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şcoala  m a t e m a t ic ă  c l u j e a n ă  -  e e a l i z ă r i  ş i  p e r s p e c t i v e

Şcoala matematică clujeană are r-eclii ţa .1 ̂ ^ / "a î rVic-UrtA "ueorghc Bratu,

l i u i s i i o Z ,  c e i s t  s t

£ ? deviriiS?com plexă şi Teoria nodurilor), Tiberiu Popoviciu Analiza numericaIUI UL\cmauna # * .v x- T__ _ _ Ano r/-a rmrncriCR SI KCI

STUDIA UNIV. BABEŞ-BOLYAI, MATHEMATICA. XXX. 1985

La domeniile; de cercetare cu bogată tradiţie: s-au adaugat domenii noi ca . Logica 
matematică, Teoria categoriilor, Analiză funcţională, Cercetări operaţionale şi 
optimizare, Mecanică cerească şi Iiilonuatică. în cadrul celor ^0 dc seniinarii 
care funcţionează pe lingă colectivele de catedra (Matematica de baza, Didactica 
matematică, Inlormatiea di* baza, Analiza matematică, J eoria celei mai bune 
aproximări şi programarea matematică, Teoria optimizării, Teoria geometrică 
a funcţiilor analitice, Algebră abstractă, Oometrii pe inele, Geometrie diferenţială, 
Rezolvarea numerică şi aproximativă a ecuaţiilor diferenţiale şi cu derivate 
parţiale, Metode variaţionaie, Teoria punctului fix, Calcul numeric şi statistic, 
Metode de aproximare numerică in hidrodinainică, Structura şi evoluţia stelelor, 
Mecanica cerească şi cercetări spaţiale, Institutul de calcul (Metode ale analizei 
funcţionale în analiza uunieiică), Centrul de calcul electronic (Modele, structuri 
si prelucrări de informaţii) şi Laboratorul de cerce tar* iutei disciplinară (Probleme 
actuale ale cercetării iute nlisciplinare) sînt abordate teme actuale de cercetare 
fundamentală şi teme legate de aplicaţiile matematicii. în afară de aceste semi-

toarelemanifestări ştiinţifice : Seminarul itinerant de ecuaţii funcţionale aproxi- 
inare şi convexitate, Colocviul de cercetări operaţionale, Colocviul de geometrie

mCcanica *  Colocviul dt‘ astronomie, astrofizica şi

lnr ,(Tonf resul .al X3”I'lt.a al Partidului Comunist Român a pus în fata lucrători-

următoarele: 7 mportui prezentat la Congres preciza
.Cercetarea ştiinţifică românească amai rapid o seri#: Ac are marea răspundere

economico-socială a nSri«i ”! l c-+l.V nportan ă̂ hotărîtoare pentru dezvoltarea
de a soluţiona

-socială a patriei noastre”. 1 **

cu cercetarea f u n ^ S ă !



şi alte domenii, sporind aportul ştiinţei la înfăptuirea cincinalului 1986—1990, 
cit şi la asigurarea de soluţii tehnice pentru înfăptuirea obiectivelor dezvoltării 
economico-sociale a ţării în perioada de după 1990.”

Alături de întregul nostru popor, cadrele didactice şi studenţii facultăţii 
se angajează să facă totul pentru traducerea în viaţă a sarcinilor ce le revin din 
documentele şi hotărîrile Congresului al XlII-lea al Partidului Comunist Român.
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SUR L’APPROXIMATION DES FONCTIONS SEMI-CONTINUES PAR
d e s  s u i t e s  d e  p o l y n ô m e s

SOftIN GH. GAL*

1. Introduction. Soit C[tl,b}f l'ensemble des fonctions réelles, continues 
dans [a%b]. Dans [2], [3J, eu utilisant un résultat simple de ,,séparation^ des 
fonctions continues (voir par exemple [2 ], théorème 2 . 1 .), .i'ai démontré que 
pour une fonction / e  on peut construir une suite de polynômes conver­
geant uniformément vers / monotone décroissante (et croissante) sur [a, b].

Le but de cette note est d'utiliser ce résultat de „séparation", pour les 
fonctions semi-continues, en obtenant ainsi, des résultats similaires.

D'ailleurs, le résultat obtenu pour les fonctions semi-continues, donne, dans 
le cas particulier des fonctions continues, des extensions des résultats de [2 ].

On obtient des résultats similaires aussi bien les fonctions monotones que 
pour les fonctions à variation bornée par exemple.

2. Voici le résultat de ,,séparation'' avec la démonstration de [2] : 
Lkmmk 2.1. Si /, " «r C:n t> ont la propriété f(x ) — g(x) ^ d >  0, Vx ce [a, b], 

alors il existe un polynôme P, Ul que
R(x) <  P(x) < f[x ) ,  V x * [ a , b ] .  (1)

Démonstration. Kn appliquant le théorème de Weicrstrass pour la fonction 
Hx) “ (/(v) "b £ (v)) ~ vt z d 14. il existe un polynôme P  en vérifiant

P(x) -  d'A <  /;(.x) <  P{x) -f d,A, V.r g [(l, /;]. (2)

~AX) ' / (V i’(r) ' (f{x) ~  ^ ¡ 2 > cll2>  °> v* e  [«< H  donc//(.v) > d 2 J-ff(x) <t /(x ) $ d!2 -f- h(x), V.r c  \a , h !.
En tenant compte de (2), nous obtenons

E(.i-) dl4 >  h{x) > d:2 f  g(x) et /(x) > d/2 +  //(.v) >  d/2 -f P(x) -  dl4, d’où
*(*) <  p (x) </(.*) V.r e  [a, b], c.q.e.d..
Soit maintenant ( « J .  une suite de fonctions réelles, définies sur [a, b} 
On dit que la suite est „convexe” („concave”) sur [a, b] si J

u»n(x) +  ttH(x) — 2«,.,(.r) >  0 (< 0), V n e  N, V x e  [a, b].
Alors, a lieu le

(P )  f n i in o t < ) r r  S,<Py CHr bornéc- «  existe une

z d î :z : sea'“ , w / w ’ * * *  » < «  -  «  f i t

• f ï t dr ,S la suitc / .W — p CAO — - I . - U ;

'¿Ltdi;:/:?«“1 ht
* Centre de calcul „ In ftàtirea” , Oradea.
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supérieur semi-continueei§Caut VQTSf ( x). dans chaque point x ^ ra h] . 
Maintenant, je soutiens que la / * ..............  '

0
S- GH. CAL

ant' soutiens que la suite (f  \ , - -r f  , . \!n)n vérifié aussi
f n+*(x) + /„ (* )  -  2/„(lW  > 0, V» <S Nf V X e  |

•’t*' ' ■ - — « n M  >  2 l(n(n -(- 1 )(n -f  2)) >  0, V«eAr, V.t& [«,¿3.
donc la suite (F„) est aussi „convexe” .

ut r„(x)  converge vers f(x), dans chaque point .v e ra, bl où 
vers f(x).

(6)

F>i+2(x ) +  F„(x) — 2 F ,H 
donc la suite (F„) est aussi „convexe” .

E vid em m en t F„(x) converge vers f(x ) , 
f„ (x )  converge vers f(x ) .

Maintenant, en tenant compte du lemme 2.1. pour
0 < d  =  dn^  i/(„(* +  1 )(n +  2)). (5)

il ex iste  un polynôme P„(n — fixé) tel que

F n+1(x) <  P„(x) <  F„ .rl(x) -f  V.r e  [«. ft], in  e  N.

Mais comme F„(x) -  F (111(.r) >  1 /(«(« +  1)) >  !/("(» +  W ” +  2)) »  d, 
V« e= N, V.v ^ [a, b], il résulte

F „ „ ( .t ) <  P . W  <  F . . . M  +  / . <  F . W .  V» «  .V, V * •  r». H  <«')

E n  remplaçant dans (6 ') «  avec «  + 1  et >/ +  2 , nous obtenons

F . . Î W < F „ . , W  -'P ~ = W  +  ‘'>‘ ' < F “ ' W et )!!
, . r  t \ j _ // <r F  >(*) V» s  jV, V.« ^ [rt, 6]. (o)

^  V+/ ^ n (t - ^  «  « est , i «

que sfe
donc dans chaque p . r u-\ R inférieur bornée. c0„.
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Démonstration. Si f  est inférieur bornée et inférieur semi-continue dans 
noint x s  la H  alors — / est supérieur bornée et supérieur scini-contmue 

dans x. donc on peut appliquer le théorème 2 .2 . pour la fonction - / ,  d ou 
le coroilairc résulte facilement.

Corollaire 2.4. Soit f :  [a, b ] - *  R, monotone sur [a, b ] (croissante ou decrois-

SmtCAlors, il existe les suites de polynômes (/>„),„ (Q„)„ P„(x), Qn(x) en convergeant 
vers f(x), presque partout dans [«, À], (P*),, — décroissante cl „convexe sur [a, o] 
ct (Qn)n — croissante et „concave” sur [a, 61.

Démonstration. Si / est monotone sur f«. b i. alors / est évidemment bornée 
(supérieur et inférieur) sur [fl, />1 et presque partout continue dans [a, b], donc 
presque partout supérieur ct inférieur semi-continue.

Alors, le corollaire 2.4. résulte du théorème 2.2. ct du corollaire 2.3.
Remarque. En raissonnant comme ci-dessus, il est évident que le corollaire 

2.4. a lieu aussi pour / à variation bornée sur [fl, ¿>|.
Voici maintenant l’extension des résultats de [2]:
CoRou.Aiki : 2.5. Si f  c  Cl [«,&]» alors il y  a suites de polynômes (P„)„ — décrois­

sante et „convexe” et [Q„)„ — croissante et „concave” sur [a, b], uniformément 
convergentes vers f.

Démonstration. Comme les suites (P„)„, (Q„)n du théorème 2.2. et du corol­
laire 2.3. sont monotones, d’après un résultat connu de Dini, il résulte la con­
vergence uniforme des suites, c.q.e.d.

Remarque. Au fond, le théorème 2.2. nous montre l’existence d’une suite 
de polynômes qui conservent quelques propriétés de la suite de fonctions (f»(x))„, 
considérée par R. Paire (la convergence versf(x), la monotonie et la ,.convexité” 
(„concavité”) de la suite). Alors, il serait intéressant d’étudier des autres propri- 
étés de la suite (/„)„, qu’on peut conserver par des suites de polynômes.

1) ailleurs, dans cet ordre idées, dans [4] on montre que si f  est non-concave 
des ordres un, deux, trois et quatre sur [0, 11 , la suite des polynômes de 
Bernstein (/?„(/; *))„, vérifie

RnM'. x) -  2B n,, (/; x) +  P„(/; x) > 0, V n e  N, V *  s  [0, 1],
Mais comme de / non-concave d’ordre un, nous avons aussi la relation 

R nnifl x) < P n(/,' x), jV, V x s  [0, 1 ],
il resuite que la suite des polynômes de Bernstein (ou plutôt B n( f  - x) 4- 1 In)

S T p l à Ï Ï  a ^ r tr“CtiVC ^  ‘a SUit° ^  d i - ' ^ - ' « +(dan1

(Manuscrit reçu le 25 mars 1987)

o i û b l U ü R A P i ï l E

2. S.' Oh3 G a i f e ¿ “'.u/5-f0,lCti?!,s diseontinues. Collection Borel Paris ions
(«). 1 (1981). 25-30  " '“  ¿ approximation de Wcicrstrass, M athem aticafC lu j-Napoca). S3
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»-'VMVAia umv.3. S. Gh. G a i ,  Sur le théorème d'approxim ation
Mathematica X X V I. 4 (1981), 33 — 39. — »—•/«,

4. I .  H o r o v a ,  B ernstein  polynom ials o f  convex functions, Mathematica (Chii-Xanunt in
2  (1968), 2 6 5 - 2 7 3 .  V J ^npoca), 10 (33),

a s u p r a  a p r o x i m A i u i  f u n c ţ i i l o r  s e m i -c o n t i n u e  p r i n  ş i r u r i  d e
POLINOAME
( R e z u  m a t)

F iin d  d a tă  o fu ncţie  continuă / C ,, în [2], [3] am construit un şir de polinoame con­
v e rg e n t uniform  către  /, monoton descrescător (respectiv crescător) pe [a, b]. In prezenta notă. 
fo losind  rezu lta te le  precedente, se construiesc şiruri cu proprietăţi asemănătoare pentru o funcţie 
/;  [a, 6] —► R  sem i-contiuuă.
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THE PROXIMAL POINTS ALGORITHM FOR REFLEXIVE,
BANACH .SPACES

(i. KASSAY

of which the- first one in "SIAM J . Control and optimization ([3]), entitled 
"Monotone operators and the proximal point algorithm”, the second one appea- 
iX’d in "Mathematics ol operation research ([4 J) and \\cis entitled. «Augmented 
Lagiaiigians and application of the proximal point algorithm in convex pro­
gramming".

In the first work an algorithm based upon the theory of monotone opera­
tors is presented, in the second one were to be giving certain applications of 
this theory, relative to optimization problems.

The < iivironmeiit in which the problem is treated is a real Hilbert space H, 
where a maximal monotone operator T :  H  —+ 2 11 is defined.

The purpose of the algorithm is to solve the operatorial equation 0 ^ T{x) 
(see |3 J). The main idea that suggested the construction of the algorithm was 
G. Mi n t y ’s theorem (see [ 1 J), namely that if T : H — >* 2H is maximal mono­
tone, then the operator P — called proximal (see M o r e a u  [2]) — defined 
by P : ... (/ j- cT) 1 is single-valued, nonexpansivc, its domain being the whole 
Hilbert space //, for anycoiistant c >  0. (Here / denotes the identity opera­
tor oil //).

2. Preliminaries. As monotone operators are defined on more general space 
than Hilbert space, following Rockalellar’s results / proposed to establish me­
thods lor solving equation 0  ^ T(x), where T is an operator defined on a 
reflexive Hauueli space X, maximal monotone:

7 • X  2X* (X * denotes the dual space of X)

1. 9 continuous and increasing
2. 9(0) =  0
3. 9(r) +00, r +00

») 11**1! =  9(11*11)

9, and is defined by :
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and it is unique when X * is strictly convex (sec [5] p. 54, Theorem 1.2) As 
any reflexive Banach space admits an equivalent strictly convex norm ([5]), 
p/91, Theorem 3.2), this assumption upon X* will not constrain the generality 
of the problem.

Lot J  be the duality application for which <p(r) =  r. (normalized duality 
map). There was proved the following result (more general then Minty’s 
theorem, see [1 |) : If T : X -*• 2 V* is maximal monotone, where X is a reflexive 
Banach space, and c >  0 an arbitrary constant, then J  -f- r l  is surjective. More­
over, the operator ( / +  cT) : X* — X  is single-valued, maximal monotone 
and demi-continuous (see [6] p. 122, Prop. 2.11)

Having these results, the „proximal” operator will be defined as following: 
Let (cp*)*B,v and (c*)ag.v any sequences of positive numbers, with 9* —*■ + 00, 
(c*) bounded away from O ; Let J it k e  N be the duality applications defi­
ned b y :

/*(*) =  -  ’ /(*)• V *  e  X9k

Than the regularity function of J h is <p(r) — — (r) and obviously satisfies
9k

properties 1—3.
For any k <= N, we define: Pk: X * —► X, Pk: — ( Jk 4- c T ) ' ].
These operators furnish the sequence (xk)k<?s', xh e  X, called the sapience 

of proximal points, shortly the proximal sequence, by the following algorithm :

x° <= X  arbitrary

V k e  N :x k+l «  Pho J k{xh) (1)

Composing P k with J h was necessary because Pk is defined on X*. In 
(1) we have different methods to approximate Pk o J k{xk). These me thods depend 
especially on the results we proposed to obtain relative to the convergence of
(Xh)ke .V*

We'll show that under certain assumptions, the proximal sequence appro­
ximates the solution of 0 e  T(x).

In the following, we'll treat three cases:
— approximation in the weak topology of X

a >> a strong ,, i)
— establishing the solution after a finite number of iterations
3. The weak approximation. From now on X  will denote a reflexive

Banach space, with its dual X * strictly convex, and T : X  - * 2 Y* a maximal 
monotone operator.

We will also consider sequences (<p*)f (ck), the operators J k and Ph for 
any k e N, defined in the preceeding paragraph and having all the properties 
stated before. In addition we shall make use of the mappings:

Qk : X ^ X * ,  Q„ =  J„  -  J„ . Pk . J h, V i e l V
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Thus the following properties arc valid:
P r o p o s it io n  : i) For any km  N. V *  «  A', where H ,

ck
denotes the composed operator Pk • J k.

ii) 0 s  T{x) o Q k (x) — ()> V N
Proof i) Let It e  X  be arbitrary. We have Hk(x) =  ( Jk +  ck7) ~l o J k(x) for 

allv v * X .  or /*(.v) e  ( J k -f c j )  o Hk(x) =  J k o Hk(x) +  ckT o Hk(x), wliic.i 
‘is ccpiivalc.it to J k(x) -  J kHk(x) * c kT o H k(x). Dividing this relation with c*. 
we obtain i).

ii) 0 <= T(x) o  0 e  ckT(x), V* N o J k(x) e  J k(x) - f  ckT(x) =  ( J k +
+  (■*'/')(.v) o . r  -  (/* +  ck T ) ' - J k(x)  ~ - v  =  H k (x )  O ' J k W  =  4 ° ^ ' ) .  , V* e  
or Qk{x) 0. (The duality operators /* are mjectives, see [6JJ. Having this 
properties we can state the following theorem:

T hkorijm 1. Let (xk) he a proximal sequence fo r  T, obtained by the fo llo ­
wing selection criterion in (1), § 2 :

(A): II**» -  Hk(xk) 11 < t*( e* — 0
Assuming ( a *) is bounded, the equation 0 e  T(x) admits at least one solu tion ; 
Moreover, the sequence (xk) admits a weak cluster point, solution o f  the equation 
0  e  '/ ( a ).

Proof. The sequence (xk) being bounded, there is a number M  >  0 so that 
||**|| < M for any k e  N, and e* <  M(zh —••()).

As in a reflexive Hanach space any closed and bounded set is weakly 
compact, there exists an * ' e  X  which is a weak cluster point of (**) ; so th a t :
1 1 *' 1 1  < A/-

We’ll show that the sequence {Qk(xk))k comerges to 0 in the strong topo­
logy of A'*. We have :

! KM**) ; : -  i !/*(**) -  /* o //*(**) 11^11/*(**) 11 + | \jh o Hk(xh) \ | = 

= I I**11 + ^ I \"k{xk) II = ^  [| 1**11 + 1|-**+1 -  Hk{xk) +  **+1 ||] <

< ~ [ 11**11 +  e* +  I l**M ! ! ] < - •  3M -> 0, k ->• 00.
9* 9 A

From monotonicity of T  comes :

<* -  Hk(xk), y  -  JL . Qk(xk)y > 0, V k e  N, x e  X  and y e  T(x) (see
U ) ) .

prop. 

( 1)

sequence1 (^ (^ ))  ^oo 11 ~ *°  0)' * '  is a Wcak clustcr Point for the

Also, as <?*(**) 0 strongly, 1  Qk(xk) 0 strongly (see the assumptions
made upon (c*)). Having these stated, from (1) we obtain:

<x — x ,y> > 0, V *  e  A", y  e  T(x) (see [5])
( 2 )
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Taking the maximally of T, this implies that 0 e  T(x')
Remarks. 1. In this case, the operators P* =  ( Jk +  ckT)~» are not nonov 

pansive as in Hilbertian case, because the duality operators J k are not lima 
It  will be shown that of the duality operator is linear, then the Hanaeli sm ^ 
is a Hilbert space and in this case the duality operator J  reduces to tĥ  
identity operator I (see [5J, p. 40, theorem 3.1.). e

Rockafellar uses the nonexi)ansivity of the proximal operators in theorem 1 
in order to show that Qk(xk) 0 (Qk was defined as I  -  P„, see [3]) and also 
that the sequence (xk) has a unique weak cluster point.

As it could be seen this property was not essential in the proof of the con­
vergence of Qk(xk). On the other hand, the uniqueness of the cluster point in 
the case of reflexive Banach spaces was not shown, this remaining an open 
question.

However, we mention that in our case ,x*fl has to approximative Uk(xk) 
’’less good”, because in criterion (A) it is claimed that e -> 0, without any

h
assumption upon the convergence of the sery ^  s* (see ¡3 ’, criterion (A)).

This fact is favorable in the effective construction of the proximal sequence.
2. The operators J k were introduced in the expression of 1\ in order to 

assure the strong convergence of Qk{xk) to 0.
4. Slroncj approximation. In this paragraph will be tivated the case in 

which the proximal sequence converges strongly to the solution of the expiation 
0 e  T(x). This case was studied for reflexive Banach spaces with property (11).

Definition  1. (sec [5]) Let X  be a Banach space. H e say that X has the 
property (H) i f  it is strictly convex and i f  fo r  any sequence (.v")„«..v from X 
satisfying xn -* x and I!*" || —> ||*||, we have x " -*■ x. (The symbols and
’’—►’’ denotes the convergence in the weak, respectively strong topology of A).

We remark that in any reflexive Banach space, exists an equivalent norm 
through which X  and X * has the property (H).

D e f i n i t i o n  2. An operator U : X  —► 2 V*(A* —►2A) is l.ipschiL-continuous 
at the origin, with modulus a >  0, i f  it satisfies the following two properties: 

i) XJ{0) =  {v} (U is single-valued in 0)
ii) 3t >  0, Vy e  X  (resp. X*) with ||v|| < t , V* e  U(y), 

we have:
( lx — X 11 < a • | ¡y 11 0 )

In the rest, the notations will be those used in the proceeding paiagiaphs. 
T h e o r e m  2. Let (xk) be a proximal sequence fo r  T  (maximal monotone). 

Suppose that T~l : X * -*■ 2X is Lipschitz — continuous at the origin with modulus 
a >  0, and also (xk) is bounded. The following affirmations arc valid.

1 ° i f  (#*) is constructed due to criterion (A) (see § 3), then it converges 
strongly to x «= X, the unique solution o f 0 «= T(x).

2° I f  X * has the property (H), and (xk) is obtained using criterion (B), 
nam ely:

V A > 1 : 11**+1 -  Hk(xh) 11 < 11*1 -  II. S* 0
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... chooSen arbitrarily, the sequence (xk) converges strongly to x the
unique stlntion ofO  e  T(x), moreover, wc have the following “a fn o n  esttma 10 .

:*+1 —  X \xx -  X° IV k e  N sufficiently large \ \xkv 
3° I f  X * has property (H) and (xh) is obtained by criterion (C) :

► 0

i I**« -  //*(**) 11 < S* • I l/(* t+1) -  /(**) y - ^ o

and
I ¡7(**41) -  J  O Hk(xh) \ \ < K \  I -  ./(**) II. -  0

is bounded, then its converges strongly to x (the unique solution), moreover, we 
have the following ’‘aposteriori” estimation:

; j.t*'1 — .i i I 0*|I7 (**") — 7 (.v*) 11. V*CAT sufficiently large, with 0* - » 0.
Proof. 1 ' As 7 _1 is Lipsclutz — continuous at 0, the equation 0 e  T(x) 

admits a unique solution. Let this be ,i. We remark that the assumptions ofJll
theorem 1 are satisfied, which means that Q k{%h) — y 0. Let t  >  0 be a number 
for which the relation j ¡.v ~  .v j | ^  a • | jy  | |, V y  ^  X * ,  | |y | | ^  t  and x €= 2 “ 1 
(v) is satisfird (si-e (1)). We select an order lt0 e  N t so that for any k ^

i I
> A, CM**) < t . Proposition 1/i implies 

//»(**) e  7 ' - ' (~  &.(**) J, k e  TV. Thus:

VA S* A,,: i //*(.v* I < a • ~ \Qk(%k) II» relation that brings to :

Let’s estimate i i.vAi 1

i — X .  ,

This relation implies ! \xki' —

! I^*(**) ~  *  i | —> 0
x j | in the following way :

II <- ||**41 -  //*(**) 11 +  | \Hk(xk) - X
k

(2)

Atu, .. -II 0 due to criterion (A) and (2); thusthe aliirination is proved. ' v ' ’ •

for v*T  a AUOWn result' naincly that if X  is a reflexive Banach space
(from k\ o \'iaL  thiPr5 Pt'rty t H,'ia“y w aUty aPPHcation 011 X  is continuous ' on a to A in the strong topologies) (see [5], p. 121, th. 5.1.).

s criterion (B) implies (A), due to 1°, (**) converges strongly to v. The

11/(1«)°" bdng COnti" u<,us' h»'"> /< * > ) - / ( * ) ,  and thus
k i k t : / ( * ),|-* ° -  Let’s consider an order A, e  N  such that for any

ll/(**+1) - 7 ( * * ) l|  < | | * t - * o | , (3)
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v c r g ^ ' o f  TH.eM )a ,to S e  l ™ 8 * 0 R e a l m s ° f M  impli' s ,h'  * " » g  con-

I !#*(**) -  **+1\\ >\\|**« -  *  11 -  11 Hk(x*) -  *  111 and

i \Hk{x ) — a “ 1 11 —>0 (crit. (7?)), we have | \Hk(xk) -  x 11-^0

11k  operator J  being continuous, we also have | \J o Hk(xk) — T(x) 11 a
and thus 117(at*11) -  J o H k{xk) 1 1 - ^0  7( } 11 °'

Let s consider an order k , e  N, so that for any k > k2 we have:

11 J ( * » 1) ~  J  o Hk{xk) 11 < 1|*« -*« | |  (4)
L et A =  max {A0, A',, /e2} (A0 is the order from the proof of 1 °). Thus for any

I ¡.-v**1 -  .V | I ^ | |x*n Hk(xk) || +  \\Hk(xk) - x \ \ <  8*||*«-*«|| | •

=  S* I I*1 -  xu 11 +  7- II/*(**) -  J k o Hk(xk) 11 =  S* | |.r> -  ,r011 +  —u— |\J(xk) -
ck Cff • 9*

- J o H k(xk) || < 8* 11*1 — *0 11 -|- - 2 — ■ 11/(**") -  /(**) 11 +  — -  j¡/(.v*'*) -
ck<?k O ?*

— J o  H k{xh) || $  8* 11*1 — *° 11 H-
* 9*

'¿a

ck ' ?*
V" ] |.

Denoting |xA =  8* +
ck9k

, we have fj* —* 0 and also

1 1 * *H _ V*  11 < (A* 1I*1 — x° 11, for any k > k.

3 ° Before proving this statement, we must show that criterion (C) is well- 
defined ; In  other words, at each iteration, **+1 e  X  can be selected so that 
both inequalities should be satisfied simultaneously. In order to prove that 
the first inequality has sense, we must show that for any e >  0  and a , b *= A, 
a *£ b

3.r e  X  so that | \x — a 11 < e | |/(.r) -  J(b)  | | (5)

\s operator T is injective (is strictly monotone, sec [6] p. 116, Th 2.6), 
/ b , ;V  J (b ) .  Let I I J ( a )  -  J (b )  \ \ =  d <  0. As J  is continuous in a. we have .

V 8 >  0  : 3 t  >  0  : V *  «  A', | \x — a  11 <  t  => 11/ ( * )  — J ( a) 11 ^  s -

The right side of inequality (5) can be written:

I !/ (*) -  J W 11 > 117W  -  m  11 -  117W -  7<*> ii = d - 1 w  -  m  11 (6)

X/'t ? ; v:- • ÎI accordance with (6) wc have.
2

* > o : |I 7 M - 7 M I I > 4 .  v * * x  wit"  ,7’
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Taking s > 0 arbitrarily, let x e  X  be so th a t:

\x — a 11 < mini n jT ,  c • 1}. iU and thus we obtain inequality (5)

Th0 second inequality .bom criterion (C) is ^
being continuous. As in tho Prec«dmg <tas«= 2 ) t t l f e  boon-
(x*\ to .f, unique solution of the equation U l j  . Tf k\\ nilfi thus the
dedness of (**) is equivalent with the boundedness oi (J(x  )) and thus
first inequality from (C) implies criterion (A).

Iu order to obtain the wished estimation, let’s write the following.

v** i A i I ¡ ¡ * * »  -/ / * ( .V ‘ )|

| \ J ( x » i )  - . / ( * * )  || -I-
fi"W;

./(V*
u

a  ?/.
I l./( v,: ') -./(.v*)| I-I--

\Hk(.xk) — x 11 ^ K\\J(xk̂ ) - J ( x k)\\ +

|./(**") -  / o //,(**) I | < K\\Jlxkn) -

K [\ J(*k") -  J ( * k)\\ -
ch9\It

cl.'fh

D en o tin g  0/;

V k :

(1 ! K)] • i !./(**") - / ( a*) I! . VA > A0 (see also 2°).

'">* | —n— (1 h K) it; becomes:
*•>?*

i  o*iiy(**+l) - / ( * * )A„: |; oA—* 0

Remark*. 1) As the first two terms of the proximal sequence (xk) are 
arbitrary, it is convenient that in the apriori estimation from 2 °, x°  and x1 
should be chooseii sufficiently close to each-other, namely so that | \xl — x°
should be liitk 
iteration k !• 1.

This implies the diminishing of the error | |.r*+* — X at

2) both in the cases 2 ° and 3", the convergence of the proximal sequence
can be ’’accelerated” by choosing the sequences (9*) and (&*) respectively (9*),
(3*) and (3)!) so that (¡a.*) and (0*) should converge to 0 is fastly as possible.
(For example (9*) is taken so that ¡9^  ̂ — 9*1 1 ~  ~- -1 ' --
in 2 °).

-[-co and (8*) so that —
k

0 ,

_ __  sequenceconvergent to 0.

iinhe5 «l?nab\uhin!, nthe: u°luUon ° , the 0 e T <*) equation after a number of
study a case in which the equation 0 «  T(x) has a uni-

S a c t^ o m  ( i c 1 3 2 l“ 4a b/  ? “  proximal sequence (* * )„ »  ¡„  its s — tLk[x*)) after a finite number of iterations.

V* l .  be a »««>»“  obtained by * * «  =
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Suppose there exists x e  X  
3k 0 «= N  with : so that O e  int T(x) and (xk) is bounded. Then

* *  >  * • ■ ■ * - *  (2)
Proof. Notice that the definition of the proximal sequence (11 imnlie« o 

criterion studied. We’ll show that the operator T~l : X * -+■ 2X is constant T l  
Single-valued on a neighbourhood of 0. Since 0 g T(x), 3e >  0 so that Vy' e  S

the^graph t i ' t f  *  ^ ^  ^  ^  ^  (Here Xnofes
The monotonicity of T  implies:

<x -  *>y ~ y >  > °> V(*.y) e  G(T). Vy' e  A'* With II v'll < c. or ia
other form <* — x .y 'y  s$ <x — *,y > .

Taking supremum from the left member of this inequation after y', we have:

sup (x  -  * ,/ >  s: <* -  £ ,y \  V(x.y) g a m  
lly'll (3)

Let x g X, x ^ x, and y ' : =  • J ( x  — a). Obviously, ¡| y'j| ~  s Thus
from (3) comes :
e II « — x || < (x  — * , jy> < || a: — x || • ||y ||, V(.r, y) <s G(T), x # .v, or |iy \\ > t. 
This implies that for any (x, y) e  G(T), with || y || <  £ wc have x x, 
which means that T "1 is constant in the neighbourhood V : -- {v/;;vj!<e} 
of the origin ;

As a consequence of Proposition 1/i (§2) we have:

V A e W :  Hk(xk) g T -> (-1  Qh(**)) (4)

The assumptions of Theorem 1 being 

there is an order k 0 <= N  so that

VA ^  k 0 : -  <?* ( * k) <  £. Ill
Ok

satisfied, — Qk(x
Ok

accordance with

*) —* 0, which means that 

relation (4): VA ^ k0:'

Hh{xk) =  xk+l =
A Rem arks. 1. When the proximal sequence (.r*) is obtained by one ot the 

criteria (A), (B) or (C), the sequence (//*(.**)) will have the properties from 
Theorem 3, namely :

VÆ Ïï k 0 : H k{x)k — x, assuming that the other conditions oi the theorem 
are satisfied.

In case (xk) is obtained by criterion (A), we’ll have :
V £ > A 0 : ||tf* — *|| ■«£ e*.

2) The disavantage of this theorem is that assumption 0 e  int T(x) is too 
restrictive and thus excludes a large game of problems.

(Received October 7, 19S1)
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ALGORITMUL DE PUNCTE PROXIM ALE PENTRU SP A Ţ II BAXACH R E F L E X IV E
(R e 7. u ni a t)

Fiind dat un spaţiu Banach reflexiv X  şi un operator maximal monoton T  : X 2 X, se des­
crie un algoritm pentru rezolvarea ecuaţiei operatoriale 0 e  T(x). Se tratează aproximarea soluţiei 
acestei ecuaţii in topologia slaha şi tare a spaţiului X  ; de asemenea se descrie un procedeu pentru 
aflarea soluţiei după un număr finit de iteraţii, într-un caz particular.

19852 Mathematics —
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STUDIUL CONVERGENŢEI UNOR ŞIR U R I D E O P E R atv 
ttvtavj  m POZITIVI 'IJNIARI ŞI POZITIV

OCTAVIA.V AGRATIM

1. Introducere. In [4 ] D. D. S t a n c  u prezintă o jr.etodâ prob kt
pentru construirea de operatori liniari şi pozitivi. Vor deriva din act-a.-»' 1lst*c®
cunoscuţii operatori Bernstein, .Mirakyan, Baskakov, Feiier, o varan*--2 mttô  

— • '» " "  —'*• -• A/-,; nrw.rstr.n intrr,r?îst.i Hr- Qr-Vl-3 -0^ 3'

¿¿c!DcIX:c IC — J- * ...........O ----- ' . . -
occâ generalizări ale operatorilor lui Bernstein şi BaskaKov.

îr  această iucrare ne propunem să studiem cele două y.run de operatori 
ş  pozitivi din '2\ stabilind condiţii necesare şi v.:::c:er.te care asiguri 

convergenţa acestora in spaţiul de funcţii C 0, a . a :rir.d un număr pozitiv. 
Instrumental de lucru il constituie celebra teoremă a iu: Bohman —Korovkin.

în generalizarea operatorului Bi-rnstein, în J . P. K i n g pleacă dv la 
variabilele aleatoare:

.Y,f 1 0 V  (i =  r j
lA(-r) 1 - p t(x)i

ş. ¿¿uneşte numeric reale ani(x), i — 0, n priu egalitatea :

f l ( P i ( x) z +  1 ~  Pi{x)) =  ¿ r t o ( v i : ‘ . :  >  0 . (1;
■=' n i

Primul membru al egalităţii reprezintă valoarea ntc-die a variabilei aleatoare
a

•unde \ , = £\Y, şi coeficienţii <i.K(x ) ,  * =  07«. indică probabilitatea ca 

^ f « w ! ° art a * ' Astfe1, pentru orice funcţio f  continuă pe in tervalu l 7  1;
-oral detme-şte operatorul prin relaţia:

K < / ; * ) : - £ j . , W / ( i ) .  <21

Notăm eă pentru .V se
rit» m A » .__* . * .

exprimă nuntă

V, să 
au'

astakov
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rari efectuate cti primele i monede pînă cînd la moneda a-i-a obţin cap. Notăm 
faptul că trecerea de la moneda j  la moneda ;  +  1 se realizează în momentul 
obţinerii feţei cap la moneda j.

u f   ̂ )\qkM )Pi{x) I {i =  1, n).
k >o

Sint definite numerele &„*(*), k ^ 0, prin relaţia :
n
n pjt*)

1 -  q.(x)0 EA-O
K k(x)V, |0| <  l. (3)

Primul membru reprezintă valoarea medie a variabilei O11” unde W„ =  U*
i

iar coeficienţii bnk{x) indică probabilitatea ca Iî'„ să ia valoarea k. Pentru ioriceI 
funcţie /continuă pc* l'O, oo) autorul defineşte operatorul T„ prin relaţia:

A - U l n /
(4)

2. Hezultnte. Ne propunem să stabilim condiţii necesare şi suficiente de 
convergenţă a şirului de operatori definiţi în (2). Vom demonstra în prealabil 
următoarea Iernă :

I,iîma l. Dacă şirul (/.„)„ ,0 este definii prin relaţia (2) atunci au loc:,

(>) ¿,(co: *) 31 1

(ii) L .( i , ; x) = -  £  />,(*)
n fzi

(‘J') ; x) ~  — ^ ¿ A (* )  +  g  A M A  M  j

deci !j * ”wnstr“!ie- identificarea realizată în (1) o consider ca o funcţie în z ;

° ( z) =  f i  (AM* +  1 -  p t{x)) =  g  a„k(x)z*. . (5)

Deoarece G( 1) =  1 în mod evident are loc (i). Derivăm (5) în raport cu z:

di f—i 6.1
PiD)

iT i  Pi(x)z +  1 -  Pi(x) ^ k a n k ( x ) z k *.

Duînd z =  1 vom obţine:
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de„ nde priu împărţire cu » rerultă (ii). Calculăm acum a doua derivaţi, *
Q; vom avea:

*GM A L i f -------^
iz« y ,  L dt 1 PM> + 1

• , . , . t  , Pi(*)--------I (j\Z) ~Ţ~ ~~
Pi(x) I P (*)* + 1 -  P M

. ¿g(«)l
fi 9 I

_  ” M*> _________tM ---------- G(z).
~  y  Pi(x)z + 1 -  pa») pj(*)* + 1 -  p w

Pe de altă parte:

^  =  ¿  k { k  -
<k5 h^O

IaUÎad din nou z =  1 se obţine:

G"[ 1) =  £  P iW M * )  =  E  *)"•*(*>•
i jc  l k~:Q

Pentru a ajunge la (iii) se împarte egalitatea de mai sus cu n2, se separă suma 
ce conţine pe k2 şi se foloseşte (ii). Astfel Ierna este complet demonstrata. 

Vom demonstra următoarea teoremă:

Teorema 1. Fie şirul [Ln)n>o definii în (2) şi f  e  CfO, 1 ]. Condiţia necesara 
şi suficientă ca [Ln[f\ -))n>0 să conveargă uniform spre f  pc [0, 1 ] este:

lim i  ¿ ^ ( * )  =  *, V *  s  [0, 1 ]. (6)
«-♦co n î T\

Conform teoremei Bohman—Korovkin este necesar şi s«'1' cient sa verific că:

X) =  *,.(*), . r e  [0 , 1 ], * =  0 , 1 . 2 ,

unde e{(x) =  x\ 
că (6) implică: Fvxaminînd egalităţile (i), (ii), (Ui) practic rămîne să arătăm

lim Y ' Ma)p>(x). =
n-*°o;; , n *  *

Dar
' . ; - i

< 0 < r « « ' > < '*** U i  " I t î ~  ş

Astfel teorema este complet demonstrată.

0 , »
. 0c-
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Vom stabili rezultate similare pentru operatorul definit prin (4).
Lema 2. Dacă şirul ( T o  cslc dat de relaţia (4) alunei au loc egalităţile:

(a) T„(e0 ; x) =  1

(b ) T n (e , : * )  =
« t i P M

/ \ r  / \ 1 \ i- ( 1 *tMY(0 U c , . x) =  -  +  — j  +  •

Demonstraţie. Vom folosi aceeaşi metodă ca şi în demonstrarea lemei pre­
cedente. Relaţia (3) o considerăm ca o funcţie în 0 ; definim deci:

C(0,: = nT^=5Wt,0‘
Evident 6(1) -- 1 şi (a) este imediat verificată. Derivăm funcţia G în raport 
cu 0 şi obţinem :

ti<;( 0)
,10 £  —  f - l  i -

?.(*)
7/(t)0

6 (0) -  £  kb,tk{x) 0*'
k - 0

în egalităţile de mai sus luăm 0 — 1, împărţirii cu n şi înlocuim 1 — ?♦(*) 
cu egalul său />,(*), (i ----- 1, w) ; astfel se obţine relaţia (b). Cu aceeaşi tehnică 
se obţin următoarele egalităţi :

£  ( r r b  +  r ~ r  £  =  £  ~  £ kKk[x)o-l iTÎ V ~ idD I -  flM j-~i 1 -  ?;(*) J î~o fco
Prin împărţire cu n- şi folosind (b) se obţine :

un; (oi
t/0*

?.(*)
I i i * )  \ .

1 - ?;•(*) J
Avind m vedere că 1 — <7,(*) =  p,(x), i — 1, n, deducem că relaţia la care s-a 
ajuns coincide cu (c). Astfel lema este complet demonstrată.

Acum putem demonstra următorul rez.ultat:
Teorema 2 . Fie şirul de operatori (T„)n>o definit în  (4). Fie a >  0 şi f  

ojuncţie continuă pe intervalul [0, a]. Condiţia necesară şi suficientă ca (T  (f--)) n 
sa conveargă uniform spre f  pe [0, a] este: ' ' n>

lim ~ £ 7 7 T  =  x +  1. V x e  [0, a].
oo n Ţ^{pi(x)  L J

Demonstraţie. Observăm că (7) se mai poate pune sub forma

lim -  p î i i f l  
n-*oo » Pi(*) =  * ,

(7)

(8) 'V x e  [0, «].
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Vom folosi încă o dată teorema lui B o h m a n -K o ro v k in , operatorii intrft. 
fiind liniari şi pozitivi. Relaţiile (a), (b) dm Ierna p recedentă asigUră ;Utr°<S'

lim Tn(e, ; x) =  e,(x), V r s  [0, a], i  =  0,1.
»-* co

Avînd în vedere următoarele delimitări evidente:

o c i p m c i f m
«* ¡r( Pi(*) h i  PM

22

şi din relaţia (8):

i i m - y N̂ . - = 0 > V * e [ 0 , rt]

vom obţine: '

' . l i m - P ^  =  0, V * « [ 0, <*]. (10)
m -too n* ţţ{ PM

Vom trece la limită în egalitatea (c) din lenia 2 şi folosind (8), (9), (10) de­
ducem :

lim Tn(c3; x) =  e3(x), V x e  [0, a)
»»-*00

şi teorema este complet demonstrată.
Observaţie. Este bine cunoscută următoarea afirmaţie : dacă un şir numeric

(“")">« converge spre a atunci lim -  'p a ,  — a. Aplicînd acest rezultat putem
n f a

afirma:
1. dacă lim pt(x) =  x atunci are loc (6)

2. dacă l i m ^  =  .v atunci are loc (7)
*-® Pk{*) '

(Intrat 1» redacţie ia .! aoitm tn ',9S"

’ ft
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STUDIUL CONVERGENŢEI UNOR ŞIRURI DE OPERATORI LINIARI 2 3

t h e  s t u d y  o f  t h e  c o n v e r g e n c e  o f  s o m e  s e q u e n c e s  o f  l i n e a r  p o s i t i v e

OPERATORS
(Summary)

In [4] D. D. S t a n c u has presented probabilistic methods for construction and study of 
6ome general classes of approximating linear positive operators.

In this paper we investigate two sequences of positive linear operators introduced by a pro­
babilistic method by J .  P. K i n g  [2J. We establish necessary and sufficient conditions for the 
convergence of the sequences of these operators in the space C[0, a] {a >  0). By using the well- 
known theorem of Bohinan — Korovkin we prove the following two theorems.

(i) Let (L n) be the sequence of linear positive operators defined at (2) for a n y /  e  C[0, 1]. 
A necessary and sufficient condition that (L„/) converges uniformly to / on [0, 1] is given at (6).

(ii) A necessary and sufficient condition that the operator T„t defined at (4), applied to any 
j  e  C[0, a J (a >  0), to converge uniformly to / is given at (7).
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r  PFrTTREN'fKI UNOR CONEXIUNI SEMI-SIMETRiCE 
ASUPRA - q-pf.RT-SIMET RICE

P. ENGUIŞ, I. LUP

Fie An un spaţiu eu conexiune afină. într-un sistem de coordonate notăm 
cu f-* componentele conexiunii afine cu Tjk =  Tjk — 1 uj componentele ten- 
sorului de torsiune şi cu Tk =  Tj* componentele vectorului de torsiune.

Conexiunea Y se numeşte semi-simetrică [5], dacă există un cimp vectorial 
covariant Sk astfel ca

T)k =  Sur k] (1)

Dacă în (1) se aplică o contracţie în i şi j  se obţine

Tk =  (1 -  n)Sk (2)

iar dacă în (1) se ţine seama de (2) se obţine

( i - « ) 7 - ; *  =  T $ k -  7 \ s ; (3)

Un spaţiu cu conexiune afină A „ se numeşte E-recurent, dacă există un

w
r.

cîmp vectorial covariant <ţr astfel ca
TI I qrijk,r — Vri

unde prin virgulă este notată derivarea covariantă în raport cu conexiunea 
Dacă în (4) se aplică o contracţie în i şi j  se obţine

=  ty ,T k

şi deci vectorul de torsiune este şi el recurent de vector <>f.

afirrmn-ii°̂ oj1' acum *n spaţiile semi-simetrice are loc reciproca aĉ stf̂
vector i  S Car Un Spaţlu semi-simetric cu vectorul de torsiune recurent d vector <{,, este E-recurent de vector <ţf.

într-adevăr, dacă în (3) se aplică derivarea covariantă iu raport cu T #

(5)

obţine

si . . .  , ( i - » ) E j * ir= r y, a i -  e *.,s}
Şi ţmind seama de (5) rezultă 

-  n)T )k,, =
de unde

0

= t|/r(rysi -  r*sj) = (i -  n)tyXi*
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Avem deci: . . . . ,
P ropoziţia 1- tnlr-un spaţiu A„ cu conexiune semi-simeinca tensorul de 

torsiune şi vectorul de torsiune sini recurenţi in acelaşi timp şi cu acelaşi vector

Un spaţiu An semi-simetric s-a numit [5] semi-simetric special, dacă cîmpul 
vectorial Sk este gradient. în acest caz rezultă

Su =  0 H)

si din (2) s-a arătat !4! că spaţiul este cu conexiune E n g li i ş [5], deci cone­
xiunea T este o /:-conexiune [4 j şi deci avem [21

T  [/.*] =  0 (8)
Dacă spaţiul semi-simetric special este 7 -recurent rezultă din (8)

V ;T* ~  W f e  =  0  (9 )
şi avem :

P r o p o z iţ ia  2 . într-un spaţiu semi-simetric T-recurent dotat cu o E-cone- 
xiune, vectorul de T-recurcnţă este proporţional cu vectorul de torsiune.

Se ştie !5j că intr-un spaţiu semi-simetric dotat cu o E-conexiune are loc 
relaţia

= o (io)
Din (4) şi (10) rezulta

= 0 (11)
care este o relaţie de tip W a 1 k e r [7 ], avem deci :

P r o p o z iţ ia  3 . într-un spaţiu semi-simetric T-recurcnl, datai cu o E-conc- 
xiunc are loc relaţia (11).

O conexiune V se numeşte sfert-simetrică [5] dacă tensorul de torsiune 
are forma

‘ ; ( 12)

unde tj şi 5* sînt cîmpuri teusoriale arbitrare.

covariLitP7 l2)Paîem •aCUm dmpul tcnsorial ^variant constant. Derivîud

Tjk.r — k)S $.r
Şl dacă presupunem cîmpul S* recurent de vector <{,, avem:

(13)

Tjk.r — =  tywTjk
şi spaţiul este T-recurent. Avem deci:

r i a J ^ 070tZl1XK F n sM iu  A" sf erl-simetric
vector ™ aUl amPul vectorial S„ recurent

cu cîmpul tensorial t) conva- 
de vector este T-recurent de
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Consideri.,d aenn, m spatial ri. sfat-simetrie, en cin,pul i; c a v ^
staut, tensorul

f )kp = i  [fa is ,-  /;s/is,- + S//&  -  s/jjSi + t'pSASj -  îpSfa]

[5] şi derivînd covariant (14) rezulta

Tjift,=  -  +  fpS/jS^r— IpSjJhSi — tpSjtuSi'f +  Ş u t i ş i  -f.

.+  s / jt e i .'  — Sp/tffSi -  S/*/}S.,r + f a .A S j  4- t'M S j,, -
— tpSitlijSi, t ps Jj St, t J

con.

( H )

Presupunind spaţiu senii-simetric A„ cu cîmpul Sk rccuicnt de vector y„ ¿jt 
(15) rezulta că'tensorul t jkp este recurent cu vectorul 2-i„ Avem deci:

P ro poziţia  5. Intr-un spaţiu A„ sfert-simelric cu cîmpul tensorial t‘ CWa. 
riant constant- şi cîmpul vectorial Sk recurent de vector ■{/,. tensorul 7'*», este 
recurent de vector 2 r̂.

într-o lucrare anterioară [3] am arătat că dacă un spaţiu An este 7-rccu- 
rent cu vector tensorii obţinuţi din tensorul de torsiune prin produs tonsorial 
şi produs tensorial contractat, sînt recurenţi de vector Din acest rezultat 
şi din propoziţia 4 rezultă

P ro po ziţia  6. înlr-un spaţiu An sfert-simctric cu cîmpul tensorial t) cova­
riant constant şi cîmpul Sk recurent, tensorii obţinuţi din tensorul de torsiune 
prin produs tensorial st produs tensorial contractat, sini recurenţi de vector 2y,.

(Intrat iu ta I } mu/mbrtt I9V:

. b i b l i o g r a f i e
 ̂ F i s li M

2 Me"cSHvv,1,’" Swr des ^ l< ^ s mÂ ^ am ^ r try’f r XVl Math- Soc- Co11- 1>lll,l- VIII. 1927.
3 E n  ̂h p 2 (1972>- « - 53. ,0B Studia Univ. Babe*-Bolyai, ser. Math-

4. Eng3)! i p th~ Mec-• ^ v Mf, r p973) OI\ ,orsion recuri cute, Studia l'niv. Babt?-

5- l î l l h  -Mam., X X , X  ,.984,
6. Vrii »ci-an o >nclnc timar Connections, Tensor X. S, 29 (19/a).

7- Waikcr’ *  7’ Ed- >952- < «IJ curvature, Proc. London Math. Soc.. 2 (1950),36-« -

l 7 r éc u r r en c e  ^  c e r t a in e s  c o n n e c t io n s  s e m i - s y m é t r i e s

quart-symétriques
, . (Résurn é)

ET

teur de torsion sont ̂ currents1̂  à. connection semi-symétrique le tenseur to r s io n jt ^ ,.  
le vecteur de torsion est nronnrt" temps> et 1 "«, si l’espace est doué d’une ^ jn  (lD-
Pour les espaces ■p'° port,onttel *vec le vecteur de T-récurrence et on a la ^  „
récurrence de charnu ^  ‘6 eh« “P llj covariant-coustant, on montre  ̂ t̂clJuS
à 1 a*de du tenseur de torsion! ^ 11*0 la * _1̂ curreilce ainsi que la récurrence des teneur
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SUR LA CONVERGENCE QUASIUNIFORME

VASILli CÂMPIAN

En considérant, h la place des suites usuelles de fonctions definies sur un 
espacé métrique et prenant des valeurs dans un autre espace métrique, des 
„.suites (suites généralisées) de fonctions définies sur un espace topologique A 
et prenant des valeurs dans un espace uniforme Y, I. M u n t e a n  [4] a etem 
du la notion de convergence quasiuniforme dans le sens de B. G a g a e f f  [oj 
et P. S. A 1 e x a n d r o v [1 ) et a démontré un critère de continuité pour la 
limite d’une g-suite de fonctions continues.

Dans cette note on démontre la continuité de la limite d’une g-suite conver­
gente quasi uniformément de fonctions, dans le sens introduit par I. M u n  t  e a n 
[4], en renonçant à l’hypothèse de la continuité des termes de la g-suite.

D’après [41, une g-suite de fonctions /, : X  -*■ Y, pour i appartenant à l’en­
semble dirigé ï, définies sur l’espace topologique AT et prenant des valeurs dans 
l’espace uniforme Y est convergente quasiunifonnément vers la fonction/: X  —*■ 
-*■ Y si :

1) la /»-suite (/(),«r converge en chaque point x ^ X  vers /(x ), c’est—à —dire
f(x )  =  lim f,(x) ;

ie/

2) pour tout entourage symétrique ouvert U dans la topologie de l'espace 
produit À' x  V, il existe une g-suite ( g j ) j ^j  de fonctions continues définies sur X  
et prenant des valeurs dans Y, ainsi qu'une g-suite (G,)/«*/ d'ensembles ouverts 
dans X , avec \JC,} -- Àr, de sorte que Ton ait pour chaque j  e= J  et pour n'importe 

; c 7
quel x e  Ctj

(/ (* ) . &■(*)) e  u .

On donne dans [2] une définition de la convergence quasiuniforme équivalente 
à celle-ci.

T héorème.- La limite ponctuelle d’une g-suile de fonctions (f {) définies sur 
l espace topologique X et prenant des valeurs dans l ’espace uniforme Y est une
m l i ï o Z é Z T v e i s * *  Y Sl d  SCHlemcnl Si la Z-suitc (/‘«') csl convergente quasi- 

Démonstration.
nm, ^ cc*sslté\ Soient /  une fonction continue, U un entourage symétrique 
omert dans la topologie de l’espace produit F x Y et 7 un ensemble dintré 
quelconque (par exemple, J  =  (U) On orend e =  f  Î t  r  — vemble ,.lge

S g i
£  f o r o n s  convergeant quasiu lito  

entourage de .-espace u u C n e T  poir f e ^ r  V° ISmage " "  A *°> et U ‘ “ *>espace

■ v i  — .-{y-ty

pour lequel
Y- (/(*„). y) U r b ( 1 )
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iNotuns par K  un entourage de l’espace Y  de sorte que K  o ç- y  
U un entourage svmctrique ouvert dans la topologie de l’espace produit v Par 
pour lequel U o U U K. On a U C  U ° U C  K  P * « *  que (*, y) ^  / *  V 
o (y, y) pour toute (x, v) <= U, doue U ° Vr <> U CL K  ° K  CZ t/lf c’est—à ’ ^  °

w c u l.
Soient (gfiimi et les ^-suites correspondant à l’entourage U et j
sorte que v0 s  Ç]t. Pour tout x e  Gj% ou a J

U,

Notons

dire

(2)

j* € y de

(/(*). &.(*)}
en résultant particulièrement pour x =  x

(3)

( f (**),.&.(*o)) s  ^  (4)
Il résulte de la continuité de la fonction gJt dans le point ,v0 qu’il existe 
voisinage W de x0 de sorte que " Un

, . (&.(*0)> &,(*)) e  U (5)
pour tout x e W.

L'ensemble Wx =  W H Gj, est un voisinage pour x0. Kn tenant comntc* H.* 
(4) et de (5), il résulte

(/(*o)» ©.(*)) e  U* (6)
pour tout x e  H’j, tandis que (3), (6) et (2) nous conduisent à

(/(*<,)■/(*)) e  U (7)
pour tout x e  ll'a. Par conséquent /(.v) e  K, pour tout .v e  H ,, c ’est à dire 
/ est continue dans le point a0.

(Manustrti retu U 20 *(K*mîxi 1M1)

I. A l e x a a r o v P S  W  +„ S W -2 «  vrussO. ‘ o>«ccrgtuct quas,„„¡fane, Uspckhi Mat. Xauk. 3 (23). I (W»l
I^obïtscu. j? y O 1\ o r v?

5 W (W lV  3 13 -330/  ° “ NttS °*  F u ”ct’0MS' An. Ş t. l ’niv. ..A t I. Cu»

4 U U U C''HV*rs'"Us <li tnesurabUs. B. Fundam. Math.. « ( 1 ^

S- S i c wt * , c n . ^Kathematlca. 9 (32). 2 321-324.
*'• lL  Ed- u «d«U c4 $  Pedagogică, B u cu rau . 1958.

rRA C0XVERGENTEI CVASIUNIFORMErn . _
Î2 K*X>

(R e ï u ni a t)

° dM *  I- «nui i-*ir de funcţii convergent c'
%se la ipotc*a coutiimitâţii termenilor ¿-şirului.
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ON THE GENERAL SOLUTION OF THE LINEAR ALGEBRAIC 
“  SYSTEMS

O. C. POGAHU

1. Introduction. Let R mxn be the set of m x n matrices over the field It 
and M e  R mxw.

Defin itio n . A matrix M + e  R„, (W is called a gj-inverse of the matrix 
M  if it satisfies the relation

MM+M =  M. (1)

The relation (1) is the first from the system of four matrix equations that 
define in an unique way the* generalized inverse Me of the matrix At from the 
definition of R. P e n r o s e  [9J. The matrix M + is not unique.

Now let the linear algebraic system
AXB  =  C (2)

be, wlu-re .1 e It,,, „ and of rank r  ̂ min (m, w), B e  \\pyq and of rank 
5 < min (/>, </) and C e  R,„><7.

It is used the following result [10]
T heorem 1. .*1 necessary and sufficient condition for the system of equations 

(2) to he com fallible is
A A hC B +B =  C. (3)

In this case the general solution of the system (2) is

X =  A 'CB 1 +  Z -  A +AZBB+ (4)

where Z e  R„ , p is an arbitrary matrix.-
Mere .1 : «= R,,.,,«, B ^ RiX/, denote the gr inverse of A and B  respectively. 
The calculus of the matrices A 'h and B + is not easy. In this case present 

interest to express A !* and B v in terms more simple. Afterwards these terms 
are used to express the compatibility condition and the general solution of the 
system (2). This is the purpose of this paper. In the following it is used the 
factorization of the matrices A and B based on the orthogonal matrices.

2. Orthogonal factorization. Let M e  l\mxn be of rank r ^ min (m, n). The 
matrix M may be factorized as

M =  EF  (5)
where E e  R mxr and F  e  Rrxn, with E TE  =  I rt where ET denote the trans­
pose of the matrix E , I, is the unity matrix of order r, but the principal 
minor of order r in the matrix F , different from zero is in the first r rows and 
columns.
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Hence

30

E =
'Et\ F  =  (F fz ) ,  det ( F j  # 0 .

L ’
. . c r  and F, are of order /  and £ 2 e  R F 2 e Rf< 

where the matrices i I/et jif e  R,„x» be and M + a g ¡n ''
. 3- tA % T ai0formCf o f V  was find in the following manner. The mat*x

i  W l  in the form

" ' - f t  l)
and the matrix M, using the decompositions (6) for E, may be written as

M = EF =  (Ej  ( W  =  (^ >Fj E 2E J  ’ »

Using (7) and (8) in the matrix equation MM+M — M four matrix equations 
are obtained

ElFlXElF l +  ElF 2UElF 1 +  E lF lYE2F x +  E J :21'EJ'\ =  A',/*', 
E ^ X E f ,  +  EXF 2UEXE2 +  E.E.YE.E., +  E ,F 2VE2E2 -  E tE2 
EiF lXElF1 +  E2F2UElF l +  E.,FlYE.,El +  E2E J'E J-\  =  F,/-, 
E ^ X E .F , +  E2F2UEXF 2 +  E2F lYE2F 2 +  E2E 2VE2F 2 E2Er

If in this system we put U =  V — 0, X =  F X]E { , Y — E t lE [  and taking 
Ei E2 -f E2 E2 =  7, into consideration, a g ,-in verse for M is

M+ =  |E-i £,r F r , fc\rj (9)

where Ej, h i  denote the transpose of the matrix E x and E2 respectively, 
while F, is the inverse of the matrix

, < i i J S 0fi ZaJion „ lh* ma,rix A and U. Now let A e  Rwv. be of rank

* >  »  a t , B„ X " ™  (| mi" {h  * and r  • * For •' “

l) A ~ GR■ °  ‘ | £) ■ H =  (» Iffr). CC =  det (H.) * 0  

? £ " « &  'M‘ ,iCCS G' “ * »■ «  o, order G, .  H,

-4 +

4 + = tY ffr , c r  H r1 Go7
l o

1S a ^-inverse of A.

1 Gl  \
o y.

( 10)

(in
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2) B =  RS, R =  ( * * ) ,  S  =  (S\SJ, RTR =  L , dot (Si) ^  0 : ; :

where the matrices R lr S x are of order s, R 2 e  S 2 s  I V v
matrix

B+ =  ( S 7 ' R l  S T 'R l)
{ 0 0 )

(12)

The

(13)

is a g,-inverse of B, B + Itg,-inverse oi n, a  >= i»./>:/>•
Using (10) and (12) the matrices A and B may be written as at (8) :

,  (6V/, rt,pectivelv 7 U = i * lS ‘ R 'S' l
\ G ,H .  G M J  ' \R,S, R ,S J

(14)

Kor the matrix C e  H,„ ■ from the system (2) it is used a suitable block
decomposition

C - (15)

thus the products where it appears to be possible.
5. Ilcsu lls . 1.’siny the factorization of 4° one may establish
T iikori-m 2. A necessary and sufficient condition fo r  the system (2) to be 

cum ¡nil ihlc is t M

I r ' c ’. c C i 12 (16)l t • 2i 1 *̂2 — ty 22*
The general solution is

X r=[CD HZR RT +  Z (17)

tehcre II - //, '(U/f ,, (r-i C2l)St 1 and Z is arbitrary matrix.
Proof.  Using in (2) the notation (11) -  (15), by calculus one obtains the 

>> stem (lo). hor the general solution are used the fololwing intermediate results

A -CB r =   ̂ Q J RT, where W =  H, 1 (G,r Cn +  G iC 21)STl,

,, n r X j  _  ( « ¿ - j  <«,//,) -  ( « r -  j  « ,

Hence
B+B =  RRT.
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1 the svstetn  AX - C  the compatibility condition is GGr  ,

Corollary . . .  j'j
and T gen eral solution is

= ( ^ ' ) (crc-
n z ) 4 z

2c 3 c B- c ^ n thc co," patibility

The general solution (4),

X = A*C +  Z - A  +AZ =  1 +  G lC „. G( c i2 +  G2TC22)] -

_ ( H 1H 2) Z  +  Z  =  ( H0 > I ) ( G r C - H Z )  +  Z .

Corollary 2. For equations Ax =  e the compatibility condition in gctCs( 
and thc general solution is

x =  Ĥj ' y G Tc - H z )  +  z, (19)

where z is an arbitrary vector.
Proof. From (3) one obtains AA+c =  c, that is GGJ c =  c and the general 

solution is

x - A +c + z - A +Az =  1 ^ '  j (GTc -  Hz) +  2 

where z is an arbitrary vector.
Coronary 3. For equations XB =  C the compatibility cot 

and the general solution is

■x " 0 s i* " z ( r ) i R r + z  1201
where Z is an arbitrary matrix.

-  c  'v" ic" i , " r

'  m CBl  *  Z'ZBB*  -  [ (c “ ) s >’ -  2  (o ‘l RT +  Z-
Ry 4. For equations xB =  c the compatibility condition 

ani the Seneral solution is ClS' 1S2 =  °2 

Vker‘ 2 *  arbitrary ^  =  ^  ~  iR)RT +  *.;

on dilions are (16)

(21)



ON THE GENERAL SOLUTION OF THE LINEAR ALGEBRIC SYSTEMS 3 3

Proof. From (3) the compatibility condition is c B +B =  c, which may be 
written in the form (21). The general solution is

*  =  c B + +  * _  ZB B + =  c& 'R T R  =  K S r 1 -  zR )R T +  x.

Remark. For the equations of the form xB  =  c, the compatibility condi­
tion is very simple to verify. I t  is expressed in terms of the matrix S  and 
the vector c and one requires only the inversion of a r x r  matrix.

(Received December 17, 1981 )
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ASUPRA SO LUŢIEI GENERALE A SISTEM EI,O R  A L G E B R IC E  L IN IA R E
( R e z u m a t )

Se dă soluţia generală a sistemelor algebrice liniare compatibile de forma A X B  =  C si a 
altor cazuri particulare, folosind g x -  inversa matricelor A şi B. gl -  inversa este determinată

In ideea din [8] prin factorizări ale matricilor A şi B  în formele A — GH, B =  R S  unde G =  J 

GTG l„ R = RTR = If r(A) = r< r(B) = s  H = (Wi Ht) det (Hi) # o s  = (Si< SJ(

îa'tVd’l trîmSPUSe 316 1Ui G rCSpCCtîV * '  iar 7"  7* sînt “ »«ed e
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1. Soit ffa la classe des fonctions holomorphes dans le disque 
par les conditions /(O) =/'(0) - 1 = 0 ,  qui satisfont à la reHti«!!1̂ ’ n°rm<W 
+ vf"{z))>0, Vz e  U et soit qa la classe des fonctions holoin R? (/'(*) j? 
le disque unité, normées par les conditions f(Q ) ~  f ' ( 0 )  _  i __ A norPhes a, ‘W  0 9 '“ satisfcî
à la relation

Re I (1 -  «) ^  +  « f(z )  ] >  0, \/z e  U.

„ , . mr P. * N. C h i c H r a  [1], Dans la
Ces classes ont ete m présente des généralisations de celles-ci.

deuxième partie de cette ]  ltats concernant la dérivée de Sclnvarz,

dans le disque unité.
Les résultats contenus dans la deuxième partie permettent leur généralisa­

tion, qui est donnée dans la troisième partie de cette note. Dans la dernière partie 
on présente une généralisation du théorème de Marx et Strohliàcker et un résul­
tat concernant les fonctions convexes d’un certain ordre.

2. Soit Ga,p(g) la classe des fonctions holomorphes dans le disque unité 
17, normées par les conditions /(O) =  /' (0) — 1 =  0 et qui vérifient la rela­
tion:

Re M  -L a£ Ë  +
g(*) g' W 2

Vj  e  U.

ment ̂ normées ̂ m s  1/S * ' °U S* GSt la ClaSSe deS fonctions étoilées et usuellc-

normées lonAtlons holomorphes dans le disque unité V.
f  JW ~ J  (U) -  1 =  0 et qui Vérifient la relation

Re[/'(*) +  ^  • /"(*) +  7  • • ( W ' 2(2))] >  °* V- e

où a > 0,  ̂ < 1 et g e  S*.
On remarque que Ga,0(z) =  (Ça, Fa0(z) =  ffa.

Théorème 1. Si f  e  GJ{g) alors Re M  > 0 ,  Vz e  U.
g{*)

Démonstrations. Soit j>(z) =&1 z e  JJ Si f e ( î  «(?). alors
g(z) J ap

Pi2) +  a zp’(z) . _£ifL 4. . g(z)_n \ r ~ ’ • ------ I 1 T T
Re
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I / \ I «. iW i «P g(*) n _
Soit donc W . *) =  '  +  as +  T  ' zg'{z) (1

On peut vérifier que  ̂ e  'F [1 ] (voir [2]) et, en employant le théorème A de 
[2 ], on obtient le résultat.

En employant le théorème précédent on obtient le résultat suivant. 
Corollaire I. Si a >  a > 0 alors GaV(g) C  GaAê)- 
Remarques l ° S i  a > 0 et (3 =  0 alors le théorème I. devient

R ef(1 -  «) M  +  a £W] >  0. V.’ e  U => R e ^ >  0, Vz «  U, g e  S*, 
l V iW *'(*> I

c’est-à-dire le lemine I  de [1 ].
2°. Si a =  1 on obtient

e \ m  +  1 -------L---- (g8(?) —/-(z))l >  0, Vz S ¡7 => Re >  0, Vz s  U,
U'M 2 *e(-’)g'W J sW

g e  S*, (J < 1

Re

qui est une forme plus générale du lème de S a k a g u c h i  [5].
3°. Si g(z) =  z e  S*, on obtient du théorème 1

Re | ( 1 -  « ) M +  «/'(*) +  -  ÆDj] >  0, V z e t/= > R e -M > 0, a > 0, p < 1,

qui pour ¡3 =  0 représente un résultat de C h i c h r a  [1],
T iiEorèmk 2. Si f  e  l'a.$(g) alors Re /'(z) > 0 ,  Vz e  U. 
Démonstration. Soit p(z) =  f'{z), z e  [7. Si / e  F a0(g) alors

Re />(z) -f ctzp'(z) K(t) , _ g(z) (1 />a(z))]>  0, Vze 17.

On considère <î»(r, s) =  r + a • s - ^ -  + • Æ .  (1 — r*) qui appartient à
la classe 'F fl]  et en employant le théorème A de [2] on obtient le résultat. 

hu  employant le théorème précédent on obtient le résultat suivant. 
Corollaire 2 . Si oc' >  a  ̂ 0 alors F a*i&(g) C  F a#[g)-
Remarque. Dans le théorème précédent, en prenant p (z ) =  z <= S* on 

obtient

Re [/'(*) +  a2/"(2)+  Y  (1 —/'2(2))|> 0, Vz S Î7=> Re/'(z)> 0, Vz e  U, a >0, (3 < 1

ou bien Re[/'(z) +  «z/''(z) -  ^ / '* (z )>  -  Æ  , Vze ü  => Re/'(z) >  0> V2 e  17,

a > 0, P < 1, qui pour (3 =  1 représente le théorème 7 de [41, et pour S =  0 
représente le théorème 5 de [1 ].

P r o p o s it io n . /  e  F a 0 (g) o g f  e  Ga>0(g).
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ces

On peut facilement vérifier cette propriété en employant la a ■ 
classes; pour (3 =  0 et g(z) =  2 on obtient le résultat de [j j fini«on de

£ * =  < f sqz r ,é  ^3. Théorè>îb3- fA  =/'(0) -  1 -  u

t "  I« ¿ - i . m i l >

4 > + « > f+4 y ’ 2r  2 /,w11

c « -M «  /  *  S*- „ te théorème I à la fonction définie par la
Démonstration. O PP ^  __
!*/'(*) ¿ans le cas où glz) —

t,on ~M , fm!rlion holomorphe dans le disque unité, normée
. S Ä « - " ' 1"

Rc[( l+ < + * 4 ‘} ] > - i ' v2“ i w s s *-
, . iiour ß — 1 . Kn emplovant «•

Rellf +  a l ^  +  ^ l j / .  * > e V ~

[(1+ “> ^  + “ ,{$ / ' 2)]> _ ^  Ÿ :e L ''
Théorème 4. Si f  est une- fonctions holomorphe dans le disque umh mr 

fa ,  les conditions /(O) -  /'(O) -  1 = 0  et .  > 0, M  I, «'»”

- [l + (1 +  a _ . P)im  +  4 , ï ) - l ^ . ^ ] l > 0. V r . . -

/ fl* / ‘ *

>Re I

Re

=> Re. ^  fLMj > 0. Vz e  U

es/ h_ ..».ru U .
Démonstration. On applique le 

H» - 1*/"W •

V . . . .
cisi-à-dire / e Sf, où S‘ est la classe des fondions convexes et usuelle^  normees dans U. J

théorème 1 à la fonctions / définie p̂ r *a
l| dans le cas où g(z) =  2 e  S*.

relation z I — ^ 4.  11

L r l i r  °btient le rfeult*t 'fe [2 ].
■rw P“ ‘ m0Utt"  tacU,;nlc" t si «' >  « ¡s 0. alors

 ̂ {̂/l }̂| ^  Q W. .— TT — r . .1 A 6 1̂'
Re

V*« ^  Re f l  +  iC W  +  a, 2{/> 2}1>  0 . * 'L /'(ri J
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4. Soit /, g des fonctions holomorphes dans le disque unité U. On dit que 
la fonction f  est subordonnée à la fonction g{[ <  g) si g est univalente dans 
le disque U, /(O) =  g(0) et f(U ) C g(U ).

T h é o r è m e  5- Si h est une fonction convexe et univalente dans le disque unité 
Ut Ji(0) =  \ et a > 0, a +  P 5= 0 alors

+  +  (« +  m f .  ‘ ) +  P ( 1 +  {  ■ j ~ )

si pour a >  0 on a inf Re 1 ~ > — 2 (l +  — | .
r  — • zh'(z) 1 a )

1 m

1*1-1
U.Démonstration. Soit la fonction p{z) =  1 -f 

La relation de l’énoncé est équivalente à ^(p(z), zp'{z)) -< h(z) où

~ru-)

,-) =  r +  ^ ( 2s - r * + l )  +  ßs =  r + ( a  +  ß ) - s  +  j ( l -  r*).

I,a fonction  ̂ est holomorphe dans le domaine D =  C2,

<M/*(0), 0) =  1 e  h(U).
Soit vo v(t„. s0) où r0 ----- h(z0), s0 =  m z 0h'(z0) où m $s 1, | z01 =  1. 

Vo A(f") o  Re  ̂ (), quel que soit z0 avec |20 | =  1.
ztJl (*o)

j^t Vo " (̂*n)
- 0̂  (*o)

(* + P)"' + 7 R° -— r r r ~  ^ (* + ß)(»t -  1) ^ 0
^ (*o)

pour m  ̂ 1. Hn appliquant le théorème A de [3] on obtient que p(z) -< h(z). 
Corou,.\ire  4. Si a ÿ 0 et y <  1 alors

i +  iO-:> (a 4. ßW , 2} +  p Ç i l  11 +  1  Æ l )  ^  I+ J? i_
/ <-) / (-) l 2 /'(*) / 1 +

+ (3y -  i)--
+ Z

OÙ ot i Y I < ß.

1 +  C iil  <  1 + (2Y -  1)-
/'(-) 1 -1- r

Démonstration. La fonction /i(2) =  — 17-1̂  J  1}* est convexe et univalente 
dans le disque unité Î7, 7i(0) =  1 et +

Rc zh’(z) 2  -  2y Re z > — 2  j l  +  1 )  si et seulement si a |y | ^ (J.

Remarques 1 °. Si p =  0 on obtient y =  0 c ’est-à-dire

1 +  —  +/'(*) 1 + ^
résultat déjà connu de [2 ].

i _i_ *r(*> . i -  * ^ n
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2°. Si P —  ̂ ^

! , C!fl +  «(1 +  I
r  m

<  1 on obtient
. ,*/"(*) ( 1 4 - 1  . C lf l]  .< 1 + <2r -  i)t

tik-î/ 'z} +  a|YlT ( ir l  2 / '« J  i + *

+  /'M
l + (2r - J jf a > 0, Y <  1. 

l + z
n i t  i < 1 a lieu aussi l’implication du Corollaire 4 

3°. Si 0 4 « < P  et l^ 1  ̂ _______

Co r o l l a ir e

m

5 . S 0 O < P  <* 1 < M < P- + V r ~ ° ’ alors
M* H- 1 
M + *1 + s + ( , + P w 4 < f ( >  +  r ^ f H M

DémnutrMm. La fonction *(«) =  M ■ e s t  convexe et nnlvalente

dans le disque unité U, h(0) — 1 et

ReJ L i m  =  - 2 -
zA'(z)

M»+ I
M R e z  > — 2 — 2 —

. _ 3  + Vpa ■" *ssi et seulement si 1 <  M 4 ------ -------

Théorème 6. Si Re a > 0 et f  est une fonction holomorphc' dans le disque 
unité U, normée par les conditions /(O) =  /'(O) — 1 = 0 ,  alors

R e ^ -  +  2 a (^ -  -  f(z) +  zf"(z) )| >  i  , Vz e  U => Re M . >  i  , Vz® U. 

Si a = 0 on obtient le théorème de M a r x et S t r o l i h â c k e r  [6],
m-

Démonstration. Soit la fonction p(z) = ^ M  — 1, z & U.
Z

I<e relation de l’énoncé est équivalente à

Re[ ï +  +  a(2^,(2) + 2*^"(2))] >  °- V* e  u -

donc y(r, s) =  -f — -  +  a (s -f t) avec le domaine correspondant D 

Â * 0f c « Xo £ à tC-le0 “r^  '•'[1 ] et en employant le théo.e"*

Remarque. Si l’on prend dans le théorème précédent7-^  =  p(z). 011 obtk'nt 
qU6’ 51 Re « > 0 et ¿(0) =  i alors

1 + 7w + 2a(2i'(2) + z2P"(*)) <  —  *  P(z) <  —  •1 +  s 1 +  Z
(M anuscrit reçu le 1 i *  ,0 >
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GEN ERA LIZĂ RI ALE UNOR CLASE DE FUNCŢII UNIVALENTE
(Rezumat)

îu prezenta lucrare se generalizează clasele şi <Şa din [1] obţinîndu-se cu ajutorul metodei 
date in [2J generalizări ale unor rezultate ale lui P. N. C h i c h r a  [1 j şi K . S a k a g u c h i  [5]. 
SInt prezentate citeva rezultate referitoare la derivata lui Schwarz şi convexitatea unei funcţii 
olomorfe, normate uzual în discul unitate. în  ultima parte este dată o generalizare a teoremei 
Iui M a r x şi S t r o h l i ă c h e r  [6], [7J şi rezultate referitoare la funcţiile convexe de un anu­
mit ordin.
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ON A PROBLEM OF SOBOLEV T Y P E  

VIOniCA JIURE.̂ AN

I„ the present par-' *° St“dy probl"»  »1
Sobolev type ([U):

Vf x) =  F(l, y, #. u{t, y, x), u(l, x, x), tf(x, y, x)) (j)

«(/, y. 0) =/(*• y ) (2)

where F and / are given functions. . ,
Varied problems of Sobolev type make the subject of many investigations. 

Thus V. L  a k  s m i k a n t h a m and M. L o r d  [1 ] a»d i f. ].. Lord [3] esta­
blished the existence and uniqueness theorems, as '\e \ . 1/a k s  h in i k a n t-
ham A S V a t s a l a  and R. L. V a u g h n  [2] and A. vS. \ a t s a 1 a and 
R. L.' V a u g h n [4] established existence theorems. In the papers mentioned 
above there arc some other considerations on this type of piobloms.

The purpose of the present paper is to demonstrate the existence and uni­
queness theorem for tfu problem (i) +  (2) through application of Banach’s 
iked point theorem and wl:li convenient choise of metric in the spaces of con­
sidered functions, as well as to study the dependence of solution of the problem 
(1) + (2) from the dates of it.

2. We now deal with the existence and uniqueness of the solution of the 
problem. Let I  denote the interval [0, a]. Wc consider the set

S f=  {r e  Rl\y —f(t,y)\ < b, W, V er /},
where b > 0 and we suppose that b and / are such that 5/ is nonvoid set. 

We suppose that the following conditions take place

(i) / e  C[7 x 1, K],

(ii) F e C[I x 7 x 1 x Sf  X S, X Sj, R], 
and Lipschitz’s condition

(iii) \F(t, y, x, «!, vllw1) — /*(/, yt x, it2, v2, u>2)  \ < /., ¡«j — it., | -f- h« |t'i —

— v2l +  L3\w2 — w2\,
for any (t, y, x, u0 vit w,) s  / x / x I  x 5/

We have Sf X S f x  Sf , i -  1. 2.

=  s I S T 1 v ŜCC y  l̂e co1tditions (i), (ii), (iii) are earned out
“ Pf T  M v’ ^ ^ u i i / x / x / x S / X S / X *

m i n r ’ M|again ^ =  8], then the problem (1) +  (2) has in the set #/
=  {«: A x A x A

. . [uij are car run vm «■*—
») e  I  x  I  X I  x  Sf x  Sf x Sjl

S\ . * lcm ( .
Hon and only one, solution which can be obtei-
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ned through the succesive approximation method starting from  any element o f

Proof. Wc endow Hie set Bf  with the metric determined by Bielccki 
norm

| |m! \b  =  max (|«•(/, v, x)\c~’*), where t  <= Il+ .
(t,y,0 -  A • & A

Thus (Bf.  | j ■ 1 1 « )  becomes complete metric space.
The problem (1) +  (2) is equivalent with the following integral equation

r

u(l, y, x) =  f( l ,y )  +   ̂F(t, y, s. u(t, y, s), u(t, s, s), n(s,y, s))ds.
0

We consider the operator A : B / - * B f  defined by
X

(,-!«)(/, y, x) -  /(/, y) +   ̂F(t, y, x, n(t, y, s), u(t, s, s), u(s, y, s))ds for all
0

(/, V, x) e  A X A X A.
Because 5  ̂ - -  , it results that the condition of invariance takes place for Br,

:\f
that is --1(5/) c  Bf. The mapping A : (Bf , | |- | |) ->• {Bft 11- | ¡b) is Lipschitz 
with the constant of Lipschitz-1- (Lt +  L., +  Z,3). Therefore for sufficiently large

t, the mapping A is a contraction. Thus the Theorem 1 follows from Banach's 
fixed point Theorem.

Remark. An analogous theorem was demonstrated by V. L a k s h m i- 
k a li t h a m and M. L o r d in [1 j through the succesive approximation method.

•L In sequel we study the dependence of the solution of the problem (1) +
+  (2) from B and /. To this we also consider the following problem

y. x) — (j(f, y, x, u(t,y, x), u(l, x, x), u (x ,y ,x ))  (3)

y, 0) =  g(t. v), (4)
where g e  C [I x 1, It] and G e  C[I X / X / X Sg X Se X Sg, I I I  

We have
T ijuorkm 2 . /;/ /he conditions (i) — (iii) let u* e  Bf be the unique solution 

problem (1) +  (2). We suppose that u e  B g is a solution o f problem (3) +  (4). 
V the following

(iv) b, f  and g arc so that the S/g =  S/P| Sg is a nonvoid set,
(v) there is v}x >  0 so that \f(t, y) -  g(t, y) | < ru, fo r  all (t, y) s  1 x  1,
(vi) there is rl2 >  0 so that

y. x, u, v, w) — G(t, y, x, u, v, w) | < rn, 
for all (t, y, x. u, v, re-) e  / x  I  X I  x S fs X S/g X  S/t,
(vu) u*(t, y, x), u(t, y, x) e  Sft, V t. y, x e  A,
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lake place, then we have
a  It* — H He <  (•/)! +  V}2S)

;p/(r;r j| • ¡¡c is the Ccblsev norm.
Proof. Estimating the difference of the solutions and appJvj no. 

of Bellman-Gromvali type ([lj) it obtain y 8 a!1
X

\u* (l , V, x) -  n{t, y , x)l < -/), -|- rl2S +  I ,  f /»*(/, sj _  ;J  l > v, S)|(/s

* 4T
¿ 21 l»% S, s) -  u(l, S, s) Ids +  ¿ 3  j  ¡U*(s, y, S) _  ^  ^

0 x
+

Therefore

 ̂ (vjt + 1),*) c<t>+i'+t,)S, for all (/, ;y, x) e  A X A x A, 

|| w* -  m||c < (̂ )i +  ’'h5) e^ + L>+L̂ (5)

and thus the theorem is proved.
Remark. If we used the proof of Theorem 1.1 from [6 ], then it follows

| u* — M ||c <
,t8

1 -

Oqi 4- t̂8)g
Li -f (6)

As

4~ 4  !>>
T

we can assert that the evaluation given by (5) is better than that given by
(6 ).  . ,

In conclusion, the solution of the problem (1) +  (2) depends on the conti­
nuous way by / and F .

(Received February 1U MM
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THE o e .nf.rai, «-d im e n s io n a l  b e t a  d i s t r i b u t e

,0.\ MIHOC

m i r. n nrobability space in the sense of Kolmogorov •

o a" d P  4 pro,)a'* i
measure in 0  and on ^  [Q a, PI lias a general beta distribute 1

i( L  ° *  i0,1° " ing ion" : I
1 _ (.--ft,)“ " 1«!, - z ) a‘~l :

Pi(2 ; «1, «2) -  B^  flj) {6j _  &I)<*.+A.-1

where

and

0 <  bt <  z < b 2> a lt a2 >  0

J3(«„ « , ) = $  - < ) * '-  Z)"--1 dl.

(11! ? 

(1.1a)
\

(1-lb) !

If for the parameters 6, and b2 we consider the particular values: 6,  ̂l). S 
bt =  1, then we obtain just the probability density function 5

Pi(y; «», «*) =  -7 • V-*- * (1 - y ) a' - \ (1.2; *
D(av a,)

where
(1.2a)0 < y  <  1, av «, >  0,

for a random variable Y with a beta distribution and with the pair of para­
meters (rtj, a.,).

Now, it I w is a ¡/-dimensional random vector (by a random v e c t o r  ol 
«-dimensions we understand an «-dimensional vector yoo — (V,, i ....I«! 
"¡J?se components ly are random variables on the same probability space), 
which follows an «-dimensional beta distribution (known as the Dirichlet distri­
bution), then its probability density function will be [2 1 :

where

Dm =

?»(Vi, v2, rtj, <i2........ a„, an+i) —

1 <n> e  ai >  o, j  =  1, n +  1 ,

Ov yv •. -.ynJb',- > 0 ,  i =  ITT, ¿ y ,  <  l j ,

(1.3)

(1.3a)

(1.3b)
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and
n
II T{ai)

(1.3c)

is «-dimensional beta function or the Dirichlet function [1].
2. In this section we will define a new distribution which may be called 

the general «-dimensional beta distribution.
Defin it io n . We say that an «-dimensional random vector Zin) =  (Zlt Z2, . . ., 

. . . , Zn), follows a general «-dimensional beta distribution if its probability 
density function has the following form :

í̂ nO'l» *̂2» • • * i ¿n r U.¿f • •
I n ( j j — r n 9-n (Z i - b ^ ) y r \ r n z{ -  b\'> l ^ + l " 1

_  T-r i_ !---- U ------- 1 -  P  —----------  (2 .1)
,) / \ (&(;)_ 6</>)"i [ f- '  6,(0 _  6j ) . 1 ’Mn[tli • • • •. (hi> Q»

if /<"> G Dn% cij >  0, j  =  1, « -}- 1, 

where

MO ^  ^  iS¡) • » zi — ¿i1!
> 0  (2 .1a)¡K - (-,.........O ;0 / =  1, 1 -  £  „  ,,

1 «  ^  -  b?
and Bn\uv a.>, an[\) is the Dirichlet function.

The above definition is based on the following theorem.
T heorem 1. The function pfl(.?Jf . . . t zn\ ult a2, . 1), defined by the 

formula (2 . 1), with the condition (2 . 1a), is a probability density function .
Proof. To prove Theorem 1 it is suffices to show that given by (2.1), 

satisfies the following conditions :

1 " rt»fi) > 0, for all ZM e D n)

^  | ('*!» *2» • • •> ~n > + l ) ^ j  ^ ^2  • * • == 1*

~Dn
From the above definitions, for the probability density and for the domain 

T>nt we can see that the first condition is verified.
For te verify the second condition we make the following transformation:

*i =  W  +  (b* -  b i )  - Vi n  (1 -  Vj), i  =  \ ~ ñ .
y-i

(2.2)
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Taking into account that ___

W  -  b?) . j f l i 1 '  *>' <s=1*Oji 
8 vi j==l

8fi __ - n ( l - ® y )  ' v<; i=s 2>n >k =  ^ 1 >
¿0* £ 1

ifi = 0, ? < i =  w  ̂  ̂ ^ w#

„  obtain, for the Jacobian J „  of the transformation (2.2), the

y „= f i  (iï> -  s1; 1) n  (> - « i ) - 1-
♦ -1 y->

or, the echivalent form

7 . « n ( 6 j p - 6 ! V n ( n  (l ~ vA  •,=i «- I ' j “i /

Also, from

0 <  b f  <  2, <  62°, i =  \7n.

the following conditions follow :

Vi‘ Yj( 1 ~  vy) >■ 0, i =  1, because 60° — ¿i° > 0, 1 =
;=i

• E  i1 “  ®y) <  l > * =  ÏT».« n 1
From the condition

we obtain the condition

1 A  *•’ -
~  S  4° -  ¿s,) >  0>

¿ ^ • • n ( l - n )  <  1 .
L y-i

From (2.4a), (2.4b) and (2.5a) it follows that

0 <  v..

followkţ’opU'VpeÎcubÎ: transformati°n (2.2),

~  {(^l. V.

the domain D„

'i* V2> • • -, »,) |0 <  Vi <  i, i _

(2.2a) 

Î>Ă- (2.2b) 

(2.2c)

form

(2.3)

(2.3a)

(2.4)

1, « (2.4a)

(2.4b)

(2.5) 

(2.5a)

(2.6)

becomes the

(2.7)
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Finally, we need the following relations:

{ « - b n ) « - 1 _  vr . n o - » / 1- 1
(6w _  bwyi ~  &<■'>-&</>

-  »w i
^  bP -  b(p  j

« + 1
-1

Ï-1 y«i
“«+i

(2.8)

(2 .8a)

From the definition formula (2.1). using the relations (2.8), (2.8a), the 
transformation (2.2) and the absolute value of the Jacobian J n, the above inte­
gral becomes

I n
_______1_______
Rn(oi. Ot, • • •, flu-t-i)

(2.9)

where

in -  J n  {r*'"1 (i -  n.-r-H- 1 . n  a -  ^)"'j ^  *-2 ... ¿ Vn (2.10)

because

1 -  I > ,  • r i  (1 -  v,) =  f l  (1 -  Vi). (2.10a)1 1 > -1 y«1
Denoting

.........j,n) =  n  j*»‘, ' i (i -  wf)-"+i“1 • n  (i -  «,)"*} (2 .H)

it follows t hat :
— for n — 2 , we have

2 2  * r 1
»,) =  n « r , (i - « ir ,+‘i - 1

— for n =  3, we have

(2 .11a)

3 . ?  ar
A a{v» v2> vi) =  f l» * <-1(l —t *■* I

— for n, it follows by induction that

(2 . 11b)

»+i
» . ?  ai _1

A*(vif v2> • ■•» n̂) =  n ^ ‘_ i(i — v{)’ ,+1 (2 . 12)
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Using this new 
comes

f form f°r
»,........ ».)/ ’ • * * *  int' 8« l ,  !.. V

l

l»+l
s  “- - 1

i ç ^ „-»-»(i- t»fr <+1 dvi dv* - - - dv»> (2.13)

"  B,(8„ Alt1" 1

or »+i

/ „  _ ------------ :  n  1 $ ”‘r ' (1 -  '’'r '+l dv,l
B„{a¡...... «»+*) ;- l

f we use the definition of A„.
On the basis of the relations

tt+i, s  , r i / »+> \ .
-  v,Y‘ i+' =  E / ^ j - 1

=  i. ».

(2.14)

(2.15)

it follows that

/ .=
Blt(8 1> <*1..........a"+l)

Finally, taking into account that

e  “/)
» * i V r- Hi /

B « k  £  «;) =V j-i+i /

/ n + l >
r w r  2  «y\y«i+i 1

|H+1
r S fly

, i -- 1, ».

(2.16)

(2.17)

from (2.16) we obtain I„ =  1.
Thus it has been shown that the function defined by the formula (- ) 

a probability density. Theorem 1 is proved.
3. Ordinary moments of the general «-dimensional beta distribution. 
We now state and prove the following theorem.

Theorem 2. I f  Z<"> =  (Zlt Zv . . . ,Z n) is a random vector 
ability density (2.1), then the ordinary moment o f order (rv r2,

Mr,..... r>->) =
«»+1)

,2,1

with the pr0' 
. r„) will be

(3.1)
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A -  1
2 'V =0

... [ t  I
n —3 “ n —i

V a"-a 5

2
E,=o

(3.2)
n — 1 n - 1 n —2 1 0 0

( »+1 n \
a » - *  +  r n - k  —  Sk , 2 2  « ¡ +  2 ^  J',1

. = » -(*-1) » = »-(*-!) )

■ C'* £ =  0, » -  1
'»-a

ami B„(av a2, a „ . i s  //;r Dirichlet function.

Proof. The proof is by direct computation.
Making use of the definition of ordinary moment we have

Mr,.........„(¿<»>)
1

MfAflx* fl*» • • • » **fl» fl»+l) • ? ..

7 =   ̂n  2f* . f i  fe(|'l)'*> f i — è  —___ - - 1
" J  M  1 . k > -  ft«*»)a* L f=i b? -  6«/».

dzY .

(3.3)

(3.4)

(3-5)

To evaluate the above integral, we apply the same transformation 
(2.2). Using the fact that for Jacobian we have the form (2.3) and that the 
new domain A, is defined by (2.7), we can prove this theorem.

Because (2.8), (2 .8a) and

r i #  =  n»■=1 *-i L
+  { b f  -  $ ') ■ v, . n  (i -  vj)

y-1

=  n  [ è  cî, ( i f ) '  ( i f  -  0 (1 —
¡ - 1  Li =»o j “ i

the above integral, becomes

'-!S5(iEHi£(i5'+-') .-)*■

(3.6)

(3.7)
3 n - 1

4 Mathematic« — 1985
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where

-  do'*'* ■ • (i -  <><)
,, I-0

• h ( i  -  VjY<-‘, * =  h~*.

2  VS-M + l
<1+1

i -1
(3.8)

From (3.7) we see that we must compute the following integrals:
1

Ln =  1
i  f”

1

»,»-1=  j  32  ^v*'1
o f»-i

i

..,n -k  =  ^ In ,n -1,.. .,w-A-f1 d v n_^

0 *-A

(3.9)

In,n — 1,.. ,,n—Ap. . .,2,1 — 7j 

First we consider the integral 7n. We have
l

I ,
o

n-1

. =  ff£ (&2n)- 1ii]Yn~s• • • (i -5 v,.=o

- n  ( i —*)*-'• )*.= =  £  c\\ (b?)s'(bp -  61- y - - 1* . f f  (i -  ^ )r- ' s#; = 1 / s, = 0 ;»1
1

• \ vanm+,n- ,,~l (1 -  vn)*,+,~1 dvn

or

I» =  L B ( a „ + ,n 
*•=0

where

so- O  • _  j i - y - - . . n  (i _  (3.10)

5 (a" r* so* fl»+i) =   ̂v'*+'’ I*~I (1 _  i>B)<,"+l—* dv„. (3.10a) 
0
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For the next integral we have

In,»—i =  È  ( B (an +  rn -  s0, an+1) . C* (b™)*' {b? -  b<">)'■—  •
s ,= 0  l

E  B K - i  +  -  sx> a- + -  s0) • • (ôi”-»  - ¿ . ‘“- ‘y -
».-o

“*i

n —2
n»-in (i - i—i +

Generally, for the integral /n,„_i.....k =  0, n — 1, we have

(3.11)

.....= E \B{un +  rn -  s0, «B+1) • C ; (b[n) s‘(b^ -  .
s , - 0  I 

0

E  j ^ K -1 +  rn-i ~  s {, a„ +  rtn+l -I- rn -  s0) • C*,' {b[n))s' ■
s» “ 0 l 0 1

. » _  tir ')'* -* -* '  • j . . .

l

[ E U*-* + -  ** E a‘ + t  '«-ft-,)’
h k

• C> h{b{r h)) '*{b{r k) -  b[H~ k])'n-k -h . (1 -  ’ •-» ’ [ .  (3.12)

Thus, for l n we obtain

7»= ^ - i ..... ........... 2. i =  £  ! B(an +  rn -  s0. an+1) • C£(&i”),* (# )-  t f ’)'-
J.-O

• E  +  r- >  -  *i- fl- +  «»+• +  '» -  so) • o n (b(r lŸ  ■

. (bt~ ” -  1)) ,»-»-*, | . . .

1

• • • f E* (Bia-* +r-* - s*- E “«• + È -  s*->) • o  t

CLUHtAPOCA x 1
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, k »-3

£  I b U  +  t, -  s„-2, E  «.• +  ¿ 3 r*' " s" - 3) ' CfT * '
« - _ .e=o L ^

!
( Ŵ 1 n 
B (a, +  r, -  s» E  «. +  E  -  S»-lJ .

(3.13)

*-» »-2

■— (*?* — •

. c - ~ (b ? y - ' ■ w  -  iV’r ' - 1 1fi I-»-1 n —2 1 1 0  0

Introducing the notation (3.3) and substituting the above integral, ¡n 
(3.4) we get just the form (3.1) of the moment Mrv r2, . . . .  rn{?M ), when the 
random vector Z<"> follows the general «-dimensional beta distribution.

Remark 1. If in the definition (1.1) of the probability density, for the 
random vector Ẑ n\ we consider that

b f  =  1, b{? =  0, i =  1 7 ^  (3.14)

then we obtain, as a particular case, just the probability density function 
(1.3) of the random vector YM which follows the «-dimensional beta distribu­
tion.

Remark 2. If we examine the terms i4Mli.if , we can see that they haven’t 
the factor (b[n' k) 5h only if *

h  =  0, k =  0, « — 1. (3.15

Taking into account the above remarks we can consider the following 
particular cases:

Case >• if  »!° =  o, =  , =  T 7 i then
(&(* *’)** =  0, for all s*. s*- 1, 2 , . . . ,  r B_ * , k =  0 , n — 1

W~ ‘’) = 1. for 
and therefore

all sA, s* =  0, 1, 2.........r„-k, k =  0, » -  1
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The ordinary moment of order (rl, r2, . . . .  rn) which coresponds to this 
particular case, will be

m ....... ,nm 6(i° =  0 • _ - r —
6™ =  l ’ - 1' ”

»-1 / »+1 ‘ n / \n bu»-* + r»-k- Y2 a‘ + ¿2 ^
__ * = 0 V_____________ i = n- ( k - 1) t = n- ( * - l )  )  __

r(^i +  ri) * ^ ( ^ 2  4- â) * • • • • r(a* +  rn) • r(at 4- a 2 4- » • » 4- g«-n) 
r(a,) • r(a2) ■ • • * r(aw) • r(ax 4- 4- • • • 4- an+ 1  4 ^ 4 *  • • • 4- *n)

t r r(g, 4 ?{)
L\ ri«,-)

r

(iH
Î n+I n \

§ - + 5 "

=  M r ,r , ..r j y <“>)■ (3.17)

If we examine the above moment, we can see that, as a matter of fact, it 
is just the moment of order (rlt r2, . . . ,  r„) for the random vector Y<"> which 
«-dimensional beta distribution.

Case 2. If r1 — \, r ,=  0, i — 2, n, then

-I. ...2,1 *(«,n\a. +  1, (/,(') _  +  B

n• n b (3.18)

and the moment (3. 1) becomes

M.,o.....o(Z{n)) = ------------ * ------------ (¿4° -  b[l)  +  b['] =  M (Z J. (3.19)
a i "t- a% 4“ • • • 4- £«+1

This is the ordinary moment or order one of the component Zx from the 
random vector £<•> =  (Zv Z2.........Zn).

Case 3. If we have in view the conditions from cases 1 and 2 we get

Ai,,.....o(^w)
i ‘,° =  0 . -----
*«  =  1 * =  L *

_________«1_________
4- 4" • • • 4“ n ■+* a rt+1

M (YX), (3.20)

that is, just the ordinary moment of the order one of the component Y x from 
tne random vector Y<"> =  (Yx, Y 2, . . . ,  Y„) [2].

(Rtceivcd February 13, 1982)
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n o d a l  PERIOD p e r t u r b a t i o n s  d u e  t o  t h e  f i f t h  z o n a l  
HARMONIC OF THE GEOPOTENTIAL

VASELE MIOC and Ar pAd PAL

1. Introduction. The perturbations of the artificial satellites motion can 
also be studied by estimating the difference caused by a disturbing factor 
between the orbital period and the keplerian one. Such a method was used 
by different authors which have considered as a disturbing factor the non-centra­
lity of the terrestrial gravitational field. Analytical formulae for the difference:

AT'n =  Tn -  T 0 (1)

(Tn =  the nodal period, T 0 =  the corresponding keplerian period) caused by 
the zonal harmonics of the geopotential were given, for instance, by B 1 i t  z e r 
fl], Z h o n g o l o v i c h  [12J, O p r o i u  [10], M i o c  [2] in the case of the 
second zonal harmonic, M i o c  [2], [3], [5] in the case of the third zonal 
harmonic, O p r o i u  [10], O p r o i u  and M i o c  [11], M i o c [2] in the case 
of the fourth zonal harmonic.

In this paper we shall consider as a disturbing factor the fifth zonal har­
monic of the geopotential. Only the case of the satellites moving on quasi­
circular orbits will be considered.

2 . Motion Equations. We shall use the system Newton-Euler written in 
the form :

dpjdti --- 2Zr>77|i, 
dQ/du =  Zr3B\V ¡[ipl),
d i Id tt — /rVl W ![>.p, [2)
dqjdu =  Xr3kB(CII))]Vl\j.p -f Zr*[r(A -f q)\p +  A ]77(x +  Zr^BS/y., 
dkldu =  -  y.r'qB(('I!)) W¡y,p +  y r*[r{B  +  k)/p +  BjT/y. -  ZrMS/p, 
dtjdu =  Zr-j^xp, 

where:

y  =  1/[ 1 — (rKdQldl)/ J y .p l  
q =  e cos to; k — e sin o>, 

the following notations being used:

(3)
(4)

A =  cos u ; B  — sin u, (5)
C == cos i  ; D =  sin i, (6)

all the other notations appearing in equations (2) — (6) having their usual 
significances.

Taking into account the orbit equation in polar coordinates:

r — cos v), (7)
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the fact that u =  w +  v, the 
the quasi-circular orbits are

5 6
,e notations (4) and (5), and the fact that 
considered, we can write : only

=  i>( 1 — M r -  B k)>

and: rn =  p"( 1 -  ~  nBk)' (9)
O Disfurbinq Acceleration. The components of the disturbing acceleration

undergone^by"3 satellite under the influence of the fifth zonal harm0nic 0J 
the gfopotential have the expressions [13].

S =  -  (3/4)cso2? V ’(63 B °D* -  70 W  +  15 BD)‘
T =  (15/8)csoR V '7(21 ABiDi ~  14 AB2D3 +  AD)>
W =  (15/8)c50J?Vr_7(21 ~  14 B2CD2 +  C)<

where c<„ is a parameter characterizing the fifth zonal harmonic of the 
potential, and R is the mean terrestrial equatorial radius.

4 Motion Equations in the Considered Case. Substituting (9) and (10) 
in (2) and neglecting all the terms containing in factor qn, k” and (qk)* for 
n > 2, m > 1, the equations characterizing the disturbed motion of the satellite
hprnmp : .

( 10)

geo-

dpldu =  2ZKp~*{2l DBAB* -  14 IPAB3 +  DA +  [ - 8 4  D*B9 +  (84 D* +  56 D>) 
B* +  (-5 6  D3 — 4D)B3 +  4D]q +  (84 DSAB* — 56 D3A B3 -f- 4 DAB)k), 

düjdu =  ZKp~h{21 CD3B b — 14 CDB3 +  (CjD)B +  [84 CD3 A B 3 — 56 CD AB3 + 
.+  4(CID)AB)q +  [84 CD3B • -  56 CDB* +  4(C/D)B3]k}, 

iifdu =  ZKp~s{21 CD*AB* -  14 CD3AB3 +  CA +  [ -  84 CD*B3 -f (84 CD* + 
+  56 CD3)B* +  ( -  56 CD3 — 4C)Bl +  4C]<? +  (84 C D *A B *-  
- 5 6  CD3AB3 + 4 CAB)k}, (11)

dqldu =  ZKp~3{—(336j5)DiB3 +  (42 D3 +  56 773)734 +  ( - 2 8  IP  -  8D)B3 +
+  2D +  [-315 Z)MB»+(210 D3 +  266 D3)+/1‘ +  ( - 1 4 0  7)3 -  39 D)AB3-\- 
+  10 DA]q +  [ -  315 IPB' +  (168 IP +  287 IP)B3 + ( -  112 IP -  
— 53 D)IP +  (8D — \ID)B]k},

dkjdu =  ZKp~3{(336l5)D3AB3 -  56 IP A £ 3 +  8 7+4 B +  [ - 3 1 5  IP B 1 +
+  (336 D3 +  245 D3)B3 +  (-280  Ü3 -  25 Z))733 +  (40 D — 1 ¡D)B}q + 
+  [315 D3AB6 +  (21 D5 -  266 D3)A B* +  (-1 4 D 3 +  39 D)AB3 +  DA]k), 

dtfdu =  Zp3'2|i-i/2(i _  2/1 ? _  2BA),
where we have used the notation:

■ex =  tio  I<S)CmK». I 1- '

Elements. The variation of an orbital element 

calculated with the^quatiin“: ^  (Mo) aQd CUrmit (w) PositioQS CaD

 ̂(dyldu) du, (13)
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• teerand being given by Newton-Euler equations. We have performed 
thC ’’tegrals (13). with the integrands given by (11), by the successive approxi- 
the int g , hod> with Z s  1, limiting us to the first order approximation.

3 ? C e  'o“ d:
A A =  2K p0* [K\I 14 4* AS/j2 4" A’g/jo 4" ( 4AJ7C6 4* 7i4704 4" 02 4”

4- 4 /<S/oo)7o 4- (4 *?/ „  +  4 A§713 4- 4 * ,% ,)*„ ]. „
AQ =  K p?[K V c>  4- A'? /03 4- A'g/oi 4- (4 A,0/» +  4 A?713 +  4 K*aI n)q0 +

-f- (4A*70(I 4- 4 /v7/ 04 4“ 4Ag/02)^o]-
At =  KPo*[A'27|4 4" A’i0/ I2 4~ 4" ( 4 7f»7c# 4* A’J2/ 04 4~ AJ3/ 02 -f-

+  4 A'îi7Co)7o 4- (4 A'j / 16 4- 4 7\?0713 +  4 Au7n)^0],
A? =  K p ^ lK U o *  4- A?s/ 04 +  *? ,/ „  4- 2 Ag/ 00 4- ( -  15*?/ ,. 4- 7i°7714 +  

4~ A’?./12 4" 10 A®/ 10)y0 4" ( 15 K\I01 4- K%Ioo 4- 7i20703 4~ A21701)Æ0],
àk  =  K pâ*[ — K °4/ 15 4- 4 7\?713 4- 8 A®7U 4~( 15AJ7074- 7f!j27064- 7i§3703-{-

4- 7v24/0i)7o4-(15 AJ/1S4" A2s/,44- 7v26/12-(- Aj}710)£0], (14)
where we have used the notations :

/v, =  21 />*. A2 — — 14 />', A3=  D, A'4 =  84 D® 4* 56 D3, K a= -  56D 3-4 D , 
K% =  21 CD3, A7 =  -  14 CD, Ag -  C/D, A0 =  21 CD4, A10 =  -  14 CD2, 
Au = C, A 12 -  84 CD4 +  56 CD2, A13 = - 5 6  CD2 -  4C,  K u =  -  (336/5)D®, 
Au = 42 D* +  56 /73, A„ =  -  28 D3 -  8 D, AT17 =  210 D® +  266 D3, 
Au =  -  140 D3 -  39 I), A ,e =  168 D® +  287 7T3, 7i20 =  -  112 D3 -  53 D, 
/v'21 = 8 D — I'D. A,., -336D®4-245D3, A23 =  - 2 8 0  D3- 2 5 D, K 2i=AQ D -l/ D , 
Aa =  21 D3 — 266 D3’ A2,=  -  14 D3 +  39 D, /i27 =  (189/4)D3, (15)

the superior index ”0” added to A, (j  =  1,27) in equations (14) signifying the 
respective value for u =  I t  is the same for the inferior index "o” added 
to p, q and k.

The quantities I mn appearing in equations (14) are the values of the inte­
grals :

U
Imn =  J  AmB n dU, (16)

which were calculated by using the recurrence formula :
imn =  — Am + lB n~ll(m +  n) +  (n — 1) i w>M_2/(m +  n).

These values are :
^C0 =  U ~~ Uq,

7oi =  — (A — A 0), 1
102=  — (A B  — A 0B 0)12 4- (« — «o)/2.
70a =  {A* _  A*)/3 _ { A _  Ao)i
lo* =  -  (AB* -  A 0B 30)I4 - 3 ( A B -  A 0B 0)I8 +  3 (u -  * 0)/8,
/ M =  -  (Z® -  AD/5 +  2(A3 -  ADI3 -  (A -  A0),

(17)
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=  -  (ABS ~  -y i»
_  A ßiyß  _  S(AB3 -  ^o^o)/24 -  5 (^ 5  -  ^ 0B 0)/16 +

+  5(u — «o)/1̂ ' , J3 js i _  [ j  _  j  j
_  3M5 A\)lo +  \A -  Ao> (/1 ^o)- ../o7 = M’ - . 4 J ) / 7 - 3 ( . ^ -

I 10 = B - B 0,

I u = ( *  "  W
/ 12 =  (B3 -  BDI3,
1 13 =  (b 4 -  i m  
I H =  (Bs -  
/» =  (B6 -  BDI6,
/„ = (B7 -  BDI7, ■ ■ ■ 08)

the index ”o” added to A  B also signifying the position u0.
6. Difference Between ■ the, Two Periods. The difference caused by a distur­

bing factor between the nodal and keplerian periods of an artibcial satellite can 
be written in the form (see, for instance, [2], [3j, [4], [6], [7], [8], [91,
[ H ] ) :

ABn = £ / /
y«i

with:
2rr

Ij =  a^oVl/2 f (1 +  Mo +  Bkoy&y du (j =  1.3).

(19)

(20)

—  ̂{^[(^C dClldl)l\Lp]ldcs}<j du. (21)

Here a is a small parameter characterizing the disturbing factor (we can take 
in our case a — c )̂, while a, (3, y have the following values for y e {p.

j  =  1 =>y =  p, a =  3/2, ß =  1/2. y =  -  2 ;
i  — 2 =>y =  9, a =  — 2/1, ß =  3/2, y =  - 3 ; (22)
j  =  3=>y =  k, a =  — 2 B, ß =  3/2, y =  -  3.

values au<? wit^ he assumption that only the quasi-circular orbits 
are considered, equations (20) become:

2 tz

h  -  m p l'%  112  ̂ (i -  2Aq0 -  2B k0)Ap du,
0

/ 2 =  -  2p f y r  02 J (1 _  3Aqo _  3B k0)A Aq du, (23)

h  =  -  2/>f..~02

0
2*

V  1/2 J (1 -  3 4 ?0 -  3B k0)B Ak du.
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7. Results. By introducing the expressions (18) in equations (14) and bv 
replacing the quantities Ay (y e  {/>, q, /̂) °btauied in this manner in equations 

we have calculated the integrals (23). The integral (21) can also be cal­
culated, by taking into account equations (9) and (11). The results are:

I, =  -r L\B* +  L n3 B 3 +  [ I 4"4 0flj +  LoM 0̂  +  I,M 0B0+
+  L°Jn -  «„) ]7o +  (W il  +  LIB* +  L%B\ +  L«u )k0},

12 =  izKPq1' " qB*0 -f L\zA0B\ -f ¿J44 0B0 +  T?6( - —k0)]</0+Z.J4£0},
13 =  -K p-'i-y . x,~{L\iB% +  L 3̂B\ -j- /-J9B5 -j- L20)k0,
I t =  1zK p--w V.-'i2L°ilk0, (24)

where we have used the notations:

Li =  — 6X 1/5, L 2 =  — 2 K 2, L 3 =  — 6X 3> La =  L t =  — 4K v 
Z.5 — — 5 X , +  3 X,/2, Z., =  -  15 K J 2 +  9 K J4  +  3 K S,
L, =  -  15 K J 2 +  24 X 3 +  9 K J4  +  3 X 5, L 0 =  Z18 =  -  6 X 2,
/-10 =  -  12 X 3, /-„ =  5 K J4  +  9 K J4  +  6 K 3, L l2 =  L„ =  X 14,
L X3 -  5 X'i.,/4 +  3 X 15/2, L u --= 15 X 14/8 +  9 X 16/4 +  3 X 1S,
/-„ -  12 X 3 +  15 X „/8 +  9 K J 4  +  3 X 1#, L lt =  -  525 K J32  -  6 X 3 -  
105 X I4/64 -  15 X 15/8—9 K J 4  +  5 K J 4 + 3 K J 2  +  2 K 2l, LU =  - 2 4 K „  
L20 =■- -  75 X./32 +  15 X,/4 4- 16 X 3 -  35/C14/64 -  K J 4  -  X 24/2,
I.21 =  -  5 X,/4 -  7 X , -  2 X 21 4- X 27. (25)

The superior index ,,o” added to Lj ( j  — 1,21) in equations (24) has the same
significance as previously. __

Now, performing the sum (19), with lj (j  — 1,4) given by (24), replacing 
L1} (j =  1,21) by their expressions given by (25), and then replacing Kj (7 =  
= 1,27) by their expressions given by (15), we obtain : :

A7l5"> — nKpP712 y. -'12 r -  126 0*BII5 +  28 D*B30 -  6 D0B 0 +
+  ( -  756 /)*A0B*/5 4- 168 DlAaB30 -  36 D„A0B 0)q0 +
4- (— 756 D*Bi/5 4- 168 I)3B* -  36 D0B\ -  483 D3J4  +
4- 371 D3J2  -  72 D0)k0), (26)

where A'7'p“1 denotes the difference ATa caused only by the fifth zonal har- 
nionic of the geopotential.

Equation (26) can also be written in a more concentrated form:

A r£"’ =  X°[Y* 4- 6 y^ oio  +  (6 Y°iB o +  YDko l  (2?)

where:

X* =  {\0izlS)cw{Rlp0)*p f\ i-xl2, (28)
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and :
y j =  — 126 D^Bl/d +  28 DqBq 6 D0B 0, 

yo =  _  483 DU4 4- 371 D\¡2 -  72 D0.
<Reu'vtd i9, , , S2

(29)
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PERTURB AŢII ÎN PERIOADA NODALĂ DATORATE CELEI DE-A CINCEA 
ARMONICE ZONALE A GEOPOTENŢIALULUI 

(Rezumat)

Variaţiile cauzate de cea de-a cincea armonică zonală a geopotenţialului în perioada .. 
a unui satelit artificial cu excentricitate orbitală mică sînt estimate prin stabilirea unei p 
a diferenţei dintre perioada nodală şi perioada kepleriană corespunzătoare.



COEFICIENŢILOR p o l in o a m e l o r  d e  a p r o x im a r e  a  
ASUFrA  f u NcŢIILO R  c o n t in u e  d e  d o u ă  v a r i a b i l e

în această nota se extinde, în cazul funcţiilor ^  a* - 
M-aproximăm, introdusă în [1 ], Se folosesc în acest Î ™  va" ablIe* problema 
Bernstein pe patrat. Se obţine, totodată, o valoare 1  ? ’ Polln°amele de tip 
a din teorema 1 a lucrării citate. mai buna Pcutru constanta

Fie/ s  C0 [ 0 ,l ]x [0 ,l ] ,  adică/ e  C[0,1]X fO 11 si f(00) -  n • , lf
şir dublu, pozitiv, nedescrescător. Atunci / admite o ’ M n ’ la^ V/'i,/=ounJ  aannte o Ai,/-aproximare, dacă

pentru orice « >  0, « d * i  m, polîrrom P .,.,.,., (/; y) _  f f  v  ,
astfel îneît condiţiile: >=o/-o 00

să fie îndeplinite.
Teorema 1. F i e f  e  C0 [0,1 ] x [0,1 ], astfel ca f(x, y) = 0  pentru (x, y) <= [0, a] x 

X [fi. PJ, 0 <  a, p <  1. Atunci există un a — a(a) >  0 şi un b=b($) >  0 astfel 
ca, dacă un şir dublu, pozitiv, nedescrescător oarecare {M,/} /  co satisface una 
din condifiile:

AURELIA ŢOCA

HIaX ! f(x , y) Pm(t) n(e)(/» xt y) I ^  e>
(x,y)c [0.1 ]•< [0,1]

\a,s \ M,j. (», ./) s  {0, I. • ••> »*(«)} X {0, 1........ »(«)}

lim Hm — =  0,

lim lim a— =  0,

atunci f  admite o aproximare.

una din condiţiile teoremei, atunci exis 
ca

Demonstraţie. Fie ¿Vi; =  — , t# j  -
, atunci există un şir simplu regulat {N»v/v},

i, j  =  0, l, . . .  Dacă şirul {M/y} satisface 
există un .şir simplu regulat {¿Vj yj®^, astfel

lim N<yyv =  0.
V—* 00

Să considerăm şirurile simple { « ,} » , .  determinate prin condiţiile:

(1)
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Fie B
polinoinul Bemstein pa patrat, de grad m, în  *  şi » ,  ta  y. c o r e s p ^ ^

funcţiei / :  , .

B^ n JJ< x > y) ^oi=o l k ) l * 7 * ”*v «VI
Ordonînd după puterile lui *  şi JV< polinoinul B,nv% se rescne sub forma:

: mv nv

unde

A. TOCA ^

Fie A =  max \f(x,y)\. Atunci
U.y)e [0,11 x [0,1 ]

<  A 3mv3nv _  a 3 mv 11

deci

| a,71 <  A 3mv+”1', pentru i =  u, tv +  1, . . wv; ;  =  ; v> ; v -f- 1, . .  

adică
> ‘v + A,

|«iy| < ^ 3 “ p.

IyUÎnd « =  3®, b =  3P, se obţin inegalităţile:

Ky | <  A a'-* b*\ (2)
pentru i =  tv, . . . .  wv şi ;  =  ; V( . . . .  «v.
Din (1) rezultă că există un v0 astfel ca pentru orice v >  v0 să aibă loc inegali­
tatea

a ’ 6 v 1
MVv a! '

de unde rezultă că

4  a’v &,-v <  iif (3)V7V

ca | «U I °<C<M V >  Ip .re âţ^ c (2) şi (3) rezultă că există un v >  v0 nstfd
e l  P U *"**■■•• % ;  j  =  u  ■ • .a «V Deoarece şiruleste nedescrescator, rezultă că v

la</l <  Ai‘v+*.iv+/. oricare ar fi k > 0, l > 0,
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. umiare |<*;y| <  Mw î *v» ■ • • > Wiv > j  — j»  • • •» wv, oricare ar fi v >  v0. 
P”“ «. iucru înseamnă că pentru orice v >  v0, există şirurile wv, mv+1, . . .  şi „ 
A . pentru care ; x, y )  }converge uniform către /(* , y ) ,  pentru v —

şi că |«*i/! <  % Ţ  >  • • •’ j  Ţ  ■■■’ «v-
O b s e r v a ţ i a  1- în  cazul in care / este o funcţie de o singură variabilă, 

a este demonstrată în lucrarea [1], pentru a =  61/a. , 
t e 0 Î  O b s e r v a ţ i a  2. Teorema de mai sus are loc şi dacă se folosesc polinoamele 
D<>..o> considerate în [3 ]:x tnn *

tn »

p ™ U -. *■ y) =  E E t S i M f â M / l - . l )
* =  o > =  o ţm  7i j

unde
-H ~) • • • (* -h (»' — 0~)(1 — OP -  i + t) ■. ■ (I -  z + 

(I -I- t)(1 +  2x) . . .  (1 +  (/ -  1)-)
(< -» '- Dt)

i a r 0 si -  sînt parametri nenegativi. Pentru a şi b se iau în acest caz valorile 
' ' i  1

[(»t -  2)'/. 3 ] “, respectiv f(« — 2)0 +  3 ] 0.
TiiORKMA 2. I)acu funcţia f  e  Co[0, l ] x [0,1] admite o M¡¡-aproximare, 

unde \l,j <  - l a'b> (A >  0, a $s 1, b > 1 ; i, j ' — 0, 1, . . . ) ,  atunci f  se prelungeşte
aiuditic in polidiscul P (0, p), unde p =  , -t j •

Demonstraţie. Pic, pentru un e >  0 oarecare, P m(t) „(t) polinomul de M i}-  
aproximare al lui / :

m(t) n(e)

m{t) n(c)(/ f y )  =  îj *¿«0j~0
Au loc in e g a lită ţile  :

»«(c)«{£)(')
»»(«) «ic)
£ £ V Ui o j o

Mt) n(t) . , w

»"(O ,1 N; 1 * i

» » o  l  a  )  o ’ O 1

< A “   ̂ * ~ 8l) M'fr ~ S*) _  A  (1 -  *8,)(1 -  bs,)
f l  . f 1 1 ab8tSt

ceea ce înseamnă că P mM B(c) este uniform mărginită în polidiscul
— Si -t — 82] ) , oricare ar fi 8 =  (8^ S2) e  R2 dat, 8X >  0, S2 >  0

i2  t 1 (2 i ,  z 2)  s  C2). Aplicînd acum teorema Montei, extinsă în cazul funcţiilor de 
P|ai multe variabile (vezi, de exemplu, [4]) şi ţiuînd cont de faptul că 8 este ar- 
wtrar, rezultă imediat că afirmaţia din enunţul teoremei este adevărată.
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_ *. cVr dublu pozitiv, nedescrescător. Condtţia neCe.
Teorema 3. Fie {My},.y„o w, . • oareCare f  e  Co [0,l ] X [0,1] să admită 0 

sară şi^suficientă una din c o n d e ie  teoremei 7, pentru a >  ţ.

b ^ f l r b U r a r l eS[ .  . , ^  +̂ ma 2 necesitatea rezultă urmînd

f{x,y) =
- a)» r(y ■ l , pentru (x, y) ® (*, 1 ] X (P, 1 ]

, pentru {*, y) e  [0, a) x  [0, p),

unde «. p. T sîut numere reale strict pozitive. Se vede imediat eâ ţ  satisface 
condiţiile teoremei 1.
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ON THE COEFFICIENTS OF APPROXIMATION POLYNOMIALS OF CONTINUOUS 
FUNCTIONS OF TWO VARIABLES 

(Summary)

In this note the problem of ^/-approximation, as introduced in [1], is extended in the case 
of the functions of two variables. A better value for the constant a of theorem 1 [1] is also given.
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TWO COINCIDENCE THEOREMS FOR CONTRACTIVE T Y P E  
TWU «TTT'TTVAT.Tmri M A PPIN G S

TOMASZ KUIJIAK*

Let (X , d) be a metric space, 
closed and bounded subsets ol A 
is defined by letting

We denote by CB{X ) the set of all nonempty 
The well-known Hausdorff metric on CB(X )

H(A, B) — max {sup D(a, B), sup D(b, A)}
K ' a*A b*U

for each A, B e  CB(X) where D(a, B) — inf d(a, b).

In [2] O l g a  H a d z i c  proved the following coincidence theorem. 
Theorem 1. Lei (X, d) be a complete metric space, S and T  continuous 

mappings from X into X, A a closed mapping from  X  into C B (S X  f'j TX ) 
such that AT.x =  TAx, ASx S/l.r, fo r  every x e= X  an d :

H(Ax, Ay) < qd(Sx, Ty),

for every x ,y  e  X  where q e  (0, 1). Then there exists a sequence {*„}„<= w such 
that:

1. For every n e  N, Sx2n i e  A x.,n, Tx.ln e  A x2n - 1.
2. There exists z ■— lim T xin — liin S.v2n + 1.

n -*  x  n -♦ co

«3. Tz e  A:, Sz «= Az.

Now, we shall prove a similar coincidence theorem for a pair of multi­
valued mappings satisfying much weaker contractive definition.

I heorem 2. Let (X, d) be a complete metric space, S and T  continuous 
’!!flM>”l8s f rom X into X, A and B closed mappings from  X  into C B (S X  H 
( I  TX) such that ASx — SAx, B T x  — TB x, fo r  every x ^  X  an d :

H(Ax, By) <: q max Ty), I)(Sx, Ax), D(Ty, By), ±  [D(Sx, By) +

+  D(7y, A x) ]|, for every x, y  s  where q e  (0, 1). Then there exists a sequence 
{*«}»>« .v \n X  such that:

1. For every n e  N, Sx2n+l <= B x 2n, T x2n <= A x2n. t.
2. There exists z =  lim Tx2n =  lim Sx2n+l.

n-+co n - » o o

3. Sz e  Az, Tz e  Bz.

•Institute of Mathematics, A. Mickiewicz University, Matejki 48/49, Poznan, Poland.

ca — 19855 “*• Mathematif
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,  Tct ,  « X. Since B * ,C S X  there exrsts * ,  «  X  such ,ha,

c ;  s L i >  1. il is a simI’le conscque”ce of the « n i t i „ n
0 V? lAtnpnt U G  A X i SO that

Of H that there exists an element «x

d{uv S * )  < **•»■

Now. since Ax, C ^  there cxists ** *  *  ^  ^  =  ^  Similar,y.
there exists m2 e -̂ *2 suc  ̂ that

d(u2, Tx2) H(Bx2, Ax ,)

and «2 =  S%3 for some a3 e  because B *2 d  SX. Continuing in this fashion
we define a sequence {*»}»« ;v in X  where
Txin ® Ax2n.i  and S.*2n+1 e Bx2n are such that

66

and

d(Tx2n, Sx2„ .t) 4 -j =H(Axu~l B xin. 2)

¿(S#2» + li TXoii)  ̂ ĵ—H(BX2n, AX'in j)

( 1)

(2)

for every n e AT.
Now, we shall show that {Sx2n-i}n^N is Cauchy. For this purpose, observe 

first that (1) yields

rf(F#2n> S#2»-l)  ̂ ~̂ = H[A X'2n-lt Bx2n-,o)  ̂ V7 Hiax{rf(kSX>n - 1, 7 A'211- 2)» 

D(Sxu-i, A x D ( T x t a - i ,  B x2„-2),~  [D(S#2„_,, /?.v2,,_,) +  /)(r.v2„. 2. 

i4**»-'j]} < V? max{rf(Sx2„_I, r * 2„_2), ¿(S.r2n_1( 7**,), d(Tx2n- 2, Sx2n-i), 

— [¿(Sx2b_,. 5a-2„_,) +  d{Tx2n_2, Tx2„)]} =  <Jq max{r/(S.r2„ -1, Tx2n-i), 

d(Sx2„-i, Tx2n), i  d(Tx2l, - 2, Tx2n)}.

Now, We shall examine the right-hand side of the above inequality. If the 
maximum i s i  ¿ (r *2„_2) Tx2n), then d(Tx2n, S x ^ )  < f  [<i(T x 2„ _ , S * . - . )  +

+  i(S*n,_„ r * J ]  which implies i(7 » „  s * . . , )  <
< V? d(TX2H_2, S*2n_,). 2
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Tx  ) is the maximum, we get d(Tx„„ S x2»-i) < 
Now, when d(Sx,„-u  ^  d{S%2n_ u T x ,,)  =  0 which implies d(Sx2n-u

, V i f f 5 ”^hcrefore, we can write

T*2 d(T x2n, S x » - J  < *Jq d (l'x2n- 2, S.r2„_,). (3)

In a similar manner, from (2) it follows that

d(Sx2n-; i, Tx,„) < *Jq d(Sx2„-i, T x 2n).

By induction we obtain from (3) and (4)

d{Tx,,„ 5*2—i) < qn d (S x u T x z)

and

(4)

(5)

d(Sx2„ ,i, r .r 2„) ^ rf(7'*0, S jc,), (6)

, r ..V(, , v  M e  N. Bv (5) and (6) we have d(Sx2n-u  Sx2n+i) d(Sx2n- i ,  T x 2n) +  
Id lT x ,  S x u .i)  *  qn[d(Sxu Tx,) +  d(T x0, Sx ,)}.
Finally by a routine calculation wc find that {S * 2n- i W  is Cauchy, hence 
convergent. Let z =  liin Sx2n From (5) it follows that lim d {T x ,n< S x2n- }) =

= 0, hence z — lim T x2n.
It remains to show that Sz e  Az and Tz Bz. Indeed, the continuity 

of S implies that Sz — lim ST,„. Further, since T x 2n e  A x2n-\, it follows th at
n-*co

STxu e S.4*2»_, =  A Sx2n |, which, allong with the fact that A is closed, implies
that S: e  Az. It can be similarly shown that Tz ^ Bz. The proof is com-
plete.

R e m a r k .  With S -- T --- l.v, the* identity mapping of X , the assumption 
of Ur* elosedness of A and li is superfluous. Indeed, we have:  x2n <=■ Ax2n-u  
*uv\ e  Bxu and lim xn — z. Further, d(x2n \ \, Az) ^ H (Azt B x 2n) <

n — xj

< i m a x{d(z, x ,H), !)(.:, Az), d(x,H, x2n V\), ~  [d{z, x2n+)  +  D{x2n, A z)]}. Now,
z

taking the limit as n —► oo it follows that D(z, Az) ^ q D(z, Az) which implies 
D(z, Az) =  0, i.c., z <= Az. A similar argument shows that z e  Bz.

I he follow ing is the multivalued version of a coincidence theorem due to
• G o e b e l  in [1], I t  is an improvement over Theorem 1 under S =  T.

- °  ice that another extension of Goebel’s result has been made recently by 
r  a r k [4],

into 3. Let M be a set, (X , d) a metric space, T  a m apping from  M
into r o m , / “  ™  is a complete subspace o f X . Let A be a m apping fro m  o t U(TM) such that

there**exist* f r q d\T x ’ Ty} f or every x ’ y  s  M  where 0 < q <  1. Thenexists z <s. M such that Tz <s Az

^notes tho/i« °bsen:e first that for each « e  ™  the set A T ~ la, where T ~ xa 
Indeed let tT '^ tT  lmag^_of a under T - is an one-element subset of C B ( T M ) .

1’ U i  ^ A T  la. Then there exist x„ x , e  T ~ xa such that U, =
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^  tj/tj [/) =  H(Axv Ax^j ^ q d(T xlt T x2)
_  Ax and V, =  Ax, So «  F - T M  -  CB(TM ) defined via
"  o which implies V , =  V,. T1 ; ell defta(,a mapping, kow, for any a, 4 
r  ¿ r - « ,  for oil * «  we obtain

e  ™  a”d Z ,  m -  w * -  w  4 * i{T x ' Ty) =  ? b)' •
Therefore. F  satisfies the hj ,'Wy ^ 1\hMe1’K ists1 S' • TM suchP that c « F

^  ‘ * TH * 50 tha'  ‘ ’ y , r " c -
\sx ^ ^  -------,
Filially, for every z e  T -1 c, we have Az & A T  
=  Fc e  c =  7> which completes the proof.

'em
Fc.
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DOUĂ TEOREME DE COINCIDENŢĂ PENTRU APLICAŢII MULTIYOCK
CONTRACTIVE
(Rezumat)

în lucrare se stabilesc teoreme de coiucidenţ& pentru aplicaţii multivoce. Aceste teoreme gene­
ralizează unele rezultate date de O. Hadiiâ şi K. Goebel.
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NICULAE A B R A M E S C M l^ uc R 0um am c

Une époque de la didactique ma

• *  passée depuis la naissance de N i^lacA bram esçu^
Une centaine dl ‘ a'tiaueS à l'Umversitc de J-Une centaine a ~ ',A ir,nes à njnxveisxtu — . ‘u -  n iveau x,

NdA b m ïï«>  est dc'sfearrièie il a fonctionné quelques années

zs& sz& R  & t m s î ç J afes*
abnégation,
en 1919 ài 
de Cluj san 
moments d 
est enterré

et in fin itésim ale , 
avec ardeur e t

‘ -  • ■ ’il a fa !t°p a rtie  de la pleïade de professeurs C'est ainsi qu il a fa it  parc *ig n em e n t  universitaire _ .

t t ^ r J s s r « *
ïî est „fort d CM en .947 où .1

°St r S i v i t é  scientifique de N. Abramescu a subi, au d é b u t ,  l'influence des 
deux grands maîtres qui giraient à ces commencements la section de m ath é  
matiques de la Faculté de .Sciences de Cluj : D. Pompeiu et G. Tzitzeica. Ainsi, 
dans le domaine de l’analyse mathématique il a étudie les senes de polynôm es 
dans le plan complexe, ainsi que l’univalence des fonctions analytiques e t la  
répartition des zéros des fonctions complexes. .Sa thèse, soustenue à la F a c u lté  
de Bucarest, en 1921, présente une systematisation de la théorie des polynôm es 
orthogonaux. Dans le domaine de la géométrie, il a abordé divers problèm es 
de géométrie analytique et: différentielle, liés à des courbes rém arquables e t  
surtout des questions regardant la géométrie cinématique. Il a considéré aussi 
des questions de géométrie différentielle projective et affine des courbes et des 
surfaces.

A l’Université de Cluj. N, Abramescu a donne des cours de géom étrie ana- 
mV C ,  v 1scn!)llvt et infinitésimale, en rédigeant de sa propre main, avec une 
alligraphie remarquable, tous ses manuscrits destinés à la lithoeranhie Snn 

cours de géométrie issu à Cluj en quelques éditions a été préfacé v a r  G T H tV it*
t  g^ l,litrie ont fati T p o q i "  a  D a îb o u x  

en roumain. I.cs questions'’ spéciales p r iK n t6 n ttdtn^ e!m t ‘Cien T ' I * , e x u - é c r it  
?”  t,ràs à part concernent la géométrie vertotid ~  a ‘i n.M!CS ou bi™  dans

S  « S  ave^ ^ p lic a t io n s

«SÎE£ » ¿ te S S S S g s
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70 T caractère monographique de J  exposé lc
, et de la géomrtric des msthemaUceus daK

' “à d a ït .«  ““ 'j™  “  “ ï f  .ccliwcte a ogiqtie, N. Abramescu a déploy<

une prodigieuse activ t a ŝ cadre du Sem gergescu. j\ a rédigé environs 
cette activité à Clu^d A. Afgelescu * 1 \01J trie analytique, d'analy»
avec les p r o f c s s e u r s  O d alSebr*: 8 Uaboré auSsi avec d autres

m S W “ 1 « S T & S Ü L  Gr. oràçanu etc. Plusi=m

ae scs picvto —  ,,scolaires quelques dixames d années, î a ww-“**'- - -, . * , , -
Ï  l/ pali en roumain a Bucarest en 1907 vise 1 élargissement des connais­
sances mathématiques des élèves. Tous ces eents élémentaires respectent lCs 
principes generaux de la didactique, en cultivant la passion pour 1 etude, le rôle 
heuristique de la ’’propriété remarquable , la force d expression des exemples
bien choisis. , , , , • ,,Ce bref exposé se propose de rendre hommage a la mémoire a un professeur
distingué de l’Université de Cluj, dont la vie a été étroitement liée au dévelop­
pement de l’enseignement mathématique dans notre pays.

M. ŢARINA
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STUDIA «N1V-

■ ,985 a încetat din viaţă profesorul em erit dr. doc. Dumitru

• - w '  După examenul de bacalaureat s-a înscris l he Ţ iţe ica. Anton Davidoglu,
Z  de Matematică, unde a avut ca p r o f e s o ? > < * «  » * anu l 19 2 3 , Dumitru

v. .one cu -  cursurile lui Emil Picard. Henri Lebesque. Paul 9'

Darboux, Picard şi Coursat pentru ecuaţii cu derivate parţiale cu argu m ent m od ifica  .
Iu toamna anului 1928 Dumitru V. Ionescu este num it conferenţiar la U n iv ersita tea  d in  u j .  

La 15 mai 1931 devine profesor agregat şi la 1 iulie 1934 profesor titu lar. în  perioad a grea a celui 
de-al doilea război mondial, cîud Facultatea de Ştiinţe din Cluj a fu ncţionat la  T im işo ara , D u m itru  

V. Ionescu a fost decanul acestei facultăţi, reuşind să învingă vicisitudinile vrem ii. în  anii 1949 — 

1955. Dumitru V. Ionescu a fost profesor şef dc catedră şi la P olitehnica din C luj, ia r  d in  1955 
devine şeful catedrei de Ecuaţii diferenţiale, din Universitate, pînă la pensionarea sa, în  anul 1971, 
dată de la care işi continuă activitatea ca profesor consultant.

Dumitru V. Ionescu a fost un cercetător activ în domeniul m atem aticii. A stfe l, a  p u b lic a t 

peste 200 memorii, note şi monografii. Prin problemele tratate, acestea aparţin  celo r m ai d iv erse  

domenii ale matematicii: aritmetică, algebră, geometrie, mecanică, ecuaţii funcţionale, ecu a ţii in te g - 

rale. ecuaţii diferenţiale, ecuaţii cu derivate parţiale şi analiză num erică. M enţionăm  c ă  ap ro ap e

100 dc lucrări, din domeniul analizei numerice, sin t guvernate dc o originală m etod ă  de lu cru  
cunoscută sub denumirea de metoda funcţiei ,,fi” .

t i ^ “ 6 ^  dtV° tamCnt S' a dăfuit ŞCoHi- 1>rhl «“» « « ile  un iversitare de în a ltă  ţ in u tă  

profesorul Dumitru Y\ *  UUiVCrsitare- în  ™ re a pus a t i ta  su fle t.

, DUmitrU '•  l0nescu “ fost diD ţa ta  n 0 a S tră -
” « “‘“ «are de îndrumarea doctoranzilor si de or • ^  aCCSt tim p  S*a  o cu p a t

studiat şi a creat.ca *  ~ ~ ui de cercetare 9tiintifică' de 

s r r 418ău> de Ecuaţii diferentiaie a «
un stî,p 31 său’ iar «‘- e ma«cTemot; drii r î t i m t %  şcoaiaspecialist de prim rang al
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| Prof. dr. doc. GHEORGHE PIC f

■ Mat din viaţa profesorul dr. docent Gheorghe Pic. cel care tittp 
La 23 septembrie 1984 a u,c matematic clujean.

,  iumătate de secol a slujit mvăţammtul 1907 în localitatea Szczacova din S il« *
Profesorul Gheorghe Pic s-a născut ^  ¡nginer _  se mută cu familia la Mediaş, UB(ie 
• rS Duoi un an, tatăl sau -  jar Jn 1925 îşi dă bacalaureatul la Blai

« Uj ^ °  Gheorghe Pic urmează şcoala primar Ş ^ licenţa in matematici (Octombrie
studii la Facultatea fizică, iar in 1930 dă exam enu l

1928). în continuare funcţionează «  PJeP Tifflp de 15 ani, Gheorghe Pic lucrează ca pI0.
capacitate la Iaşi, P«*ru Glicrla. întte limp, după doi ani de studii la Roma.işi
fesor de J .  f a n ţ i i  adiabatici ai sistemelor neolonome . din comisie fâcind

parte^evi Civita (ca preşedinte) şi Jito V o U erra . ^  artilcrie djn Craiova, i„tre anii 1933-
După efectuarea stagiului milita s asistent onorific al profesorului Th. Anghe-

1936 profesorul Gheorghe Pic a cum > cste nun,jt  profesor. Din 1952, Ghe. rghe Pic ocupă 
luţă de la Universitatea drn C h i ] ^  Rcinân0.Sovietice şi profesor la Institutul de construcţii, 
funcţia de director allnstitu ^  ^  a Universităţii din Bucureşti. Keintors la Cluj,

“ SUi.« *< * <««»•*»*»“ * “”**
matematicieni la Universitatea clujeană, ocupînd şi funcţia de decan în perioadn 1958-1962.

Domeniul de predilecţie al Profesorului Gheorghe Pic l-au constituit grupurile finite. A fost 
iniţiatorul şcolii clujene de algebră modernă iar o pleiadă de tineri matematicieni, absolvenţi sau 
doctoranzi ai profesorului Gheorghe Pic, răspîndiţi în toată ţara, desfăşoară o prodigioasă activi­
tate în acest domeniu. Şcoala clujeană dc matematică îi datorează imens profesorului Gheorghe 
Pic şi graţie strădaniilor sale in dotarea Bibliotecii facultăţii, căreia i-a lăsat ca moştenire şi valo­
roasa bibliotecă personală.

Plecarea dintre noi a profesorului dr. docent Gheorghe Pic constituie o grea pierdere pentru 
toţi cei pe care i-a îndrumat şi format, pentru Universitatea clujeană şi pentru matematica româ­
nească.



IJvnnmlrs ° f
, „  s \ V i t t e o l > « r ? ’ ¿ ner, Stutt-
J nt i u # » Hd,rs’

S>s,f"îo77 224 p- . ,  „«..cinelor dc corpuri

ngld i,',ti o cartc cx ’ ,,',acuţilor absolvenţi
reprW fcercetătorilor şi -sl,,d5 ,pifCSt domeniu.
* * * * *  se ^ efial; l ZCale c ă r Î i s i u t desti- 
ce primele Pat" ’ aa’jcii şi problemelor clasice 
nat* cinematicii, > „ nitnra tensonală.
ale corpnlm pg ’ carle este ocupata dc

Peste jumătate^ # Ci-irţll. caro

capitolul cllK1' Pmll „eneral al dinamicii siste- 
trateazi formal« g Relaţiile cinematice- 
mclor de corpuri r pe e ' c jt şi celelalte
ecuaţiile nel," ‘^ C trâtarea’ sistemelor de corpuri 
mSrim‘ ' " f  nre enbntl iutr-o formă convenabilă 
rigide, sint pr - analitic. Descriereaatit studiului numeric cit şi anaiuiL.
uniformă sc sprijină in primul nud pe conceptele 
teoriei paturilor aplicată pentru prima dat 
in mecanică de către autor.

Kxpunerea este însoţită de 42 <lc probleme 
şi de multe exemple ilustrative netrivialc care 
pun iu evidenţă avantajul formalismului m ate­
matic cu notaţia sa simbolică vectorială şi 
tensonală.

AVKlvD TURCU

W. Mi i l l er ,  Darsulhtnţplbporle von 
endllihtn Grupprn, Teubner Stu tteart. 1980, 
IX -f 211 pag.

Prin conţinutul ei, cartea se adresează 
m pnmul rînd studenţilor de la facultăţile de

CSte U" mijloc io!,,sil'jr Şl iMtu- 
d“ tePorb Ş r C;W  in ctr« ‘ « e a  lor au nevoie 
v o 5  S T -  r‘ a n ^ W o r  şi a spaţiilor

bază ' P P? UpUnC CUI A t c - r e a
^ o r  şi a „oSelî" “  grUPuri,or- a

imdament^entd|na w ! ’ ** ° CUpă CU ,?oncePteIe 
or c* srupuri dc tnncf reprezentării grupuri- 
W *  vectorial pS 0! ’? 5"  liniare a»e unui 
“  ac«astă parte a ^ ,rP^ el.e probleme tratate 
^misimplc, reprezLt' 1 r  SÎnt: module Ş> inele 
g^Puri finite, Pajgeb Jr ' lnlare de algebre şi de
U terelor r e p r L e n f f i  Sem isiaiP ^  teoria

Partţj a d

rienc, artiuicne, proiective, injective etc.), de 
module şi de algebre. în  continuare sint dezvol­
tate rezultatele lui D. G. Hignian, J .  A. Green 
şi G, O. Michler referitoare la algebre grupale 
care nu sint seinisimple. Ultimul punct al cărţii 
are ca scop studiul metodelor clasice ale teoriei

modulare. I .  Y I R A G

. F 1 e 11, D ifferent!:?! analj'sis, 
Press. CambridgeT. M

Cambridge Uni vei =>ity
35!’. p- 'p m  Fiait was a clistin-Profossor 1 ■ *?. fino and desp

fiuished mathematician of analysis.

lhe WAsks i s SPmfess:)r Pym in the 
of the hook, the text left by Proiossm riet t  
rested almost unaltered. The resu t is an 
excelent book on dilfer?nti>al caituUi.i.

The first two chapters deal with the dif­
ferentiation of Itanach spaces valued functions 
of one real variable with applications to ordi- 
narv (liffereutial equations. Here is worthy to 
mention the fine discussion on mean value and 
finite increment theorems for vector functions, 
containing some personal contributions of the 
author.

The third chapter is on Fréchet derivative 
and the fourth on Hadamard derivative. The 
Hadamard derivative is a notion between Gateaux 
and Predict derivatives, defined via the cone 
of feasible directions. Although many pure ana­
lysts (e.g. the treatises of Dieudonné, Cartan) 
neglected this notion, it is very useful in the 
calculus of variations and optimization theory.

The book contains a wealth of exercises 
completing the main text. Each chapter ends 
wth historical „„tes. reflecting the erudition 
and the encyclopaedic knowledge of the litera- 
ture of Professor Flett.

In conclusion, this is a valuable book and 
~  i‘  WM.Iy to aU who '  “ a
sted m analysis. tere

s - COBZAŞ
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K K 1 o r c t. Mîiss- un.l IiiloflrationsthP- 
orlo. Eino FJnfahrang. 15. O. Teubncr. Muttgart,

1981'Apăr«t5 in scria •’Teubncr-Stuilicnbudici• , 
cartea oferă o introducere iu teoria inteR . 
Danieli-Stonc. Expunerea eleşanta. tU jJ> ?<
economicoasă este principala virtute a ei. î'oţiu- 
nilc si metodele expuse sint simple sugestne 
si suficient de flexibile pentru a putea fi aplicabile 
in limite situaţii. Ele se încadrează iu mod orga­
nic in teoria măsurii .şi în teoria funcţionalelor
liniare şi pozitive. <4 . ,

Deşi conţinutul cărţii este deosebit de bogat, 
autorul are tot timpul în vedere caracterul 
introductiv al textului şi nu urmăreşte să lie 
enciclopedic. Pentru a ajuta pe cititor la o par­
curgere activă a materialului, în fiecare paragraf 
smt incluse exerciţii şi probleme (în total 302).

Scopul principal al cărţii, de a prezenta 
o teorie solidă a integralei care poate servi drept 
un pilon de bază al analizei funcţionale, s-a 
realizat în mod strălucit.

KOLUMBÂN IOSIF

— (pxT +  v(kx)' f(t, X, X) in (a ^  
aflx(a) -  ß„x'(a) =  y„, <x*x(b) +  ß6x'(b) ^  ^
gewidmet. Der Verfasser wendet vor allem das 
Differenzenverfahren und das Verfahren finiter 
Elemente an, um die Lösung dieser Probleme 
auf lineare oder liichtliuearc Gleichungssysteme 
zurückzu führen, in denen eine endliche Anzahl 
numerischer Unbekannte auftreten. Im dc.ni 
Puch werden die grundlegenden Methoden zur 
Lösung der erhaltenen Systeme dargestellt 
und die Konvergenz der angewandten numerischen 
Verfahren untersucht. Gleichzeitig werden zah­
lreiche Probleme aus der Physik, Chemie und 
Biologie angeführt, die mit Hilfe der im Buch 
beschriebenen Methoden gelöst werden. Jedes 
Kapitel enthält Übungsaufgaben sowie einen 
Abschnitt mit Hinweisen betreffend die histo­
rische JSntwiklung, Weiterentwicklungen und 
genaue Literaturangaben.

Das Buch wendet sich sowohl an Lehrncnde, 
als auch an Lehrende, und ist mit geringen 
mathematischen Vorkentnissen veständlich.

SZILÄGVI PAUL

W o l f g a n g  P o l a k ,  Compiler Speci­
fication and Verification, Springer-Verlag, Berlin, 
Heidelberg, New York, 1981, 269 pg.

The book is a revised version of the author’s 
PhD thesis. It is organised into five chapters: 
1. Introduction; 2. Theoretical framework; 
3. Source and target languages; 4. The compiler 
proof; 5. Conclusions; and finishes with six 
appendices.

The author’s purpose is to develop and 
prove a compiler for a PASCAL subset. The 
author thinks that "a  program and its proof 
should be developed simultaneously from their 
specifications”. He uses the stepwise refinement 
technique for designing and implementing pro­
grams to end with the verification of them. 
But the author insists too much on the mechani­
cal verification aspect although he stresses that 
’’verification should be an integral part of the 
development process”. Also, only the partial 
correctness of the compiler is proved.

This book contains many ideas, tools and 
techniques used in programming. It  is recom­
mended to all those who are interested in the 
partial correctness of long real programs.

M. FRFNTIU

iinii»r n r ^  h 13 ° h Flni!o Modelle gewöhn 
lieber Randwertaufgaben. Teubncr Studienbücher 
Mathematik, Stuttgart 1981, 318 S

Das Buch ist der numerischen Behandlnm 
einiger Randwertaufgaben der Form

V. S c h  m i (1 t, higilulsi-hulluiigcn mit 
Mikroprozessoren, 11. G. Teubiier, Stuttgart 
1981.

Das Buch ist eine praxisorientierte Min- 
führuug für Ingenieure uml Naturwissenschaftler 
in das Gebiet der Mikroprozessoren. Ms werdm 
Fuiiktionskomponeiileu uml Grmulkonzeptc von 
Mikroprozessoren, Bit-Sliec 'Prozessoren', Onc- 
Chip-Mikroprozessoren, die Pr<»graniiuerstellmig 
für Mikroprozessoren, Teste von Mikroprozes- 
sorgcstcuertcn Schaltungen sowie ein prakti­
sches Beispiel beschrieben.

Die Vertrautheit des Lesers mit der 'nor­
malen' Digitalelektronik vorausgesetzt, hat «las 
Buch das Ziel, den Leser in die Lage zu versetzen, 
eigene Schaltungen mit wenigen aber komplexen 
Standard-Bauelementen zu realisieren.

FRIKDRICII LANDA

J o s e f  H a i n z l ,  Mathematik für Natur­
wissenschaftler, 3., durchgesehene und erwei­
terte Auflage, B. G. Teubner, Stuttgart, 1981, 
376 Seiten.

Das vorliegende, in der Reihe , .Leitfäden 
der angewandten Mathematik und Mechanik 
erschienene, Buch ist die Ausarbeitung 
Weiterentwicklung einer Vorlesung, die für 
Naturwissenschaftler an der Universität Freiburg 
gehalten wurde. Ks umfasst die wichtigsten 
Kapitel der Analysis (Zahlbereichc und Fl,n’ 
tionsbegriff, Differential- und Integralrechnung»
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elementare Funktionen, Fourierreihen, gewöhn­
liche Differentialgleichungen), ein Kapitel über 
analytische Geometrie und lineare Algebra 
(Vektorrechnung, lineare Abbildungen und Matri­
zen. lineare Gleichungssystenie und Determinan­
ten, Symnietriegruppen). ein Kapitel über U alir- 
sclieiniiclikeitsreelinung (diskrete und stetige 
Wahrscheinlichkeitsverteilungen, /.ufallsgrössen, 
Zufallsvektoren) sowie ein Kapitel über S ta­
tistik (Zufallssticliproben, Schützen und Testen 
von Parametern).

Das Huch wendet sich vor allein an Stu­
dierende der Biologie, Chemie und \er\\andter 
Fächer. Sein Ziel ist dun Leser nicht nur grund­
legende mathematische Kenntnisse zu vermit­
teln. sondern ihm auch deren Anwendbarkeit 
in den einzelnen Naturwissenschaften zu veran­
schaulichen. Dieses Ziel wird durch die leiclil- 
fasslichc Darstellung erreicht, die bewusst auf 
mathematische Strenge und Allgemeinheit ver­
zichtet, um die Rolle der Mathematik als Hilf­
swissenschaft für den Naturwissenschaftler besser 
hervorheben zu können.

WOLFGAXG \V. BRKCKXKR

R. W a g n e r, GrumlzNgc dor Ilnenrcn Al­
gebra, Tenbner, Stuttgart. 1981, 280 pag.

Cartea profesorului universitar R. Wagner 
de la Universitatea Wiirzburg este o introducere 
in algebra liniara destinată atit studenţilor de 
la facultăţile de matematică, cit şi profesorilor 
de gimnaziu. Autorul îşi propune mi numai o 
simplă transmitere dc cunoştinţe, ei mai ales 
relevarea unui mod de a înţelege construcţia 
noţiunilor şi rezultatelor de algebră liniară tra­
tate. Metodele algebrei liniare .silit conduse 
pină la aplicarea lor in alte domenii, cum ar fi 
geometria.

Obiectul cărţii îl constituie spatiile vecto­
riale reale şi aplicaţiile lor liniare. Dezvoltînd 
o teorie a acestora, autorul se ocupă in cadrul 
celor şapte capitole ale cărţii şi de niatrici, sisteme 
de ecuaţii liniare, teoria valorilor proprii, spaţii 
vectoriale euclidiene şi determinanţi. Materialul 
este prezentat cu o deosebită măiestrie didactică, 
clar, riguros, concis. Sînt date numeroase exempie, 
iar la sfîrşitul paragrafelor sînt propu.se 129 
exerciţii şi probleme. Cartea se încheie priutr-un 
apendice şi o tablă de materii..

Recomandăm cartea studenţilor şi cadrelor 
didactice de la facultăţile de matematică, pre­
cum şi tuturor profesorilor de matematică, ca 
material bibliografic valoros în studierea şi 
predarea algebrei liniare.

RODICA COVACI

S p i s a u i F r a n c  ot Tcorin (jenenilc del 
iiunieri rolativi. Yol. I. (Italian) [General Thcorj 
of Directed Numbers. Vol. I ] .  Con ingresso dci 
uuiueri moltiplicatori e divisori. [\vith intro­
duction of multiplying and dividing numbers] 
Rilingual Italian/English text. Pubblicazioni a 
cura del Centro Superiore di Logica e Scicnze 
Comparate. [Publications of the Center for 
Higher Studies in Comparate Logic and Science] 
International Logic Review, Rologna, 1983, 
247 pp.

For a long time directed numbers were 
confounded with simple terms n preceded by

and ,, — ” as operational signs. When we 
operate in ail infinite numerical set, the sign 
taken into consideration is not only the one 
which precedes, but also that which follows 
the numbers in the progression of the series.

From the infinitistic point of view any 
general theory of directed numbers seemed bound 
to be dismissed out of hand as Cantor himself 
confirmed. The finitistic tendency begins to 
come to the fore. Founding a general theory 
of directed numbers at long last becomes a pos­
sibility.

'1'lie book gives a modem theory of directed 
numbers. A list of references and a list of symbols 
may be found.

The book is highly recommended for special- 
lists or nonspecialists in general logic as a funda­
mental text in this field.

DORKL I. DUCA

II a r r o 11 n i s e  r, Lchrhiicli (Ier Analy- 
sls. Teii 2. Zweitc Auflage. IL G. Tculmer, 
Stuttgart 1983, 736 pag.

Prima parte a amplului tratat de analiză 
matematică al profesorului universitar Harro 
Heuser, pe care am reccnzat-o in numărul din 
anul 1982 al revistei Studia Universitatis Babeş- 
Bolvai, cuprinde analiza funcţiilor reale de o 
variabilă reală. Partea a doua, a cărei a doua 
ediţie o prezentăm aici, este dedicată studiului 
funcţiilor ale căror domenii şi codomenii sînt 
submulţimi ale spaţiilor MP. Dar, în afară de 
rezultatele clasice ale calculului diferenţial şi 
ale calculului integral în spaţiul H/>, sînt studiate 
şi spaţiile topologice, spaţiile Banach, teoremele 
de punct fix ale lui Brouwer, Schauder şi Kaku- 
tani, deiiionstrîndu-se cititorului că noţiunile şi 
rezultatele abstracte ale topologiei şi analizei 
funcţionale s-au desprins în mod natural din 
bogatul material faptic acumulat de analiza 
matematică. Multe aplicaţii frumoase în diverse 
domenii ştiinţifice întregesc partea teoretică şi 
pun în evidenţă influenţa stimulatoare pe care 
au avut-o problemele practice asupra dezvoltării 
analizei matematice.
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scrisă cn mult simţ pedagogic şi cu acee^i 
rrriiă ca ri partea întîi, cartea reprezintă o surse 
de infonnare valoroasă pentru studenţii 
lor de matematică, iar pentru cadrele udacUcc 
ale acestor facultăţi un model de prezentare 
modernă a analizei matematice.

WOLFGAXG W. BRECKNER

Itnnarh Spaces Theory and Us Applications, 
Bucharest 1981, Edited by A. Pietscli, N. Popa 
and I Singer, Lectures Notes in Mathematics 
991. Springer -  Verlag, Berlin -  Heidelberg 
_  New York -  Tokyo, 1983 (302 pp.).

These are the Proceedings of the First 
Romanian — G.D.R. Seminar on Banach Space 
Theory, held at Bucharest, Romania, from 
31-st August to 5 th September 1981. The works 
of the Seminar were attended by eminent specia­
lists from 15 countries giving and hearing talks 
on Banach space theory and related fields. The 
volume contains 26 written versions from the 
talks given at the Seminar. The papers contain 
original contributions of the authors and sur­
veys of the main results obtained in this area 
of research. Many of the papers contain open 
problems, tracing ways for further investigations. 
The volume is a valuable contribution to the 
Banach space theory and its applications and 
we recommend it to all people working in ana­
lysis and functional analysis.

S. COBZA?

purpose. Each chapter ends with a list of refe 
rences, hystorical comments, remarks on further 
developemcnts of the subjects and numerous 
helpful exercises. The style is very clear, ijvJ, 
and pleasant — the readers of two above quoted 
books will enjoy it again. The book is self-con­
tained and makes accessible and collect together 
some of the very deep and difficult results obtai­
ned in the last years in Banach spaces theory. 
We recommend it warmly to all interested in 
these topics.

S. COBZA?

T. K a t o, Perturbation Theory for Unear 
Operator*, Springer -  Verlag, 1984. 618 p.

This is the second corrected edition of the 
second edition of the now classical treatise of 
Professor Kato on perturbation theory. The 
first edition appeared in 1966. A Russian tran­
slation appeared in 1972. Springer — Verlag 
published also in 1982 a short version (161 p.) 
of the book containing the first two chapters 
and some additional material. With respect to 
the first edition this one is completed with supie­
men tary notes oil the recent development in 
perturbation theory. The bibliography is also 
substantially completed with papers published 
in the meantime in this very active field of 
research.

The book is a valuable contributions to 
the theory of perturbation of linear operators.

S. COBZAS

J. D i e s t e 1, Sequences and Series in 
Bunarh Spaces. Graduate Texts in Mathematics 
no. 92, Springer-Verlag, New York — Berlin — 
Heidelberg — Tokyo 1984 (260 pp.).

The author is well known to mathematical 
community by two previous books — Geometn 
of Bauach Spaces, Selected Topics L.N.M. no 
484, Springer Verlag 1975 (Russian Translation 
Visca Skola, Kiew 1980), Vector Measures 
Mathematical Surveys 15, A.M.S. 1977 (in coope 
ration with J .J .  Uhl jr.) and by his deep contri 
buttons to the geometric theory of Banacl 
Spaces, especially concerning the Radon -  
“  Nikodym property. This new book cover« 
plenty of topics related to sequences and serie« 
in Banach spaces, starting from the classical 
results of Banach, Schauder, Mazur and endinc 
\nth some very recent discoveries of A. Pelczvn
E ^ O d e lfT ^ 'n 11' .P' Roscnthal- R - c - Janies 

« J ' Km,deU aUSS' L' Tzafriri et al- Thf aun of the book is to present in an accessible 
way to the working analysts some of the result! 
of general analytic character from Banach space 
theory. The author accomplishes masterly Pthu

A d r i a n  B e j a xi. Cion vccflun Heat 
Transfer, John Wiley and Sons, Inc., 1984, XV 
4- 477 pp.

This textbook deals with topics being at 
the interface between heat transfer and fluid 
mechauics that may, at first sight, appear totally 
different, but which in fact are strongly inter­
related and which are capable of cross-fertilizing 
each other. This area of research, known as 
convective heat transfer or, simply, convection 
is a fascinating one, and is one that is of funda­
mental importance in our technologycal society.

In 12 chapters, the book gradually covers 
classical as well as most recent topics of con­
vective heat transfer. I t  provides a broad view 
within the subject area and includes, for the 
first time, important topics of heat transfer. 
Most of the currently used mathematical tehm- 
ques for analysing convection problems ^  
included in this work: integral solutions, simi­
larity solutions, scale analysis and modern 
numerical methods. However, a special emphasis 
is given on the utilization of the scale analyst
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f)Se the results correctly and fruitfully.

Each chapter of the book is devoted to 
the description of a precise topic, together with 
the mathematical method employed for its 
analysis. But, the mathematical analysis is 
made in close relation with the physical essence 
of the phenomenon considered. The book inclu­
des a set of unsolved problems for each chapter 
which are fully worked out in the Solutions 
Manual. It offers an excellent account of the 
type of problems studied in the area of convective 
heat transfer and of the methods used. Con­
sequently, new concepts and ideas are given a 
chance to filter through, and the reader lias 
time to reflect about them. Each chapter is also 
snplcmciitcd by an important list of references 
on the topics considered. Therefore, the presen­
tation of this textbook is organized to suit the 
students who need an introduction to the subject 
as well as the experienced researcher who needs 
a reference source for specific results. Giving 
a realistic and coherent overview of the research 
presently carried out in the area of convection, 
the present book will prove to be a valuable 
acquisition for the students and active researchers 
too. The material is attractively presented a m i  
exceptionally readable; the figures and the 
printing are excellent.

k As r m' hlSi''" '  1>r' ,ft"is,,r be jail's book

*■ *■«;. : r " r-erv
in the field of

1 0 AX p o p

-The aim of th is book is to  p resen t th e  
ideas, methods and recent applications of m a th e ­
m atical modelling in agriculture in such  a w y 
that agricultural scien tists m ay learn  ^ h ^  and 
how to attem p t to express th e ir  id eas m a th e  
m atically, how to solve th e  resu ltin g  n ia th e  
m atical problem and liow to com pare th e  pred i­
ctions with experim ental d ata.

The topics cover a range from  an im al 
and plant physiology to farm  planning and co n ­
trol, and include crop grow th, p lan t diseases 
and pests, and weather. W ithin each top ic, a t te n ­
tion is focussed on the m ost prom ising m odelling 
approaches, and on those th a t are m ath em atica lly  
sound and instructive. In  addition, those m a th e ­
matical topics relevent to agriculture m odelling : 
growth functions, dynam ic m odelling and m a th e ­
matical programing, are brought to g eth er for 
the first time and treated  in som e d etail.

The book coutaints the following 13 ch ap i­
ters : 1. Role of m athem atical m odels in agri­
culture and agricultural research. 2. T echniqu es : 
dynamic determ inistic modelling. 3. T ech n iqu es : 
mathem atical programming. 4. T e stin g  and 
evaluation of models. 5. Growth fu nctions. 6. 
Weather. 7. P lant and crop processes. 8. Crop 
responses and models. 9. P lan t diseases and pests. 
10. Animal processes. 11. Anim al products. 12 —
— 13. Farm  planning and control I  —I I .
, ,  .T1!0 . *ex t is designed to be su itab le  also
for self-tuition with the inclusion of nice exercises 
and worked outline solutions.

M ARIA M ICULA

1984, New York «  ,• t hprm Ker -  V erlag , 
•130 pages. ’ B erlln > H eidelberg, T o k y o ,

in the book^ w f i°Werential|,IfS' “  treated usually 
basic algebraic or an atafc  Ï  from the
touching the representation ,lti-i0f view witfaout 
book the author present« ?,nt V * 7 ' Ia  this
problems on Lie grox,ps bnt °, 7  the gen« a l  
in detail the represent" tim, i  *° he develops
teni gr° UpS and Lie algebras °* semisimple 
tents “  the following- lhe b°ok’s con-

Preface. s '

MauifoldsP 1- Dlfferentiable and Analytic 
Chapter 2 T î»

c h a j£  J: c o ^ r J h? y . Lie algebras

J- p r a n c e. T H vr i 
Mulheunai,.«, Model* i„ 7 ' l °  r n 1 e y, 
wort lu Jtorouyli <!., A,|rl,, '“ lur0» Huiler-
SP“ . I.°mlon. 19S4 (335 pâ'g, ' Kc‘,U TN 15

The actual • , s«enees.
scientific discinhn agncuItl>re and its r„,„(. ,

“an.and quantita,̂ eImeti1̂ |Staie °f raPid

s z r -  ■—
a t — « s - i a s » «  s r -  *

»bBoe„ plly.
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The Chapter 1 has an introductory charac­
ter and Chapter 2 deals with the ')asic res" . 
and concepts on Lie groups. ^heChapter-3 
inainlv devoted to the structure theory of Lie 
algebras (without cohomology). The chapter 4 
furnishes a fairlv complete exposition of tlie 
representations theory of semisimple Lie alge- 
bras aud Lie groups.

The algebraic treatment is based upon 
the ideas of Harisli Chandra's papers and is 
followed up with the transcendental theory of 
the maximal tori. This duality is considered 
to be essential and significant even for the entire 
representation theory. Each chapter is followed 
bv a lot of exercises, many of them from a theoreti­
cal importance. .

The work was originally published in the 
Prentice-Hall Series in Modem Analysis, 1974. 
The present version of the textbook is abnost 
selfcontained, asking only some acquaintance 
with topological groups and differential mani­
folds. It  is to be recommended as very useful 
for graduate students, mathematical researchers 
and theoretical physicists.

M. t a r in A

II. G r a u c r t ,  R. R e  m m e r t, Cohe­
rent Analytic Sheaves, Grundlehren der Mathe- 
matischen Wissenschaften 265, Springer — Ver- 
lag, 1984, Berlin — Heidelberg — New York — 
Tokyo, 249 pages.

This volume is an excellent exposition 
of the theory of coherent sheaves in Complex 
Analysis. In fact, the work was prefigurated 
already in the early sixties, the authors being 
notorious specialists in this field of research. 
This printed version contains a systematically 
and exhaustive approach on tlie subject. After 
a breaf introduction with historical and metho­
dological motivations of tlie problems, tlie book’s 
contents is distributed in the following 10 chap­
ters :

!• ^Complex spaces. 2. Local Weierstrass 
theory. 3. Finite holomorphic maps. 4. Analytic 
sets. Coherence of ideal sheaves. 5. Dimension 
theory». 6. Analyticity of the singular locus. 
Normalisation of the structure slieaf. 7. Riemann 
extension theorem and analytic coverings. 8. 
Normalisation of complex spaces. 9. Irreduci- 
bility and connectivity. Extension of analvtic 
sets. 10. Direct image theorem.

Finnally an Annexe is given on tlie the 
of sheaves and on the notion of coherence ' 
book contains also the essential bibliograp 
and Index of names, and a general index 

The work presents details about the f 
fundamental coherence theorems in Comr 
Analysis, namely the coherence of the struct

sheaf 0 .y as a complex space X  (ch. 2), the cohe­
rence of the ideal sheaf i(A) of any analitic set 
A (Ch. 4), the coherence of the Normalisation 
sheaf of any reduced structure sheaf e x (Ch. 8) 
and the coherence of the direct image sheaves 
of a coherent analytic sheaf under a proper holo­
morphic map. (Ch. 10). Other topics in Coniplex 
Analysis are discussed, as the dimension theory 
of the complex spaces, analytic coverings (Ch. 
5), normalisation spaces of reduced complex 
spaces (Ch. 8) and extension of the analytic 
sets into lower dimensional ones (Ch. 9).

The authors dedicated their book to Henri 
Cartan who initiated the new trends in Complex 
analysis by introducing iu 1950 the notion of 
coherence sheaf.

The textbook is very useful for tlie graduate 
students as well as for the mathematicians 
working in Complex Analysis, Analytic spaces 
and Sheaf theory.

M. TARINA

J a c q u e s  D i x m i e r, General Topo­
logy, Springer — Verlag, New York, Berlin, 
Heidelberg, Tokyo, 1984, x -|- 140 pages.

This book is a concise introduction to 
general topology. It  is intended for students 
and teaches them the basic concepts and results 
of topology, which are indispensable for under­
standing modern mathematics.

The main topics presented in the ten chap­
ters of the book are topological spaces, limits 
and continuity, constructions of topological 
spaces, compact spaces, metric spaces, limits 
of functions, numerical functions, normed spaces, 
infinite sums, connected spaces. Each chapter 
coutaius numerous examples which illustrate 
key definitions and theorems. Additional exercises 
at the end of the book are a valuable completion 
of the text.

Well-organized aud carefully written, the 
present book is very useful as a textbook for an 
advanced undergraduate or beginning graduate 
course in general topology. Wc recommend it 
to anyone who is studying for the first time 
general topology.

WOLFGANG W. BRUCKNER

Interpolation Spaces and Allied Toples In 
Analysis, Lectures Notes iu Mathematics 1070, 
1984 (239 pp.)

These are the Proceedings of a Conference 
held iu Luud, Sweden, from August 29 to Septem­
ber 1, 1983, edited by M. Cwikel and J .  Peetre. 
The volume begins with an introductory PaPer 
by J- Peetre entitled ,,The theory of interpola-
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tlon spaces -  its origin, prospects for futur , 
were the theory of interpolation spaces is out 
lined from its origins (M. Riesz and J  Marcm- 
kiewicz) to present days. Some directions of 
further investigations are presented. The second 
paper is a translation (appearing for the first 
time in English) of a paper by B. Mityagin 
„An interpolation theorem for modular spaces’ 
published originally in Mat. Sbornik 66 (10S) 
(1965), 473 — 482. The volume contains also 
15 contributed papers treating various aspects 
of interpolation theory (real and complex methods) 
in an abstract setting or in concrete spaces. 
The volume is a valuable contribution to inter­
polation theory and we recommend it warmly 
to all interested in analysis.

S. COBZA$

Infinite D im ension«! System s, L e c tu re s  N o ­
tes in M athem atics 1076, S p rin g er -  V erlag . 
Berlin -  H eidelberg -  New Y o rk  -  T o k y o . 1984 

These are the proceedings o f th e  c o n ­
ference on O perator Sem igroups and A p p lica ­
tion " held in R etzh of (S ty ria ) Ju n e  5 - 1 1  19Sd, 
The works of the C onference were a tten d ed  b y  
42 specialists com ing from  12 co u n tries. T h e  
volume contains the w ritten  versions of 2 2  co n ­
ferences presented a t the Congress. I t  co v ers 
a variety of topics related m ain ly  to  d iffe ren tia l 
and integral equations in a b stra c t sp aces, to  
semigroups of operators and ap p lica tio n s. T h e  
papers contain m any in terestin g  new  re su lts  
and the book will be indispensable to  all w o r­
king in this area.

S . C O B Z A §

The following hooks havti hern received by 
Ihe editorial .stuff I hat are to he reviewed:

/ nS< hlC' ‘ l ' APPr°xi»mtion theory 
I u  i '' L Ï -  C,,Ui' h - « ‘-•'‘■■maker and 

; ; "  1':lli' ,li‘- problem solvers
1 9 8 4 a n  \ . iIrt,1<’^ an,l A- Schoenstadt, iyo*i) , j ,  O. Axclsson ami V A iiori.(l- ... ..

S r  va,m:
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C R O N I C A

I. Publicaţii ale seminnriilor de cercetare 
ale Facultftţii de Matematica (scrie dc prcprln-

 ̂ Preprint 1—1984, Seminar of Functional 
Analysis and Numerical Methods.

Preprint 2—1984, Seminar of Celestral 
Mechanics and Space Research.

Preprint 3—1984, Seminar on Fixed Point 
Theory.

Preprint 4—1984, Seminar on Computer 
Sciences.

Preprint 5—1984, Models structures and 
dates processing.

Preprint 6—1984, Intinerant Seuiinar on 
Functional Equations, Approximation and Con-
vexity.

Prcprint 7—1984, Variational Methods.
Prcprint 8—1984, Seminar on Best Ap- 

proximation and Mathematical Programming.
II. Participări Ia manifestări ştiinţifice orţja- 

ulzutc in afara facultăţii
1. Al 111-lea seminar de spaţii Finsler, 

Braşov, 9—15 februarie 1984:
M. Ţ a r i n ă ,  P. E n g h i ş, Formalism 

exterior în geometria unui fibrat vectorial.
2. Consfătuirea naţională de cercetare-proiec- 

tare asistată de calculator, I.C.I. Bucureşti, iunie— 
iulie 1984:

Gr.  M o 1 d o v a n, Gr.  M u r e ş a n, 
Gh.  P ă r ă u ,  T. T o a d e r e ,  T. T &k ă s ,  
Model matematic şi programe privind extragerea 
sării prin dizolvare.

S. D a m i a n, I. P a r p u c e a ,  M. 
T o p l i c e a n  u, Produs informatic pentru testa­
rea plăcilor cu circuite integrate.

3. Al 1 V-lea Simpozion Naţional de Aplicaţii 
ale informaticii în proiectarea şi cercetarea în 
construcţii :

A. C li i s ă 1 i ţ ă, B. P A r v, Programul 
THA CS

. 4 .  A Vll-a Consfătuire a personalului dc 
la institutele de informatică din reţeaua M .E.I. 
Gura Humorului, 30 iu l ie -5 august 1984:

Gr. M o 1 d o v a n, Gli. M u r e ş a n  T 
T o a d e r e ,  Model matematic privind extracţia 
sărn prin dizolvare.

A. C h i s ă l i ţ ă ,  B. P â r v ,  Analiza 
rcMul\SUl''1 iinamic neliniar al sistemelor pe

S. D a m  i an.  B. P â r v  P p on v  
V i n c z e ,  SIMPLOMCO ' P' M

D. C h i o r e a n ,  I. C k i o r e a n  E  
M u n t e a n ,  Gestiunea memoriei la sistem de

baze de date de tip Socrate pentru tninicalcula- 
toare.

5. A XV-a Conferinţă Naţională de Geo­
metrie şi Topologie, Timişoara, 2 —7 iulie 1984:

F. R a d  o. Caracterizarea semiizometriilor
unui spaţiu Galots.

A. V a s i u, Caracterizarea grupală a unei 
structuri de translaţie cu elemente vecine.

V. G r o z e ,  A. V a s i u, Asupra unor 
aplicaţii ale urnii plan Galois.

B. O r b  an,  Transformări pătratice ale 
unui plan proiectiv pappusian.

M. Ţ a r i  ii ă, Cîmpuri Jacob i pe un spaţiu 
omogen şi clemente speciale ale algebrei Lie.

P. E n g h i ş, E-conexiuni recurente.
6. Colocviul Româno-Japonez de Geometrie 

Finsler, Iaşi, Braşov, Bucureşti, 15— 25 uugustl984
M. Ţ a r i n ă ,  Invariant Finsler connectious 

on vector bundles.
1. Reuniunea Subcomisiei nr. 5 ,,Stele

duble” din Comisia de colaborare multilaterală 
a academiilor de ştiinţe din ţări socialiste pe tema 
,,Fizica şi evoluţia stelelor”, de la Tbilisi, U.R.S.S., 
20 — 24 august 1984, care a avut două părţi:

a) partea ştiinţifico-organizatorică, la care 
V. Ureche, preşedintele Subcomisiei a prezentat 
raportul de activitate pe perioada 1982 -1984.

b) partea ştiinţifică, desfăşurată sub titlul 
,,Stele duble şi evoluţia lor” la care s-au prezentat 
comunicările :

V. U r e c h e ,  A. I m  b r o a u e ,  Slowly 
rotating relativistic linear stcllar model.

I. T o d o r a n ,  A psidal motion in close 
binary systems with wery evolved components.

Reuniunea de lucru a Comisiei de colaborare 
multilaterală a academiilor de ştiinţe din ţâri 
socialiste pe tema ,,Fizica şi evoluţia stelelor”. 
Suceava, 25—28 septembrie. 1984. Au participat 
V. Ureche şi I. Todoran. Lect. dr. V. Ureche, 
preşedintele Subcomisiei nr. 5 ,,Stele duble", 
a prezentat raportul de activitate al Subcomisiei 
pe perioada 1982—1984 şi proiectul dc reorgani­
zare a acesteia.

8. Colocviul de Mecanica Fluidelor şi apli­
caţiile ei tehnice, laş i, 12—13 octombrie 1984:

T. P e t r i 1 ă, Aplicaţii ale metodei ele­
mentului finit la limită în mecanica fluidelor.

I. S t a n ,  Profilul concentraţiei surfactantu- 
lui pe o picătură liberă.

9. Simpozionul Matematica în ştiinţele uni­
versului, Cluj-Naf>bca, 7—8 decembrie 1984 :

A. P ă i ,  Teorii de mişcare a sateliţil°r 
artificiali ai Pdmîntului.
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