v{), o)) la vitesse ré
tive au répere Oxyz, par 7.(vl9, v, v{9) la vitesse d’entrainement avec le st
S, par o (0,, w, w,) la vitesse de rotation, on obtient avec la convention:
sommation par rapport aux indices muets [2]

i 1 e 1 de
i —— v} — — 4 — g ¥ — =
( K ¢ v J dxidxj + r IR ’ax,
5 ()
L e 2y B 1 00 B
o et dxiot c? ot ox;

* For correspondence: University of Cluj-Napoca, Faculty of Mathematics and Physics, 3400 Cluj-Noy
Romania
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ot 3; sont les composantes- du tenseur de Kronecker, ¢;; celles du tenseur de
Ricéi et 3/3t est lopérateur de dérivation partlelle par rapport a ¢t dans le
sptéme de coordonnées x, v, z, &. S

Si I’écoulement rélatif au répére Oxyz est stationnaire et si, de plus, le
slide S est animé d’une rototranslation uniforme alors, dans le cas particulier
@t mouvement ' plan-paralléle, 1'¢ quat1on prend la forme simplifiée [2]

_L(a_q’-|-wy)'] i)=q> J,—[l —_1'-(% —(o;\f)g P

o | ox ot »y o9

_ 2 (% (92 __ P | et O¢ Pi_9
o (ax +°°y) \ o wx) orey o (x o TV

ot ® =, est la vitesse angulaire de rotation autour de l'axe Oz = 0z du
slide S qui est maintenant un cylindre 4 génératrices paralléles a cet axe,
les points O et O, coincidant.

A cette équation on doit ajouter Ia condition aux limites
do | o d s e |
Bl o Lyl
on ¢ 2 ds le

o C est la iromtiere de la pla \que D d’intersection du solide S avee 12 plan
Oxy du mouvement, e vectéur # représente le vecteur unitaire de la normale
i C, orientée positivement vers V’exterieur (donc vers le fluide en mouveinent)
et s désigne 'abscisse curviligne croissante dans le sens direct de parcours de C.

D’autre part si on introduit la fonction de courant ¢ du mouvement rela-
tif, celle-ci c>~ relide au potentiel des vitesses absolues ¢, par le systeme

" ad
ox e oy
&' Po CY
<y p Ox

ot # s’éxprime d’une fagon non linéaire au moyen des dérivées premiéres de
la fonction o.
Si on élimine la fonction ¢ de cc systéme on aboutit & l'equation aux

dérivées partielles que vérifie la foncticn de courant ¢ du mouvement relatif
u_ﬁﬁw_ywj1+1_i_@=
\ ¢? | dxt c? Jdxdy ¢t | ay?
9 2
» wy + vy wt [ 3
p U R AR

oh u, = o) et v, =0
équation 2 laquelle on ajoute la condition aux limites

"Mc =0

3 — Matematica 3/1986
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Si le mouvement fluide plan est produit par la rotation autour du pic
O d'un profil mince P et peu courbé et si 'incidence par rapport a la vite
d’entrainement de rotation est assez petite, I’équation fondamentale en ¢ p
étre linearisée Précisément dans un systéme de coordonnées polaires — aw
le pole en O et I'axe polaire Ox — l'intrados et l’extrados du profil P sic
définis respectivement par » = 7,(0), 7, = 7,(0), 0" < 0 < 6" de sorte quel:
ait 7,(0) > 7,(6), 7,(0) = R, »,(6) ® R, ot R est une constante positive |
rotation de ce profil mince produit un mouvement fluide absolu de pertu
tion, comportant des vitesses assez petites, donc on peut négliger les car

et les produits de ? et -‘3—" ce qui conduit finalement a 1’équation simpli-
x oy
(1 _ o>2y2) 62-9 20%xy 0% + (1 . m’x’) 0% +
c3 ox? ¢t dxdy c? oy?
w? [ Co de |
+ ch ( ox Ty ay ’

Si on transcrit cette équation en coordonnées polaires elle devient

2, 202 -2
Fe .Ll_rmjii,!_}_fﬂ:_—_:o
ot 7t e 00 v cr

Alors en cherchant ses solutions, sous la forme ¢ = ®(r) {(6) on abou:
aux équations differentielles ordinaires suivantes

() +- :_ () + Kz{':—, — YL) @) =0

et
$7(8) + K*(6) =0
En posant
y = k" (k # 0)

on trouve

Qk = CUk(X) 4+ C’Z;Yh(X) et
By = cos (R0 + )

ol J(X) et Y,(X) sont les functions de Bessel de premiére et seconde esp&

d’indice réel %, ¢}, cZ et k'’ étant des constantes.

On trouve ainsi des solutions ¢, = ®.J;, de ’équation considérée faigy
intervenir les fontions de Bessel. Pour avoir la solution du probléme mécaniy
envisagé il faut essayer d’extraire de ces solutions ¢, celle qui satisfait la
dition simplifiée de glissement sur P'aile mince c’est-a-dire a

9% (R 0) = —wrl(B), j = 1,2
or 4

qui vont sur les deux cdtés de l'arc circulaire de rayon R représen
squelette du profil pour lequel 6’ < 6 < 6",
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Pour résourdre effectivement ce probléme on observe d’abord que pour

. . 1 2 e pe e .
valeurs arbitraires des constantes ¢, et ¢ le comportement a I'infini — qui
exprime le repos du fluide aux grandes distances — est assuré grice aux sui-
vantes Teprésentations pour les fonctions de Bessel

JuX) = (—2—)1/2 cos (X LA —H pour X —o0

X 2

YuX) x (—2—)1/2 sin (X — %) pour X —-c0

X

En ce qui concerne la condition de glissement sur I'extrados et lintrados
du profil P en cherchant la solution du probléme sous la forme

i (i Jr(X) + Y ,(X)] cos kB

¢ en considérant le développement Fourier en sinus de 7,(0) c’est-a-dire

A(O) =3 — ka cos k8, j=1,2

k=1

N N . . . 2 .
b systéme algébrique suivant dans les inconnues c; et c; (pour % naturel arbi-
tnire) assurerait la solution compléte du probléme

= coak y

F ot A
1

x 0%  y= RU

Ici on a désigné par RM et R® la distance minimale, respectivement maxi-
mle, entre les points de l'intrados et de l'extrados du profil P et le point
fixe O.

Supposons maintenant que !’écoulement fluide produit par la rotation du
pofil P ait lieu dans un tuyau circulaire fixe dont la séction, dans le plan
fécoulement est donnée par la circonférence x 4 y7 = R?. Dans les points
ke cette circonférence nous aurons la condition de glissement suivante qui rem-
jlace, dans ce cas, la condition de comportement a l'infini

- =

2 (Ry, 0) =

Ua

r=R, (7’

En cherchant de nouveau la solution du probléme sous la forme
= 3> [B/(X) + d¥a(X)] cos £
k=1

hcondition d’au-dessus s’exprime par unc rélation de dépendence, pour
wlque & naturel, entre ¢; et ¢; Si on accepte que R, est suffisament grand
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pour que le-developpements assymptotiques des Ji(X) et Y,(X) aient liey, ot
rélation. revient &

c 2 4]~ 2, |12 1 (2\1U2] ¢, V32
) c}' ( 0 ’ i ci . ( [
rhkoR, 2 \= ko Ry

o 2¢o U2 o 122 ¢y 1302
cy —cpr —|— —_—
tg (kal kn ‘n:) ~ nkoR, 2 \n koR,

En fin en assimilant I'extrados et I'intrados du profil P .avec le bord sy
rieur, respectivement ‘inférieur, de l'arc“(o)+2(°), la condition de glissem

sur ce profil revient 4

WX Ya(X
[C}c 3./f( ) + czka f( )j = ¢y
ox ox y=R

ot a, sont les coefficients du développement Fourier en sinus de la fonct

10+ 720 wegt oy dire
2

donnée
11(0) 4 r3(0) _

5 — i — kay,, cos kO

=1

La derniére condition, tout ensemble avee celle d’cu-dessus, déterminen
univoquement- les coefficients a et ¢, de la solution du probléme,

Considerons maintenent le cas quand 1’écoulement fluide produit pa
rotation du profil P ait licu en présence d'une paroi rectiligne illim
(supposée parallele a l'axe fixe Ox,) d’équation y, = —y,. En remarquant
I’équation de la pdroi peut s’écrire encore, par rapport au repére mobile s
sous la forme

xsin « 4- ycos « 4+ 9y, =0 ou bien

VN
p=——20 (4= %0%x), la condition de glissement sur lul de
sin (8 + «). -
- - P FI e !
O =1, 7' = ~9 ! = :.‘? Sill o -y- i—? Cos w| =
ir oy I ox oy r

= (cos goe sin® a—q’} sin o —I—(sin 0% -+ cos Od—q’) cos «
or v 00 ' or. ot

c’est-a-dire

99 gin (6 + ) + L cos (6 + a) ~0
a,r P Yo

'=_sin(0+q5
Cherchant de nouveau la solution du probléme sous la forme

¢ = i [ Js(X) + AY4(X)] cos kO

k=1

TR
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cette cdltlon conondult a son tour & une rélation de dépendance entre les
wnstantes c; et ¢, plus précisément il faut satisfaire

©[a 2 4 a——Yf(X)] ,  coshf =
k=1%o 0X ex L _siT(d.:.—u)
o« . '
E m(e + [Ck]k( %) + Yy (%) ],=_ . _)sm k0

Mais, en utlhsant les formules de récurrence pour les dérivées des fonc-
tions de Bessel on obtient

iz% faJem1(%) — Josr(%)] + G [Vao1(x) — Yisr(%)]} - cos kO =
k=126

i O F ) 1 Ju(x) + EY4(x)] sin 26

Yo

Ou bien

2 [c} Jo(x) cos 6 + c;“’s‘i_“) J (%) sin e] +-
Co |

+2 [cgyo(x) cos 0 + 32O 9y ) gin e] 4+
Co

Yo

+3 {]k(x)[(cl:+1 — ) & cos kO 4 8 0F D iy ke] +
Ee=2 2¢, Yo
+Y,,(x)[(c,z+l — G2 coskf 4 EROF D i pe] ‘
2¢, Yo

~ o e

Choisisant alors ¢} = ¢ = 0 et approximant Y,(x) par Ji(x)tg (x —kzi —
—I) — forme inspirée par le comportement assymptotique des J(x) et

(¥) — on aboutit a I'accomplissement tout au long de la paroi # =—'—(—:i—5 ,
sin o
de la rélation

(1 — chot) 2= cos kO + Panl Uil N I X

Co Yo

(_E_L_’Z‘_Z[
Hgl cosin(0+a) 2 4

pour 2 =2,3, ...)

Mais parce qu’au voisinage de 0 = —72-—" la condition de glissement sur la

(c,,+1 — 1) = cos k0O + ch'(()—-Hl)sin kO] =
2¢, Yo

|proi est pratiquement satisfaite (conséquence du caractere rotatoire de I'écou-
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lement) et pour 0 ¢ V( — g) étant justifides les approximations cos (0 +u:

~ cos « et sin (0 + «) ~ sin « on est conduit, dans ce cas, i la rélations
vante entre coefficients

k kr W :
(Czl¢+1 - Clla—l) + tg(—m—y" —T— %)(C;H - ci_]) =0
i

Kvidemment A cette derniére condition pour les coefficients ¢, on &
ajouter la rélation écrite au —dessus (entre les mémes coefficients et qui expin
le glissement du fluide sur le contour du profil), ce qui détermine complétem:
le probléme.

BIBLIOGRAPHIE

1. Titus Petrila, Modele matematice in hidromecanica pland. Cercetdri asupra influenei po
tilor melimitati, Editura Academiei R.S.R., 1981,

2. Caius Iacob, Sur les mouvements rotatoires des fluides compressibles T (II), Mécanique ap;
quée, t. 26 (27), nr. 3 (4), 1981 (2) pp. 357369 (437 —452).

3. N. N. Lebedev, Functii speciale si aplicatiile lor, Editura Tehnici, 1957,



STUDJIA UNIV. BABES—BOLYAI, MATHEMATICA, XXXI, 3, 1986

ABELIAN GROUPS WITH PSEUDOCOMPLEMENTED LATTICE OF
SUBGROUPS
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ABSTRACT, — In this paper we prove that for the lattice of the sub-
groups of an abelian group pseudocomplementation and distributivity
are equivalent. We also characterize abelian groups which have a
Stone lattice or a Heyting algebra of subgroups.

Let L be a lattice with zero and 0 #a « L. If C, = {x « Llfa A\ x =0},
the greatest element of C, (if it exists) is called the pseudocomplement of a in
L (\Iote that the ”pseudocomplement is differently used for an unspecified
maximal element of C,). If every element in L has a pseudocomplement, L is
called a pseudocomplemented lattice.

We first recall the following known facts:

() Every distributive compactly generated lattice is pseudocomplemented.
(B) If A is an abelian group, the lattice L(A4) of all the subgroups of 4 is com-
pactly generated.

1. 1EMMA. Let P be an inductive poset. The following conditions are equi-
wient : (1) P has a unique maximal element ; (ii) P has a greatest element.

Indeed, if m is the unique maximal clement of P and a< P then P,={x <€ Pla<x}
is inductive and has (by Zorn's lemma) maximal elements which are also maximal
m P. So a < m. The converse is obvious.

2. COROLLARY. Let L be an upper continuous lattice. The following conditions
are cquivalent : (1) C, has a unique maximal element; (ii) C, has a greatest ele-
ment,

Indeed, in an upper continuous lattice, C, is inductive.

The key result for our paper, from [5] is the following:

(() Let B # 0 be a subgroup of an abelian group A. There is a unique B-high
subgroup if and only if A4/B is a torsion group and for each prime p exther B[p] =
=A[p] or B[p] = 0 holds.

3. COROLLARY. Let B # O be a subgroup of an abelian group A. The follo-
wing conditions are equwalemf (i) B has a pseudocomplement in L(A ); (i1) there
is only one B-high subgroup in A ; (iii) A[B is a torsion group and for every prime
p either B{p] = A[p] or B[p] =0 holds.

4. PROPOSITION. For an abelian group A the following conditions are equi-
wlent : (a) every nomtrivial quotient group of A is a torsion group ; (b) A is either
alorsion group or a torsion-free group of rank 1.

* University of Cluj-Napoca, Facully of Mathematics and Physics, 3400 Cluj-Napoca, Romaniu
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Proof. Clearly no mixed group has the property (a): if O # T(A) #Ath
A|T(A4) is torsion-free. Obviously every torsion group has the property f
Now, if .1 is torsion-[ree of Tank 7,(4) > 2 and 0 # a € A then ry /(a)T)
W A W A /M’ A s trersion-diee of tank 1, 4k
the property (a), as every rational group has it.
5. rrorosirioN. For a torsion group A the following conditions are o
valent : (c) for cach subgroup B of A and cach p prime cither B[p] = 4]
or B(p] =0 holds; (d) A s a direct sum of cocyclic groups correspondi "
different primes. :
Proof. We can obvicusly reduce our problem to p-groups. But B[p] =0}
if and only if B = 0 so that only the case B[p] = A[p] needs care. If iy
a p-group such that Blp] = A[p] holds for each subgroup B # 0 of 4 tig
A[p) = S(A) (the sccle) is contained in every nonzero subgroup B of 4.§§
this case, having a smallest nenzero subgroup, . is cocyclic. The conver,.
obvious.

6. CORROLARY. If A is an abclian group, the lattice L(A) is pseudoy
plemented if and only 1f A is either a divect sum of cocyclic groups correspo, .
to different primes ov a torsion-frce group of rank 1.
Proof. Using 3,4 and 5 we only need to observe that (c) is trivially trué:ﬁ
torsion-iree groups. ’

7. THEOREM. For an abclian group A the following conditions are cqmvdle#
(i) L(A) is a distributive lattice ; (11) L(A4) is a pseudocomplemented latlice; (i)'t
is a locally cyclic group; (iv) 7'0(/1) 4 max7,(4) < 1; (v) A 1is either a.h’rﬁ

Ak
sum of cocycl{c, groups corresponding to differcut primes or a torsion-free grow
of rank 1

Proof. One can use [3, p86,ex.5] and 2, p 301 T.78. 2]. The rest is done bf
the previous corollary,

A pseudocomplemented distributive lattice is called a Stone lattlcqﬂ
a® \/ a** = 1, where a* denotes the pseudocomplement of a in L. If Biss
subgroup of 4 such that A/B is a torsion group, let = be the sct of all th
primes such that B[p] =0 holds and B[p| = A[p] holds for p ér Using
proposition 2 and 3 from [5] we have B* = @ (T( ))p and B¥* = (T(A)),

pemn pE
so that B* 4+ B** = T'(4). Hence only the torsion groups from 7 have Stone
lattices of subgroups :

8. PROPOSITION. For an abclian group A the following conditions arc equ‘r
valent : (i) L(A) is a Stonc lattice; (i) A is a divect sum of cocyclic groups
responding to different primcs.

A lattice with zero is .called a Heytmg algebra {or a relative pseudocom
plemented lattice) if for every @, b L the subset {x € Lja A x < b} hass
greatest element denoted a x &.

We finally mention .the following characterization [1]: (D) A bounded
lattice L is a: Heyting algebra if and onmly if L is distributive and for e@;h
b = L the sublattice 1/b = {x € L/b < x} is pseudccomplemented.

The pseudccomplementation and the distributivity of the lattice of afl the
subgroups of an abelian group being equivalent it immediately follows tha
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L(4) is a Heyting algebra if and only if L(A4) is distributive (any sublattice
of a distributive lattice is distributive too). - .

Remark. The characterization of the class of all abelian groups which have the
lattice L(A) a Boole algebra is an easy consequence of 8 (cf. 2, p. 302, Cor.
B.5).
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ADBSTRACT. — For the relativistic stepenars, the critical radii and the maxi-
mum masses are computed. When the index of the stepenar varies in the range
0 < o < 10, the critical radius and the maximum mass vary, respectively, in
the intervals 1.125 < Roin/Re < 4.638; 0.955 < M“m/Mo < 8.046, depending
on the values assumed for the non-dimensional central pressure. The obtained
results are given in tables and plotted on graphs.

1. Introduetion. In the newtonian theory of stellar structure, the class of
stellar models with the distribution of the density as a power law, having the form

o= p(l — 7R, x>0, D) (1)

where the notations are the usual ones, was introduced by Huseynov and
Kasumov (1972). They named these models stepenars or pseudo-
polytropes.

The relativistic stellar models with the distribution of the mass-energy
density having the form (1) were firstly studied in our papers (Ureche, 1983 a,
1983 b). These models have been named relativistic stepemnars.

2. Main Properties of Relativistie Stepenars. If we introduce the non-dimen-
sional variables (see Ureche, 1980 a), the distribution of the density (1) takes

the form
¢=(1—nm)2 «>0, (2) 2)

where v, is the non-dimensional radius of the star. With the change of variable
1 = %,y and using the non-dimensional form of the equations of relativistic
stellar equilibrium from the last cited paper, we obtain the main properties
of the relativistic stepenars, namely:

— The non-dimensional mass distribution is given by
3
Ns

mly) = 0. () 3)

(& 4+ I{a + 2)(x + 3)

where
JO) =2 = (1 =y (= + (e + 292 + 2(a F 1y + 21,L4)  4)
the total mass of the relativistic stellar configuration having the expression

2113
= = u 5
e = m(l) (a + I)(x + 2)(x + 3) (§) ®)

* University of Cluj-Napoca, Faculty of Mathematics and Physics, 3400 Cluj-Napoca, Romania
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— The degree of the concentration of the matter (-energy) towards the
entre of the relativistic stellar configuration is given by the ratio between the
entral density p, and the mean density p, that is

pofp = (¢ + 1)(a + 2)(x 4 3)/6 (6)
— The scale factors from the change of variables are given by

a=R \/ ! 2, (7)

(¢ + (e + 2(a+3) R
M* = 2M \/ : e (8)

(¢ + Dix+ 2)(x +3) Re
where

R, =2GM|c 9)

is the gravitational (Schwarzschild) radius (zf the relativistic configuration.

— The radius and the mass of the configuration have respectively the
expressions

R— (« -4 Do + 2)(2 + 3) R:, (10)

a3
47;s

M= c . _T'ﬁ_ . 11
=262 (0 4 1) (e + 2)(a - 3) 9.:“ (11)

3. Critical Radii of Relativistic Stepenars. For the distribution of the mass
of stellar model, the exact solution (3) was obtained, while the distribution of
the pressure results from the numerical solution of the differential problem

a _ —q [P+ (1 —3)2] () + (« + D + 2)(a + 3)3°p] (12)
ay ’ (o + e -+ 2)(a + 3)2 — 203¥f(¥)

P(1) =0, 78 < (a+ (x+ 2)(« + 3)/4,

where the function f(y) is given by the expression (4).

In a previous paper (Ureche, Oproiu, Imbroamne, 1985) a numerical
analysis of the differential equation (12) was performed. So, for different values
of the parameters « (the index of the stepenar) and v, the tables of the func-
tion p(y) were obtained. Here we shall concentrate our attention on those models
in which the non-dimensional central pressure takes the values p, = 1/3, p, = 1
ind p, = co. In Table 1, for the different values of the index of the stepenar
s, the values of the parameter vj, corresponding to p, = 1/3, p, = 1 and p, = o0,
are given.

The values of 7; given in Table 1 are the maximum values of this para-
meter, for p, = 1/3 (classical constraint of GRT), p, = 1 (causal law) and
, = o0 (absolute limit, which does not depend on the equation of state). Let
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Table 1
LH
o
pe=1/3 pe=1 " pe=o
0 5/6 9/8 43
1 3.2491 4.0289 4.495
2 7.186 8.654 9.46
3 12.57 14.91 16.25
4 19.48 22.89 24.86
5 27.88 32.56 35.27
6 37.75 43.92 47.48
7 49.12 56.97 G1.49
8 61.96 71.70 77.31
9 76.29 88.13 95.76
10 92.10 106.25 114.36

7% be one of the values given in Tabk!
From (10) for the corresponding mi
mum radius of the configuration %
obtain
Rmiu — (a + 1)(@ _tzz)(“ + 3) R‘. (13
49

s

So, using the values in Table |
with the expression (13) we have con
puted the minimum radii of zelativist:
stepenars, that is the criticpl radis
which the gravitational collapse is ir
evitable. The obtained results, express
in terms of the gravitational radiusc
the configuration, are listed in Tabl!

For the three values of p, th
quantity Rui./R, is plotted in Figurel

as function of «. From Table 2 and Figure 1 one can observe that the citin
radii increase with the index of stepenar «. The equation (6) points out
fact that the degree of the concentration of matter towards the centre of cr
figuration also increase with a. Therefore the critical radii increase with th
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Table 2 Table 3
Critical radii of the relativistic stepenars Maximum masses of the relativistie stepenars
Roinl e MM o
o o
pe=1/3 pe=1 pe=00 Pe=1/3 pe=1 Pe=0
0 1.800 1.333 1.125 0 3.976 6.236 8.046
1 1.847 1.489 1.335 1 3.826 5.283 6.226
2 2.087 1.733 1.586 2 3.184 4.207 4.809
3 2.387 2.012 1.846 3 2.604 3.364 3.828
4 2.695 2.294 2.112 4 2.170 2.764 3.128
5 3.013 2.580 2.382 5 1.836 2.317 2.612
6 3.338 2.869 2.654 6 1.574 1.976 2.221
7 3.664 3.160 2.927 7 1.369 1.710 1.917
8 3.995 3.452 3.201 8 1.2083 1.497 1.676
9 4.326 3.744 3.446 9 1.067 1.325 1.501
10 4.658 4.038 3.751 10 0.955 1.183 1.321

increasing of the degree of the concentration of matter (-energy) towards the
centre of the relativistic star. An interesting problem would be the study of the
asymptotical behaviour of the quantity Rumw/R, for a—-co.

4. Maximum Masses of Relativistic Stepenars. From the equations (6) and
(11) for the maximum mass of a rclativistic stepenar we obtained the expression:

1/2 s K
Mmax = - 67 ¢ . "E" (14)

nl/iG3/2(m L2 g 2 )32 BU2

With this cxpression, using the values of the paramszter +« from Table 1, we
have computed the maximum masses of the relativistic stepenars. For this
puipose we took P = ppe =2 - 107 kg/m® (Brecher, Caporaso, 1977).
The computations were performed for the same three values: p, = 1/3, p, =
and p, = 0. So, we obtained the maximum masscs of relativistic stepenars.
These oncs are the limiting masses for the considered models. Over these mas-
ses the gravitational ceollapse is inevitable. The obiained results, expressed in
solar messes, are given in Table 3.

The 1atio Mumas/Mo is plotted in Figure 2, as function of «, for the con-
sidered valucs of . p,. From Table 3 and Figure 2 one can observe that the
maximum (critical) masses, called Oppenheimer-Volkoff limiting
masses (Zeldovich, Novikov, 1971) decrease with the increasing of
the degree of the concentration of matter (-energy) towards the centre of the
relativistic star. An interesting problem would aiso bz the study of the asymp-
totical behavicur of the quantity Mpa/Me for «-ro0.
~ We notc that the results obtained here for a = 0 (honiogeneous model)
and. & = 1 (linear model) are -in agreement with those given in the previous
papers (Ureche, 1980 a, b; 1982).
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Figure 2

We conclude that the obtained results are equivalent with the followin

criteria of stability for the relativistic stellar configuration with the power k
density distribution (relativistic stepenars)

I

»

R > Rmim M < A{[max- (15'
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CARACTERISATION DES FONCTIONS CONVEXES A
I’AIDE DES OPERATEURS CONVOLUTIFS POSITIFS

GR. MGLDOVAN*

Wanuscrit recw le 17 mai 1983

RESUME. — Nous allons faire référence a quelque résultats particuliers con-
cernant la caracterisation de fonctions convexes a 1'aide de certains opérateurs
linéaires et positifs.

DEFINITION — Soit f: [a, b]—R. St Vx,, x, € [a,b] et Yo, >0, o, >0,
nw+o,=1 ona

flogxy + ayx5) < ayf(%)) + apf(x,)

dors on dit que fonction f est convexe.
Nous allons noter par [x, %,, %3; f] la différence divisée du deuxiéme ordre
de la fontion f.

LEMMA. Soit feCla, b]. Une condition nécessaire et suffisante pour que f soit
onvexe est que:

(%1, %2, %35 f] 20 Vg, %, %3 € [a, 0]

La démoustration de ce lemma on peut voir, par exemple, dans [6].
Considération les opérateurs de Bernstein

Bufiw) =3 (1] 2= 2= (t). feclo1) v < (0,1

On a
THEOREME. Soit f & C[0, 1]. Une condition nécessaire ct suffisante pour que
[ soit convexe est:
B“[f;i)>f(i),i=0,l,...,n;n=1,2,... (1)
voon n

DEMONSTRATION. Ce théoréme est donné en [1]. Nous allons indiquer une
démonsstration simple du théoréme.
0n a [4]
k

B,(f; %) — f(%) ’“”)Z;p,.u [ L "“f] xe0,1] (2

| * Université de Cluj-Napoca, Faculté de Mathematique e! Physique, 3400 Cluj-Napoca, Roumanie
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olt !

A S L7V A0 feiy i A IV IS IG NPT
pripzor wis P =)[;n ;e‘;ka T 1

Si f est convexe d apres le lemme ¢i- d,es,s,us et le fait que p,_y1,4(x) 20, k=

—
-
Ca M

=0,1, in=12, il résalté 1a relation (1) du théoreme.
Supposons mamtenant que.(1) soit vérifiée et montrons que f est convexe.
Supposons le contraine, donc ot i

3*,]' xp x;,e [O 1] 1—015 que . [xp xg: xs’f] = 9 < 0.

La. dlff erence entre

B kR 1
X, '_;
A N ,“ILP” L 5 ",‘ [ .n

7 k=0

et [x, Xg» X3 3 S]

Cd B AN

peut étre redue aussi petite que l’on veut pour un n suffismment grand dahs
un point appartenant : %40, ], correspondant.a x,, %,'%;. Il résulte que la som-
me respective ‘peut étre négative ce qui est en contradlctlon avec 1), donc f est
coivexe. o Lt o At
s1b i Poe ifes lopérateurs-de St ancu [5] o e

\R;E?]\(f;\\x %Ef‘( )‘ }x(x+a) BTk

——k—loz)(l — A7t (1 —xt gy (9
(4 o1+ 20) ... (1= 7= 1¢) Lb)

S

“eR, f=C[0,1] '
on a.utic formme sermblable & (i} et on p_eut demontrer xffg la nleme fagon le
théoréme suivant :

THEOREWE. Soif f .= CL’O 1 et PY, o> Q fes opérateurs (3) - associe A-cette
Sonction. Une condition nécessaire et suffisante pour que [ soit convexe est que :

P:!]f—}>f J, ¢—01 '”—":1,2,-.. A
n

NEEETAR | IS ‘ i i
\Poﬁr les operateuls ‘de’ Bernbtem on a aussi: ,..Q_.E_N‘YI ) !
THEOREME. Une condition. necassmrc et saffzsante pour qu'une fom:twn
dontinue [ soit comexe Su¥ [0,1] ebt ! qm"lal sqnte {B(f*x)} n=112
x € [0, 1] soit non croissante.

conn Lardémonstéation de de théoréme edtodemndoen : 2]

., Pour la démonstration on utilise la relation Suivagte; satisfaite pai- 1es‘1poh-
‘nomes de Bernstein.

R A T R oy 37 SR CILEE LR “|

Pour leg, opérateurs P on, 2. aussi 5,00 . - .
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THEOREME. Une condition mnécessaire et suffisante pour qu’une fonchon

wninue f soit comvexe sur [0, 1] est que la suite {P[“](f %)} n=12 ;
1€ [0, 1] sott non croissante.

Remarque. On a les mémes résultats pour les opérateurs BY!
Bl r. ) — o £(EY(" k] — s(x)Ir—*
B 2) =52 () st 1t = sta))

oi s(x) satisfaire des conditions que assurent leur convergence uniforme vers f.
Considérons maintenant les opérateurs convolutifs positifs de type binomial
de la forme :

L{f: 2) = 403~ (£)( 1) Patut2) Pacstol) ©)
Au(%) = [Py (u(x) + v(x))]7! < 0.
Hypothese :
Supposons que les fonctions a, : [0, 1]— R

bas: [0, 11— R

ay(x) = Pn(u(x) + v(z) Py (w(2)
Pk+1(“(”) + v(x))  Pr{u(x)

(%) = Pufu(z) + v(#)  Pa_p41/0(%)
bas P, (5 +om) P, o)

k=01...,n;n=12 ...

atisfassent la relation 1 = a3(x) + ba—s(x)

THEOREME. a) Dans Uhypothése ci-dessus pour les opérateurs comvolutifs (4)
ma:

L{f:X) = Lunlfs 1) = 2555 (0 ) Pucsota.

nin + 1) £=0
kR R+1 & E+1 1
Poslo() [ £ 2 ]
n=12.
b) Si f: [0, 17— R est convexe alors la suite {L,}, n = 1,2, ... est croissante.

DEMONSTRATION 2)On a:

Linf; 9) = A @ X (" 7)) Patwia) Prssatole)) +

k_

+ Aas1(2)f(0) Pasa(v(#)) + Anrs(#)f(1) Posa(u(2))

{~ Matematica 3/1986
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‘En utilisant la rel’ation I =1ak(x) + b,_(%) on peut écrire:

Ly(f: 2( ) /() a2 Pati(0) Pus o)) +

+ 4,(2) (5)7(2) Prtata) Pres oD ber() =

= 403 [, () s Pacs () Pacrsn 60 +

+ 4,03 ()7 (2] Pal() P a0l bucsla)

k=0

En tenant compte des valeurs fonctions a, et b,_; données dans 1'hypothis
obtient

Lusilf #) = Lfi 9 = A0 3 [ 1)1 () =1, 7

k=1 k

E—1

_ ‘:)f(%” - Py(a(2)) Py_i 41 (v(x))

De la il résulte la relation donnde.
b) La démonstration résulte de a)

EXEMPLES

1°8i L, = B, (polynome Bernstein) alors u(x)=x, v(x)=I-
Pplu(x)) = «*, A,,(x) =1 et I'hypothése ci-dessus on a ap(x) = %, by
=1 — x et donc évidemmnet 1 = ay(x) + b,_x(%).

La relation du théoréme devient alors (4).

2° 8i L, = P I'opérateur Stancu alors
Py (u(x) = (% + o) ... (x — (k — 1)a)
Py (u(x) + o(x) = (1 +a)(1 + 2a) ... (1 + (0 — 1)a)
et on obtient:

a(®) = —— (% + ka), boa(x) =

14+na 1-}ne

(I — x4 (n— ko)

pour lesquels 1 = a,(x) -+ b,_x(x).
La relation du tliéoréme devient alors une relation semblable a (4)
les opérateurs P 5.
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LOOP-EXIT SCHEMES AND GRAMMARS; PROPERTIES,
FILOWCHARTABLIES
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ABSTRACT. — Some properties for the Loop-Exit grammars and an algorithm
for construction of one flowchart for one Loop-Exit scheme are prescnted in
the paper.

1. Introduction. The flowcharts is a traditional tool for the algorithm descriy
tion. Recently, the Loop-Exit schemes {2, 6] have been are used for the algorithr:
description, too. Some programming languages such as BLISS (7], Ada
and some Pascal implementation [8], used for flowcontrol statements of Loor
Exit type. In this paper, some properties for the Loop-Exit grammars [34
are presented. Also, an elegant algorithm for construction of one flowchart i
one Loop-Exit scheme is described.

2. The definition of a Loop-Exit Scheme. Let £ = AM{UTM be a i

minal alphabet where AM and TM are the sets of assignment and test mari
respectively let

RES = {4, « -, «;”, NULL, IF, THEN, ELSE, ENDIF, LOOI'
ENDLOOP, EXIT} be a set of some reserved symbols and let LM ={i}, 4, ...,1
be a set of loop-marked symbols Usually, when there is not confusion, »
assume that LM ={1,2, ...,1}. Suppose that RESN (ZULM)=0.

Definition 1. A Loop- Exzt-Free Scheme (LEFS) over X is recursively defin.
as follows :

a) “NULL ; "’is a LEFS. For cach a <AM, “a;” is a LEFS.

b) If ¢t « TM, «and B are LEFS and i, j, k € LM, then the followings o
LEFS:

bl) ,,ap”

b2) ,,IF ¢ THEN «[EXIT;;] [ELSE B[EXIT;;]]JENDIF;”
where (8] means that 8 is optional.
b3) ,,LOOP, « ENDI,O0P, ;"
c) Each LEFS 1s obtained from a and b rules which satisfies :
cl) each two LLOOPs must have two distinct loop-mark symbols from LY
c2) for each LOOP, o ENDLOOP;; a has at least an EXIT, in i
¢3) for each EXIT,, if LOOP, o ENDLOOP, ; is in LEFS, then
a = o EXIT,;; o”

Definition 2. A Loop-Exit Scheme (LES) is a LEFS such that :
c3’) for each EXIT, there is LOOP, o' EXIT, ; o’ ENDLOOP, ¢nto LEFS.

* University of Cluj-Napoca, Faculty of Mathematics and Physics, 3400 Cluj-Napoca, Romania
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Let S be a LES. All the symbols IF of S will be indexed by 1,2, ... . For
each IF,, the corresponding symbols THEN, ELSE — if this exists — and
ENDIF will be indexed by the same index 7. In the LES from the examples
below we have marked this indexing.

Let N = {I;| if IF; is into S}\J{L;, B,| if LOOP, is into S} be a set
of uonterminal symbols where N (ZULM) =d.

Definition 3. Let « be a LEFS. Through 3(«) we denote the skeleton word over
o, obtained by the following rules :

a) If a = ¢, then 9(a) =¢;
b) If «; and «, are LEFS, we have:
bl) Ifa € AM and o = o, a; a, then (o) = I(a,)a I(«,).
b2) If a = ay NULL; a, then 3(a) = 3(«,) I(ay).
b3) If « = o, IF; p ENDIF;; a, then 3(a) = J(a;) I; I(a,).
b4) If « = «,LOOP; 8 ENDLOOP,; «, then J(a) = J(a;) L; I{a,).
Definition 4. Let X, a X,8Y,38Y, be a LEFS, where X; = IF;, a THEN;, or
X, =1F;, « THEN; ¢ ELSE, or X,=LOOP,, i=1,2 and according
o X, we have Y,= ENDIF;; or Y, = ENDLOOP;; i = 1,2 respectively.
Through ®(X,aX,) we denote the dirvectly word from X, to X, obtained by the
olowing rules :
a) If « ts a LEFS then.
al) If X, = IF; a THEN;, then ®(X,aX,) = a + J(«).
a2) If X, = IF;, a THEN; y ELSE, then 9(X,0X,) = a — 3(a).
a3) If X, = LOOP,, then (X, « X,) = 3(«)
b) Otherwise :
bl) If « = o, IF,b THEN, a, and § = $,ENDIF,; 3§, then
DX, aX,) = B(X,«, IF,) 9(IF, «.X,).
b2) If « = «, IF, b THEN,, v, ELSE, «, and 8 = 3, ENDIF,; §; then
(X, «X,) = 9(X,,IF,) (IF,a.X,).
b3) If « = «; LOOP,, a, and 8§ = &, ENDLOOP,,; 3, then
(X, a X,) = 9(X, o, LOOP,,) B,, ®(LOOP,, 0, X,).
Definition 5. Let S be a LES. The language L(S) associated to S is generated
from the following CFG:
Gs=({VIU{l, Ly, By, .7 20,k 20}, ZU{+, -}, & V).

where ,,V"’ is a new symbol, I, 1s a nonterminal for IF; — if this exists — L, and
B, are two nonterminals for LOOP, — if this extsts — and the set & of the pro-
ductions is comnstructed by the following rules :

a) V- 3(S).
b) For each IF; b THEN; o« ENDIF;; the productions :
bl) I~ b—
b2) I;— b4 3(a) 1f does not exist EXIT, such that a =o' EXIT,; are in®;



54 FL. M. BOIAN

¢) For each 1F; b THEN; o« ELSE; 8 ENDIF;; the productions:
cl) I;— b+ 9(x) if a # o' EXIT,;
c2) I > b —39(B) if B # B EXIT,; are in &;
d) For each LOOP, aya, 8 ENDLOOP;; the. productions :
dl) L,— 3(e; ap 3) Ly and B, —>3(a 2, 8) By le
d2) L,— 9(LOOP; «, IF;) b + 3(B), if
a, = IF; b THEN; 8 EXIT, ; ENDIF;; or
a, = IF; b THEN; 8 EXIT, ; ELSE; y ENDIF; ;
d3) L, — o(LOOP, «, IF;) b — 3(B), if )
a, = IF; b THEN, y ELSE; 8 EXIT, ; ENDIF;; are in 8.
Definition 6. Let S be a LES. The static word associated to S is obiained |
S by crasing all reserved symbols.

Example 1.
LOOP,
IF, a4, THEN,
LOOP,
a,;
IF, a; THEN, EXIT,;
ELSE,
IF, ay, THEN,; NULL ; ELSE; EXIT,; ENDIF,;
ENDIF,;
ENDLOOP, ;
ELSE,
IF, a; THEN, NULI,; ELSE, EXIT,; ENDIF,;
ENDIF, ;
ENDLOOP, ;

The static word is “a, a, a; a, a;“.
N Examplcé. Lvt us consider LES from the example 1. The associated
mmar has the follows productions :

Vv - L,

Ly— IL, |a, + Byayas — a4 —~ |0y—ag — Bl“'"\Ilel'ls

Iy a4+ Lyjay — I

Ly— ay1,L,lazas + By — a,I,B, e

I,— a3 — I

Is—a, +

Iy ay
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3. Orderly properties in the Loop-Exit grammars. Let S be a LES, let Gs =
=({(V}UN, ZU{+, =} & V) bethe attached grammar to Sand let a, 4, ... 4,
be the static word attached to S.

(onsider « = ({VIUNU ZU{+, =} *. Similar with [1] we defincv:
Definition 7. If o # + o’ and a # — o then
FIRST («) = {a € Z|a = aB}.
Suppose that o = o' 4+ or a = & — if and only a =o"a+ or a =0a" a —
vith a € TM. Then
LAST (#) = {a |a = AM, « = a2} U
(a+ |a € TM, « = Ba +}U
{« — la «TM, o = pa—1}.
Using the definitions 1—7 we can directly prove the. following lemmas:
LivMa 1. For cach A €N, A being a useful and accesible symbol, there is a
symbol a; from the static word so that :
a) FIRST (4) = {a;};
b) For each A— « €8, FIRST (a) = {a;}.
LEMMA 2. If a; € AM is a symbol from the static word then :
a) It does not exist w = L(Gs) so that w = xa; +y or w = xa; — v
b) For each A—aa;p =8, if ¢ #0 # A then FIRST (B) = {a;i+}.
LEMMA 3. If a; € TM s a symbol from the static word, then

a) Each production from & which contains a; is either A— aa; + B or A —
- aa; — B and there are productions of both forms.

b) If 4t exists A—> aa; + B, so that € # L # A them 1t cxists a; a symbol

7

from the static word so that ©+ < j and for each A—» aa, + B €8 ¢ # B # A4 it
reswlts that FIRST (B) = {a;}.

c) If it exists A~ ca; — P so that € # B # A then it exists a;, a symbol from
the static word so that © << k and for each A — aa; — B, ¢ # B # A 1t resulls that
FIRST (B) = {as}.

d) If the symbol a; verifies b) and a, verifies c) then it results that j < k.

LEMMA 4. The following properties hold :

a) FIRST (a,) = {a,} for each a;, € X

b) LAST (a; X) = {a; X} where X = {¢, +, —}

) If Y = a; X where X € {¢, -, —} then

LAST («Y) = LAST(Y)
d) LAST (4) = U {LAST(a) |A — a = &}
e) For each two productions A— o and A — B we have:
LAST («) YLAST(B) = 9

Example 3. Let us consider LES from the example 1, having the associated
grammar in the example 2. After eliminating the inaccesible and useless sym-
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bols, only the productions B, - I,L,|e must be erased. The FIRST and L&
relations are:

FIRST (a,) ={a}, i = 1,5, LAST (a,) = {a,},
LAST (a; +) = {a; +} and LAST (a; —) = {a, —}, for ¢ #2.
For nonterminals we have:

A L I, L, B, 1, I, |

FIRST ay a, a, a, a, ag a, 8

LAST a,— a,— az+ az+ as+ ag+ | at |t

as— asg— as+

4. An algorithm for conversion a LES into a flowehart. Now we gw
method for conversion to flowchart from LES without inaccessible LEFS jf

ALGORITHM 1.

Input. A LES A without inaccesible LEFS.
Output. An equivalent flowchart (%, U) with S.

Step 7. Using the definition 6 we’ll construct the associated grammar(,
Using the algorithms from [1] we eliminate the inaccesible and useless symbl

Step 2. Using the lemmas 1—4 for each symbol Y from Gg, the FIRST |
and LAST (Y) relations are found.

Step 3. If a,a, .. .a,is the static word associated to S, then the set of w
tices % is obtained as follows :

— for each symbol a; from the static word, if a; € AM then 4; :"|—¢zi-3

is a vertex else, (if a; € TM) 4;: "<z>" is a vertex;

— for each a; X € LAST (V) we have one stop vertex ,,A”;
— the start vertex “V” is added to %.

Step 4.

Let U := {(V, FIRST (V)} U {(4, A) marked X |a; X €LAST (V), X &{¢, +,-}
Step 5. For each production 4 — «f from Gs, a« # ¢ # B, add {(4,4
marked X |{a;} = FIRST (B), ¢; X € LAST (a), X € {¢, +, —}} to the set*
Example 4. Let us consider LES from the example 1, having the gramm
in the example 2 and FIRST and LAST relations from the example 3. Afi
applying the step 4, we have:
= {(V, 4,) unmarked (marked with ¢), (4,, A) and (4, A), both mak
e ___ }
When we apply the step 5 to L, — I,L, with o = I; and f = L,, we obta:
the edges (4, A4,) and (4;, 4,), both marked *“+’’. When we apply the step it
L,— a,I,L, with o = a, and B = I,L,, we obtain the edge (4,4,) unmarke
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After applying the algorithm 1, we obtain the flowchart from fig. 1.

—————
+ -

JI— +
G

Fig. 1

THEOREM 1. For each LES without inaccessible LEFS [4] using the algorithm
1, a flowchart (X, U) equivalent with LES is obtatned.
Proof this theorem was presented in [3].
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ABSTRACT. — The Picard problem is considered for the multivolued hyper-
%
bolic equation Py

€ F(x,v,2), where F is a continuous multi-valued map

defined on 4 < R"*? with compact valucs, but nonconvex in R*. An existence
theorem of a continuous selection is proved for F( x,y, 2), with z € K, where
K is a compact, convex, set of absolutely continuous functions, submitted to
certain conditions. An operator is then defined by means of this sclection, for
which one applies the Schander Fixed Point Tkecorem — the fixed point being
just the solution of the Picard probleme.

1. Introduction. In this paper we are concerned with the Picard probl:
for the multi-valued hyperbolic equation ;;; e F(x, v, z), where F is a mit:
X

valued map, defined in a suitable subset of R**2, with values thatare nonemy:
compact but not necessarily convex subsets of R*. The Picard problem is defin
by analogy with the Picard problem for quasilinear hyperbolic equations |
in 2], [3], where F is a multi-valued map defined on a subset of R*+2 and valu
in the set of compact convex nonempty subsets of R”, satisfying conditions:
Caracthéodory type. Using the Fixed Point Theorem of Kakutani-Ky Fano
proves that the problem above has at least a solution.

In this note one proves an eXistence theorem of a continuous selectioni
each of the maps (%, y) — F(x, v, z(x, v)) relative to a given family of contimmw:
maps (%, y)—2(x, v), as in [4] — [8], and using the Schauder Fixed P
Theorem one obtains the existence of a solution of the Picard problem.

2. Continuous approximate selections. Let be the multivalued map F:4-
comp X, where A CR**2, A =D x B, D= {0,a] X [0,b]CR BCHk
the closed ball centered in origin with radius ¢ = M, 4+ Mab, M, given by
M given by (4), X C R" is the closed ball centered in origin with radius }f,
beiil{g a compact metric space with the metric d induced on X by the norm defix
on R”.

Let H be the Hausdorff-Pompeiu metric [9] on comp X induced by d. i
comp X is a compact metric space with respect to the metric H.

* Polytechnic Institute of Jassy, Depariment of Mathematics, 6600 lasi, Romania
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Let C(D; R*) be the Banach space of continuous functions defined on D
and valued in R* and LYD; R") the Banach space of equivalence classes of
Iebesgue integrable functions defined on D and valued in R*.

Let the following hypotheses be satisfied :

(Hy) The curve y: 2 = ¢(y), 0 < ¥ < b, is defined by the function ¢ e CI([0,

01, R), satisfying the cond1t1ons

$0) =00 < Y(y) €a, 0 <y <, (1)

(H;) The functions P & AC([0, a]l; R"), ¢ € AC([0, b1; R"), where AC([a,, o] ;
R") is the space of obsolutely continuous functiohs f:[«, «,]— R”, endowed
with the norm

2}

I =, sup 1O+ 101,

t< foy, o,
a

satisfy the condition P(0) = Q(0),
(Hy) The function a: D — R"* defined by

a(x, ¥) = P(x) + Q(y) Pd»)), y) €D, 2)
is bounded and therefore, the is M, > 0 such that
fla{x, ¥) || < My, (v, v) € D. 3)

1t follows that « is absolutely continuous ;
a = C¥(D;R*), [10], §§ 565—568.

Let K be the set of absolutely continuous functions z : D— R, z C *(D
R»), [10], satisfying the conditions (3), (4), (5), where

a:;,ﬁ;yy) “ <M, ae. (%) <D, (4)
and
{z(x_, 0) = P(x), 0 < % < a. 5
2P(), ) =0Q0), 0 <y <b

Then, the following two propositions hold:

Proposition 1. K 1s a nonempty comvex and compact subset of the Banach
space C(D; 1I»).

Proof. The relation z € K implies z € C(D; R*). We observe that i

0x0

exists a.e. (x,y) € D, as z € C*¥D; R*), [10]. &

Let M(x, y) be any point of D. Consider the parallel to x-axis, that inter-

sects the curve y in the point N({(y), ¥). Let M(x, 0) and Ny(¢(y. 0) be the orto-

gonal projectlons of M and N on the x-axis. Denote D(x, y) the rectangle
MNN M, given by

Dy(x,y) ={d(y) <u <%0 <v <y}
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Integratlng o a; ) over D,(x, y), one obtains
SS Felu. ”’dudv..deg""‘“ D gy =de @, )™ =
dudv o4 v w5y
D%, ¥) 0 Yy .. 0

y

§ Z 00, v)dv = 2(x, 5) — (=, 04). 5) +

N [
+ 2($(%), 0) = z(x, 3) — P(x) — Q(») + P($(»)). (x.5) = D.
Using (2), it follows

y
dz |
=\= (% v)dv—
‘5 (%, v) dv

#(%, y) = P(x) + Q(y) — Py 5 g "“ 2 dudv =
Di(%,
= ofx, y) + SS 3’3‘:‘50"’ dudv, (x,y) « D, (6] '©6)
‘Dol%, ¥)

or

3

d(x 3) = P(x) + Q) — PUO) + (0 {ZE8D du, (5, 5) = D") 8)

0 4y

The compactness of K follows using (9) or. (6’ )fand the Arzelé.—Ascoh Theorem.
The convexity of K is obvious.

Remark. The relation z € K 1mp11es (x, 9, 2(x, ) = 4 for each {(».y € D.
Because each 2z € K generate a multi-valued map (x, y) = F(x, ¥, 2(x, ¥)) from
D to comp X, we shall denote this map by G{z),

G(2)(% ) = F(x, 9, 2(x,5), (v, 3) €D. (P ()

Proposition 2. Let F: A~ comp X be a multi-valued continuous map. Then,
for each = > 0, there exists a continuous function g: K— € (D;R*) such that
for each z & K we have

dg(z) (%, 9), G(2)(%,9)) <, a.e. (xy) < D. (%) (8)

Proof. The proof is analogous to that given in [4]—{8] and is based on
the construction of the function g by means of the contmuous partition of
the unity. Let ¢ > O be given. In view of the fact that F is continuous on A4
and A4 is compact, F is uniformly continuous on A" and there is A > 0 such
that

H(F(x, ,2), F(§, 7, 8) <&, e

for any two points (x, y, 2), (§ %, 2) in A with [|(x, ¥) — (€, n) || <A,
llx— 2] <A.
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Let {Ui}i<r<v be a finite open cover of K such that diam A, < A for

awy k=1, N. Let {Ps}1<r<ny be the continuous partition of unity subordinate
o {Uyhoron ; select for each % a point 2, € U, and let {v3}icaenv be a sequence
of Lebesgue measurable functions v, : D—~R® such that, for every &, v(x,y) <
€G(n)(x, v) a.e. (x,y) € D. Such function v, exists because each G(z) is con-
tmuous and measurable in D, [11]; v, = £ (D; R") for every k. We can take
¥=N,N, Denote Uy = U, vy = v;;, 2z = 2;; € U, pPu(2) = pij(z) and sup-
pose

Pi(?) = 42)7;(2), + = LNy, j = LN,.

The functions p;;: K—R, i = 1, N,, j = 1, N, satisfy the properties :

a) 0 < pji(2) <1, for z€ K, 1=1N,, j=1,N,,
)p,,()_Olfzqé’u,,,i—l Ny, j=1,N,,
N, N

9 IS pule) =305 4l = 1, for z < K.

t=1 §=1 t=14=1

For each z € K define the continuous functions ;;: K-—+R

)\,'7'(2) = xi(z)yj(z)' 1= 1» Nl) ] = 1: Nz,

where
(z) =0
”‘i(z) = xi-1(2) + a4:(e) ﬁ 7(2), i =1, N,
and
Yol2) =0
[y,(z) = yj-1(2) + br(2) 121 g:2), j = L N,.

For each z € K define the rectangles

Dij(z) = [%i1(2), 2:(2)) X [y-1(2), ¥ (2), ¢ =1, Ny, j =1, Ny,

which constitute a partition of D excepting lines x == a and y = b.
We construct the desired function g: K— £(D; R"),

|g(z) 59) = 553 1 (D) 1% 9) v5(%,5), 0 < £ < 4,0 <y <,

=] el 9
Pmmw=wmwﬁl—mmﬁ/:xw—@ ©)
g(2) (%, 0) = v, (%, b), p=min{j > 1; y (2) = b}.

vhere ¥ [D;;(2)] is the characteristic function of Dyf(z).

Obviously, g maps K into £(D; R"). Moreover, for a given! z € K and
uy fixed (x, y) € D, there exists a unique (7, ) such that (x,y) € D;;(2) and
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this implies # € U,;. Thus, g(z) (%, ¥) = v;{%, %) and. ||2(x, y) — z,;(x y) || <A
so that -

dgle) (% 3), 6%, 3) < d By, 3), Gle)(x, ) + H (Gle) (4 3);
G(&) (x5) < dvy(#,9), G(z,,) (x9) +e (o) (10)

It follows that, for each z € K, d(g(z) (x, (z) (x,9)) <eae'(xy €D,
therefore (8) holds. We show that g is contmuous on K. Then, for any points
z,w in K and any (xy)CD Oex<a 0<y<h ((l)

lete) (. 3) — elw) (x z‘:i % [D4(2) AD,@)] (%, 3) | o(x ) 1 (1)

where D;(z) AD,j(w) = (D;;(z) — D;{w))'U (D;j{e) — Dyi(z)).

Since K is compact, {A;;}i-T7w, j=T, N, is a’ uniformly ‘equicontinuous family
of real valued functions. Thps, for every 7 > 0, there exists a- § > .0 sueh that,
for any z € K, w = K satisfying ||z2(x, y) — w(x, y) || < 3 at every (x,y) <D,

. ! Ihy(z) — Xij(w) < €/2MN,
and hence p(D,(z )AD,,( ®)) << n/MN,
so that (11) implies

8(2) ~ gtw) 118 = {( 11gle) (x,5) — glw) (. 9) | L dady < 7. (12) (12
D .
Therefore g: K— £{(D; R*) is uniformly continuous.

3. Continuous selections. On analogy of [4]— [8] one proves the following
existence theorem of a continuous selection for multi-valued map G(z2).

Theorem 1. If F: A—comp X is a multi-valued continuous map, then there
ex1stsa contmuous function g: K -—->£1(D R ) such that, for any z < K, g(z)(xy) <

G(2)(x, v), a.e. (x,y) € D, that is g(z) is a continuous selection for G(z), given
by (7). | §
4 Proof. Define a sequence of continuous functions g#: K — £{(D;R*), n<N,
submitted to the following conditions:

1) d(g"(z) (%.9): 6(2) (.9)) <51, a2 (82) € D,
2) pf{tn2) = D11 (n3) — &) (w3011 > 5] <5

The condition 2) shows that for each z € K, the sequence. {g"(z)},.,u con-
verges, in the norm of €YD ;R", to an element g(z) and the convergence is
uniform on K, because the condition 2) ‘is satisfied uniformly for any z € K.
Using the Lebesgue Dominated Convergence Theorem it follows that g(z) <
< &4(D;R") for each z €« K. By contmulty of the functions g, n N, it
follows that g: K — €D ;R%) is continueus.: Therefore, for any z € K, there
exists a measurable function- g(z): D++ X suchthat the sequence: {g*(z)}ncn
converges to g(z) a.e. in measure, and a subsequence of {g"(z)}ssx that. conver-

-~
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ges to g(z) a.e. on D. Then, from the condition 1), follows that for each z € K
e have g(z(x, ¥)) = G(z)(x, »), a.e; (x,y) € D, because G(z) (x, y) is closed for
my 2 € K.

The sequence {g"(z)}.<n is obtained by induction. From Proposition 2 it
fllows that there exists a continuous function g®: K — £(D; R*) such that for
amy z € K

1
Aee) (%, 5), Glo) (,9)) < &, ae. (v.3) < D. (13)
Also, from Proposition 2 and the continuity of F on 4 = D X B there exists
4, > 0 such that

H(F(x, . %), F(E,1,7) < (14)

1
4
for each (%,,2), (§7,2) in 4 with ||(x, ) — ()| <A, |lz—z]] <4
and

. it I
p({(x, 5) € DI 1g®C) (%, 2) — &%) (x. 0) 11> 0) < - (15)
for each z € K, z € K satisfying ||2(x, y) — z(%, %) || < A, for any (x,y) < D.

By analogy with the Proposition 2, let {U}};<r<nvg) be an open finite
cover of K, such that diam U} < A,, for any k; let {$}1<renq) be the con-
tinwous partition of -unity subordinate to {U}},<r<ng); we select for each %

a point 2} € U, and a Lebesgue measurable function v,:D-+R" such that

vi(x, v) € G(z;)(x, ), a.e. (x,3) € D,
and
Hop(x, ) — £°(z) (%, ) 11 = d(g%(5) (%, ¥), G(z) (%, ¥)). (16)
It follows from the continuity of each G{z}), that are measurable on D,

[12]. By analogy with the Proposition 2, consider N(1) = N(1) N,(1) and
denote A} =AY, v} = v, 7, =z}, €U, and pi(z) = pL(z) = ¢}(2) 7} (2),

i=T1,N(1), j =1, N,(1).
The continuous partition of unity, {p(z})}, #};: K— R satisfies:
a) 0 < pliz) < 1forall ze K, i=1N(l), j=1, N,(1),
b) pL(z) =0 if z ¢ U,
Ny(1) No(l) Ni(1) Ni(1)

¢) E E Piz) = 2 E gi(z)7}(z) = 1 for all z € K.

i=1 j=1 i=1 j=1
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For each 2z € K, define the continuous functions A K—R
Ni(2) = 2}(2) 9}(z), 1 =1, Ny(1) j = 1, N,(1)

with
2(z) =0
Ny(l)
% (2) = x_, (2) + agi(2) 3 7/(z), i=1,Ny(1),
i
and
Y (2) =0
N(l) )
yi (@) =y, (2) + b7}(z 2 qi(z), 7 =1, Ny(1).

For each z = K consider the rectangles
Dye) = [%_, (), @) X bp, @), %6, i = TN, j = LN,
establishing a partition of D, except for the lines x = a and y =b.),
Define the function g': K— £Y(D; R)
N1} Ny(1)

82 (v, 3) = 35 30 xIDy@)1(x, y)vi(x, 5), 0 < x <a, 0 <y <

t=1 j=1
g‘(z)(a y 1 N(l)( ry)» / = min {i z1; x.l(z) = a‘}' (”)
8 (5, 8) = 0y, (5, 8). p=min§j > 1; 33e) = B}

The function g' is continuous (see the proof of continuity of g in th
Proposition 2). To verify the conditions 1), 2) suppose that z € K is give,
and (x,y) € D fixed (0 < x<a, 0 <y <b). )

Then (x, y) € D}(z) for a unique pair of indices (4, j), therefore 42 <

Then

gia) (%, y) = vy, 5) (®
and |[#(x, y) — 24(%, ¥) || <A, such that
d(g‘(Z) (%, 3), G(2) (%, 5)) = d(vj(x, ¥), G(2) (%, 9)) < (I

dfol(%, 9), GE) (%, ) + HGE) (%, 9), GE) (%.9)) < o
a.e. (x,y) € D, that is the condition 1) holds for # = 1.
Moreover, using (13), (16) and (18), it follows
[18'() (%, y) — &°@2) (% ») 1] < [lvj(x, ) — &%) (= 31| +
+ 118°) (%, 3) — &%) (=, y) || = d(g°()(%, »), Gz} (%, ) + (@

+ g () (% ) — g’ (x M 1] < —l- + 11g° @) (%, y) — €°(2) (% )
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that implies

w({(x,3) = D] |lg') (x, ) — &%) (%, 911 = 1}) <

l -

¢

S

<uf{tmy) = DIl () — &%) 1> ]} <g @y

that is the condition 2) holds for # = 1.

Obviously, a similar construction can be used for # > 1, and the theorem
is proved.

4. The Picard problem.
Consider the multi-valued equation

0%z
oxdy

e F(x,y,2), (x,y) €D, 2z € B, (22)

where F: D X B—»comp X.

The Picard problem is defined in [2], [3] and consists in determination of
a solution of the equation (22) satisfying the conditions (5) in the hypotheses
(Hy), (H,), (Hy). We state the following theorem.

Theorem 2. Let IF: D x B—comp X be a multi-valued map satisfying the
hypothesis

(Hy) F is comtinuous on D X B.

If the hypotheses (Ho) —(H,) is fulfilled, the Picard problem (22) + (35) has
o least an absolulely continuous solution z:D—>Rr, z € C.(D; R?).

Proof. Using the Theorem 1 it follows that there exists a continuous selec-
tion g: K—» (D ; R*) for G(z) given by (7). Define, for each z € K, the func-
tion f{z) : D—R* by

h(z) (%, ¥) = a(x, y) + gg &(2) (u, v) dudv =

Dyf=, y)

= P(x) + Q(y) — PY)() -i-s d‘vsg(Z) (u, v)du, (x,y) = D. (23)

()

’1“hen, iz) = C*(D; R ) for each z = K, [10]. One obtains 4(K) C K. Using
the Schauder Fixed Point Theorem, it follows that there exists z =« K such
that 2(z) =z, that is A(z) (x,y) = z(x, y), (%, ) = D.

That implies from (23) z(x,0) = P(x), 0 < x < a, z(4(y), %) =Q(y), 0 <
<y < b, therefore (5) and (22) hold for 2, consequently z is a solution of the
Picard problem (22)4-(3), a.e. (x,y) € D.

§ — Malematica 3/1986
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ABSTRACT. — Astronomieal Observatory of the University. The paper deals
with the development of the modern astronomical research in Clunj. The found-
ing, endowing- and activity of the Astronomical Observatory of the Univer-
sity are presented, as well as the difficult work of its managers along the time.
The modern residence of the Observatory and the rich scientific activity within
the framework of this institution are also pointed out.

_ Cercetdrile moderne de astronomie au inceput la Cluj odatd cu iufiintarea
Universitatii romanesti (1919), avind drept initiatori pe profesorul Gheorghe Bratu
(1881—1941) 'si profesorul Gheorghe Demetrescu-(1885—1969), care au elaborat
panurile celui dintli observator modern inzestrat*la Cluj st au format primii
stronomi ce urmau si ducd mai departe creatia lor**.

Observatorul astronomic al Universitdtii din Cluj a fost construit si dotat
itre anii 1920—1934, in partea de sud a orasului, unde a avut multd vreme
m cimp larg de vizibilitate. La stdruintele profesorului Gheorghe Bratu (direc-
torul Observatorului intre anii 1919—1923 si 1928 —1941), se fac primele comenzi
fe aparate si carti, iar profesorul Gheorghe Demetrescu (directorul Observato-
mlui intre anii 1923 —1928) completeazd aceste planuri, care au fost realizate
stfel : in anul 1924 se obtine terenul, iar in 1927 se construieste sala meridiana,
b care se monteazd o lumetd de treceri, transformati dintr-un teodolit vechi,
fiincep lucrarile practice de astronomie. Dupd mari greutidti materiale, legate
te asigurarea fondurilor necesare, cind sursa principald de venituri o constituiau
tixele studentesti, intre anii 1928 —1931 este construitd clidirea ecuatoriald
@ o cupold mobild avind diametrul de 5 m (construitd si montatd de casa
fllon din Paris). Aici au fost instalate in urmdtorii doi ani: ccuatorialul,
\Prm avind un telescop Newton (cu oglinda parabolicd, D = 50 cm, F == 250 cm)
i0 lunetd cu .obiectiv Zeiss (D = 20 cm, F = 300 cm), ambele instrumente
find montate de inginerul Nicolae Bratu, fiul prof. Gh. Bratu. Alte instrumente
wi mici, o lunetd de treceri, doud sextante, doud tecdolite, cronometre si pen-
fule (de timp mediu i 51deral) au completat inzestrarea Observatorului. In anul
B4 este terminat pavilionul central pentru bibliotecd si laboratoare.

Rolul si meritele profesorului Gheorghe Bratu in domeniul astronomiei sint
pegnant infatisate in raportul Facultdtii de Stiinte a Universitatii din Cluj
pivind transferul sdu de la Catedra de analizd matematicd la Catedra de astro-
wmic. Citdm :

* Universitatea din Cluj-Napoca, Facultalca de Matématicd §i Fizicd, 3400 Clui-Napoca, Romdnia

** Dar preocuparile  de astromomie pe melcagurile transilvinene sint foarte vechi, contopindu-se cu inceputurile cullurii
nmhzaﬂn Istoria astronomici comsemmeazd cunostinfe §i cercetiri astronomice remanabtl: ale geto- -dacilor, -observatoare astro-
ite medievale infiinjate in focarele de culturd, datind incd din veacul al XV-lea, precum st lucrars . astnmmnuc scrise, de
2 valoare — mcrgind ping la elaborarea unor szstamz ale lumii — ce se pastreaza §i asti 4:1 in nmzed; dm Alba Iulm, Cluj-
e, Oradea $§1 alte orase (¢ se vedea biblicgralia de la sfirsitul articolului).
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Dl Profesor Gh. Bratu, de la inceputul carierei sale stiintifice, si-a manifestat incitivarca
spre Astronomie. In adevir, bursier prin concurs al Academiei Romane in 1909, Dsa a fost trimis
la Paris cu spetinld destinatie de a face studii §i lucrfiri practice de Astronourie. -

In aceastd calitate, Dsa a obtinut diploma de Astronomia aprofundati la T'acultatea de Stiinte
din Paris, fiind clasificat in fruntea candidatilor. .

Ca , Astronome adjoint” la Observatorul din Paris a ficut timp de trei ani (1909— 1912
lucrri practice de Astronomie, trecind succesiv cele trei servicii fundamentale, dupi cum se vede
din certificatul eliberat 1a 19 Iulie 1912 de DI. Baillaud, Directorul acelui Observator. Dsa a Incrat-
1) La serviciul meridian (...); 2) La serviciul equatorial (...); 3) lLa servicii? frtografic al cevulwi.

Certificatul Observatorului din Paris se termini cu urmitoarele aprecieri : ,,Rezulti din aceste
expuneri ¢d Dl Bratu, cu activitatea ciiruia Observaternl nostru se poate liuda, a ficut la acest
Observator un ansamblu de .Incriari foarte comiplete”.

Paralel cu aceste studii si. lucrfari de astromotnie, DI. Bratu a trecut si Doctoratid-in Matema-
tici la Sorboma, in innie 1914. Subiectul tezei sale , Asupra echilibrului firelor” e o problemi de
Mecanici Amalitici in strinsidi legiituri cu problema de Mecanica. cereascd a echilibmiui masclor
fluide.

intors in tard, DI Bratu gi-a continnat activitatea paralel in ccle dou# directii: de Astronomic
§i de Matematici puri.

In 1919 fiind numit profesor de Analizi Matematici la Facultatea de Stiinte din Cluj, i s-a
fncredintat si suplinirea catedrel de Astronomie, iur cde la 1 Octombrie 1920 atit Firectia cit g
organizarea Observatorulii ‘Astronoinic din Cluj. . :

fn aceastd privintd sitnatia era cu deosebire grea (...). Crearea unui Observator Astronomic
la Cluj, mai ales in conditiile financiare de dupd rizboi, era o problema decsebit de anevoijoasd g
dacd azi putem spune cd sintem aproape de realizarea ei completi, aceasta sc datorejte marilde
calititi de organizator precum gi tenacitifii, abnegatiei sl inuncii neobosite a Dini Profesor h. Brata
De altfel toti Colegii nostri s-au putut convinge de aceste calitiiti fn numerosii ani in care Dsa a
facut administratia facultitii noastre, fie ca decan fie ca prodecan.

Remarcim de asemenea ci Dl. Profesor Bratu a profitat de cercetirile gtiintifice ficute ia

striinitate, publicind pe lingd vreo 30 de Memotii de Matciiaticd purd si urmitcarele hicriri de
‘Astronomie: I) Efemeridele planetei 498 Tokio; 2) Ffemetidele planetei 537 Pamiy (...); 3) Dew
pre planeta Marte (...). ‘
.+, . De 1a 1923 la 1928 catedra de Astrouomie la I'acultatca de Stiiute din Cluj a fost ocupati
de DI Profesor G. Demetrescu. De la plecarea Dlui Dewmetrescn.la Bucuregti. in Martie 1928 ¢
pind astizi, DL Profcsor G. Bratn a reluat Directia Observatoryloi precum si catedra ‘de Astronomie
in suplinire. De atunei Dsa face neintrerupt cursul de Astrononiie la Facultatea honstrd. (.. 1)

Deoarece, prin lipsa unui Observator Astronoinic, orice cercetate . astronomiici era imposibikd
le Cluj, DL Prof. Bratu si-a. pus ca prim scop al activitiitii I>sale realizarea acestui. Ohservator g
de numele siu va rimine legatd aceastid creatie. : ) : ‘

Putem spune azi, cu legitimd mindrie si multumire, cd: Sala meridiani e complet instalata
§i serviciul regulat al orei este asigurat. Sala ecuatoriali e cliiditii; marea cupold de 6 m diametrs
e montati; luneta ecuatoriala e complet construitd si achitatd la Paris si urmeazi si fie adusi ks
Cluj in cursul lunii Aprilie 1931. Telescopul afcrent e si el gata gi tinem si remarcim cd gratie
relatiilor gi interventiilor Dlui Bratu, oglinda parabolici de 0,50 m diametru a fost construitd chiss
in atelierele Observatorului Astronomic din Paris. Este pentru prima dati cind ‘acest Observater
consimte si lucreze pentru un alt Observator din lume. In fine, clidirea pavilionului central cuptinde
deja subsolul §i parterul.

Putem spune cu drept cuvint cd activitatea Dlui Prof, Bratu s-a identificat cu crearca acestm
asezimint de cercetdri- stiintifice care, sintem siguri, va, fi o podoabd a facultdt{ii noastre.

Ca atare, socotim in unanimitate cii locul Dini Prof. Bratu este la Direcfia acestui Observater
pentru ca, odati instalat, si poatd culege roadete stiititifice ale striidanici sale neobosite de 11 aw
{...)". (Semneazi membrii Consilinlui Facultitii de Stiinte : Th. Angheluti — decan, N. Abramescn
A. Maior, F. Racovitid, P. Sergescu, D. Pompeiu, Gh. Spacu s.a.; actul de arhivd nr. 1654—
1930/31.)

Profesorul Gheorghe Demetrescu, fiind numit la Univers-
tatea din Cluj la 1 iunie 1923, dar pastrind un contact permanent cu Observa-
torul din Bucuresti — unde 4 revenit définitiv la 1 martie 1928 ca prim-astro-
nom gi vice-director, a desfigurat, de asemnea, o activitate remarcabild, atk
la catedrd, cit si la Observatorul astronomic, contribuind temeintc la formares



OBSERVATORUL ASTRONOMIC AL UNIVERSITATII 69

pimelor promotii de absolventi in matematicd ai Universitidjii, dintre care s-au
dirmat ca astronomi valorosi Ioan Armeanca si Ioan Curea.

Activitatea stiinfificd propriu-zisd in cadrul Observatorului din, Cluj incepe
din 1933, cind profesorul Gh. Bratu angajeazd Observatorul intr-o coelaborare
w Observatorul din Paris, la ,,Catalogul hdrtii fotografice a Cerulys”, lucrare
de colaborare mondiald, condusi de acesta din urmad, din care primului fi
rvenea, reducerea cliseelor fotografice pentru zona de +20° (intre anii 1933—
1947). Aceastd lucrare — ,,operd monumentald si istorica”’, dupd caracterizarea
pof. Gh. Bratu — a avut drept scop eternizarea Cerului secolului XX, impri-
mindu-l pe plici de cupru, dar, evident, inregistrarea in cataloagele ceresti
ea suficientd pentru stiinga.

in cadrut unei conferinte finute la Universitatea din Cluj, profesorul Gh.
Bratu spunea despre aceastd lucrare :

,Tentru a se putca studia schimbdérile ce se produc in pozitia si ju strilucirea stelelor in timp
de veacuri, schimbiri ce nu pot fi observate in viata unui om, e absolut necesar ca pozitiile 5i stri-
hcirile actuale ale stelelor si fie fuscrise in cataloage ceresti, spre a se pidsira §i spre a se putea
whipara situatia cerului de azi cu cea a cerului de peste 100, 200, 1660 de amni.

Cum facerea acestor cataloage cere un timp indelungat §i o muncd uriagd, la 1889, 1a un con-
gres international tinut la Faris s-a decis sd se fotografieze Lucati cu bucatd toatd bolta ccreascs,
ficindu-se poze de piitrate de pe cfera cereascid de 2° lungime pe 2° litime. La aceastd operid inter-
rajionald, pusd sub directia Observatoruluvi din Paris, s-au angajat 24 observatoare din lume (...).

Observatorul din Paris isi luase pc seama lui studierea si fotografierea a 4 zone ceresti. Dupé
wrerea mea, la lucrarea urei zone, zona +420°, colaboreazd si Observatorul din Cluj.

Observatorul din Paris ne procuré cligeeic §i datele necesare si roi la Cluj facem calcule pentru
wna +-20° — ceea ce rcprezintd o muncid de mai multi ani, pentru a determina cu cea mai mate
exactitate ccordomatele ccresti ale stelelor cuprinse in zona dintre paralelele de 19° si 21° latitudine
creascd. Cind lucrarea va fi terminatd, rezultatele vor fi publicate la Paris intr-un volum special.

Numai cu aceste sacrificii imcpse §i cu aceastd munci uriagd geniile veacurilor viitoasre vor
putee descoperi legi ned in $tiinta incd puhn cunoscutd, numitd Astrofizica sau Astroncmia siclard’.

Observatorul astronomic din Clu] era terminat in 1934, dar i mai lipseau
accesoriile. In urmitoriipatru ani, tinerii colaboratori ai Observatorului reali-
wazd completarile necesarc: astronomul loan Armeanca (1900—1954) pune in
finctiune laboratorul de fotometrie fotograficd si fotoelectricd (printre primele
din lume) cu un fotometru Guthnick cu electrometru Lindemann cu cadrane ; iar
sstronomul Ioan Curea (1901—1977) reinstaleazd vechea stafie seismicd, cu
sismografe Mainka.

In 1938, Observatorul din Cluj, condus de Prof. Bratu, csie angajat ca
mitate de cercetare deja pe frei divectii fundamentale :

a) colaboreazd la ,,Catalcgul hirtii fotografice a Cerului” in continuare
[prin prof. Gh. Bratu, in colaborare cu I. Armeanca, Gheorghe Chis si Ste-
fan Radu) ;

b) studiul fotoelectric 2l stelelor variabile (prin astronomul I. Armeanca);
. c) studiul seismelor din Transilvania (prin astronomul si seismologul 1.
urea).

Profcsorul I. Armeanca, sccotit primul astrofizicien roman in sensul strict
d cuvintulud, si-o inceput muuce de specicelizere in domeniul astrefizicii la
Gottingen, unde se dedicd fotometridd siclare. Timp de tra1 eni aicl, apoi la
Observaterul din Kicl, sub conducerea piofcserile: Rosonb rg si Stebbe, isi
ficheie teza sa de doctorat cu titlal |, Strdluctri fotograf:ce si folovizuale ale stclelor
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din vécindtatea ‘polului” (1983), care’ constituie ¢ remarcabili contributie la
extinderea fotometriet -fotografice, fiind - citatd in toate lucridrile de bazi de
fotometrie.s [T Armeanca @ extins. secventa - ‘polard Nord-la toate stelele ‘dintr-o
regiitne de 100’ x 169’ stabilind ‘cu multid precizie strilucirile fotografice'a 260
de ‘stele pind-la magmtudmea de’ 16,25 si strilucirile fotoviznale a 220 de stefe
pind la magnitudinea - -de-14,7F; utilizind ‘metoda dlferenpala A facut un- studin
comparativ-al* fotometrului termoelectric Zeiss cu’ cel fotoelectric Rosenberg si
a stabilit ecuatiile' de cilloare si cele de distan{d ale obiectivelor. Pe baza gec-
ventei polare a Iui I. Armeanca s-a obtinut-o crestere a- -preciziei fotometznex
fotografice gi vizuale si a sporit p051b111tatea de autilizare a ei.

Fotometrul achlzltlonat si asamblat in anii 1936 —1938 este instalat in- anii
1989—1940 1a telescopul Newton al Observatorului din Cluj, dind rezultate
foarte bune.

‘ Profesorul I. Curea, pasionat astronom si seismolog, realizatorul de mai
tirziu. — in calitatea sa de rector — al Umversxtatu si Observatorului astrono-
mic_din Timisoara, ca si al statiilor seismice din Banat, si-a adus o contributie-
importanta la consolidarea directiilor de cercetare astronomica din Cluj. in
téza sa de doctorat, referitoare la determinarea polului ceresc pe “cale fotogra- .
fica, di o meétoda proprie, care a fost utilizati si peste hotare in lucririle deée
astronomic. r

O bruscd scidere a activitatii Observatorului astronomic din Cluj a avut loc *
odati cu declan§area razboiului §i, ca urmare a Dictatului de la Viena, Obsgrva-
torul, impreund cu Facultatea de $tiinte cireia ii aparfinea, este mutat la Timi-.
sodra’'cu intreaga-i zestre, mai putin cupola si celelate clidiri. Luneta ecuatoriald
este’ reinstalatd provizoriu in Gradina horticolad din centrul orasului, intr-o clidire
de lemn, unde, la adipostul camauflajului impus de ngonle razboiului, astrono-
mul I. Armeanca reia observatiile fotoelectrice. Dar in urma unui bombar-
dament este distrus intreg echipamentul fotoelectric, incit dupa 1945, cind Obser-
vatorul revine la vechea matcd din Cluj, pot fi continuate doar lucririle de
fotometrie fotografica. ‘

Profesorul Gheorghe Bratu, greu lovit de evacuarea i greutdfile de reinsta-
lare a Observatorului la Timisoara, moare fulgeritor, la 1 septembrie 1941, in -
deplind capacitate creatoare. :

Intre anii 1941—1945, directorul Observatorului din Cluj-Timisoara a fost |
profesorul Consiaiilin Dirvulescu (1890—1943), profesor de astronomie la Facul-
tatea de Stnnte a Universitatii refugiate, care — dupd cum sc stie — a deschis
cercetdrii romanesti drumul astronomiei galactice (studiul stelelor duble, al roiu-
rilor stelare, al rotatfiei Galaxiei) si al celei extragalactice.

in perwada 1945 —1954, inceputi prin repunerea instrumentelor in stare de
functionare, activitatea Observatorului din Cluj a fost condusi cu multd
competentd si autoritate de profesorul Ioan Armeanca. Se continud traditionala
problema a studiului stelelor variabile pe calea fotometriei vizuale si fotografice
si se incheie lucrarea de colaborare cu Observatorul din Paris. Rezultatele acestei
colaboriri simt imserate in lucrarea .Catalogue de 11.755 étoiles de la zome 4-17°
a +25° et de magnitudes 9,5 a 10,5, Publications de 1'Obscrvatoire de Paris,
Ed. Gauthier-Villars, 1950.

fn anul 1951, Observatorul este transferat de la Universitate la Filiala din
Cluj a Academiei R.P. Romaine, organizindu-se ca unitate de cercetare. In

A om
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perioada 1951 —1961; Observatorul a primit un sprijin substantial de la- Acade--
mie, atit pentru dezvoltarea planului tematic, cit si pentru cresterea bazei mate-.
ale si a'numdrului de cercetétori, cipitind si - personal tehnic-administrativ.
Noile conditii de lucru, precum s§i posibilitifile create pentru noi colabordri inter
mefionale — in special” cu: unele observatoare sovietice (Moscova, Odesa) .
deschid o noud perspectivd cercetirii astronomice clujene. In afard -de T .Ar-
meanca, Gh. Chis si $t. Radu, care se aflau la Observator, in perioada mentio-
natd au venit la aceastd institufie succesiv: foan Todoran (1 decembric 1931),
Elvira Botez (1 decembrie 1951, pind in anul 1962), Arpad P4l (1 -nai 1957,
dupi efectuarea stagiului* de doctorat la Universitatea ,,M. V. Lomonosov”
din Moscova, Institutul Astronomic -,,P. K. Sternberg”, Catedra de Mecanicd-
cereascd).

Din 1961, Observatorul astronomic trece in cadrul Universitdtii ,,Babey—
Bolyai”” din Cluj, pastrindu-si structura de unitate de cercetare.

Dupd moartea prematurd a prof. I. Armeanca, conducerea Observatorului
din Cluj este preluatd de profesorul Gheorghe Chis, elev al prof. Gh. Bratu si
wlaborator al prof. I. Armeanca ;timp de 23 de ani (1954—1977) el va conduce
awceastd institufie cu acelasi devotament ca si predecesorii sii.

Profesorul Gh. Chis si-a inceput activitatea la Observatorul din Ciuj la
| februarie 1936, fiind numit in postul de preparator. A fost trecat asistent,
in cadrul acestui Observator, la 1 februarie 1943, si gsef de lucrdri in acelasi an,
la 1 decembrie. La 1 octombrie 1950 devine conferentiar de matematici gene--
nle, iar la 1 octombie 1954 trece la specialitatea sa, astronomie si astrofizicd,
Indata de 1 ianuarie 1960 ocupa postul de profesor titular in aceasti specialitate,
pe care o pastreazd pind la 1 iulie 1977, cind devine profesor cousultant prin
isirea la pensie. Intre anii 1962—1988 a fost decanul Facaltitii de Matemtici-
mecanicd a Universitdtii din Cluj.

Cercetirile stiintifice ale prof. Gh. Chis se relerd la wurinitoarele patru
domenii : a) probleme de "astromertie prin: participarea la ,,Catalogul hdrii
fotografice a cerului’” (participare amintitd mai sus), determiniri de coordonate
geografice, determiniri de pozitii de comete, planete mici st sateliti artificiali,
tercetari cu caracter astronomic asupra calendarului geto-dacic din vestigiile
sanctuarului de la Sarmizegetusa ; b) problemes de stele variabile prin studii
ftometrice — fotovizuale, fotografice si fotoelectrice — ale stelelor binare
ftometrice si de tip RR Lyrae, reintroducind m:toda fotometriei fotoelectrice
ls Observatorul din Cluj; ¢) problemz d= ma2canicd cereascd prin determindri
{e orbite de comete si de sateliti artificiali ai Pdmintului; d) probleme dz cerce-
tirt spatiale, prin infiintarea in cadrul Observatorului din Cluj a Statiei de obser-
wre a satelipilor artificiali (cod COSPAR: 1132 si participarea la prograinzle
le colaborare internationaldi INTEROBS, INTERKOSMOS, EUROBS, vizind
blosirea observatiilor satelitilor artificali ai Pamintului (d= pozitie si fotometrice)
hstudiul variatiilor paramatrilor structurali ai atmosferei inalte a Pdmintalui,
i corelatie cu variatiile indicilor activitifii solare si geomagnetice.

Dintre toate domeniile pe care prof. Gh. Chis le-a imbritisat, astrofizica a
imas domeniul siu de predilecfie. Dovadi a importantei lucridrilor sale §i ale
wlaboratorilor sii din acest domeniu, in 1974, prof. Gh. Chis a fost ales prese-
finte al Subcomisier ny. 5 (Stele duble), in cadrul Comisiei de colaborare inter-
mtionald intre academiile de stiinte din tari socialiste, in problema , Fizica §t
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evolujia sielelor”, precum §1 vlcepres,aedmte al Cormtﬁtulul National Rourin de
Astronomie (pma in 1980),

In anuyl 1976, extinderea. ora.-;u}m Qbhga Ohservatorul 1a. stydmutarea insiru-
mentelor de observaii (achizitionate de Gh. Rratn) pe dealul Feleacului, in zona
Fdget (8 km sud de Cluj-Napoca, 750 m altitudine), existind aici conditii de
astroclimat, adecvate umor observafii astrofizice. Confonn hotaririi Senatuui
Universit3fii, clidirea si cupola Statiei de observare din Figet. au fost construite
— dupi conceptia profesorulul Gh. Chis, executantd fiind fnxxeprmderea »Elec-
trometal”’, CluJ-Napoca —+ din tesurse interme sicu forje locale, alpgind. in
acest scop circa 1000 00Q lei (Flg 1). Din anul 1977, Statia de observare din
Faget trece in nomenclatorul Centrului-de Astronomie si Stiinte Spatiale Bucu-
re§t1 care in noua orgamzare mcadreaza toate cadrele de cerectare as‘rrongmmd
din {ard, care lucreazd pentru aceastd unitate de cercetare.

Riminid la catedri si la Observator si dupa pensionare, profesorul Gh: Chis
a condus Seminarul de cercetare ,,Structura si evolufia stelelor”, precum si
activitatea unor doctoranziin specialitatea:, Astronomie si astrofizicd™, pinj im,
ultimele zile ale vie}ii sale. In urma unei boli necrutitoare, el s-a stins din viafa
la 19 mai 1981.

Din 1977, ca director al Observatorului astrouonnc a fost numit profcso-
rul Arpdd Pdl, decanul de atunci al Facultifii' de Matematicd a Universitaii.
(1976 —1984). Colectivul de astronomi clujeni, la mceputul noii perioade, a avut
de depasit nenumdrate dificultdfi §i piedici, care pdreau uneori de neinvins
pentru activitatea astronomicd: mutarea prov1zor1e a zestrei §i personalului
Observatorului, inclusiv a cercetédtorilor C.A.S.S., in cladirea Institutului de
Matematicd de pe lingd Facultatea de Matematic « Umversﬁatu (str. Repu-
blicii nr: 37), cu exceptie cupolei vechi, care a fost adapostiti in Parcul Sportlv
al Universititii; demolarea vechilor cladiri (din str. Republicii nr. 109), 1
1978 — in locul lor fiind construiti moderna Intreprindere de Elcctromca
Industriald §i Automatiziri; demersuri §i striruinfe pentru obfinerea aprobiri-
lor gi fondurilor necesare reconstruirii Observatorului pe un nou amplasament,
in valoare totaldi de 2000GOC lei; si mai apoi, coordonarea lucrarilor de
constructie si montaj (proiectantul fiind ELECTROUZINPROIECT Bucuresti,
iar executantul — S.C.P.C. Cluj-Nzapoca) si mutarea in noul edificiu.

Era pentru noi un motiv de legitima satisfactie si consemnim incheierea
lucrarilor §i darea in folosinta, in vara anului 1982, a unui modern si impundior
pavilion al Observatorului astronomic, in extremitatea sudicd a Gridinii Botanice
a Universitafii (str. Ciresilor 19), a cérei vegetatie bogatd condifioneazi aerul
din jurul Observatorului (Fig. 2). Noua cladire asigurd condifii superioarc de
desfasurare a activitatilor didactice si-de cercetare stiingifica, in ea {iind ampla-
sate : laboratoarc didactice §i de cercetare — printre care sala cupolei (vechi),
adapostind noul refractor Coudé (D = 150 mm, F = 2250 mm), achizitionat de
la_firma, Zeiss din R.D.G., in 1980 (Fig. 3), sala meridiana §i Statia de obser-
vare a satelifilor artificiali ai Pimintului (pe terasa clad1r11) biblioteca si sala de
lecturd, cabinetul de astromomie, atelierele de mecanici gi electronici, cemtrala
texmlca si celelalte utilitafi..

De un deosebit sprijin am beneficiat in realizarca acestui obiectiv din
partea organelor judefene si municipale de partid .si de stat, din partea Minis-
terului Educatiei si Invijimintului, precum si din partea proiectantilor si
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wistructorilor. intreprinderilor amintite. Tuturor le exprimam, §i pe aceasta
ale, cele mai vii mulumiri $i profunda noastrd recunostinta !

in ultima vreme, in dotarea Observatorului astronmoic au intrat mai multe
parate noi: un complex de aparate pentru mdisurarea timpului, aparate de misu-
nre a coordonatelor ceresti (teodolit, sextant, stereocomparator), calculatoare
deetronice, instalatie pentru pozitionarea automatd (pe bazi de microprocesor)
tlupetei Coudé (Fig. 4) s.a., care contribuie atit la imbunitatfirea cercetdrii
fiinfifice, cit si a procesului didactic.

S-a mdrit, de asemenea, fondul de cirti si publicatii periodice, Observa-
forul astronomic dispunind la ora actvald de o zestre de peste 16000 de volume

firti si reviste), precum i de alte materilale documentare de mare valoare
wlturaia.

Cereclarea stiinfificd in cadrul Obscrvatorului nostru se rcalizeazd fu prezent
i cadrul a doud seminarii de ccreclare, ale ciiror tematici le vom schita in cele
© urmeaza.

Preocupiiri in cadrul Seminaruini ,,Mccanicd ccreascd si cerceldri spafiale’”
[nfiintat in anul 1972; conduciter : dr. A, Pal): 1. Probleme de mecanicd
wreascd : varietdti diferentiabile si topologice cu aplicatii in mecanica cereascd ;
tudiul metodei medierii si al aplicatiilor ei in dilerite probleme de meeanicd
wreascd  (orbite intermediare ale asteroizilor, cometelor, satelifilor artificiali
ja.); studiul problemei restrinse a celor trei corpuri si elaborarca de modele
matematice pentru cazul cliptic al acestei probleme ; aplicarea mictodei transfor-
mirilor Lie la studiul migcarii perturbate a corpurilor ceresti; aplicarea unor
metode topolegice la studiul problemici celor doud si trei corpuri; studiul solu-
filor cu ciocniri in problema a doud si # (>3) corpuri. 2. Tcoria miscdrii
wicliftlor artificiali ai Pdmintului (SAP) . studiul miscarii perturbate a SAP
wb influenta diferitilor factori gravitzjionali si negravitationali ; studiul metode-
br de integrare numerici a ecuatiiler miscdrii perturbate a SAP; elaborarea
de modele matematice ale miscérii SAP, ca si de algoritmi si programe de cal-
al in vederea rezolvirii acestor modcle; determindri si amelioriri de orbite ale
SAP; determindri de efcmeride ; studii asupra misciirii satelifilor geostationari,
studiul migcdrii de rotatie a SAP in jurul centrului propriu de masi. 3. Probleme
privind structura ailmosferei teresive in cadrul relatiilor Soare-Pdmint : studiul:
wolufici parametrilor de stare ai atmosferei inaite pe baza datelor observationale’
supra frindrii orbitele a SAP in atmosferd ; claborarea de formule (legi empirice)
i pentru aproximarea parametrilor de stare ai atmosfercdi inalte ; studinl corela-
fiei intre evolutia parametrilor de stare zi a{mosferei inalic ¢i activitatca solard
i geomagneticd ; claborarea de algoritmi gi programe de calcul pentru determina-
ea de valori ale deausitatii si ale altor parzinetri de stare ai atmosferel inalte.
\. Probleme privind observarca satelifilor ertificiali : studiul vizibilitdfii satclifilor
atificiali (conditii de vizibilitate, vizibilitatea satelit-satelit, cazuri particulare) ;
daborarea de algoritmi §i programe de calcul pentru determinares de cfemeride
de SAP ; studii asupra metodelcr de reducere a cbservatiilor de SAP ; probleme
pivind identificarea SAP (metode, criterii).

O buni parte a rezultatelor obfinute au apirut. in urmitozrele publicajis
de Scminarului: Visual Observations of Artificial Earth Satellites. Supplement
Dedicated to the Twentieth Anniversary of the First Artificial Earth Satcllile Launch.
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University Babes— Bolyai Cluj-Napocd, Astroromical Observatory, Satellite Trac-
king Station No. 1132, Cluj-Napoca, 1977 ; ,,Babes— Bolyai”’ University, Faculty
of Mathematics, Research Seminaries, Seminar of Ceélestial Mechanics aisd Space
Reseanth Preprints : 2/1980, 3/1982, 2/1984, 10/1985. .

~Preocupdri in cadrul Seminarulur ,;Structura. si evolutia stelelor” (mfun}:at
in anul 1947, actuala denumire datind din 1977 ;»conducitor : dr. V. Ureche) :
1. Interpretarea curbelor de lumind la’ sisteme stelare binare strinse: hodele de
interpretare a curbelor de lumini; studiul efectului de reradiafie (reflexie);
studiul efectului de elipticitate ; determinarea elementelor absolute ale componen-
telor. 2. Studmlxpananez perioadei la binare strinse : deplasarea liniei apsidale;
efectul relativist in rmgcarea liniei apsidale ; prezenfa celui de-al treilea corp;
evolutia sistemelor binare in faza transferului de masa ; construirea de suprafefe
echipotentiale Roche si studiul stabilitatii. 3. Studiul fotometmc al unor variabile
de tip RR Lyrae : construirea de curbe de lumini din observaiii; determinari
de perioade multiple ; studiul efectului Blajko ; ajustarea curbelor observate cu
functii spline ; determinarea parametrilor fizici. 4. Studiul stabilititii pulsatio-
nale a stelelor : efectul rotatlei asupra stabilitdtii ; efectul mareic asupral stabili-
tatii. 5. Studiul structurii s stabilitdpii stelelor relativiste : modele analitice si semi-
analitice de structuri interni : oinogen, liniar, politropic, de tip ,stepenar”;
criterii de stabilitate a stelelor relativiste ; razele critice §i masele maxime ale
stelelor neutronice ; geometria continuumutui spatiu-timp in interiorul si in veci-
nitatea obiectelor relativiste; diagrame de imersiune; energia grav1tat10nala
a stelelor relativiste.

_ Mare parte a rezultatelor obtinute au apirut in urmitoarele publicatii
ale Seminarului : Contributions of the Astronomical Observatory, Univ. ,, Babes—
Bolyai”, Cluj-Napoca, 1976 ; Contributions of the Astronomical Observatory. Pro-
ceedmgs of the Colloquium of Astromomy, Section Astrophysics, Cluj-Napoca,
November 1977, Cluj-Napoca, 1978; ,, Babes— Bolyai” University, Faculty of Math-
ematics, Rescarch Seminaries, Seminar of Stellar Structure and Stellar Evolu-
tion, Preprm"s 4/1983, 2/1985, 6/1986

in virtutea acestor preocupan pe care ii este axatd activitatea, Observa-
torul clujean participd la mai multe colabordri internationale, sub egida Uniunii
Astronomice Internafionale (IAU = Internafional Astronomical Union) si a
Comitetului de Cercetdri Spatiale (COSPAR = Committee on Space Research),
precum si in cadrul a doud cooperéri intre academiile de stiinte din {ari socialiste :
,,Fizica si evolutia stelelor’” — in care Observatorului nostru ii revine coordona-
rea Subcomisiet (Subpr01ectulu1) nr. 5 ,,Stele duble” si ,Fizica cosmicd”, in
cadrul temei ,,Cercetan §i experimente comune cu ajutorul observatulor sateliti-
lor artificiali in scopurt astronomice, geofizice si geodezice’”. Tara noastri a
gazduit ultimele reuniuni ale acestor colaborari in 1982 si, respectiv, in 1983.

Pentru dezvoltarea relafiilor internationale ale cercetdrii astronomice romé-
nesti, in 1930 s-a infiinjat Comitetul National Romin de Astronomie, care a
devenit membru al U.A.I, unde rezultatele noastre au primit o binemeritatd
apreciere, oglinditd si in faptul cdnumai dintre astronomii clujeni cinci au fost
alesi membri individuali ai acestui for mternatlonal

Observatorul astronomic are §i menirea de a contribui la pregatirea viitorilor
profesori de matematici si de fizici, in cadrul cursurilor si seminariilor cuprinse
in planurile de invi{imint ale sectiilor respective, lucrdrile practice de obser-
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wfi fiind singurele activitdfi care pot asigura o bund infelegere, aprofundare s
ssimilare a cunostintelor teoretice predate la cursuri si exersate in seminarii.
[a aceastd activitate cu studentii participd, deopotrivd, cadrele didactice si
cercetdtorii Observatorului. Cursurile, culegerile de probleme, programe de cal-
el §i lucrdri de laborator, publicate in edituri sau litografiate pe plan local de
citre colectivul nostru reprezinté si ele tot atitea ajutoare -in pregatirea de specia-
litate a studentilor si in inifierea lor in cercetarea stiintifica.

Ca licas de stiintd si culturd, destinat studiului cerului instelat, Observa-
torul atrage o frecventd abundentd de vizitatori, in special clase de elen, terasa

lui spatioasd de observatii — unde se pot aseza mai multe intrumente astrono-
mice portabile de amatori — fiind adecvatd organizarii unor sedinte demonstra-

tive ce contribuie, incepind cu ,triirea emotionald a lui Galilei”, insotitd de
explicatii ale specialistului, la formarea unei conceptii juste, materislist-stiinti-
fice despre Univers.
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) Tdward W. Stredulinsky,
Weighted Inequalities and Degenerate Liliptle
Partial Differerntial Equations, Lecture Notes
in Mathcematics. Vol. 1074, 143 pages, 1984,

The main purpose of this book is the
investigation of various wcighted spaces and
weighted incqualities which are relevant to
the study of solvabhility of the problems con-
cerning linear cr non-linear partial differential
equations and in the analysis of the properties
of the solutions. The usefulness of these results
is illustrated in the Jatter part of the bhook
where they are used to establish continuity
for weak solutions of degencrate eHiptic equa-
tions.

The book may be used by the specialists
who work in the domain «f the thcory of
partial differentizl equations and by the stu-
dents who are specializing in this domain.

Q. SAILAGYT

K. Jarosvz, Perturhitions of Banach Al-
gebras. Loecture Notes in Mathematics 1120,
Springer Verlag 1985, 117 pp.

The boeck is dealing witli three kinds
of ginall perturbations for Danach algebras:
e-perturbations of the wnnitiplication, e-iso-
morphisin and e-isomctries. The auther proves
stability results under smiall perturbations for
varicus classcs of Banach algebras. As the
theory is only at tle initial stage the author
states meany problemms — the book ends with
a list of 20 open problems.

S. COBZAS

K. Sundaresan, S. Swaminat-
han, Geometry and Nonlinear Analysis in
Banaeh Spaees, Lecture Notes in Mathematics
1131, Springer Verlag 1985, 115 pp.

The Dbock is concerned with diffcrential
nonlivear analysis in infinite dimensional Ba-
nach spaces. The rich and elegant finite dimen-
sional theory do not extend automatically to
the infinite dimensional case. The authors
treat topics as: Smoothness classification of

B-space, Smooth partitions of the uaiy
Smoothness and approximation, Infinite &
mensional differcutiable manifolds. The buk
is clearly written, collects together many &
pics scattered in various journals and. will b
useful to a large class of mathematichs
(especially analysts).

5. COBRAS

Palle T. K. Jorgensen and Re
bert T. Moore, Operator Commulatin
Relations, Mathematics and its Applicatios
1. Rcidel Publishing Co. 1984, 493 pp.

The authors consider infinitesimal
globul  conunutation relations for operatwn
showing thut apparently distinct topics o
be unified, in an unexpected way, throughs
certain analysis of operator commutation
Iations, leading as well to new results in &
verse areas of mathematics and its applier
tions. The book is of interest for mathematicin
(bothh pure and applied) and for researchs
in mathematical physics and quantum de
mistry.

S. COBI

Jerrold Marsdeun, Alan Weis
stein, Calewlus T, IT and III, Spring
Verlag New York, Berlin, Heidelberg, Tokic
1985.

This three-volume book represents :
very good introduction to real differesi
and integral calculus. In a didactic and dy
rous manner the authors present the bs
notions and results including many geomet
and physical aspects of calculus with a wal
of excellent applications. Each volume contis
many solved and proposed exercices and -
blems. The book presents interest and is ui.
for the students in mathematics.

D. ANDRI

Banach Center Publications vol |-
Mzthematical Control Theory, Edited byl
Olech, B. Jakubczyk and J. Zabezyk, PWY
Warszawa 1985, 643 pp.
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* These are the Proceedings of the XVI-th
wmester of the Banach International Mathe-
matical Center (September—December 1980).
The hook contains forty papers covering va-
reus topics in optical control theory, writ-
tem by cminent specialists in the ficld as A.
Pensoussan, L. D. Berkovitz, ¥. H. Clarke,
R. Gabasov, J-1.. Lions, P-I. Lions, 1. Mig-
wof, S. Rolewicz et al.

8. COBZAS

Jindrich Nedcas, Introduction »
the Theory of Nonlinear Elliptie Equations,
Toubner-Texte  fiir  Mathematik, DBand 52,
Loipzig, 1983.

In prezenta carte autorul studiazi pro-
Heme la limitd pentru ccuatii cu  derivate
partiale de ordinul al doilea de tip eliptic.
Se studiazii probleme ca: spatii Sobolev i
Morrev-Camponate, solutii slabe, mctode apro-
xhrative, regularitatea solutiilor si aplicatii in
teoria elasticitatii. Cartea profesorului J. Nedas
reprezinti o foarte buni introducere in teoria
problemelor la limitéd relative la ccuatii cu deri-
vite partiale de tip eliptic neliniare.

I. A, RUS

Lars Hormander : The Analysis

of Linear Partinl Differential Operators: Vol. 1
Distribution Theory and Fourier Analvsis ; Vol.2:
Lifferential  Operators with Constant Coeffici-
ents, Springer-Verlag, Berlin, 1983.

The volumes I and IT are a systematic
stady  of distribution theory and of partial
differential operators with constant coefficients,
Basic properties of distributions, Convolutions,
Fourier transformation, Spectral analysis of
of singunlarities, Hyperfunctions, ¥xistence and
pproximation of solution of differential equa-
tions, Differential operators of constant stren-
ghth, Scattering theory, Amnalytic function
theory and differential equations, Convolution
equations. These two volumes are part of a
wmarkable book of highest quality and of
greatest importance for research workers and
gradnate  students in  mathematics.

T. A. RUS

Hideyvuki Majima, Asymptotie
Analysis for Integrable Connections with Irre-
gular Singular Points, Lect. Notes in Math.,

1075, Springer-Verlag (1984).

The book is an excellent research mono-
graph. Using strongly asymptotic expansions
of functions of several variables, the author
proves existence theorems of asymptotic solu-
tions to integrable systems of partial differen-
tial equations under certain general conditions.
Other topies in this book : Riemann - Hilbert -
Birkhoff problem, Poincaré’s lemma and de
Rham coliomology theoren:.

I. A, RUS

E. Zc¢idler, Nonlinear Funetional
Analysis and Its Applieations. 11l Variational
Methods and Optimization, Springer Verlag 1985,
662 pp.

The book is a cousiderably expanded
version of the book of the author, ,, Vorlesungen
tiber nichtlineare Funktionalanalysis 111", Va-
viationsmethoden wnd Optiemierung, 'Feubner
Texte zur Mathematik Leipzig 1977, 239 pp.,
and belongs to a cycle of five hooks on non-
linear functional analysis: I Fixed point teoh-
rems, TI Monotonce 8perators, IV \' Appli-
cations to mathematical physics, published
originaly in German as Teubner Texte and
translated (and expunded) in Iinglish and pu-
blished by Springer Verlag., This is a compre-
hensive monograph on optimization and varia-
tional problems. The book is very well organi-
zed and very clear written. Faclh chapter (and
there are 57 chapters) ends with a sct of pro-
blems and bibliographical conmments. The bi-
bliography is very extensive (30 pages). The
book ends with a list of symbols, a list of
theorems and an index of notions. T'he hook
is a valuable contribution to optimization
theory and related topics.

8. COBZAS

Jean Taul Gauthier. Strueture
des systemies non-lineaires. Iiditions du CNRS,
Paris, 1984, 307 p.

Dans I'Introduction du livre on présente
les idées genérales, les sources ct les buts da
travail. Les rappels néccessaires de géométrie
différentielle et de 7Topologie, ainsi que la
théorie du controle des systémes non-linéaires
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-avec ses applications sont développés d'une
manicer attractive et accesible d’aprés le
schéma suivant: I. Variétés différentiables.
II. Gouvernabilité. III. Observabilité ct Ob-
servateurs. IV. Stabilisation. V. Découplage.
VI. Bibliographie. Le livre est destiné aux
étudiants qui débutént dans la recherche,
‘autant que aux spécialistes én Automatique.

M. TARINA

Graphentheorie : cine  Entwicklung aus
dem 4-Farben Problem, von Martin  Aigner,
Stuttgart: Teubner 1984 (Teunbner-Studien-
biicher : Matliematik) ISBN 3-—-519— 020688,

Das vorliegende Buch eines bekannten
Autors enthilt eine selir gute Einfiilirung in
die Graphentheorie mit nahezu allen wichtigen
Begriffen und Resultate. Es wird dabei ins-
besondere die wichtige Rolle geschildert die
das 4-Farben Problem in der Entwicklung der
Graphentheorie spielte: sein Ursprung, die
crsten Versuche zur Losung des Problems mit
all seinen Sackgassen und schliesslich seine
ungew dhnliche Losung mit Hilfe des Computers.

- H. KRAMER

Global Analysis — Studies and Appli-
cations I, (Edited -by Yu. G. Borisovich and
Yu. E. Gliklikh), Lectures Notes in Mathema-
tics vol. 1108, Springer Verlag 1984, 301 pp.

The volume contains the translations of
the Voronezlh University Press series ,,Novoe v
global'nom analyze” for the vears: 1982 —
Yquations on manifolds; 1983 — Topological
and geometrical methods in  mathematical
physics; 1984 — Geometry and topology in
global nonlinear problems. The aim of the
series is to publish survey (expository) papers
and a small number of short communications.
Among the members of the editorial board
and contributors there are well known specia-
lists as A. T. Yomenko, A. S. Mishchenko,
S. P. Novikov, M. M. Postnikov, A. M. Ver-
shik et al. The translation and publication in
Lectures Note Series make these important
contributions to global analysis accessible to
o larger set of readers. '

o

S. COBZAS

Nonlinear Analysis and  Oplimizatia,
Bologna 1982, Edited by C. Vinti, Lectur
Notes - in Mathematics vol. 1107, Springe
Verlag 1984, 214 pp.

These are the Proceedings of a meetity
organized in Bologna in Honour of Profess:
Lamberto' Cesari (a similat meeting took plate
in 1980 at the University of Texas at Arlington!,
The book begins with a paper of D. Graif oo
J.. Cesari scientific activity and a paper of
J. Serrin, Applied mathamatics and scientific
thought. There are also ten contributed p
pers by eminent specialists in the field: L
Cesari himself, A. Bensoussan, J. Trehs, ].
P. Gossez, P. Hess, R. Kamnan, J. Mawhn
et al.

S. CORZA

Y. Okuyama, Absolute Summabiti
ty of Fourier Series and Orthogonal Sers,
Lecture Notes in Mathematics vol. 106},
Springer Verlag 1984, 117 pp.

The absolute summability of a series i
a generalization of the concept of absolute
convergence just as the summability is m
extension of the concept of convergence. The
absolute summability methods for non-abs.
lute convergent series (Norlund — and Ries
— absolute summability) are given both for
trigonometric series and for the Walsh ortho
gonal system. The book will be useful to al
interested in harmonic analysis.

S. COBZAS

Raghavan Narasimhaag Om
plex Analysis in One Variable, Birkhius
Verlag 1985, 266 pp.

The aim of this book is to present, from
a modern point of view, the theory of func
tions of one complex variable, relating the
subject to other branches of mathematies,
especially - several complex variables (a fietd
which owes mucli to the anthor of this book)
The author achieves masterly this end and the
result is an excelent monograph in complix
function theory. The book also comntains
chapter (Chapter 8) on several complex vati:
Dles but, as the author points out in the pre
face, as a whole, the book is about one varigbl,

S. COBZA
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P. Schapira, Microdifferential Sys~
fems in llxt- (mnplex Domain, Grundlehren der
mathematischen Wissenchaften vol. 269, Sprin-
ger Verlag 1985, 214 pp.

The subject of this hook involves several
franches of mathematics as: microlocal analy-
gis, lincar partial differential ecquations, al-
gebra and complex analysis. Its aimi is to
present, at an accessible level, to the analyst
the algebraic methods used in this ficld and
to the algebraist some topics from partial dif-
ferential cquatlons The book is a very good
troduction to this difficult and very active
domain of rescatrch.

8. COBZAS

H. Schlichtkrull, Hyperfunctions
md Harmonie Analysis on Symmetric Spaces,
Progress in Mathematics vol. 49, Birkhauser
Nerlag 1984, 1985 pp.

The Dbook is divided in two parts. The
first one (Chapters 1 and 2) is expository
(few proofs are given) and gives an introduction
to microlocal analysis and hyperfunctions. In
the second part, containing also some original
contributions of the author, these results are
gpplied to symmetric spaces. The book is an
outhgrowth of an essay which received a gold
medal from the Umversﬂ:y of Copenhagen.

S. COBZAS

Albreclhit I'rohlich, Classgroups
wd Hermitian Modules, Progress in Mathe-
patics, Birkhiuser Verlag 1984, Boston—
Basel — Stuttgart.

Cartea continne o cxpuncre sistematici

§ detailatd a abordérii cu ajutorul omorfis-
mlui Galois a diferitelor clasgrupuri atagate
adinelor §i in particular inelelor grupale,
pordare care se dovedeste fundamentald in
wrcetiri recente, Cartea este utili in cercetiri
teoria numerelor algebrice, X-teorie, forme

tratice si Hermitiene si teoria modulard.

GR. CALUGARFANU

H. Junek, Locally Convex Spaces
wd Operator Ideals, Teubner Texte zur Mathe-
tik, Band 56, Leipzig, 1983, 180 pp.

A. Pietsch was the {first who studied ope-
tor ideals in Banach -spaces aud applied
m to nuclear spaces. The ‘author gives in

I
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this book a systematic exposition of the theory

of ideals of operators ranging in locally convex
.spaces (LCS), showing that many properties

of several classes of LCS are just consequences
of some stability properties of operator ideals
acting on them. A special attention is paid
to F—, DF— spacces, to spaces of differentiable
and holomorphic functions and to spaces of
unbounded operators.

5. COBZAS

Recent Trends in Mathematies, Rein-
hardsbrun 1982, Teubner Texte zur Mathema-
tik, Band 50, Leipzig 1983, 329 pp.

L R e

These are the

rence  held in

Proceedings of a Confe-
Reinhardsbrunn RDG, from
October 11 to October 13, 1982, editde by H.
Kurke, J. Mecke, H. Trichel and R. Thiele,
The conference was attended by 62 mathema-
ticians working in various branches of mathe-
matics (8. V. Bochkariev, I.. ). Kudryavtsev,
7. Cieselski, W. Dickmeis, R. J. Nessel, K-H.
Ilster, A. Gopfert, J. Necas et al.). The book
contains 40 of the contributed papers, the
programme of the conferenceand the list of

participants.

- S. COBZAS
Procecdings of the Second International

Conference on Operator Algebras, ldeals and

Their /\ppli('ahons in Theoretical Physies, Leip-

“gig 19837 Teubner Texte zur Mathamatik, Band

67, Leipzig 1984, 234 pp.

The book contains the contributions of
the participants at this conference grouped
in three sections: A. Topological algebras
and their representations; B. Operator ideals
and geometry of Banach spaces, and C. Alge-
braic approach to quantum field theory and
statistical physics. Sections A -+ C contain
18 papers and Section B, 12 papers. The book
contains valuable contributions to these fields
and it is of interest for a large class of matlie-
maticians and physicists.

5. COBZAS

Thomas Zink, Cartiertheorie Lem-
mutativer formaler Gruppen, B. G. Teubncr,
Leipzig, 1984.

The theory of commutative formal groups
has a special importance in algebraic number
theory and in algebfaic geometry over a ficld
of characteristic p..Tle french mathcematician
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P. Cartier found a new approach to this
theory which is simpler and more general than
others and which has interesting applications
to abelian manifolds. The book of Th. Zink is
for studénts and mathematicians interested in
algebraic geometry or number theory and
familiar with commutative algebra. It presents
the theory in a new way based on concepts
of deformation theory. During the six chapters
of the Dook, besides the main theorems of
the theory, basic facts on isogenies, deforma-
tions of p-divisible formal groups and Dieu-
donne’s classification are treated.

RODICA COVACI

I. Lovasz, M. D. Plummer: Mat-
ching Theory, Akadémiai Kiado, Budapest,
1986, 544 -1 XXXTIT pp.

This Dook deals with the matchiugs
(sets of cdges without common points) in
graphs. Ta the theory of matchings a lot of

RECENZU!

applied problemns
the entire theory

A complete

can be modelleq, from whid
was really borne.

treatment of this and n

lated ubjects is divided into twelve chapten
These chapters are the followings: 1. W
tchings in bipartite graphs, 2. Flow the
3. Size and structure of maximum ma
chings, 4. Bipartite graphs with perfect m
chings, 5. General graphs with peie
matchings, 6. Some graph-theoretical p

lems related to

matchings, 7. Matchins '

and linear programming, 8. Determinants o
matchings, 9. Matchinyg algorithms, 10, T

f-factor problem,

11. Matroid matching, I!

Vertex packing and covering, and Referens
with an impressive number of titles, Al

rithmical aspecets

This well-w

ded to all, who
problems,

are also considered,

ritten Dboock is recomma
are interested in mateh:
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STUDIA UNIV., BABES - ROLYAL MATHUMATICA, XXXI, 4, 1086

CLASSES OF n-2-CLOSE-TO-CONVEX FUNCTIIONS

TEODOR BULBOACA*

Received @ June 15, 1986

REZUMAT. — UClase de funetii n-«-aproape eonvexe, Se introdue clase
noi de functii univalente, care generalizeazd uncle clase definite  de
H. 8. Al-Amiri {1' si 8. Ruscheweg 6! si se stabilese uncle proprie-
titi de incluziune intre aceste clase.

1. Introduction Let 4 be the class of functions f(z), analytic in the unit
disc U with f(0) = f(0) — 1 == 0. As in [2] we denote by K, , (3) the class of
functions f e A4 which satisly

’ D) “””f(f)] .
Re |(1 — =« o > ), e U,
I( 7) D f(3) ™ DML f(z)

where o > 0, § <1 and D* f(z) == = - * f(z) = ﬁn—:['(“—))-(ﬂ where (%)
(1 — 2)* n!
stands for the Hadamard product. Some results concerning the classes J,, ,(3)

and Z,(8) = K, o(8) are presented in [2]; note that the classes K, o ‘%’ and

!

Z,,(Tl;) were introduced by H. S. 41-Amiri {1]Jand S. Ruscheweyh
6] respectively.
Tet AC, (8) be the class of functions f € 4 which satisfy

Re wi)_ ~ 8,

D g(z) z = U, where g € 7,,,(3),

and we call this class the class of #-closc-to-convex functions of order 3.
Let C, 4(3) be the class of functions f € A which satisfy

‘ D f(z) D™3f(2)
Re} (1 —
€ [( “) DPg(z) +e Dr¥ig(z)

] > 3, z « U, where

¢ € Zyr2 (8), and we call this class the class of n-a-close-lo-convex functions of
order 3.

Note that C,(8) = AC,11(3), C,o(8) = AC,(3), Z.1(3) C AC,(3)
and Zn12(3) U Cpa(3); the classes c(%J = Co(a), .AC“(-f;" - C, were intro-
fuced by H. S. Al-Amri [1], who proved that C,(a) C C,, « > 0 and C,(a)C
CCa(B), a> B > 0. In this paper we shall study some properties of these clas-
ses and several particular results will also be given.

* Industrial Lycée, 2900 Ared, Romania
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2. Preliminaries. Let f and g be regular in U. We say that f is subordinate
to g, written f(2) < g(2), if g is univalent, f(0) = g(0) and f(U) < g(U).
We will need the following theorems to prove our main results.

THEOREM A. Letl <3<l and nw <N then Zy, (3 C7,(5) when
=1 /F( o + 21 —3), n + 2; l) and this resull is sharp.

This theorem is a particular case of Theorem 3[2], when o = 1.
THEOREM B. [5]. Let >0, B+ vy>0 and — ; < 8 < 1. Then the

differential cquation

=g’ (¢ 1 - (1 — 29)
26) + rsq(Z)(»LY ” i 4z = = hy(2), g(0) == 1

has a univalent solution is U, given by

1
2} =
70) BO(2)

X
p

1
where Q(z) = \ (‘“ ’—)2'3“"8’ # G 2 < U, and gz) < L0220
1 -7 1+2
0

If p(2) = Y + pyz + ... is regular in U and satisfies the differential subor-
dination

zp’(2) 1 — (1 —28)2
z) +

#@) Bp(s) + v 14z

then p(2) < q(z) and this subordination is sharp.

THEOREM C. [3]. Let duft) be a positive measure on [0, 1] and let Qfz, |
be a complex-valued function defined on U X [0, 1], such that Q(z, -) is integrable
on [0, 1] for each z = U. Suppo'se\that-Re Qz, ) > 0 in U, Q(—r,'t) is real a

Re -
Q(z,7) Qﬁ( 7, 1)

for |z| < 1<l

and ¢ < [0, 1].
1
If Q) = OS Qz, #) du(t). then Re 6<_> >

' THEOREM D. [4). Let h, ¢ = H(U) be univalent in U and suppose qe
EH(U) If $:C—=C sansﬂes ' . ».

a) § is analytic in a domain D C (3, -

b) (¢(0), 0, 0) = D and ¢(9(0), 0, 0) = A(U),

c) ¢(, s, t) & D when (v, s, t) € D, v = q(%), s-= m{g'(¥),

Sor Jz| < 7.
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Re(l 4 ¢/s) = m Re (1 + Gg"'(¥)/q'(0)), where L] =1, m =21, then  for
dlp € H(U) so that (p(z). zp'(2), 22p"(2)) € D, z <" U we have :

Y(ple), 2p'(2), 22p"(2)) < N(z) = p(2) < 9(2).

3. Main results. THEOREM 1. Let a > 0 and -l)— <8< 1;if feC,ald)
ated 10 g € Zua(3) then f & AC(53.) related to g < Zy ((3%,1). where 8741 =
]‘ .
=1/F(1, 2(n 4+ 3)(1 — 8), » +3; ~2_)‘

Proof. Using Theorem A we obtain g € Z,i( 5.1) fe

D”'"g(z)

L g(s)

< /'zsn H(z).

Let p(z) = DrHt f(z)/Dnlg(z) ; then p(0) =1 and using

ADM(2)) = (n 4 Do f(e) — nDrf(z), n e X we obtain that / & Coa(8)
])nug(:)

is equivalent to p(z) + a(2) zp'(z) < hs(z), where x(z) = u( P

n 2 Tig(z
Without loss of generality we can assume that p and J; satisfy the conditions of
the theorem on the closed disc U ; if not we can replace p(z) by p,(z) = p(rz)
and #,(z) by hs,(z) = hs(rz), 0 <7 <1, and these new functicns satisfy the
conditions of the theorem om U. We would then prove p,(2) < ks,(z) for all
0 <7 <1 and by letting -+ 17, we have p(2) < hg(z).

Because g € Z,,(1(8741), for « > 0 we have Rea(:) > 0,2 U. Let ¢(r, s) =
=7 + a(z)s which is analytic in C? and $(4(0), 0) = As(0) = hs(U). A simple
calculus shows that

o= ha(ly)

Re :
Cth( CO)

my Re «(z) > 0, where

Do = hs(To) + a(z)moleh'S(L,), 1y = 1, Sol o L

Using this fact togcether with the fact that Jghs(%,) is an outward normal
to the boundary of thr: convex domain /5(U) we conclude that ¢, ¢ As(U) and
using Theorem D we have p(z) < Ag(z). A simple calculus shows that 85, < 3
hence p(z) < ha: ' 1(z) and the proof of the theorem is complete.

Remarks. 1°. Fer 8§ = %\\'e obtain 8} ., == I: and the above result becomes
Theorem 1 [1].

2° Theorem 1 shows that if% < d<land o > 0, the €, o(8) C AC,(3551).
Taking o = 1 we obtain AC,,,(8) C AC,(35...1).
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COROLLARY 1. Let —l, <3<l and «>f 20. Then C,,(8) CCyaldr)
where 8%, — 1/F(1, 2n + 3)(1 — 3), n + 3;%}.
Proof. If 8 = 0; using Theorem 1 we have
Coal8) C ACL(3511) == Cao(3511).
If 8 #0, using Theorem 1 and 8,7 € 8 we obtain that if

f e C,(3) then Rc[(l g, g”"'“’“] -

. DRtz ()

=4 {R‘i (1 o) WHE 2@ ] i {}' - 1) Re I’TM} >

% ; Prten | Dt D)’

Let y & C with Revy > —1 and b,(z) == 3, AN

)
~- . . -~ 1 o (1
In [6], S. Ruscheweyh showed that if Resr 2 t,T and f = /,,‘;!

then f x b, & 7, 1

1S~

; Our next theorem presents a result concerning this

function.

THEOREM 2. Let v> — 1 and 3, = max {i“—-ﬁ;’, ZZ " 1)} <8 <L
~ "o 2(n 4-
Iff =7, (3) them f*b, € Z, (8(n, v, 8)), where

S, v, 8) = — | xE ——1+n
T (1,2(n G =), v -f’—)

and this resull 1s  sharp.
Proof. Let F(2) = f(z) % b, (z); using the well-known formulas [6]:
2(DFf(2)) = (k- 1)DF+Y flz) — RD* (2), B &N
ADFE) = (v + DD*f(z) — yDHf(2), Rey > — 1, k € N

we obtain that f e Z, (3) is equivalent to

) zp’(2) e (2 here Hlz) - l)’”“_I_’_(i)_‘
]‘)(Z) A (n - DpE) by ~-n <% (..), where /)( ) Dri7(2)
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Considering the differential equation

9(2) +ﬁq;‘z]+i)~y—’ == g (2) wheref =n -1, v =2y —n

and using Theorem B we deduce that this equation has the univalent solution

1
g(z) = —— — X, where Q(z) = S f: — z)zﬁ“"vml”"’*"‘dt.

T80 B

0

We also have p(z) < ¢(z) and ¢(z) is the best dominant.

Using a method similar to that of P. T. Mocanu, D. Ripcanu and L.
Serb [5] we show thainf{Regq(z):z € U} = ¢g(— 1).

We use the following well-known formulas :

1

S P11 — f) b (1 f2)edy = DO Z M) gy

a, b, ¢; 2), with ¢ > b>0
I{c)

0

Fla,b,¢;2) =F(b,a,c;2)

F(a,b,¢;2) = (1 — 2)=aF (a, ¢ — b, ¢;——| which hold for all

r —

ze O\ (1, 4 ).

If 3, <8 <1, we denote a =28(1 — 3), b =8+ <", ¢c — b =1 and using
the above relations we deduce

“Since ¢ > a > 0 we obtain that Q(z) = S ﬁl—f—;)— du(t), » = U where
) E

du(t) = _1e t-1(1 — f)e—a-1 dt is a positive measure,
1'a)T(c — a)
If we let Q(z, 1) = 1—% then Re Q{z, ) > 0,

0 0 r1

Q(—rt) sRfor0<r<1,te<i01] and Re —— » _!
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for |z] < r< 1,1 e [0, 1] By using Theoremm C we deduce

Re1> ! , |zl € r <
Q(z) Q(-1)

and by letting » — 1~ we have Re—]— > ! N
0¢) T Q=1

Then, by letting 8 — 37 we obtain our result.

. +1 L7,
Now we will prove that our result is sharp. If we let I?T](()) = g(z) we
A 3 ¥4

HDMECN w4+ 1)g(z) — n = g(z), and letting D*F(z) = ¢ (2), ol0) =

nF(z)

=¢'(0) — 1 =0 we deduce “9(—()) = ¢(2), ¢(0) = 1. This last differential equa-
16

obtain

tion has the regular soluticn ¢(z) =z exp SM dt, hence DrF(z) =
t

0
3

—zexp(n+1) S"“)t_“ dt =G, (z). Because z(D*'F(z))’--(n—1)Dn-1F(z)=nD"F()
0

we deduce D"-1F(z) + —

2(D"=1F(2)) = —2— G,(3), Go(0)=0, n> 1 hence

n—1 n—1

z

D*=1F(z) = —\ G, (t)*=2 dt = G,_,(2). A simple calculus shows that
P

n-1

o

0

Dr-2F(z) = 2] gc,,_,‘(t) =33t = G,_q(2)
0

Pid

Z

D'F(z) =2 S G,(H)dt = G,(2),

and F(z) = S E.li’l dt; since zF'(z) = (1 + y)f(z) — vF(z) we conclude that
0

flz) = 1# (YF(2) + 2F'(2)) is the extremal function and this completes the
+¥

proof of our theorem.
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COROLLARY 2. If y > max{—Tl., " — 1}, then [ < 7, (l)) implies that

f¢b, Z( (n Y,—)) where 8(n Y, —-) R .2 --~')'+~n‘ >

n4 1] 1
FI1l, o -1,y -2, —
o

-

>%, and this result is sharp.

Proof. Taking § = %in Theorem 2 we obtain the first part of this corollary

260 D)

2v - m o}

the relation ‘n Y —;—> L’) is equivalent to F(l, nt+1, v+ 2; %) <

and a simple calculus shows that the last inequality holds.
Taking #» = 0 and # = 1 in Theorem 2 we obtain respectively :

COROLLARY 3. If v> — 1, max {—- v, - l} <5 <1 and f A, then

ke hff( >8, z s U umplics Re ‘:-((;) > 30, v, 3), z € U, where F(z) =

f(2) # by(z) and 3(0,%, ) = LA — — .
F (1,2(1 —8), v 2 ;)

COROLLARY 4. If v> — 1, max {‘;ZY 2 M <5<t and f e A, then

7 95 8) — 1
oy L (I, v, 9) ,

(1 + 4;()) > 28— 1, z e U implies Re(

2 € U where F(2) = f(z) * by(z) and

~

(1, v, 8) = !

[
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STUDIUL RESTULUI INTR-O FORMULA DE APROXIMARE A
FUNCTIILOR DE DOUA VARIABILE CU AJUTORUIL UNUI OPERATOR
DE TIP FAVARD-SZASZ

ALEXANDRU LEONTE* si TON VIRTOPEANU*

I nirat in redacire: 10 ruiie 1985

ABSTRACT. -~ Study on the Rest in an Approximation Formula of the Two-
Variable Funetions by means of a Favard-Szész-Type Operator. One class of
positive, linear operators is constructed on the multitude of the functions f: D —
R—, where D = {(x, ¥): 2 2 0, ¥ > 0}, by relation (2). An analysis is further
made on the rest in an approximation formula of functions by means of these
operators.

1. In {1]D. D. Stancu dao metodd de constructie a unei clase de ope-
ratori liniari pozitivi depinzind de un parametru real «, definind pentru orice
functie f: I — R, I fiind un interval al axei reale, aplicatia

1 had r P k. Cad
LN by 2 (V2 Dia () () 0

unde x & [:=[0,a], a>0, a2 = x(x+ a)... (x4 (kA —1)a) x4¢€
e JCI, (e§*) fiind un sir de functii depinzind de o, analitice intr-un domeniu
D care contine discul |z — a| < a si care pot fi dezvoltate in serie Newton cor-
vergente pe D, DE {iind operatori diferente Norbund

Dhg(x) = D(D1g(x)), Dyg(n) = EE22 280D - p)la(n) == g(x),

o
Luind in particular

x
a

o5 (%) = (1 4 am) °, Zpmp == —
m

pentru care

x
a

Drpse(x) == (— 1)k (L)"(l + om)

1 4- am
se obtine operatorul de tip Favard-Szasz
S k
(L2 )(x) = B (-],

- ko5 —al
unde wyy (x) = (1 4- am) a(l - J : T

-t am

* Universitatea din Craiova, Facultatea de Stitnfe ale Naturii, 1100 Craiova, Romdnid
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{

} 2, In aceastd lucrare construim o clasd de operatori liniari pozitivi pe mul-
ﬁmca functiilor

JiD=R, unde D = {(x,v):x 20, v = 0}

ifacem o analizii a restului intr-o formuld de aproximare a functiilor prin acesti
peratori.
e «, B doi parametri reali, m, ¥ numere naturale.

Jefinim operatorul L},f,‘f” prin

F 3 1
L2 N =30 3 iR f| L L), @
o = m
de
_x kg keal
(v (1 - am) a( “ ) . , (3)
1 - o k!
¥ NTANY ar
Wil () = (180 F () (3)
) 14 Bn 5!

. o I .. o, .
Bte evident ¢ operatorul Li%® este un operator liniar pozitiv pentru a> 0,
i~ 0.

Yotind (RSEZF)(x, v) = flx, v) — (LSEPF)(x, v),
wem e ) = (LA ) + (REDS)(x, ) )

i seopul este de a obtine forme lucrative ale restului (Rf,f‘,f3> ) (x, ¥) in

iceastd formuld de aproximare.

3. Inainte de toate, fie functiile Z;(n, v) = #%y/, 1 =0,1,2; =0, 1,2
fvem

o w0
(L L) (3, 0) =32 30 el (0)ws () =

ko -

<

e [i (1 _.}_ d7’l)-- ::‘( ™wm ]k ) ,1’(2' B BT 2= N 1)1)] %
1 1 - an k! A
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Un calcul similar, arata

(Lfna,l;-a)llo)(x: ) = x, (L;?f’»mlm(’": M) e

(i I (2, 3) == 2y,

%A . . N ,?4
(L >/oz)(x' Y=yt — 2,

(L lyo) (v, %) = a2 4 L2,

(L)%, 9) = w2 + =F ey (LAl (2 5) = ety 4 2y,

n m

(L o) (5, 3) = ae o (R0 DEB (i) o Bt

nt n

Prin urmare

(RE15)(x, 3) = 0, pentru (i, 7) = {(0,0), (0, 1), (1,0}, (1, 1)},

14 5n
(RasP L) (%, ) = — B xy,
n
(RSP La)(%, 3) = — 22220y,
m
(RSP La) (v, ) = — (52 22 iy ) — D202
1]

Din aceasta, rezulti ci
lim (L$&®1, (%, v) = L;(x, v), pentru
m,n-— o
i, 7 ={0,1,2.

4. Fie Y fixat. Folosind notatiile si formele (19) din 17, obtinem

Jlx 2) = (L32f(-, ) () + (R f(-, 3) (),
cu (L f(-, i 2358 (x) ( , v) si

k-0 m

(RS, () = = 35 2 i [ v L by e ) -

o0
1 3 2 k k-t 1
—— —+ﬂr_x v’(”az (x + g_)[x’ i—, me—— f(.)-\y)] .
7

m k=0 i M
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- 5 k . " . =
Dezvoltind pe f (-~~, yJ dupd aceeasi formuld, avem
m

L) Zw“”(v (L L)+ (ROF(L ).

U

unde

R T SV R

0 ” n J
J
Rezulta
2 0'9'\ s {k 7
' - > <8
f(x; .y) = L z./ v(d x : wn; ("_ > _) -
k=0 j=0 \ m ”
o~ b ke (B Bk 1
- ===k () % =, 2500 A, ] =
k=0 m L m m
- ¥y +J8 <a> J+1
|/ - |- .
R TR0 o L S )] -
e
¥ k
0 o0 ( +, ( 4 B) ’ m ! "
co)(y -7 ad B> .
— 3 EEE I Red 0| .
k=0 j=0 mu 7 i+1
y: A ”
si deci
S EOR4+1
(R, 3) = — 3 =522 v;“z(x)[x, L, S y)] -
k=0 m wm m
>\ v+ 78 w® j+41
-2 Way (y)[y, . ; flx, )] —
7=0 1 ” .
o R+l
=] 0 . ' m ’ m
< 1 8
AR R | f (5)
k-0 j=0 iR ‘ L A i1
' y: »
. . ?'l n
. X k41
! m ' m . R .
unde L f| reprezinti diferenja divizati bidimensionald a lui
i j+ : '
Y, =, - .
- ” n

[ pe sistemul de puncte indicate.
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Presupunind c¢i diferentele divizate de ordinul al doilea ale lui fin raport
cu x, pentru fiecare v fixat, si in raport cu v, pentru fiecare x fixat, st difercnfeic
bidimensionale sint egal mérginite de o acceast constanti M, rezultd

s 1 - am 1 -5 1 -k .-
L L e e |

m n i

5. Si presupunem cd functia f are derivate partiale continue pind la ordin
al patrulea pe (0, 0) X {0, o).

Atunci, conform [3 formula (11)7, avem

(R f(o, () = = 2 (),

2m

Reluind calculul prin care am dedus formula (5), obtinem :

L e . . af
( \)’<na”9> f)(l V) _ i_ am X & (C,, ;\,) . }_Jﬂ-\’ 1 (t‘ T) .
Zm oal 2n Ve

—_ Ml__ﬂ Xy —.{‘f— E_, I}) (ﬁ)

dmn T dx%vt

6. In |11, D.D. Stancu arati c¢i dacd functia f: 10, @0

)
vate pind la ordinul al doilea pe [0, 20), atunci restul (Rg®> f)(x

— R are der-
" )

din formula

J(x) = (L5 N)(x) + (RG> f)(x) (G
poate fi pus sub forma
(R lx) = G x) £ @), ®

unde
G2 x) = (RGPH), dalt) = (x — ).

R§>¢, fiind restul relativ la variabila x, ¢ fiind fixat.
Vom nota insd, prin analogic.

H{B (7, m) = (R $)(x).

Vom presupune cd functia f are derivate partiale pini la ordinul 1V inclusiv.
Aplicind formulele (7), (8), pentru Y fixat, avem

u}~2w” ( )r?wvx“uw -
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. 9 « k . - .
Exprimind cu aceastd formuld f (—— R y}, schimbind rolul variabilelor, obtinem
m

P2 o) = Se e[t 1)+ (Boe 0 25 Ja o

. dr3
0

Formula (9), aplicata functiei %’2 , ne conduce la

) " (1V)
S o (L, T) =X (x 1) — SG<¢>(t %) ‘fmf (¢, )dr (11)
1]

Inlocuind (10) si (11) in (9), obtinem

f ) =3 5 R - w0) /(% L)+ (6w 0 Lo i+

ar
Il

S

.

‘I

o'_’ﬁB

[ OB o]

+§H<ﬁ>( ) &, s — [ (6@ DES G, 3 - L s,
0

o=t

00

ceea ce conduce la expresia integrald a restului din formula (4) :

(REP1) (2, ) = (Gt %) - ‘d_lfz (1, v)dt + S H® (z, v) - :);:E (x, 7)dt —
N )
o o y . 1Y) '
S R R e O L
R ;

Sintem recunoscitori prof. D.D. Stancu, care ne-a indemnat sii intreprin-
dem acest studiu si ale cirui indicatii ne-am inlesnit realizarea lui.
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REZUMAT. — Asupra funefiilor tare stelate gi tare eonvexe. Rezultatul princi-
pal al lucrdrii este continut in urmitoarea teoremi.

TEOREMA 1. Dacid 0 < a < 25i f este o functie olomorfa in discul uzitate
, f(0) = f1(0) — 1 = 0, care satisface conditia (2), atunci
#'(2)
f(2)

arg

g La— z€U.

2

1. Introduction. Let A be the class of analytic functions f in the unit disc
U= {z; |z{ <1}, which are normalized by f(0) = f'(0) — 1 =0. A function
f € A is called stronglystarlike (strongly-convex) of order a, 0 < a <1, if
jarg [()If@)]|1<ami2 (larg(l + 2/ "(DIf ()]1< anf2), for z = U If a=1
these concepts reduce to the well-known concepts of starlikeness and convexity,
respectively.

For 0 << « < 1 it is easy to show that each stronglyconvex function of order
« is strongly — starlike of order «, i.c. the following implication

2f'(2)
fz)

f =4 and =larg——

alg(l 4+ == zf m ,

E

holds. In terms of subordination this implication can be written as follows

fedand 1+ 20 <{ ! "'f‘“')“=> = (2) <( I+ = ) ()
12 12 f(z) 1—«
where 0 < « < 1. This result fails if « > 1.
In the case « = 1, we improved (1) by the following ,,open door’ theo
rem [3].

THEOREM A. If f € A satisfics

1+ zf:’(z) < 14 2 + 2z )
f(z

(2) 1—=2 1 -z

then

_lz'f"(;z__,"< 1 ,;l;/z '
f(z) Sy

® yniversity % Ciuj-Napoca, Facully of Mathematics ang Physics, 3400 Cluj-Nafioca, Romania
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Geometrically, Theorem:. A shows that if 1 + zf"(z)/f'(z) liesin
the complex plane slit along the half-lines # = 0, v >4/3 and ¥ =0, v < — JS,
then zf'(z)/f(z) lies in the right half-plane, i.e. the function f is starlike.

]ég tzlﬁis paper we improve (1) by the following result, which holds for all
x < (0,2].

THEOREM 1. If 0 < « <2 and f € A salisfies

1 zf’ ’(2) < 1+
+ /') (

b+ (2)
then

#(2) (i+: x

1) 1 s

2. Preliminaries. If F and G are analytic functions in U, then F is subor-
dinate to G, written F < G, or F(z) < G(z), if G is univalent, F(0) = G(0) and
F(U) Cc G(U).

We will need the following two lemmas to prove Theorem 1.

LEMMA 1{1, p. 128} Let g be analytic and injective on U\ _E(g), where
L(q) C oU conswts of -a fimite number of isolated singularities. Let p be an
in. U, with p(0) =" q(0). If there exist ponts z, = U and ¢, = oU \_E(q), such
that ¢'(To) # 0, i’(zo) == q(&o) and p(1z] < |zo1) Cq(U), then

‘ 2at(za) = Mo (%)

wherem > 1.

LEMMA 2 Let P be an analytic function in U such that

P() < ‘“) + o= k() 0<a < (3)

1 — =z
If p is analytic in U, p(0) = 1.and satisff;‘eéfﬂw differential equation”
SR ) b P(A() = 1, AN

then
$(2) <(; J: r‘
Proof. If we let g(2) = [(1 — 2)/(1 + 2)]*, then

The domain k(U) is symmetric with respect to the real axis. Therefore, if
: = e, then in order to obtain the boundary of A(U) it is sufficient to suppose
0 <0< -"‘ ‘

9 — Mathemalica 4/1986
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Letting ctg (0/2) = ¢ and /(e®) = « - iv, we find

u = u(t) = AI*

a(l + t?)
2t

5
v == o(t) = B2+ .t 2 0. (

where A = cons (ar/2) and B = sin (aw/2).

If o = 1, then # = 0 and v > /3 and we find that A(U) is the comple
plane slit along the half-lines » = 0, v > M3and w0, v < — V3.
We note that 4 > 0 (ie. > 0), for 0 < a << 1 and A <0 (i.e. u <0),

for 1 << & < 2. In the last two cases it is possible to eliminate the parameter
in (5) and to express v as a function of #. Actually we find

B affule  [(u)—la u>0, for 0 < a1
e ) SSHE
A 2 4 A #w<<0, for 1 < a<?2

We also have v(0) = v(0) == c0.
In all cases we deduce that % is univalent in U.

‘Now we suppose that 0 << « << 2 and the solution p of (3) is not subor
dinate to ¢. Then there exist points z, € U and {, € aU such that p(z,) = q({)
and p([z21<<|%0)) & q(U). Since g(—1) = o0, it is clear that {, # — 1. Suppose
Co = 1. Then p(z,) = 0 is the corner of the sector g(U). If p'(z,) = 0, by letting
2 = 7y in (4), we obtain a contradiction. If p'(zy) # 0 and 0 < « << 1, then the
image by p of the circle |z| = jz¢| cannot pass through the corner w = 0 without
itself having a corner, which contradicts p’(z,) # 0. If p'(z,) # 0 and 1 € a <2,
then is it easy to show that

(8 — ) - <arglzgp'(z)] < (1+a)7,

which shows that Re [2,p(29)] < 0. Hence, if we let z = z, in (4), we again obtain
a contradiction. All the above contradictions show that T, # 1. Therefore w
can apply Lemma 1 to obtain z.p'(z,) = m {oq'(%,) and from (4) we dedue

1 mTeq (L)
Plz,) = — Do (he) o M), 7
(%0) 7 e Q(Zo, m) Ui

If we let §,=¢", we can suppose 0 < 0 < = Ietting ctg(6/2) =/,
we obtain

QCo, m) = u(t) + 1V (),

where

Vw=w0+@;%§uﬁhtza

and u(¢), v(¢) are given by (5).
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Since m > 1, we deduce V() > »(f), which shows that P(zy) == Q(%,, m)¥
¢h(U). This contradicts the condition (3).
Therefore we must have p < g.

In the case a == 2, the result can be obtained by a limiting procedure.

3. Proof of Theorem 1. Tet f e 4 sutisty (2) and let g(z)  of'(z). From
@) we deduce g(z)/z # 0, for z € U. Therefore the functions p(z) - = f(2)/g(2)
and P(z) = 2g’(z)/g(z) are analytic in U. Moreover p satisfics the differential
equation (4). Since the condition (2) is equivalent to (3) b‘ L(l]]l]ld 2 we deduce
#z) < [(1 — 2)/(1 + z) 1, which is equivalent to |zf'(z)f() V4 2)/ (1 --2) e
This completes the pmof of Theorem 1.

The above prool shows that Theorem 1 can be stated in the following
equivalent form.

THEOREM 2. Lot O < €2 and let g € 4 salisfy

_{lgﬂ < ( | SR Ja ¥ Zas )
8(z) - =z -2

If

0
hen f € A, f(z)]z # 0 and
LAY IS
f(z) I

If we integrate the differential equation

of7(2)
176

1+ p,

ve easily obtain another equivalent form of Theorem 1.

THEOREM 3. If the analytic function P satisfics in U the condition (3),
hen

1 13
argS(exPS'Pﬂgdw’d,{{ 1),1'0r;:|<1.

(4

5

4. Particular cases.

a) For a = 1/2 the equation (6) becomes

v =42y > 0
== AN — [ :> .
2 Bu?
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It is easy to show that v > 1. Hence from Theorem 1 we deduce the following
result.

COROLLARY 1.1. If f € A and
‘Im 76 | <1, z2eU,
e
then
?argi&!<f—, z e U,
i fley 4

For example, if we take f(z) = ¢* — 1, we obtain

i ~ 1 =
larg —— ! << =, for |z| < 1.
i A 4

Using Theorem 3, we obtain the following equivalent form of Corollary 1.1

COROLIARY 3.1. If Q is analytic in U, Q(0) == 0 and | Im Q(z)| < 1 m{,
then
1 1z
{ 20 7) T .
arg S(exp = Sg(ﬂ dw dt| < '—4—, for |z| <1

W

0 2

For example, if we take

0) = Z10g 112
we obtain
1 44
[arg [cxp-;“): ‘ t—i—log %dw)dt} <: for |z| < 1.

b) For = = 1 Theorem'1 reduces to Theorem A, In this case the equ
tions (5) become
1 t

[t + j 1> 0.

=0 and v =1+
2 .t

¢) For « =2 the equation (6) becomes

u < 0.

f—
V== +

1
VR

Since v > 2, from Theorem 1 we deduce the following result,
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COROLLARY 12. If f <« A and

. PR
HIm »”—(—(3)-;' <2 zelU,
l ()

then
| )
jarg —,;(—--; <zm, zeU
: S

Using Theorem 3, we obtain the following equivalent form of Corollary 1.2

COROLLARY 3.2. If Q is analytic in U, Q( =0 and |ImQ(z)| <2 in
U, then

tz
t
’a S S—*)— }dti<7-:, for |z| < 1.

5. Remark. If 0 << « < 1, Theorem 1 is a particular case of a more gene-
ral result recently obtained in {2], by using a ,,subordination chain” technique.
The present proof is elementary; mcreover for 1 < « € 2 Theorem 1 cannot
be deduced from the result in.[2], since the subordination chain condition is
not satisfied in this case.
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SIMPLEX-LIKE METHOD FOR THE PARETO MINIMUM SOLUTIONS
OF AN INCONSISTENT SYSTEM

1. MARUSCIAC*

Recetved : October 12, 1980

REZUMAT. Metoda simplex pentru solutii minime Pareto ale unui sistem
inconsistent. Tu 1977 s-a definit o clasi de functii convexe in medic de ordinut
% (em-convexe) [2] si s-a ariditat c¢d orice functie am-convexii este pscudo con-
vexd. Tn aceastii notii se aratd ci tn anumite conditii orice functic pseudo con-
vexil este axm-convexit cu un numir « determinat.

1. Introduction. Recently [6] we have delined Pareto minimuni solutions
of an inconsistent system and we have shown that there is a strong connec-
tion between these extremal approximate solutions of a system and a multi-
criterion optimization problem. In [6] we gave some properties of the Pareto
minimum solutions of an inconsistent semi-infinite linear system.

In this paper we are going to present a simplex-like technique to generate
extreme Pareto minimum solutions of an inconsistent linear system.

2. Pareto minimum solutions of a system. Let I be an index set and
fo:R*—=R, ¢ € I. Consider the system

filx) =0, ¢ L. ()
It I = {1.2, ..., m} and

filx) =) aux; - b, el @
71

then system (1) becomnes a finite linear system:

éa,-jxj =b, 1] @
=t
or
Ax = b, )
where 4 = (a;;) is a m X n real matrix and b == () — a column matrix of

the type m X 1

If I-=N and f, are given in (2), the system (3) is a scmiinfinit linear sys
tem.

® University of Ciuj-Napoca, Uaculty of Mathematics and Physics, 3400 Cluj-Napoca, Koman'a
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DEFINITION 1. Vector x = R* 1s callsd Parcto minimum solution (or
Pareto minimum point) of the system (1) if there is no y € R* such that

0 Vi el = |fi{y)| < [filx)]

(ii Ho =L (AW < [fil#)]

DEFINITION 2. Vector x € R* ts called weak Pareto minimum solution
of the system (1) if there is mo vy € R* such that

Viel=|fi(y)l <I|fi®]

If we denote by P(f, I), P,(f, I) the set of all Pareto minimum and weak
Pareto minimum solutions of the system (1) respectively, then obviously

P(f, 1) C Pu{f. I)

The converse inclusion generally does not hold (see [6]).

3. Equivalent multieriterion optimizatuin problem. Consider X < R»,
f: X—+Rm" g: X —+R. Assume that

S={xesX:gx) <0} #0.

We remind that x® = S is called Pareto minimum solution (efficient solu-
tion) or Pareto minim point on S of the vectorminimization problem:

f(x) —min
subject to
gx) €0, x e X
if there is no ¥ = S such that

f(x) < f(x%), f(x) # f(x).

Assume that I = {1,2, ..., m} and consider the following vector-minimi-
zation problem (V.P):

(ul, uzl, e, u,,,) —min (4)
subject to
Ifix)| Swu;, i€, x =R, u R}

THEOREM 1. ([6, Theorem 1]). x, € P(f, I) if and only if (2°, u°) is a
Pareto minimum solution lo thc problem (V.P), where

o = (1fi(%o) |, - .- |fm(2°) 1)

In what follows we shall deal with the case when

filx)y =2a5% —b,iel={1,2 ..., m
=0
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i.e. we shall consider the Pareto minimum solutions of the system
Ax =10, (6)

where A € om,,,, (R) and & = am,, (R).

We denote by P(A4,b) the set of all Pareto minimum solutions of the
system (6).

In the present case the problem (V.P) becomes a Parcto linear program
(PLP) : minimize » € R™ subject to

|Ax — bl <u, x <R, u € R}

From Theorem 1 it follows

Corollary 1 shows that to find x® € P(4, b) is equivalent to find a Pareto
minimum solution to the vector minimization problem (PLP).

DEFINITION 3. An approximate solution x* < R* of the system (1) is
called the least squares solution of (1) if

S i) = it 3 £

SERN s==]

THEOREM 2. Problem (PLP) is always consistent and P(A, b) # @ for
each matricsis A and b.

Proof. Consider x* = R* the least squares solution to (6), i.e. a solution
of the system

z;{f,(x)a,j =0,j=12...,n

which always exists. Then

(x*, u3, u3, ..., uy) & Rotm,
where

ul = |fi(x®)], 1 =12, ...,m

is a feasible solution to the problem (PLP), since #f >0, i =1,2,...,m.
But if x* is the least squares solution to (6), then x* = P(A4,b). Indeed,
if x* ¢ P(A4,b), then there is x € R* such that (i)—(ii) are satisfied. Then

S8 < i)

which contradicts the fact that x* is the least squares solution to the system (6).
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4. Optimality ecriteria. To solve the problem (PLP) it is convenient to

express our multiobjective programming problem in th following simplex-like
tableau

—x —u 1
y=1 A4 —E.|
g=|—A4 —E, | —b (7)
f=1 0 —E,| o0

where E,, € pym (R) is the unit matrix and 7 = (Ymi1 - - - Vom)”.
Without loss of generality, we assume that

rank 4 = »,

otherwise system (6) is generally consistent and every its solution is always
a Pareto minimum solution (see [6, Theorem 4])

Then, after » Jordan elimination steps (J.e.s.) we can ecliminate variables

x. Assume that x,, x,, ..., x, were eliminated from the first # lincs. Then we
get the tableau

=Yy e =Va Uy ... Uy | 1
_Yn»il =
M 7= A, b,
_’).’m'[-l' forpiiiod
Nom R
f s () i [L‘m E () i

in which we have omitted the first # lines corresponding to the variables x,
writing separately

x = BT — B™W, (8)
where
B == (a)lim, b =(by ... 0), ¥ == (v ...

Continuing with the first stage of the simple algorithm, to determine a
basic feasible solution (b.f.s.) to the problem (PLP) (that in view of Theorem
2 exists) we get the tableau

o=l D | (9)
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corresponding to the canonical vector-minimization problem (CPLP):
f(z) = —Cz + ¢c—min
Dz <d, 220
where D € Mom—mxmim: C € Mpxmwim and d € R ¢ € R™,

To simplify the notaticn, we have denoted by z € R%™™ and » < RY™
the nonbasic and basic variables of the problem (CPLP) respectively.

THEOREM 3. (4, Theorem 1]. Let (0,d) (d > 0) be a b.f.s. given in (9
and let Q = {i:d;, = 0}. Then (0,d) is Pareto minimum solution lo (CPLP) if
and only if

Cu >0, Cu 0
(10)
Dou <0, 220

is inconsistent, where
Dy=(d,),+€Q, 57=12 ....n4+m

Remark 1. If (0, d) is a non-degeperate b.f.s., then ¢ = @, and (10) beco-
mes

Cu =20, Cu 0, uz20 (10)
We denote by

a- = (an. iz, -y Biy), AT = (anj. Asjy -, amj)T

the row-vector and column-vector of the matrix 4 = (a;) € Usmxm respectively.
Now, let 7,7, ..., % (1 € & < m) be distinct numbers of I such that

Cil]\O]ejon—{lZ n+m} ]1:{j6]0:0i1j=0}
¢y O, 7€ J, Jo=1{j e]l ¢i,; =0}
;k,\O]e]k L Je= {] ]kl ;k;';o}

Obviously

Jo21i2J.2 ... 2 |

THEOREM 4. If Jo Ji ..., Ja—1 are nonempty and J, =&, then (0, d)
is a Pareto minimum solution to (CPLP).

Proof. If (0,d) is not a Pareto minimum solution to (CPLP) then there
is (z, #) such that

Cz:z0, Cz#0. (11)
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~ Let H={j = J,:% > 0}. From (11) it is clear that (§ # H < J,. Indced,
if there is 2 € H \_J,, then from ¢;; < 0 it follows

E Ci\j Zj < 0
je i

contradicting (11). Therefore H < J,.
Denote by

s=max {# < {1,2, ..., k}: H = J,}

Then we have 1 <s <k, [ # s
Since
c

i <07 = o\ Jsan

I
341

it follows

which again contradicts (11).
From the proof of Theorem 4 it follows

COROLLARY 1. If Jo. Ji ..., Jm—1 are non empty, then (0, d) 1s a Parcto
minimum solution to (CPLP).

COROLLARY 2. Let ¢ <0 and J, = {j < Jo: ¢ =0}
If there is s € I \_{i} such that
VieJi =06 <0
then (0, d) 1s a Parcto minimum solution to (CPLP).

5. Deseription of the algorithm. The general outline of the algorithm follo-
wing from Theorems 3 and 4 is as follows.

Step 0. Starting {from (7) eliminate variables x and construct Tableau (9).
Step 1. Starting from Tableau (9) proceed to a b.fs.
Step 2. Set i:=1,4,:=14, J;:=J,={,2, ...,n+ m}
Step 3. Minimize
fiz) = — Z; c;zion S={z:Dz<d, 220}
JjeJ;
Sl‘e]b 4. Set 1: =14+ 1, 1;: = 1,44, ]i3 = Jiyr = {] E]iICij ::O}.

Step 5. If J; =@ ori+ 1 > m+ 1, then go to Step 6, else go to Step 3.
Step 6. Calculate x* from (8) for (v, z) = (0, d) and terminate.
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Remark 2. To minimize f,(z) at the Step 3 we can use the simplex algo-
rithm corresponding to the first 2m — n rows, objective function f; in the Tab-
leau (9) and column j « J,.

Remark 3. To compute another Pareto minimum solution to the system
(6) we have to itrate the algorithm by changing the initial index ¢ in the
Step 2.

Remark 4. To generate all extreme Pareto minimum sclutions to (6) we
can apply the method given in {31, by taking, for instance, supercriterion

"
F(x, u) = y_
fl
6. A numerical example. Consider the following inconeistent linear systen
xl =
xz, = 0
%+ %, =1

The initial simplex tableau is the following

—%) —Xy —Uy —Uy il 1

v, = 1 0 —1 0 01 0
=1 0 1 0 —1 0| 0
yo=1| 1 1 0 0 —1 1
Yoyy=1—-1 0 —1 0 0] 0
y=| 0 =1 0 —1 o lo
Yo=|—1 —1 0 0 —1 ‘1

|

h=] 0 0 —1 0 0 0
o=} 0 0 0 -—1 0! 0
fsi={ 0 0 0 0 —110
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Step 0. Eliminating x, and «x,, after

29

two Jordan steps (J.S) we get the

tableau

—Vi Yy Ty —Hy —ugl 1]

yy=| —1 —1 1 1 —1 1

Ny = 1 0 —2 0 0 0

V; = 0 1 0 —2 0 0

(7 1 1 -1 -1 —1 |—1

fi= 0 6 —1 0 0 0

Fy = 0 0 0 —1 0 0

, = 0 0 0 0 —1 0

T e
XNy 7= —Y: Tt Uy
Step 1. Adter once J.s. we get the tableau
TV TV T TV U 1
Ny = 0 0 0 1 =21 0
vy 1 0o =2 0 0y 0
Vye= | —2 —1 2 =2 21 2
iy == —1  —1 1 -1 1] 1
S 0 0 —1 0 0| 0
Jro=1—-1 -1 1 -1 11 1
fs = 0 0 0 0 —-110
which gives a bfs. y, =y, =u; =y =u3=0; y,=9,=0, y; =2, u, = 1.

Step 2. Set 1,: =1, J, ={1,2,4,5}.

Step 3. Minimize

Vit Yt Ve — U

After one J.s. we

get the tableau

(f2(2) — min)

—Yy —Ya Uy —Ys U 1
Vg=1 =2 2 2 -1 2 2
vy = 1 0 =2 0 0 0
vy = 0 1 0 0 -2 0
y =1 -1 —1 1 ~1 1 1
fi = 0 0 -1 0 0 0
fo = 0 0 0 0 -1 0
s = | —1 —1 1 —1 1 1
Step Aoy —Z ]2—{1 2, 4}
Step 5. Jg =
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Step 6. A Pareto minimum solution is given by the b.fs.
Y = :\v‘;’) =4l = y“ =ud =0

A= 2ot 0,47 -0, wf ==

1.c.
O a0 0
Xy Yooy
MR

Therefore a® == (0, 0) is the first extreme Pareto minimum solution ol the
given system.

Iterating the algorithm by taking 7,: == 2, after one J.s. we get another
extreme Pareto minimum solution x! := (1, ), which is written from the tableay

=N TNy Uy A Uy 1]
Ng = O 0 -9 1 O 0 :
vom| -1 =22 2 2 2
Vs = 0 1 0 0 -2t ¢
uy =1 —1 --1 1 —1 1 5 1,
fi=]—1 —1 1 —1 1 1|
fo= 0 0 0 0 -1, 0
fs=1 0 0 —1 0 0] 0|

in wich 7,: =3 and J, =1234 , J, =0
The last iteration of the algorithin, starting with ¢, : - 3 and taking
1y =1, 13: == 2, gives the last extreme Pareto minimum solution x*:= (0,1,

beot
e
=
—
ey
—
~
—
<.
4
o]
=
xT
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ABSTRACT, -- In Part I, a multilevel fuzzy classification is introduccd. The
cluster substructure of a fuxzy class is described by a fuzzy partition of this
class. A refinement relation between fuzzy partitions is defined. Some convexity
properties for fuzzy partitions are given. A generalization of the Tuzzy ISODATA
clustering algorithm is developed. A stratified classification may be obtained using
this algorithm.

In Part IT, a fuzzy hierarchy is defined. A divisive clustering algorithm to
obtain a binary fuzzy hierarchy is given. The algorithm represents an ceffective
technique for identifying the cluster structure of a data set.

1. Introduction. This paper presents a fuzzy hierarchical approach of the
pattern recognition problem. The main task in pattern recognition is the class
identification. The most real-world classes are fuzzy in nature. The classical sets
are therefore not appropriate to describe such classes. A class of patterns may
be conceived as a fuzzy set. The cluster structure of a collection X' of pat-
terns will be given by a set of disjoint fuzzy sets which form a fuzzy partition
of X. The cluster substructure of a fuzzy class C may be described by a fuzzy
partition of C. The hierarchical structure of X is given by a chain of fuzzy
partitions ordered by the refinement relation. This chain generates a binary
fuzzy hierarchy. Hierarchies may be obtained agglomeratively or divisively.
In this paper a fuzzy divisive procedure to build a fuzzy hierarchy is developed.
The classes are subdivided as long as is necessary to produce the final objective
classification. )

A decomposition criterion which permits to retain in the hierarchy only
,real” clusters is used. In this way no a priori knowledge concerning the
optimal number of clusters is required. The method gives therefore a solution
of the cluster validity problem.

The method is more powerful than the one-level classification methods
because it permits a more intimate exploration of the cluster substructure. No
evaluation of a validity functional [1, 4, 14, 15] is needed. Our approach is
essentially different irom the hierarchial clustering methods based on fuzzy
relations. In the method of Bezdek and Harris [2], for example, fuzzy
relations are used to obtain classical hierarchies. As the author knows, the
present procedure is the unique which produces a hierarchy of fuzzy classes.

University of Clij-Napoca, Faculty of Mathematics and Physics, 3400 Cluj-Napoca, Romania
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2. Prerequisites. Let X = {x,, ..., x,} be a set of patterns. Every pattenn
x; is specified by the values of d features. x;,, € R represents the value of the
j-th feature with respect to x; - x; may be thus considered as a vector {or
point) in R4,

A fuzzy set on X is a function 4: X — [0, 1]. We denote by L(X) the
class of all fuzzy sets on X. The set operations of fuzzy sets are defined using
the triangular norms (f-norms) and #-conorms (see for instance) {117). In this
paper we consider the f-norm T(x, y) == max(x 4y — 1, 0) and the ¢-conorm
S(x, v) =min (x 4+ y, 1).

Let 4 and B be two fuzzy sets from L(X). The reunion A4 U B is defi-
ned by

(4 U B)(x) = min (A(x) + B(x), 1), Yx € X.
I'he intersection 4 (M| B is defined by
4 N B) (x) =max (4(x) + B(x) — 1, 0), Yx e X

The inclusion on L{X) is defined as usually
A < B if A(x) < B(x), Vx e X

The family A4,, ..., 4,, # > 2, of fuzzy sets is called disjoint [5] iff

J
(UAi)ﬂAjH:Q, j=1...,n—1,
EEES
where @(x) =0, Yr € X.

The family 4,, ..., 4, of fuzzy sets is said to be a fuzzy partition of the
fuzzy set C iff it is disjoint and its reunion is just C. A4; is an atom or member
of the partition. It is not difficult to prove [5] that the family 4, ..., 4,1

a fuzzy partition of C iffz_\,A,'(x) = C(x), Yx € X. For C = X this equality

is just Ruspini’s definition (;f a fuzzy partition. We denote by F(C) (F,(C)) the
class of all fuzzy partitions of C (having # atoms).

Let P, Q be from F(C). Q is said to be a refinement of P, P < Q, iff every
atom of P is a reunion of some atoms of Q.

It is easy to see that if P={4,, ..., 4,}, P €F,(C) and Q; = F(4)),
then {Q,, ..., Q,} =Q = F(C) and P < Q. The refinement relation is an order
relation on F(C) [11].

3. Convexity propeties. Let M,, be the linear space of real (m X p) mat-
rices. Any fuzzy partition P = {4,, ..., 4,}, P €F,(C) may be characterized
by matrices in M,,. Let m; be the ij-th element of the matrix M and define

U,(C) ={M e M, \m; < [0, 1],j}§lnzij == C(x;), Vji*
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|
There is an isomorphism f: F,(C) — U,(C), defined by f(P) = M where m; =
= 4,(»;). Throughout this section we identify a fuzzy partitions with the matrix
associated to it by this isomorphism.

A fuzzy partition is called non-degenerate iff none of its atoms is empty,
i.e.EAi(xj) > 0, for every 7. P is degenerate iff E Afx;) 20, for each 1.

Let 717‘,,0(0) be the set of all degenerate fuzzy parti]tions of C having » atoms.
We denote by by F,,(X) (Fuo(X)) the set of all non-degenerate (degenerate)
classical or hard partitions of X. Using the established isomorphism we may
speak about the convex combination of fuzzy partitions. We are now able to
state the next convexity property.

PROPOSITION 1. The sets F,(C) and F,(C), where C « L(X), C # @,

are convex.
Proof. Let us consider P; = {4], ..., 41}, P; € F,(C), and a,, ..., 4> 0,

aJA () and denote

M»

Ea] = 1. We define the convex combination B,(x) ==
j=1

'u

”

Q={B, ..., B,}. We have thusiB,?(x) =2 7‘a Al (x) = ia,EA{? (x) =

i=1 =1 j=

2 - C(x) = C(x), for every x from X. It follows thus that Q is in F,(C).

It is not difficult to see that the convex hull of F,,(X) is a subset of
F,(X). The inclusion conv F,,(X) C F,(X) is strict [3]. The next proposition
proves this affirmation. It gives a necessary and sufficient condition that a
fuzzy partitions from F,(X) admits a convex decomposition with non-degene-
rate hard partitions.

PROPOSITION 2. Lzt P={A4,, ..., 4,} be from F,(X). P isin conv F,,(X
if and only ifZXA,f(x) z1, i=1 ..., n

Proof. Necessity. If P = convF,(X) then there exist a;, ..., @ >0,
b

Ea_, =1 and @Q; = {Bl, .., B)}, Q; from F,(X), =1, ..., k, such that

i=1
= E,‘aj Bi(x), for every x from X. Q, is non-degenerate and thus
=

YS Bi(x) = 1, for cvery 1, J. We may write

LA ‘>“ Bi(x) = ) a, == 1.
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For suﬁi(icnq, an algorithm for the convex decomposition of every fuzy

partitions P \VlthLA > 1 has been elaborated. Every partition in the

obtained convex decompos1t10n is non-degenerate. Because of its technical
character this algorithm is omitted here. It will be presented in a further paper.
Remark. The theorem gives ,,the additional property P in F,(X) needs to
distinguish it as a member of conv F,(X)" required in [3]. It may playa
central role in clustering by convex decomposition.
Example. Let us consider X = {xl, %y, %3} and P = {4,, 4,} the fuzzy pa-
tition of X given by 4,(x;) = 2, Vj, 4,(x;) = 1 — %, Vj. The associated matrix is

p ( A A A

/(P) = l—2x1—=—21—=—2

According with Proposizion 2, P admits a convex decomposition with non-

degenerate hard partitions iff 3x > 1 and 3(1 — &) > 1, ie. » € [1/3, 23]
For A = 1/2 the decomposition is

1

111
2 2 2| 1(100
_6(

0o 1 1)+

o | =

1 1
2 2

/

11 10y 1(1 01y 10 1 1
+E(o 0 1)+3(0 1 o)+3(1 oo)'

This resujt contradicts the affirmation made in [3] that P (or f(P))is
not in conv Fou(X).

4. Multilevel elassifieation. The cluster structure of the set of pattems
X ={x, .... %}, x; € R% may be described by a fuzzy partition of X. A
class of patterns (or a cluster) corresponds to an atom 4; of a fuzzy parti
tion P of X. In the following sections, we'll refer to the atom A; as fuzy
class or the cluster 4,

In our two-level classification model the cluster substructure of the fuzy
class A; is given by a fuzzy partition of 4;, We may consider a multilevel
fuzzy classification in which the cluster substructure of a fuzzy class C froma
level [ is described by a fuzzy partition P of C. The atoms of P belong to
the level I 4+ 1.

Let P={A4,, ..., A,} be a fuzzy partition of the fuzzy class C. A fuuy
class 4, is represented by aprototype L; € R% D(x;, L,) denotes a dissimile
ity index measuring the degree in which x; differs from the prototype L. Dis
a function D:R?4 X R?— R such that

(i) D(x,5) 20, D{x,x)=0, vz, y.
(i) D(x, v) = D(y, x). , Vx, y.

D may be a squared distance on R4

\
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In order to define a local dissimilarity I); which depends on 4 we consi-
der & distance d on R given by

Fm (A(x), A4,(v) d(x, »), if x,yeX
di{x, v) == A,(x) d(x, ¥) frxeX y#X
td{x, 3) fryye&EX

The local dissimilarity is thus

Di(x, v) = di(x, v), Vx, y.

If L; € X then A4,(L;) = max A4,(x) and therefore we may write
ra X

Di(xj, L)) = di(x;, L) = (Ai(x,))d*(x;, L,).

The inadequaeyll(A,, L)) between the fuzzy class 4, and its prototype
L. may be defined as

? ?
I(4;, L) = ) Dy(x;, L) =) (A4,(x,))dx(x;, L,).
i=1 J=1
The inadequacy J(P, L) between the partition P and its reprcsentation
L={L, ..., L,) is given by

. "2
J(P, L) =2 I(4; L)) = L 2 (A% d(x;, L),

where J is a function J:F,(C) x R* - R.

The detection of the cluster substructure of the fuzzy class C reduces to
search for the partition P € F,(C) and its representaticn L € R which mini-
mize J(P, L). The optimal fuzzy partition is thus obtained as the sclution cf the
minimization problem :

J minimize J(P, L)
\ P e F,(C) (1)
. e ™

The next propesition gives a local selution of this problem:

PROPOSITION 3. i) P « F,(C) is a minimum of the function TTCTLY of
and only if

Vi, 7. 2)
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ity L € R 1is a minimum of the function J(P,-) if and only if

4
T (i)t
= 1= ;
L= Wi (3)
3 (i)

i=1

Proof. Yor necessity the ILagrange multipliers method is used. For suf-
ficiency one shows that the Hessians associated with J(-,L) and J(P,-) are
positive definite.

Remark. The Picard iteration with (2) and (3) is used to obtain a locai
solution of the problem (1). The starating point in the Picard iteration may be
an arbitrary choice for P or an arbitrary choice for L. For C = X this proce-
dure reduces to the well-known Fuzzy ISODATA algoritm [1, 12]. For this
reason we will call it Generalized Fuzzy ISODATA (GFI) algorithm. Using
the GFI algoritm a stratificd classification of the pattern set may be obtained.
In the second part of this paper a hierarchical divisive procedure to detect the
optimal cluster structure in the data set X will be given.
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ON A GENERAL TYPE OF CONVEXITY

GH. TOADER"

Received : October 17, 1986

REZUMAT. — Asupra unui tip general de convexitate, in lucrare se dil o
caracterizare operatorilor integrali (2) ce conservit functiile S-convexe definite
in [5].

In their bock 15], A, W. Roberts and D. E. Varberg have
proposed, for an independent study project, the following general notion of
convexity. Let S be a subset of [ X I (where I == [0,1]) and D == {0, b!. The
function f: D — R is said to be S-convex it it verifies the relation:

e |

flsx + ) < s fla) + £ [N (1)

for any (s,4) € S and any x,y € 1. "y

The set of all S-convex functions defined on D is denoted by K(S). Theore-
tically S can be a subset of R? and a S-convex function can be defined on some
subsets of a linear space. But even in the case given before can appear some
complications. For example, from (1) we can see that s +/ < 1 forany (s,¢) =
e S. Otherwise b must be infinite hecause (s - () - x € D for x € D.

Apart from the well known examples of S-convexity given in {57, let us
to mention here another one, given by us in [71. For a given m € I, we say
that the function f: D — R is m-convex if:

flsx +m(l — s)y) < s fa) +m(l — ) - f(v)

for any %, v € D and any s € I. A function is m-convex if and only if it is
S, convex, where:

Sw=A(s,t)rs 1, t=m(l —s)}

As follows from Lemmma 2, m-convexity is a notion intermediate to convexity
(m = 1) and starshapendness (m = 0). So.it may be considered similar to a
notion given for complex functions by P. T. Mocanu in 4]

For s =t =20, from (1) we have f(0) < 0, that we suppose to be valid
for any function which appears in what follows.

To answer to some questions from {5, we consider the following relation
between sets: S < S’ if for any (s, /) € S there is an (s, 1) € S’ such that
t <t'. We put 0 < S for I x {0} < S.

LEMMA 1. If 0 < S, any S-cenvex function [ is starshaped.

* Polytechnical Institule, Department of Mathematics, 3400 Cluj-Napeca, Komaria
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Proof. For any s € ], ther is a ¢ 2 0 such that (s,7) € S. So, for any
x € D, we have:

fls0) = flsx 4+ 0) <5 flx) +- ¢ f0) < s - f().

LEMMA 2. If 0 < § < S', then K(S) D K(5).

Proof. LLt fbk in K(S’) and x, v in D. For any (s, ) & Sthereis a (s, 1)e€S$
such that £ > {. Hence:

flsx A 4y) == flsx + U(8)y) < sf(x) + £/((1F)) < sf(x) + Y1)

Remark 1. As s 4+t € 1 for (s, 4) € S, we deduce that the usual conve-
xity is the most restrictive.

COROLLARY 1. If 0 < S and G C S, where :
G {(s,4):s eI, t,=inf{: (s, £) = S}},

then K(S) == K(G).

Remark 2. This property gives an answer, at least partial, to the question
on the minimality of the set S which determines a class K(S).

But our central objective in this note is related to another problem. In
27 A, M. Bruckner and E. Ostrow have proved that the integral
mean :

F(f)(x) = =\ flv) dv

0

R |-

preserves the convexity, the starshapendness and the superadditivity of the
function f. In [3] it is considered a more general mean:

Ef)(x) = \ g'(v) f(v) dv. v

In [6] we have obtained a characterization of the weight-functious g which
give integral means F, that preserve the above propertics. We want to extend
now this characterization to the casce of S-convexity.

THEOREM. The function F(f) ts S-comvex for any S-comvex function f
if and only if the function g is of the form :

gx) =k -x k<R, a> 0. 3)

Proof. The function fy(x) = cx is S-convex for any real c. Hence so must
be also the function:

Fo(x) = Fe(fol(x) =

e
0
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But, ¢ being of arbitrary sign. this happens if and only if, for ¢ = 1:

Fo(sx + ¢ - y) = s+ Fo(x) -+ 1 - Fo(w)
for (s,8) € S; x,v € D. Thus (see [11) Fy(x) == bx and so g must be of the
form (3). If a > 0, (2) is not defined for f(x) = ¢.

Conversely, if g is given by (3), then (2) becomes:

F)®) =25 (ot flw) do. (4)

aking the substitution (given in [3]): ¢ a - w's, from (4) we get:

1

Ff)) = { flx - e,

0

It fis in K(S), for any (s,¢f) € S and any x, v € D, we have:

1
SS flrw®)dw +

0

F(f)(sx + tv) = § Fllsx + tw')de <

+t { flywiydw = s- Fo(f )(2) + - Fu(f) ()

0

that is F,{f) is also in K(S).

If we denote:

MeK(S) = {/: Fo(f) = K(S)}

we have thus the following:
COROLLARY 2. If 0 < S < S and a > 0, then:

K(S)  K(S)
N N
M*K(S") C M*K(S).



-t
.

LS I T B S CR

GH. TOADER

REFERENCES

Aczél, J., Lecturcs on functional equations and their applications, Academic press, New York -
London, 1966.

. Bruckner, A. M. and Ostrow KE. Some function classes velaled to the class of contex

Sfunctions, Pacific J. Math. 12 (1962), 1203—1215.

. Mocanu, C., Monotony of weight-mears of higher order, Analyse Numcr. Théor. Approx. 1l

(1982), 115—127.
Mocanu, P. T. Une propriété dec convexitlé généralisée dans la théorie de la représentation conforme,
Mathematica 11 (34) (1969), 127—133.

.Roberts, A. W. and Varberg, D. E. Convex funciions, Academic Press, New York,

1973.

. Toader, Gh. An integral mean that prescrves some function classes, Bulet. Inst, TPolihehn.

Cluj-Napoca, Ser. Mat.—DMeec. 27 (1984), 17—20.

.Toader, Gh., Some generalizations of the convexity, Proc. Collog. Approx. Optim., Cluj-Napoca,

1984, 329—338.



STUDIA UNIV. BABES—BOLYAI, MATHEMATICA, XXXI, 4, 1986

FURTHER REMARKS ON THE FIXED POINT STRUCTURES

TOAN A. RUS*

Intrat in redactie: 18 ociober 1980

REZUMAT. — Alte observatii asupra structurilor de punet fix. In 5 am reali-
zat o teorie a structurilor de punct fix in spatii metrice. In prezenta lucrare sc
extind aceste rezultate in cazul unei mulfimi oarecare.

1. Introduetion. The purpose of this paper is to improve the results given
in [5].

We follow terminologies and notations in 4! and [5.

2. Fixed point struetures. Let X be a nonempty set and ¥ « P(X}. We
denote by M(Y) the set of all mapping f: Y —Y.

DEFINITION 2.1. A triple (X, S, M) is a fixed point structure i

(i) S P(X) is a nonempty subset of P(X),

(i) M:PX)— U M®Y), Y - MY)C M), is a mapping such that,

ve Py
if ZCY, then
M@Z)D{fiz:f = MY) and f(2) C 7},

(ii1) Every Y = S has the fixed point property with respect to JM(Y).

Now, let us consider some simple examples.

Example 2.7. X is a nonempty set, S = {{x} 'v & X}. and M(Y) - M(Y)

Example 2.2. (Bourbaki-Birkhoff). (X, <) is an ordered set, S ={} &
e P(X) (Y, <) has a2 maximal element} and M(Y) = {f: Y=Y ix < f(x). o
all x € Y}.

Example 2.3. (Knaster, Tarski, Birkhoff). (X, <) is a complete lattice,
S =={Ye P(X)|(Y, <) is a complete sublattice of X} and M(Y) == {f: Y —Y |/
is order-preserving mapping}.

Example 2.4. (Banach, Caccioppoli). (X, d) is a complete metric space,
S==P, and M(Y) ={f:Y—=Y|fis a contraction}.

Example 2.5. (Niemytzki, Edelstein). (X.d) is a complcte metric space,
S == Py(X) and M(Y) == {f:Y—>Y|f is a contractive mapping}.

Example 2.6. (Schauder) X is a Banach space, S -+ P,..(X) and M(Y) =
= C(Y,Y). .

Example 2.7. (Dotson). X is a Banach space, S -= P, q(X) and M({Y) =
={f:Y—=Y|fis a nonexpansive mapping}.

* University of Cluj-Napoca, Faculty of Mathematics and Phvsics, 3400 Cluj-Napoca, Romania
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Exampic 2.8. (Browder). X is a Hilbert space, S = P, (X) and M(Y) =
= {f:Y—Y|fis a nonexpansive mapping}.

Examplc 2.9. (Schauder). X is a Banach space, S = P,4.,(X) and
M(Y) ={f:Y—=Y]|f is completely continuous}.

Example 2.70. (Tychonov). X is a locally convex space, S = P,,(X)
and M({Y) = C(Y, 7).

3. Mappings with the interseetion property. Now, let us introduce

DEFINITION 3.1. Let X be a nonempty set, Z(C P(X) and Z #0. A
mapping 0:Z— R, has the 1ntersect10n propertyif Y, €Z, Y, . CY,, neN
and lim 6(Y,) = O implies Ypo: = Y, # @ and 0(Ye) ==

7”00 neN

For some examples of mappings with the intersection property see [5].
Consider, however

Example 3.7. Let (X, d) be a complete metric space. If x, x,, 2, € X,
then we denote by 8,(x;, %, x;) the area of the triangle A(x,, %, %;). For
Y € Py(X) let

35(Y) 1 == sup {3,(%1, %a, %3) | %1, %a, 75 € Y},

If Z is the set of all connected and bounded subset of X, then 3,: Z—+R,,
Y +— 3,(Y), has the intersection property.

For some properties of the mappings with the intersection property see [5].

4. Compatibility with the fixed point struetures. Let us give )

DEFINITION 4.1. Let (X, S, M) be a fixed point structure, 6: Z—R_(5C
CZC P(X)), n:Z—Z. The pair (6, v) is compatible with (X, S, M) if
(1) there exists Z,, S Z, (C Z, such that 6|z, has the intersection pro-

perty,

(ii) % is a closure operator,

(iil) 6(n(Y)) = 6(Y), for all ¥ = Z,

(v) FaN 2, C S.

Now we illustrate this definition by some examples.

Example 4.7. Tet X be a Banach space, S = P, c,,(X), M({Y) = C{Y,Y),
Z = Py(X), Z, = Ppa(X), 0 = o, and yn(4d) =c0d, 4 €Z

Example 4.2. Let (X, S, M) be as in Example 4.1. 6 =y (measure of
non compact-convexity), 9(4d) = 4, A € Py(X).

5. (0, ¢)-contractions

DEFINITION 5.1. Let X be a set, ZCP( X), Z#9, 0:Z—+R, and
¢: R, —R, a comparison function. A mapping f:Y — X is a (0, ¢) L con
tractlon Y cCX)if

) A = P(Y)( Z implies f(4) < Z,
(i) O(f(4)) < ¢(6(4)) for all A = Z I(f).

Now we have.
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THEOREM 5.1. Let (9, w) be a compatible pair with the fixed point struc-
jure (X, S, M). Let Y € I‘n/ cand fe M(Y). If f is a (0, 9) — contraction,
then Iy # & and B(Ff) =

PlOOf Let ) == q(f Y) Since Y € F,z, we have Y, CY. Let Y,=
w {f(Y) 2(f(Ya)), .... We denote d,:= N Y,. From the Defi-

ne IN
aition 4‘1. we have Y, # Q, 0Ys,) =0 and Y, € F,. On the other hand
Y,=I(f) and Yo € I(f). These imply Y, € S. Since f € M(Y) and (X, S, M)
15 a fixed point structure we have F; # oo.
From f(F;) = F;and the condition (ii) in Definition 35.1. we have 6(F,) = 0.
For some consequences of this general result see [3].

6. O-condensing mappings

DEFINITION 6.1. Tet X be a set, ZC P(X), Z#, and 0: Z—+R,.
A mapping f: Y — X is a 0-condensing mapping if

iy 4 « PY)N Z implies f(d) € Z,

(i) 4 = I(f), 0(4) # 0 implies O(f(A)) << 6(A).
We have

THEOREM 6.1. Lot (08, %) be a compatible paiv with the fixed point struc-
ture (X, S, M). Lt Y € F,; and f e M(Y). If

) deZ xeY implv AU {x} €2,

(i) 6(d U{x)=0(4) forall A €Z, x €Y,

(i) f 1s B-condcnsing.

Then Fp# O and O(F,) = 0.

Proof. The proof is the same as the proof of the Theorem 3.1. in [5]

For some consequences of this theoreme see [5].
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ABSTRACT. — Let py be the n-th natural prime number and let ey «//7,, e
- \/p,,, n 2 1. One presents some asymptotic cstimates for (a,), . Relations
among the diverses conjectures in the prime number theory are also considered.

In what follows we shall denote by p, the #™ prime number. Consider
the sequences (d,)ns1, (%,)ns1 defined by d, = .0 — p, and o, :xlﬁ,_,.—

—\/;b,,. It is well-known that lim sup d, == oo (sce {17, [71). From this peirt
#.— 00

of view the sequence («,),»; has a different behaviour than (d,),.,. In this

sense we begin with the following conjecture :

CONJECTURE 1. The following incquality holds
o, <1 1
Sfor cvcry natural numbers n.

The inequality (1) hs verified on a ccmputer Felix C-256 with a programm
in FORTRAN IV for all prime numbers < 10¢ + 3, so for the (irst 78.50
primes. The numerical tests and the programm was accomplished by lin
Grecu from Politehnic Institute of Cluj-Napoca.

Our next theorem contains scme remarks abouth the liminf and limso
of some sequences which contain the difference o, == ajp, .1 =4/ Pu.

THEOREM 1. If p = [0, 1/2) then

lminf (nlun)?® - a, -~ 0 2
7~ 00
lim sup (nflu n)1? - o, o0 )
" =0

Proof. ‘To prove the relation (2), following the method ol {8, we consider
the function f: 1, 0)— [1, ), f(x) = 2%, « = (0, 1). Denote 2, == 4/p,. Itis
clear that A, << A, << ... and using the inequality 7 f(f) < %, .1 f(hyy1) lor ¢ &
€ (), Aa:1 We obtain

A

© n-+1 o
Y1 A it ’ dt .
D I T A 4
71 Agind (Ppea) n= 1 i) A
A, e

* Universily of Cluj-Napoca, Faculty of Mathematics and Physics, 3400 Cluj-Napcia, Kenania
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But, ob the other hand, we have:

S T I V- (1 _x,,_)(_l SN
nt Ao f (A w1 Agprf (At n=1 % A T UO) FOnd! 7
o e}
< [ (%)
[ f()\n) f()‘nn) f()‘
and one obtains
o
Mt = - —+-00 (8)
=l Xpiyf(ha)
‘io'\ "/P_':; _ ‘Jf;:t < + 0 (7)

Vona(Pa)®

In the following, using the divergence of the seriesz 1/p, ([1], [3]p. 135,
n=1
i8]) we get easy

=]

1
n=1 ﬂ/Puf’n-H

From (7) and (8) it follows

=0

lim inf(

#—» 00

- «/E;) / 1
VPuaWpa)* )| Abwtun
This is cquivalent with lim inf ;b?m + a, = 0. Taking into account that p, ~
7 — 00
~ninn ([10] p. 153) we get the relation (2) where § = 1= ¢ [0, /,).
To prove the relation (3) we use the inequality of Rankin ([2] p. 355,
6] p. 99):

- Inlnp,-lnlninin p,
w4-1 — Pn (/1 9
]5 + P > ujJ,, (In In In pg)? ( )

which is true for an infinity of natural numbers ».
We hove sucoessively

A e ~ Purr — s, ¢! in p, Inln p, - Inln n In lnp,
‘/[’n -y 1 \/Pn 2 \//’n+1 ‘/P’H—l (inln In p,)2

for an infinity of natural indices. It follows

N % > C - lnlg py-Inlnlnlnp, (10)
Int, (In In In p,)?
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so that

lim sup Vbwn &, = -0 (1

% =00 P”
Using again the asymptotic relation p, ~ #ln# we get immediately
n In »

lim sup ———- + &, = -0 (12)
B o0 In (n 1n 2)

and after an elementary calculation we o¢btein the relation (3).
Remarks. 1. Fro the relation (2) wegive a proof s'milar to that given fur
the relation (3) using instead of (9) the inequality of Bombicri (4]

Dot — Ps < (0,46 ...)In p, (13

which is true for an infinity of natural numbers 2. We have

«, = Pat1 — Pa </'n+1 ~ Pn < Kln P K =046

N + APn 24k, Nbw
ror an infinity of #.
It follows
pe 0, <K ﬁbpg ()

from where one obtains

lim inf p} - a, =0 15)

"~ C
and, consequently, using the relation p, ~ #nln#z we have (2). This method
has the disadvantage that it uses the strong incquality (13) and this inequa-
lity has a very difficult proof.
2. One sets, in a natural way, the question if the relation (2) remains

true in the limit case B = 1/2. It is very surprising the fact that in this case
we have:

Hminf /p, - «, > 1 (16)

7 4

If lim inf \/P,, - «, <1, then there is a positive nunber such that for en infi-

7?00

nity of natural numbers # one has

Vb o <1 —c (7
The inequality (17) is equivalent with

-

P — Pu
1 —c¢

_l_ '\/j’n+1/Pn



NOTE ON A CONJECTURE IN PRIME NUMBER THEORY 4

But .11 — P, = 2 and it follows
(14 e)/(1 — €) < N/ Pas1/Pa (18)

But this relation is in contradiction with the known fact that lim p,4, /Pn,: 1.

n—0

3. From the relation (2) one obtains liminf «, = 0, a result proved by

7~
L. Panaitopol [7].
Let us recall other three conjectures in prime number theory.

CONJECTURE 2 ([11]). One has the ecquality
lim a, =0 (19)

7n— 0O

CONJECTURE 3 (A. Schinzel [9]). For x > 8 between x and x +
+ (In x)? there is a prime number.

CONJECTURE 4 ([3] p. 73). For n > 1 the interval [n? (n + 1)2] con-
tains a prime number.

In connection with Conjecture 4 the best known result is due to M. N.
Huxley (see [5]) and states that there is a prime number between #* and
n? 4 10 for every > 7/6 and n > ny(0), where ny(0) is a sufficiently great
natural number.

The following theorem establishes the connections of our Conjecture 1 with
the above mentioned conjectures.

THEOREM 2. The following implications hold :
C3 = C2

Y

Cl=C4
C2 = C1 when n is sufficiently greal.
C2 = C4 when n s sufficiently great.

Proof. ,,C3 = C2”. Supposing that C3 is true, it follows p, < pu <
< P, + (In p,)? so that

o, << —!" In - 2 3,7 TR s =i
n \/P” ( 1‘7”) N /‘7 \//)n T m g «//’n '\/Pu
which implies C 2.

,C3 = C4”. By the Conjecture 3, in the interval [n? (n 4 1)?] there is
a prime number. But we have the inequality #* 4 4 (In #)2 < #* 4 21 -+ 1, for
every mnatural number #, which implies C 4.

L,C1 = C4”. If C4 is not true then there is a natural number # such
that p, < #? < (7 4+ 1)2 < $p5.;. Then an elementary calculation shows that

\/;bkﬂ —x/}-';k = o, > 1, which 1s a contradiction.
,C2 = C1 for sufficiently great #” is clear.
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,C2 = C4 for sufficiently great »”’. We obtain easily this implication
taking into account that C1 = C 4.

In conection with Conjecture 1 it presents also interest the proof of the
weaker statement that the sequence («,)s»( is bounded.

The author is greatfully indebted to Serban Buzefeanu, from University
of Bucharest, for the idea of the elementary proof of the relation {2). Also
the author thanks to Citdlin Badea for the interesting remark 2.
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ABSTRACY. - In this paper we define a new mecasure of the amount of infor-
mation associated with a generalized random variable as well as the measures
based on the stratifiecd random sample.

1. Generalized measures of the amount of information. Let {Q, &, P} be
a probability space, that is, Q an arbitrary nonempty set, called the set of ele-
mentary events; 8 a ¢ — algebra of subsets of Q, containing Q itself, the ele-
ments of & being called events; and P a probability measure, that is, a nonne-
gative and additive set function, defined on &; for which P(Q) = 1.

T.et

N
AV =12 = (pv Py - Pw)5 P22 0,0 == LN DS p = 1, (1.1)

be the sct of all probability distributions associated with a discrace finite random
variable X.

Shannon '8! introduced a measure of information by the quantity

H(E3) = H(X) = =} pilog, b, (12)

called entropy of the distribution € (or, entropy of the random variable X).
Measure (1.2) satisfies the additivity
H@&x+a)=H(@®) + H@), (1.3)
w here

‘3 * @, == (/)171' e ooy qu.v, c e e '."‘)qu, “ve, /‘)N‘].\') € A.VN (1.4)
is direct product of the distributions € and @, €, @ = A%.

Rényi [7] introduced a generalization of the notion of a random variable.
DEFINITION 1. An incomplete random variable X, is a function £ = £(w)

measurable with respect to the measure on ® and defined on a subset Q, of Q,
where Q, € & and P(Q,) > 0.

* University of Cluj-Napoca, Faculty of Economic Sciences, 3100 Cluj-Napoca, Romania
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The only difference between an ordinary random variable (£ is an ordinary
or complete random variable if P(Q,) = 1) and an incomplete random variable
is thus that the latter is not necessarily defined for every o € Q. Therefore, for
a incomplete random variable we have 0 < P(Q,) < 1.

DEFINITION 2. If 0 << P(,) < 1, then random variable &, defined on
the Q,, is a generalized random variable. The distribution of a generalized random
variable X will called a generalized probability distribution.

In this sense, the ordinary distributions can be considered as a particular
case of a latter.

We denote by

w(8) = f@.P" (15)

the weight of the distribution €.
Using the above definitions it follows that :
— if »w(8) = 1, then £ is an ordinary distribution ;
— if 0 < w(8) < 1, then € is an incomplete distribution ;
— if 0 < w(®) < 1, then # is a generalized probability distribution
Also, we denote by

Ay ={8=(py, ps - #v): >0, i=1N, 0 <w(@® <1}, (1
the set of all finite discrete generalized probability distributions.

DEFINITION 3. [5] The measure of the amount of information, associated
to a generalized random variable X, have the form

N
1 a*
Hyo(8) = Hoo(X) = — - logz(; q; - pi ), (1.7)
where
P@+a'~ N
gg=——r——, i=1N, Y, g =1, (1.8)
1=]

N
T pPte
i

a — h

a* =

,a¥*e(—1, 0 U0, ©); a>0, a#n nzl, (1.9)

”
B+4+a, =1, i=1N,8 <Ay (1.10)

This measure can be called the measure of the information of order «/n and
of type {B + 4,}, associated to the generalized propability distribution 2, [4].

Remark 1. The measure (1.7) is a generalized measure of the amount of in-
formation in the Daroczy’s sense [l] that is

Hq (8) = —log, Mo (2) = Hy(2),, (1.11)
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where
; N R 1ja*
N - ta® ‘ iLl ﬁ?‘m '“
M@, =Me@=(Ta ) -\ | . am
il » p?'“’
T |

represents the weighted mean associated to the generalized probability distri-
bution &, and f, ¢ represent the weight function, respectively, the representation
function, namely

f(t) = 5%, o) =1, t € (0, 1). (1.13)

_In the paper [6] to prove a theorem whence follows the form (1.11) of the
measure (1.7), the additivity property (1.3), as well as the properties of the func-
tions f and ¢ which were considered by Dardczy.

2. Measures of the amount of informazion based on the stratified random
sample, Iet C be a population (collectivity) and X a common property of hers
elements. We want to study this collectivity relativ to this commoen property
{characteristic).

Because, in general, the population C is heterogeneous in comparison with
the characteristic X, we consider a stratification of the population C so that to
obtain an homogeneity in each strata (subpopulation).

We assume that the population C is divided into N mutually exclusive sub-
populations C;, C,, ..., Cy,

C=C,UC,U... UCy. (2.1)

We denote by m = M(X) = M(X | C), o* = D¥X) = DX | C) the expec-
tation and the variance of the random variable (of the characteristic) X rela-
ting to whole population C. Also, we denote by

m; = M(X|C,), o = D¥X|C,), i == 1,N, (2.2)
the expectations and variances of the same characteristic X but relating to the

subpopulation (strata) C;.
Let

pi=PX=x|xeC), i=1N,

be the probability (the proportion) that a certain element x of the population C
to belong to the strata C,. We assume that all these probabilities are known.

A sample S from C obtained by taking random samples of size n, from C,,
of size n, from C,, ..., of size ny from Cy is called a stratified sample of total
size

n=mn+n+ ...+ ny 2.3
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In this paper, we discuss the stratified random sampling for estimation of
the population expectation m if we assume that %, m, ¢ and p, ¢=1N,
are known. Alsom, using these specifications as well as the Definition 3, we shall

define measurcs of the amount of information based on the stratified random
sample.

DEFINITION 4. If the size of sample, #, satisfies the relations

) »
VS R R (2.4)
M P Py

then the sample S is called a represenative sample. Also, if # from Definition 3
has just this semmification, then about the measure (1.7) we shall say that is
representative. ‘

DEFINTITION: 5. If the sizes of sample n,, 7 == I.N, to determine from the
condition that the sample mean

N
X-: piX.. (2.5)
[XE |
where
X, - 'S, i= 1N, (2.5)
ny 51

(x;; are elements from the strata ), to be an efficient estimator for unknown
expectation m, that is,

o . —
n'; =t} \:’ 2 G‘-— , b == l,N, (2.6)
RIS

Pt A

then about the measure (1.7) we shall say that is oplimum.

. . . R .
Therefore, the representative information of sample, Hg(X), may be written
in the form

H3(X) = — logy M s (X), (2.7)
where
N - \l[‘l;\-
Ma;{ (X) == (21 g - poX ) , (1.8)
and
a - f’,‘ . . —_— ”
a;\’ == — 1, Vl, 1 = l,N. (29)

Wy

N . . - 0 .
In the same way, the optimum iuformation of sample, Hg(X), has the form

HY(X) == — log, M ¢ (X), (2.10)
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where
N1 . l/a;
Me(X) ( g4 - j>?°) , (2.11)
3.1
and
R N 212
ni El ri- s :
el

Now, we shall compare, between them, the measures (2.7) and (2.10). Baut,
to compare these measures means, in fact, to compare the generalized means
corresponding to (2.8) and (2.11).

Remark 2. Because the parameters (2.9) and (2.12) are independent by the

index 4, then when 7 = 1, N, it follows that among the standard deviations o,,
Gy, ..., Oy, €xist at least an index ¢ so that

N
6, > 6=y p; c, (2.13)
5=1

where o represents just the mean value of the standard deviations ¢, oy, ..., oy.
If the inequality (2.13) is realized, then

ol — al :?‘_'f_i(?:‘ - 1) > 0, (2.14)
g c

and hence

ok < of. (2.15)
THEOREM. If the paramelers ok and of are in the relalion (2:15), then
M (X)) < Mgy (X) (2.16)
and

HYX) < H(X). (2.17)

Proof. Because the parameters ak and «f belong to the set 4 = (—1, 0) U
{J (0, ©) we shall distinguish two cases.

Case 1. 0 < ok << af and ok =y - a3, O <y < 1.

If we denote

u, = q; - P, vy ==q. i=1, N, (2.18)

then

g; - pri=ul - 0]7" (2.19)
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and therefore
N N
2oqi - pR=2 Ul 0l " (2.20)
11 $ =21
Using the inequality [2]

By - bh . L. BEN < piby + byp, +
which is a generalization of the inequality between the arithmetic and geometric
means of N nonnegative numbers, we obtain

. + pNnN, (221)

"‘Y U‘!NY ug 1 Uj ) o
y v TN o <Y o +( —)- . (2.22)
[ “1’) (‘z ) 3 P
it i j=1 j=1
Summing this inequality over 7, we obtain
N
X oul - v:”” N
=1 " Vs _ - .
PR 1#Y<_};‘Y-N + (1 —v)- =y+(l-v)=1
2wl (2 o] T Zw S o
j=1 j=1 J=1 j=1
(2.28)

and hence the inequality

éu" v *<(}§ )Y-(évg)w~ (2.24)

In view of (2.18) and if we effectuate the calculations we obtain just the
inequality (2.16) and hence the inequality (2.17).

Case 2: —1 <ok < af <O0.
Using the relations [3]
1
X 2.25
M_;(X) = ( ( )M (2.25)
t'=1 P;
1
M_a;(X) ——' %,, ( n ’aoJ‘/uo (2.26)
‘$'=l D

the proof of this case is similar to the preceding case
Remark 3. Using the Remark 2, that is, the facts that parameters o} and

are independent by the index ¢, is possible, also, to find an index s so that

N
o, < o= p;" 6 (2.27)

=1

*

*xo
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or, an index r se that
N
6, =G =2,p o (2.28)
=1

And in these cases the Theorem is also true, only that the inequalities (2.16)
and (2.17) will be

M. (X) > M +(X), HS(X) > H5(X), (2.29)
respectively,
M (X) = M +(X), Hs(X) = Hs(X). (2.30)
Remark 4. If the characteristic X follows a uniform distribution relating to
each strata C;, 1 = 1, N, namely P =I%, t=1, N, and 6, = 03=... = oy,
then
HY(X) = H§(X) = log, N, (2.31)

where logsN is hist the Shannon’s information associated with a uniform distri-
bution.
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REZUMAT. — Asupra unei ¢lase de operatori de aproximare linfari pozitivi
multidimensionali. In aceasti lucrare se prezinti o extindere multidimensionali a
unui operator liniar pozitiv, de tip Bernstein, introdus gi studiat, in anul 1983,
in lucrarea [5], in cazul unidimensional. Se dau evaludri ale restului formulei
de aproximare corespunzitoare si se estimeazd ordinul de aproximare, folosind
modulul - de continuitate multidimensional.

1. In our earlier paper [5] we have introduced and investigated the appro-
ximation properties of a linear positive operator L,,, of Bernstein type, depen-
ding on a non-negative integer parameter », m being a natural number such

that m > 2r. This operator, which maps into itself the Banach space C[0, 1] of
real-valued continuous functions on [0, 1], is defined explicitly by

r e i 4 k
Lu@): = 2 wha (f () 0
where
m—r
A )x"(l — g)mr=kl 0 < k<
m—y
B ) xH(1 — x)m—r—h+1 ifrg ksm—r
wh,a(%) 1 = - (2)
k—r+1 -— m—k
B r) x (1 — 2)
(m ~ ’) gr (] — g)meh im—r<kh<m
\\k — 7

It is easy to see that if » = 0 or » = 1 then this operator reduces to the
Bernstein operator B,, defined by

(Baf)(%) : = i sl f| ), B
‘where
Pmp(x) 1 = ( ’Z)x* (1 — %)~ (4)

* University of Cluj-Napoca, Faculty of Mathematics and Physics, 3400 Cluj-Napoca, Romania
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As we have shown, one can express (L;, f}(x) in terms of the Bernstein
fundamental polynomials (4) in the following form

= & puesti[(1 = 2 7(2) + 2] ©)

In this paper we present a multivariate extension of the operator L, and
investigate how it can be used in the multivariate constructive approximatior
theory.

In the Euclidian space E, = R* of all s-tuples of real numbers (1, x, .. ., x,)
we consider the s-dimensional unit cube

Q= {(xp, % .., %) RO S x;, 1, @ == 1{(1)s).

To any real-valued function f defined on Q, and arbitrary vector of non-
negative integer components (7y, 7, ..., 7 (ms> 2r,. ¢ == 1(1)s), we define
the s-dimensional linear positive operator

I""""'s
P
Myye e, M

$
by the following formula
(Earts, F) o o) = )
== il co Z /)"1 1 kl( ) /)m —Ts "' (YS) ((L)::A "m 3 Lk fJ(xl' s ey xs))
B -0 kR0 e s
where
(S G s )
/‘, k
=(1—x)... (1~x,)f‘ e
. By bry hy FaR
Aol — ay) .. (1 — xs)/i ‘--—};——--}-,. — ...,;«) -+
B 1 2
k k oy v ¥y ke
ST o § I ) I § I A E A 4 —“— e ,—:-‘~—-2~ , Zea tlsn -~!l -F
1y Jilg. g Mgy mg
t kot ¥e s ks ¢
+oxyx(1 — x) .. (1 — %) f ‘——4——1‘ 7’ R -;5’4 s e -”T) -+ ... -k
Hy g s

Tk Kooy hsy rgy kgl
F (1) o (1= Tn) Yoo XS] ’1 oLy Dem e L_’S) +
ity s
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4+ ...+ (1 ——xl)x,...x,f(ﬁ,u, ...,k’—:"-'—)-!-

m, ",
k ky R 1
+x1(1—xg)x3...x,f($’_1_,ﬂ’.”.s+"‘x)+
e My my mg

kl 1 k‘—‘l §— kl
T Y g x,)f(—l, . == -—)-

m, Ms_1 ms

Onc observes that for », = ... =r, =0 this operator reduces to the
s-dimensio nalBernstein operator B, g defined by

(BM,,...,m‘f)(xl, ey xs): =

ky ks

2 Ezb,..,,,(xl ...p,,‘,,x(xs)f(m—l,...,:s

h=0

It should be noticed that the higher-dimensional analogous of the operator
L;, from (1) can also be expressed under the following form

( L, s f)(xl, e, xs) —_

m, " k, k
= §zw ,‘(xl,...,x,)f(:l,....;;).
where
w::., ;ik. ..... ks(xl' ey Xy) = ;I]x wm k

3. By using formula (6) we can find easily the values of the operator L™ =" s

1 e Mg
applied to the test functions Ciry iy defined — for any point (%, ..., %) €
Qs - by

Cpy i (B o B)=20 (0S4 4+ .+ 4 S 2).

(L:'l"::t"‘m by (B o %) = xt L Loxe(i, = 0,15 p = 1(1)s), (7)

and

(Lr,, .‘.‘..,'r‘ P i‘)(xl, . x‘) — xf, + [1 +rp(rp - 1)] *p(l — xp) , (8)
J mp m
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for
=2, 1, = ... =l =y =...=1=0p=1(1)s

Appealing to the known Bohman-Korovkin-Volkov uniforin convergence
criterion, we may formulate the following convergence theorem.

THEOREM 1. If f C (Q,), then we have

lim I f=f,

My, ., Mo O ! $

uniformly on the unit s-cube .

4. We now proceed to determine the expression of the remainder of the
approximation formula of a function f € C(Q,) by means of the s-dimensional
Bernstein type operator introduced in this paper:

flxy oo w) =L f)(\:l, e, %) +( f)(xl, 1) (9)

One observes first that the polynomial L' % f, which — according to

(7) — reproduces the linear functions, mterpolates the function f at the ver-
tices of the s-cube Q. This is the reason that formula (9) has the degree of exac-
tness (1, ..., 1), as can be easily seen from the equalities (7) and (8).

Now refering to an expression of the remainder given in the one-dimensio-
nal case in our paper [5] and to a generalization of the formula (7.2) for the
remainders, presented in our earlier paper [3], in the bivariate linear approxima-
tion formulas, we can formulate the following.

THEOREM 2. If f « C(Qy), then for any point (x,, ..., %) € Q,, the remain-
der of the approximation formula (9) can be expressed, by means of one and two-
dimensional divided differences, in the following form

(Roy o ). m) = [10)
% (’ 1) 1 11 ) + )
_:E[I + i ] gt Z)[E() () c() f(xﬂv ey Xy, t") Xitls « ooy xs)]t,«_’

1=1
B s I ri(vi — 1)] 1 rilry — ) (1 — x) ) {1l — x,)) )
> [ + =2l

%, =1 my ms mj
L8<g)

) (*) C()
™
: E(‘) (n (5) ; f(xp ceey Xy, t"ﬁ Xitds «« o xj—l; tJl xj+l) ey xt) .

i My 44
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14 _71("1 - l)] I re(rs — 1)} ay( - 7)) o x4(1 x) .
l T + mg m,

",

£(1) (1) p(1) H

Cm,; imy omy
H 1 (PP

g(s) (‘) w{s)

m » \-:ms

where F,(” o ’;ﬁ,:: (1, 7 == 1(1)s) arc ccriain points in (0,1).

lm»

If we take into account formula (6.8) from our paper i3}, which correspends
to the extension to several variables of a Peano-Milne integral representation
formula of a linear functional having a certain degree of exactness, we can state
the following theorem.

THEOREM 3. If the function f has continuous partial derivalives of second
order on Q, then the remainder of the approximation formuia (9) can be represented,
Sfor anv point of Q, under the following form

(R;';,'fff,'fnsf)(xv e X)

1 11
= S Gi (15 %) fadl; E WG WIGE (5 ) frnre dty dt; -
FIES | l‘,](~j)l 00
1 1
G (1) IS S Gty 20) .. G2 (s %) fup. o+ dly . L,
0 Q

where

G:;i(ti X = (R:,’;i%,-)(fi)'
( s %) = (% — )y = (v, — 4 -l — 4]

'R N . . . . K r . .
and R”:i represents the remainder in the approximalion formula of f(x,, ..., x)
by means of L7 f, L' being the one-diensional linear positive opcrator corres-
"y my
ponding to the argument x,.

If we use the explicit expressions given in [5] for these Peano kernels cne
can see that their values on Q are nonpositive on {0,1], sothat appealing to
themean value theorem of the integral calculus, or using the Cauchy mean value
theorem for the divided differences occuring in formula (10), we can state,
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THEOREM 4. If the function f 1s twice continuons differentiabic in Q, with
respect o cach of ils arguments, then for any pownt (xy, ..., x) < Q lhere cxists

a point (5. Bs, ..., Z) in this domain such “that
[ALE} 1 R Xi
(Rl f)vn o m) - ll 4 4t )] ull x) e
my,. .,,m E ;-l n; i} 2w &
1 _+_ rilri i(ri l)] 1 vilri = 1) | x(l x4) ) x5l — Ij)fq_z -
i wj l 2my 2y )

B [1 7?» ,‘(Ll“,_]l‘] o [1 _' relr s 1)] (')“ ¥y ag(l - xs)f&’”':z..
. ne any v $

i,y P

We note that in the special case s == 2 this result has been given in ow
rocent paper {6, while in the case s = ’.., ry =20, r,==0 or ry=1,r.=1 all
those results were found in our earlier paper [4].

5. We can give also an asymptotic estimate of the remainder in the appro-
ximation formula (9), which corresponds to a result of Voronovskaja in the case
o! the Bernstein operator.

THEOREM 5. If for the function f: Q —R, at an interior point (x,, ..., x,)
of Q, the sccond total differential d*f(x,, ..., %) exists, then we have the asympto-
tic formula

(B 5 filan o, 2 ==

s §
— vilri DY vl -~ a4) 1 e e
- >_/ Il —!—- = ] . : ft:(xl’ LR xs) + 2 ’ e:v:, ’;\n '
iy | " | e M

2m p1 Mmp

where € s thend to O as my, ..., m, thend (o 0.
1r ==y ’_‘-

Proof Let (¢4, ..., ¢4) Q. It is known that becauscof our hypotheses
on f, there exists a function g: Q; — R such that we have g({,, ..., )—0 as
fy o> xy, ..o =%, while f(¢, ..., ) may be expanded, accordingto Tavlor’s
formula, in the following form

f(flv ce /.\'> == f(xl’ . —I Z\l — X fx,(xlv LR 5\‘5) +-
IR ) S .
> ?_7 (4, — X2 (xy, o x) t;l (¢ — 2)(t; — xj)f,ixj(x,, ey Xg)

n l = x,)z] (oo h).
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If we insert here /;, = k,/m,. multiply by the fundamental polynomial

un:':;“..j,f.\‘ k (xl’ e, xs)'

~,mx""n- e Ry

and take into consideration the equalities (7), (8). we obtain
(Lo 0 ) B %)

$

floy -, %) +2[1 + ri(ri -- l)’| ri(l — x4) fz?(xl- xR

=1 m; 2mi

r o 7
» 2 Ty

T oo (X,

where
71, iy fs -
my, »m (xl' ’ x‘) -
” m s . s
o iy P 7 Iy ky
= E"‘2wm,,...,;nxk.,...,k\(xl' ...,xs){z:(m ,1;,) g(—,—)
k=0 k-0 ! P 1 r ™, nig

Since g(t;, ..., t)—0 as {;— x,, ..., t — x,, it follows that for any
tive we can choose the positive numbers §,, ..., 8, such that jg(t,, ..., )| < ¢
whenever ¢, — x;] £ 3;,, 1 = 1(1)s. By replacing ¢ = k;j/m,, 1= 1{I)s, we
can write

€ posi

L x\ < 5, i A(D)s.

‘g(ﬁ, ...,£]<e when

m, mg mi
Since
m, "y
SN [ D DD D AR T e Al
Sl RCET |
p=1 \Mp my g

we may proceed further in like manner as in the case of one variable (1] One
concludes that there exist
LTI

LT Farees 7o
s — s .
8m,, cey Mg P 8m,, ce Mg, P (xl’ c )‘)

tending to 0 as m,, ..., m, tend to o, so that we can write
o1

(xl, C ey xs);;p : am,,...,mx,p.

Tip ey T Tay oonn ¥

Pm,, ...,.ms

6. We now discuss the estimation of the order of approximation of a func-
tion f € C(,) by means of the operator considered in this paper, in order to
see the speed of convergence of these operators.
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We shall make use of the modulus of continuity o on €,, defined by
o(f; 8, ..., 8) =max |f(x, ..., x) — fla1, ...m x5},

where 8, > 0, ..., §, > 0, while (x;, ..., x;) and (x], ..., &) are points [rem
Q,, so that

x — x| £ 8, 1= 1(1)s.

We shall now establish
THEOREM 6. If f € C(K,), then we have

|f(x,, cel, X) —(L;-’:-::trsm f)(xp coo )| S
’ 4 s
(11)
< 1.,/ ri(ri - 1) L2l — x,) 251~ xy)
=11 —{-2—\/ 1+ —/———— (ol f; alv—'———', ce, O \/‘—i
=1 o m; my My
where @y, ..., a5 are any positive constants.
Pyroof Because we have on Q;:
L4 7
ke ok, =3 Y
and
s ey r
Livws e o = e
we can write
|
f(x,, , X) ’—(L;" ..... ’ :")(xl, , Xs) ' s
m s R k
< oL n 7 Xy o, Xg) — .’__‘"‘.’_“ .
= k§ “~ wm, ..... :”s'k" A (xl’ cre x‘) f( 1 ‘) f‘ m, mg ’||

We shall use now the following two properties of the modulus of continuity
Sl oL x) — fla, L x) ) Selfs M al e  — x),
O(fi M0, o, A 8) 2 (1 4+ A4 .04+ Nel(f; 8, .., 8).
Since
ky

Flan oom) —f 5 ""L,\é‘“if;";? % — =

", " m,

81 ..,

5

<(1+E—l—

i=1 8

ki
X, — — )m(f; 3, ..., 8),

”m;
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it follows that we can write

[fCon o ) = (L0 f) oo )
sl Dy a2

i=1 k=0

<

v, (% )) o(f; 8y, ..., 8).

In accordance with the Cauchy-Schwarz inequality and with the identities
(7) and (8), we have

m; 1/2
r. ki Y2
< [ Wl ) (%= ] <

ms
;=0 J

ire — l)]x,(l — %)
V[l + My J "y

By using these inequalities and selecting

3, : \/M, P = 1(1)s,

mp

&, ..., % being any positive constants, we finally get the inequality (11).

Now, since for any (x, ..., %) € Q, we have x,(1 — x,) = 1/4, we can
select «; = ... = ; = 2 and we obtain the following result.

THEOREM 7. If f € C(Q,) in the maximum norm over 5 we have
Ty

(1—}—12\/14- )w(fﬁ\/—:z)

In the particular case s =1, r, = 0 or r, == 1, this inequality reduces to
the inequality given in 1935 by T. Popo viciu[2] for the Bernstein polyno-
mials.
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ABSTRACT. - Tu this paper a method is given for determining, in polar
coordinates, the linear accelerations on plane curves, considering the functions
v, 0 as zero order accelerations, and the derivatives », 0 as first order acce-
lerations, At the same time the areolar accelerations of the mobile
body are also determined. The differential equation solution is obtained by
introducing some unknown functions, of the t-time variable, called , direct
connexion functions’’.

1. Introduetion. The real development of complex phenomena cannot be
coinprised in simple differential equations. The simplicity disappears when the
progression of the phenomenon, in all its extent, is slow or fast. In this case,
the ¢asy deterthination of these out of commnon equations’ solutions disappears,
and new and pretentious methods must often be resorted to.

~ In this paper a method is given for dctermining lincar accelerations on
plane curves, considering functions #, ® as zero order accelerations, and the
derivatives r, 0 as first order accelerations. At the same time, the areolar accele-
rations of the mobile body in curvilinear motion are also determined.

2. Description of the méthed. Iet be the areolar differential of the motion
of a mobile body on a plane curvilinear trajectory

A + ay,()A + ag(t)4 = f(1), (1)
. . . . . . » (l) (‘) . .
with the given initial conditions A4(0) = A4,, (¢ =0, 1), where A(f) is an area.

By denoting with R = R(®) the polai equdtion of the plane trajectory, the
elementary area dA has the expression

or

dA:%ﬂmWW, 2)

where r{f) := R{0(f) ] and 0(¢) are the polar coordinates of the mobile body instan-
taneous position.

® Poivtechnical Institute, Departmeént of Mathematica, 3408 Cluj-Napoca, Rowmanta

» AMathewmatlca 471986
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By integrating (2), it follows

t A
A() = A, + _;.Srz(s)é(s)ds, ()
1)
and the derivatives of A are
A() = %r"(t)i)(t), A = % (2rr6 + 726). )

By introducing the ,,direct connexion functions” [3]

i1, 4(f), @i, (), w2,0(t), (=0, 1),
we have the relations

;' o= (T).o, 17, ; = 0—;2, 17.', (5)
0= 1, 09, 6§ = Wy, 16, b= g, 10, 00. (6)
By integrating the first relation. (§) and the second one (6), one obtains
t
r(t) = rq exp IS(JL o(s)ds] , )
0
i
B(t) = 6, exp[g s, 1'(s)ds]- (®)
1]

By observing (5) and (6), relations (4) become
1

R
A= 57 0, )
A =2 P850 + wn,1). (10)
By substituting (8) in (3), (9), and (10), it follows
t T8
At) = Ay + = 6 5 72(s) exp [S w21 (o)dcr] ds, (11)
- 0 0
- i ,
A(t) = ‘; 8,72(t) exp [sz, l(s)ds], (12)
0

| =

-~

3

Alt) = L 6,231 0 + 2, 1)72(t) exp [Swz, ,(s)ds]- (13)

N
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By observing (11), (12), and (13), equation (1) becomes
t

3 () exp [{on «s)ds]{ag'(t) 126, 0(0) 4 o21(8)] -+ wy(B)} 4

o
+ aglt) {A + 2 ' 9, Sr‘( )c'xplswz, (o)da|ds' = f(1). (14)
L 0 ' "
By integrating expression. (8), one obtains
. . t $ o
0(t) = 6, + 0, S exp Igmz, ,(o)do‘] ds. (15)
} o o
By substituting (7) in the first relation (5), we have
13
() = rqer. olt) exp [S @1 o (s )ds] (16)
e § . ()
By observing (8), the second relation (6) becomes
- ) L
B6) = fows,+(0) exp | { 21 (5)ds] (17)
0
From the third relation (6) and from
6 = (02,09, (18)
it follows B
(\)2"10(t) = (4)2, ](t)i\)l' (),(t)~ (19)
By substituting (15) in the first relati()il“z(ﬁ), and from (18), we have
e t Cis
0(t) = o, olt) {eo + 6, \ exp“ w21 (0)do ds}, (20)
[ s
B(1) = w, o) { e,,Spr ISO, ,(c)dc] } 21)
. 0 0
By equalizing (17): with (21), -one obtains
i . l s N
D0z, 18 exp[ng,1<s>ds]—mz,..(t){e.,+"'6'0‘§«xp o 1(0)da d} 0. (22)
0 S o
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From (8) and (20) it results

o0

B, exp [ § o, ,(s)ds] — o off) {,o.-,+,. bog.exp.l go,g, .(.,)dc] ds} =0. (3

By substituting (16) in the second relation (3), it is obtained
L :

Sa;._ ofs)ds| - (24)

Ft) == ro@a, 1(£)éy, oft) exp

o

By integrating the second relation (5), it follows

HE) = 7y exp [Saz, ,(s)ds]. (25)
0
From (16) and (25), onc obtains

¢

¢
ro0, olf) cxp i \ o, ‘,(s)ds! — 7q CXPp IS(EZ' .(s)ds] =1, {26)
0 ' @

The expressions (7), (11), (12), (13), (14), (135), (16), (19), (20), (21), (22),
(23), (24) and (26) make up a system (S) of 14 equations with 14 unknown quan-
tities

H o o _ ) .
r, 9, A4, ('5 == (), 1, 2). Mg, 6, Mg, i, (i = 0, 1), w2, 0.

For determining the solution, the initial conditions (;2(()) == ( )o, (1==0,1,2),
6(0) =: 0, are also given.

The constant A, results from (1), for ¢ = 0.

The constant 6, has the value

0 = 244"

The value 9, is obtained from the second rclation (4), for ¢ -- 0. From
(5) and (6), for f == 0, we have

G0l Folrel 7L @ 1(0) = Folre) !
w1,0(0) = 0g(85) 71, s, 1(0) = B(8,) 1.
For ¢ = 0, from (19) it _l'()l-l()\{vs
oz o{0) = ez (O)eon, o{0).
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) )
Knowing the functions #(t) and 0(), (¢ == 0, 1, 2), the module of the speed
and acceleration of the mobile body 1s determined
: 1
of == ok (r8)2]%,
1
ja) == [(r - r82)2 4 (200 + »9)21%.
The functions 7 == #(¢) and 0 = 6() are paranretrical equations, in polar
coordinates, ale the mobile body trajectory, which lead to the polar equation
of the plane curve, by eliminating parameter 2.

.

REFERYENCES

by

pevs

Démidovitsch, B, Maron, I. LEléments de calcul nUMEVique, Tiditions Mir, Moscou, 1973.

. Yacob, C. Mecanicd teoreticd. Editura didacticii si pedagogicd, Bucuresti, 1971.

. Tudosie, C. Deduction of higher order accelerations by the method of associated angular velocity.
Strojnicky Casopis, 34, ¢ 3, pp. 337—341, 1983.

. Tudosie, C. Determination ¢f higher ordev accelerations by a functional method. Acta Technica,
CSAV, No. 2, pp. 218—224, 1983.

5. Tudosie, C. A method for calculating the kigher ordey accelcrations. Mdthematica, Tome 25 (48),

No. 1, pp. 69—74, 1983.

[ -

S



STUDIA UNIV GABLS—BOLY AT, MATHEMATICA, XXXI, 4, 1986

ON SATURATED I-FORMATIONS

- RODICA CovACL*

Received : December 21, (085

ABSTRACT. — A theorem giving necessary and sufficient conditions for a
n-formation to be saturated is proved in the paper.

1. Preliminaries. It is the aim of this note to prove a theorem which gives
necessary and sufficient conditions for a n-formation (i.e. a m-closed formation)
to be saturated.

All groups considered are finite. Let = be a set of primes, n’ the comple-
ment to = in the set of all primes and Oy (G) the largest normal n’-subgroup
of a group G.

We first give some useful definitions.

peErINITION 1.1. ([4], [5], [7]) @) A class % of groups is a homomorph
if K is eprmorphically closed, i.e. if G = ¥ and N ts a normal subgroup of G,
then G/N = ¥%.

b) A homomorph & is a formation if GIN, € &F G[N, €& implies
GIN,NN, ¥.

c) A formation & is saturated if & is Frattini closed, i.e. G|®(G) € & implies
G € &, where ®(G) denotes the Frattini subgroup of G.

d) A group G is primitive iof G has a maximal subgroup H with coregH =1,
where corecH = N {H%/g = G).

e) A homomorph & is a Schunck class if & is primitively closed, i.e. if any
group G, all of whose primitive factor groups ave in &, is itself in &,

DEFINITION 1.2, ([4]) Let § be a class of groups, G a group and H a sub-
group of G. H 1s an &F-covering subgroup of G if: (i) H = &; (i) H < K <G,
K,d K, K|[K, =& imply K = HK,,

DEFINITION 1.3. a) ([3]) A group is n — solvable if every chicf factor is
either a solvable © — group or a ' — group. For = the set of all primes, we obtain
the notion of solvable group.

b) A class & of groups is © — closed if

GOy (G) =& =G < &.

A w-closed homomorph, formation, respectively Schunck class is called = — homo-
morph, © — formation, respectively n — Schunck class.
In the proof of the main theorem we need the following results:

LEMMA 1.4. ([4]) If X ¢s a homomorph, G a group, N a normal subgroup
of G, K[N an ¥-covering subgroup of GIN and H an ¥ — covering subgroup
of K, then H is an % — covering subgroup of G.

® Unsversity of Cluj-Napoca, Faculty of Mathematics and Physics, 3400 Cluj-Napoca, Romania
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LEMMA 1.5, ([1]) A selvable minimal normal subgroup of a group is abelian.

LEMMA 1.6. ([1]) If S is a maximal subgroup of G with coreg S=1 and
N is a minimal normal subgroup of G, then G = SN and SO\ N = 1.

LEMMA 1.7. ([3]) Let & be a class of groups. & is a saturated formation
if and only if & is a Schunck class and a formation.

LEMMA 1.8. ([2]) Let § be a # — homomorph. Then & is a Schunck class
if and only if any = — solvable group has & — covering subgroups.

2. The main result

THEOREM 2.1. Let & be a = formation. The following conditions are equi-
valent :

(1) & is saturated

(2) if G s a ®™ — solvable group and G & F, but for the minimal normal
subgronp N of G we have G|N € &, then N has a complement in G;

(8) any m — solvable group G has & — covering subgroups.

Proof.

(1) = (2). & being a saturated » — formation, ¥ is, by 1.7., a = — Schunck
class. Hence, applying 1.8., G has an § — covering subgroup H. We shall prove
that H is a complement of N in G. Indeed, HN = G, because of 1.2. (ii) used
for H<G =G, N4 G, G/N &, Further we have H( N =1, as the follo-
wing shows. Since G is m — solvable, N is either a solvable = — group or a
n’ — group. Let us suppose that N is a =’ — group. It follows that N < O (G)
and we have

G[0x(G) = (GIN)/(0x(G)/N).

But G/N = &, hence G/O.(G) = &, which implies, by the = — closure of &,
the contradiction G = &. So N is a solvable = — group. By 1.5, N is abelian.
It follows that HN< G. Since HN\N # N (HNN =N leads to N < H,
hence G = HN == H, in contradiction with G¢ Fand H = §), wehave H N=1.
(2) = (3). By inducticn on |G|. Two cases are possible:
1) G € &. Then G is its own & — covering subgroup.

2) G ¢ &. Let N be a minimal normal subgroup of G. By the induction,
G[N has an § — covering subgroup E/N. We can have two possibilities :

2a) G/N € &. Then E/N = G[N. By (2), N has a complement V in G.
Again two cases are possible:

2a;) coregV s 1. The induction shows that GfcoreV has an & — covering
subgroup H/coregV. Let us suppose that H == G. Then G/coresV « &. Hence
GIN (NcoregV = &, because ¥ is a formation. But V being a complement of
N in G, we have N (" coregV = 1. It follows the contradiction G = &. So H < G.
By the induction, H has an & — covering subgroup H. By 1.4., H is an § —
covering subgroup of G.
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2a,) coregl == 1. We shall prove that V is an & — covering subgroup of
G. Since

V~VIVNN ~VNIN =GN,
we have 7V € &. Let now
V<K<G K9 K, K|I[K, € &.

We shall prove that K == VK, It is easy to see that I/ is a maximal sub-
group in G. Indeed, V << G, for V = & but G & &. Further, if V < V* <G,
supposing V < V*, it follows that there is an element v* & V*\_V; but G =
= VN implies v* = vn, with v € ¥V and n € N. We obtain that n = v~ 1v* €
e« VN N. Since VNN=1, #=1 So v*=9v €V, a contradiction. Hence
V = V* and V is maximal in G. It follows that we have either K =V or
K = G. In the first alternative, K = KK, = VK, If K = G, we notice that
K, # 1, for if K; =1 it follows the contradiction G € &. Iet M be a mini-
mal normal subgroup of G with M < K,. We are in the hypotheses of 1.6.:
V is a maximal subgroup of G with coreg¥V = 1 and M is a minimal normal
subgroup of G. Hence G = VM. It follows that K == G = VM = VK,

2b) G/N ¢ &. Then E/N < G/N, hence E < G. By the induction, E has
an § — covering subgroup E. Applying 1.4, E is an § — covering subgroup
of G.

(3) = (1). By 1.8, ¥is a Schunck class. Since & is a formation, 1.7. implies
that & is saturated.
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ABSTRACT. — The problem of natural convection over a semi-infinite vertical
flat plate with non-uniform wall temperature is studied by using a numerical
method. The wall derivates of the universal functions for the Prandtl numbers
0.733 and 7 are tabulated. Such tabulations serve to calculate the heat transfer
and skin friction from the plate.

Introduction. As is well known, the problem of natural convection boundary
layer flow over a semi-infinite vertical flat plate is one of the most basic pro-
blems in the study of heat transfer over external surfaces and numerous papers
dealing with various physical or mathematical aspects of this problem have
been published. An excellent review article concerning this problem is given
by Jaluria [11

Recently Kundu [4] has considered a special form of the problem of
free convection flow over a vertical semi-infinite flat plate, viz., that of a
wall with 2 temperature distribution of the form

Ty—To ==a%y A, & (1)
i1

where A; are constants, T, is the wall temperature, T is the ambient tempera-
ture and £ measures the distance along the plate from the leading edge. Ho-
wever, the derived differentizl equations have not been analytically or numeri-
cally solved in Kundu's paper. It is, therefore, there aim of his  Research
Note to complete Kundu’s problem by giving a numerical solution shooting
techniques employing the folirth order Runge-Kutta routines as outlined by
Soundalgekar, Takhar and Singh [3]. At the same time, we
shall correct some misprints in his derived equations. The first and second-order
wall derivatives of the universal functions are given in a table. It is worth
mentioning that having a numerical solution is very helpful in cvaluation of
both data and approximate methods in design, and in other further calcula-
tions, such as those related to instability.

Basi¢ ecuations. The present problem is (ormulated on the basis of a
semi-infinite vertical surface with the origin at the leading edge. The x-axis
is vertically upward and y is perpendicular to the plate. Employing the Bou-
ssinesq approximation and neglecting the viscous term in the energy equation,
the governing differential equations for the solution of natural convection

* University of Manchester, Department of Engineering, Manchester M13 9PL, England
** University of Cluj-Napoca, Faculty of Mathematics und Physics, 3400 Cluj-Napoca, Komania



74 H. S.. TAKHAR, I. POP- " ...

flow past a semiinfinite vertical flat plate with variable wall temperature can
be written, -in terms of dimensionless quantities, as

u o .
ax + ay (2)
ou du '
Rl =04 2b
# ‘X v ay +3y' ( )
ox oy Pr oy*
The boundary conditions of the problem are
% =19 =0, 0 = 0,(x) at y=0
(2d)
u, 60 as  y—o0

Here u, v are the velocity components along #, y-axes; 0 is the temperature and
Pr is the Prandtl number. The dimensionless quantities in equations (2) are rela-

ted to their corresponding dimensional variables through the following defini-
tions :

x=2%[L, y=y[L, u= ulLlv, v="ol]v

(3)
0= (gBL°MNT — T)

where L is there reference length and other physical quantities have their
usual meaning.

Next, to reduce equations (2) to ordinary differential ones, we introduce
the following variables, after Kundu [2]:

b = d(agd) it 3 £ ) (da)
6 =23 a2 0, (n) (4b)

=0

where the stream function ¢ is defined by

S s ®
ly Jox
and
N = (a,[4)U4 -4 5 (6)

is an independent variable.
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Substitution of equations (4) into (2) then yields the following system of
ordinary differential equations:

a9 EO (2n + 24 H)fi froi —a, Eo (n 4+ 3+ 4)fifi_i=a,f"” + a, 8, (7a)

435w+ a, 0, fi i =Y, (n+3+4i)a, _fi8 ;:=a0;/Pr
£ =0 s =0

subject to the boundary couditions
foe=fr=0, 06 =1 at n=0
Sfu, 0 =0 as 7— 0
Iu the above equations primes denote differentintion with respect to 7.

Analysis and results, To shorten the paper, we give in the Table 1 the
wall temperature distributions, the stream function transformations and the
first 24 differential equations of the problem. The universal functions and
their surface derivatives needed for the evaluations of flow and heat transfer
parameters are computed for Prandtl numbers of 0.733 and 7 respectively
when # = 0.

Table 7. Functions and differential equations for different »

No. of equations
to be solved

0 2 0, = a,x*, f,,0,
(2n - 2)f¢F — (v + 3)fof"" = f3"" + 6,
0" + Pr(n 4 3)f,0" — 4nf30,] =0
1 2+2=:+ 0, = x"(a, + a;%), f1 = (a,/al)Fy;, 9, = @y
(4n + 8)foF11 — (n + 3)foFuy — (v + T)feFy =
= Fﬁ’ + o,
4[n0F1; + (n + 1) @y /5] — [(n + 3)fo @11 + (2 +
+ 7)F;,8] = @/ Pr
2. 4+4=38 0, = 3"(a, -+ ayx + ayx?), fo = (a,/a0)*Fy, + (@3/ao)F s
0, = (a1/asap) Pyy + @,
(4n + 12)(foFs, + F13/2) — (n 4 3)foFay — (n + 7)F,F}; —
— (n A 1)f"Fy = I3 - Oy
(dn + 12)f Fy — (n + 3)foFaa — (2 + 11)fg Fpy =
= FQQ' q)zz
4[n0oF;; + (v + 1)@y, Fyy + (1 + 2) @y /o] — [(# + 3)
Sfo @z + (4 7)Fy Oyy + (# + 11)Fp,05] = sy /Pr
4[(n8eF;, + (2 + 2) 0"y fo] — [(# + 3)fo P2z + (n + 11)
Fp®;] = ®y/Pr

Functions and differential equations
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3 8+ 6=:14 0, == (@, + ;X + a,x® -} a,%%), J1 = (8a P Fy -
+ (aya,/ag)F gy 4 (ay/ag)Fy.
05 = (a3/agag) Qg + a,0,/a500)P gy + Py
(4n 4+ 16)(foF sy + I Fa) —(n + 3)fol 5y —(n+7)F k3, —
— (n + 1)FyFy, — (” + 15)Fy [y = Fy + (bsl
(49 -+ 16)(foF3y + F1 Fap)—(n + 3)folse — "+ Nk
— (n + I)F,F — (” + 15)E g fy == Fgp - by,
(4n 4 16)fFay—(n + 3)folaa—(n + 15)Fyfo=-Fjy + Oy
4(n0oFy+(n+1) O Foy (01 2)0,, Iy (1 4 )y fo
—([n 4+ 3) D, fo + (1 4 7) Oy L1y -+ (m 4 11) D[,
(n 4+ 15) 0Ly, = gyf|Pr!
4[n0gFp -+ (n+ 11) @ Fop - (n-4+-2) @1 4 (n4+3) gy fo |-
— [(n 4= 3) @gafo + (1 + 7) Dopl'yy + (12 A 11) Oy Fyp -+
+ (1 -+ 15)65F 5,1 = @[IPr]
4[(n8,F g+ (n+3) Quafo -~ [(n-+-3) Dy fo+-(n --15) 01 " =
g
4 14 4- 10 = 24 0,== x"(ay + a;x + @p3% 4 a 2% - @ 1Y), fo(ayjag)ly -
+ (a}ay/ad)F 4o + (a1a5/ad)F gy + (ag/ag)F oy - (adjaf) F oy,
0, = (a}/a,a3) Qg + (a1ay/a4a,) Py - Gy - (az/"x"m‘ O
{(4n + 20)(foF sy + FiiFyy + F7[2) — (n 4 3)foF}
— (n + NN FpFg— (n+11) 151y (0 -+ 15)’“111‘1'1
— (n + 19y fg = Pl 4 Oy
(4n + 20) (foFay + Fi1Fo + FaiFpp) — (n -+ 3fo
— (n + 7) Fy, Fyp — (n + 11) (FyuIy 4 Fpplyy) -
— (1 + 15)Fy Fyy — (n + 19)f(F,y = Fiy + @y
(4n + 20)(foFes + Fi1Fas) — (n+3)(foFis—(n + 7)F 1 Fag—
— (n + 15)1:’1'1173,Z (n -+ 19)foF . —-F",'f_,, + @y
(4n + 20)fgFay — (n + B)foFiy — (n + 19)fF 4y = Fiy + @y
(4n - 20)(foFas + F32/2) —(n 4 B)folhs—(n 4 1) FoFy—
— (n + ]J)f:,'F4,, = Fis -+ Dy
4 8Fg +-(n + )0 Iy 4 (n + 2)D, Ty (4 3) Dy I+
+ (n + 4) @y f5] - [(n -+ 3)f Py + (2 +7) Fy Py +
+ (n + 1)F, @, -+ (n + 15)F @1, +(n - 1‘-))F“0' ==
= (D:l/!l)rl
4[n8Fs, + (7 + 1) Dyuligy + (4 2)(Doulyy -+ Puly)
+ (B + 3) DgoFyy + (n + 4)fo Py | — [(n + 3) foPsy +
+ (n+7) F1 @3 + (1 + 11) (Fa@sp + Fpp @) +
+ (n + 15)Fg®;, -+ (n + 19)F 0] = ®:2/Er|
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10,4y + 1O Iy (0 4= B)@ g I+ (-4 4)fy iy} —
0 B+ (1 DDy (1 1)y +
A (b 19 F g8, ] = BgyfiPr]

1m0, Fg (1 + ) @ pufiy [ (153) Vb (14 19)F 40y =
— o]

4{n 0o 4s 4 (11 + 210 4 (n 4 N s fo j—((n 1 3)/ @i+
+ (1 4 I Fp®yy + (n + 19)750, ] = (D;;/ﬁ_)_rl

The boundary conditions on the problem are

I, =1y = 0 i‘or afll i at o0 (%)
oD, 1, @, O for j#7r I
I, -0, ®,--0 forallj at n— 0. (9b)

In Table 2 we prescnt the wall derivatives of the umniversal functions
fiom which the rate of heat transfer and the skin friction can be calculated.
Such tabulations serve as a reference against which other approximate solu-
tious can be compared. We note that our results for f7(0) and 64(0) which cor-
respond to the case ol an isothermal flat plate agree very closely with those
of Ostrach '4; We also mention that for those who wish to follow similar
configuration problems, the present tabulated data provide enough test cases
tor checking the computer program.

The velocity and temperature profiles associated with some universal func-
tions are illustrated in Figures 1 and 2 for Pr = 0.733.

1.0

i 10 Velocity function distributions for Tr=- 0.733 Fig. 2. Temperature function distribution
for Pr = 0.733
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Tabe 2

Values of the derivatives at the plate for » - 0

Pro 0.733 Pr 7
Jo'( 0.6741 0.4404
0,0 - 0.5079 - 1.0508
(D) 0.3873 -0.2563
@;,(0) --0.9286 —1.8539
F{(0) -~-0.0382 —0.0251
;,(0) ~0.1194 - 0.2432
Fp3(0) 0.3361 0.2221
@,,(0) - 1.1175 - 2.1941
F3{(0) - 0.0021 - 0.0024
m;l(o) 0.0492 0.0740
Fq(0) —0.0670 - --0.0440
DL (0) —0.2563 -0.5193
“55l0) 0.3051 0.2016
D, (0) —1.2625 2.4557
F(0) 0.0033 0.0018
;,(0) 0.0016 - 0.0130
F( 0.0335 0.0218
,,(0) 0.0864 0.1765
F,(0) —0.0613 - 0.0406
®;,(0) —0.2724 - 0.5498
F1(0) 0.2834 0.1874
@,,(0) —1.3824 - 2.6729
F i (0) —~0.0295 —0.0194
D4;(0) —0.1297 ~0.2636
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3. Seminarul de Ecuatii diferentiale si control optimal, Bucuresti, septembrie; 1085: I. A, Rus,
Realiziri clujene in domeniul ecuatiilor diferentiale. ’

4. Conferinta nationald de geometrie si topologie, Cilimanegti, 26 —29 septembrie 1985 P. Inghis,
Probleme asupra unor conexiuni semi-simetrice i sfert-simetrice: P. Enghis, M. Tarini, Asupra
.unor conexiuni aproape -produs: A.. Vasiu, Asupra unei clase de prostructuri si structuri de
incidentd cu elemente invecinate.. '

5. Sesiune Anuald a Institutului Central de F 1/1(’i Tagi 3—5 octombrie 1985: V. Ureche, T Oproiu,
Diagrame de imersiune la modele stelare relativiste de tip stepenar.’ C

6. Colectivul National de Informaticd, Iasi, 18 --19 octombrie 1985: K. Boian, O metodit eficients
. de implementare a deexecutiei. D. Dumitrescu, Hierarchical Classification in Pattern Recognitior.
. Gr. Moldovan, Unele probleme privind bazele de date distribuite.

7. Sesiunea stiintificd a Universitdtii ,,Al. I. Cuza”, din Tasi, Tasi, 24--26 octombrie 1985 M.
Baldzs, G. Goldner, O metodd de rezolvare aproximativd a ecuat,iilor functi(malez Gh. Micula,
Solutii, numerice pentru probleme eliptice liniare prin functii spline; Mocanu, On stranglv-

(eonvex and strongly-starline fuuctions; I. A. Rus, O masum a propn(t.\tn de punct fix; Gr.
Sildgean, Asupra unor clase de functii univalente.

_8 Progrese fn. Astronomie, Bucuregti, 25 —26 octombric 1985: V. Ureche, A. Tmbroane, Momentu!
unghiular pentru stele relativiste liniare in rotatie lentd V. Ureche, T. Oproin, Energia graviti.-
tionald la stele relativiste de tip stepenar. :

9. Simpozionul de Matematici aplicate, Timigoara, 1—2 noiembrie 1985: L. Tambulea, Utilizarea

" calculatorutui niumeric la ainaliza formelor ‘'de undi biologice cu (lphcntu la curgerea singelui in
“aftere; D. D. Stancu, Metode probablhstlce in teoria aproximarii functiilor.

10. $edmtele de comuniciri lunare ale Facultdfii de Matematica din Bucuregti : P. Mocanu, Demons-
tratia lui L. de Branges a conjeécturii Tui Bieberbach.

. Sedintele de comuniciri ale Sectiei de Matematic a Academiei R.&.R.: Lupsa, ‘\Iultmu cor
vexe fatd de o muliime datd; P. Mocann, Operatorii integrali si fun(i,u stelate.

III. Manifestari stiingifice organizate de catedrele de matematici

1. $edintele de comuniciiri lunare ale catedrelor de matematici.

. Seminarul itinerant de-ecuatii functionale, apro:.imare si convexitate, Cluj-Napoca, 23~ 25 mai 1985,
3. Conferinta Nationald de Algebrd, 6-—8. iynie, 1985. .

4. Conferinta de ecuatii dlferen&mié Clu]-Napdpa, 2]~ 23 nmembrlc 1985.

5. Simpozionul de informatici gi- aplicatii, Cluj-Napoca, 6 decembrie, 1985,
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RECENZII

R, Mneimmé, F. Testard, Introdue-
tion 4 Ila théorie des gronpes de liee elassique,
Hermann Paris, Collection Méthodes, 1986,
p. 345

C’est un ouvrage distingué par l'intention
des auteurs & réaliser un exposé de la théorie de
groupes de Lie plus accessibleque celul de la
plupart des livres consacrés, La table de la ma-
tiére dont nous rappellons les principaux chapi-
tres rend compte sur cet projet. savoit on y
présente.

1. Les premiéres proprié¢tés des groupes
GL(n, K), (K =R ou () 2. Groupes topologi-
ques opérant sur un ensemble. Application 2a
1’étude de la topologie de GL(n, K). 3. La func-
tion ecxponentielle. Applications. 4. Etude des
groupes orthogonaux. 5. Etude des groupes uni-
taires; géométries réelle et symplectique asso-
ciées. 6. Ftude des groupes symplectiques. 7.
Tntégration sur les variétés. Polynomes harmo-
niques.

1. livre continent aussi une liste de pro-
blémes, un index terminologique, un index des
notations et une bibliographie ¢ssentielle.

La théorie générale vient d’etre ilustrée
par des exemples concretes du domaine des
groupes classiques, dont certaines propriétés sont
traités d’une maniére originale, inédite.

Te texte est adréssé aux étudiants qui pré-
parent la licence en topologie et géométrie diffe-
rentielle, mais il offre une lecture instructive et
attrayante A tous ceux qui s’interessent sur le
sujet.

M. TARINX

I, Lovasz, M. D. Plummer, Mateching
Theory, Akadémiai Kiado, Budapest, 1986,
544 - XXXIIT pp.

This book deals with thé matchings (sets
of edges without common points) in graphs.
Tu the theory of matchings a lot of applied pro-

blems can be modelled, fromn which the entire
theory was really bomn.

A complete treatment of this and ' related
subjects is divided into twelve chapters. These
chapters are the followings: 1. Matchings in
bipartite graphs, 2. Flow theory, 3. Size and
structure of maximum matchings, 4. Bipartite
graphs with perfect matchings, 5. General graphs
with perfect matchings, 6. Some graph-theore-
tical problems related to matchings, 7. Mat-
chings and linear programmings, 8. Determinants
and matchings, 9. Matching algorithms, 10. The
f-factor problem, 11. Matroid matching, 12. Ver-
tex packing and covering, and References with
an impressive number of titles. Algorithmical
aspects are also considered.

This well-written book is recommanded to
all, who are interested in matching préblems.

Z. KASA

. Gécseg -~ M.
Akadémiai Kiado,

Steinby, Tree Automata
Budapest 1984, 235 pages.

The book présents a rigorous mathématical
discussion of thé theory of trée antomata, récog-
nizable forests and tree transformations using,
primarily, the language of universal algebra
It consists of four chdpters. The first one con-
tains topics of umiversal algebra, lattice, theory,
finite automata and formal lafignages. Chapters
II—1V present the basic results of tree automata
theory : tréeé recognizers, treé grammars, récogni-
zable forests and context-free languages, tree
transducérs and tree transformations.

The book is a good and systematic presen-
tation of the results of the subject presented
above and it is recomended to all who are in-
terested in this field.

M. FRENTIU

Municipiul Cluj-Napoca, Cd. nr. 577/1986

@ INTREPRINDEREA POLIGRAFICA CLUJ,




Revista stiintificd a Universitdtii din Cluj-Napoca, STUDIA UNIVERSITATIS
BABES-BOLYALI, apare incepind cu anul 1986 In urmdtoarele conditii:

maten'laticé — trimestrial

fizicA — semestrial

chimie — semestrial

geologie-geografie — semestrial pentru geologie si anual pentru geografie
bliologie — semestrial

filosofie — semestrial

stiinfe economice — semestrial

stiinte juridice — semestrial

istorie — semestrial

filologie — semestrial

STUDIA UNIVERSITATIS BABES-BOLYAI, the scientific journal of the Univer-
sity of Cluj-Napoca, starting with 1986 is issued as follows:

mathematics: quarterly

physics: biannually

chemistry: biannually

geology-geography: biannualy on geology and yearly on geography
biology: biannually

philosophy: biannually

economic sciences: biannually

juridical sciences: biannually

history: biannually

philology: biannually
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