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STUDIA UNIV. BABES—BOLYAI, MATHEMATICA, XXX, 1905

A — Z& 3 RSPECTIVE
SCOALA MA' EMATICA CLUJEANA — REALIZARI SI PERSPEC

.. L S aditii. Avind ca si fonda-
Scoala matematica clujeanalaf\e Vﬁ(élslé:l %ggg::l% rtx":\ 1(jlg§1elutﬁ, Georghe Bratu,
tori pe Nicolae Abramescu, Aurel # ngc N3 Auoust 1944, sub impulsul noilor
Gheorghe Tuga i Petre Scrgescy, .-1(111 1 6 munist Romdan, cercetirile de mate-
transformari socia[e conduse de Par}x .1)1&11 211 ! 111; ot o mare dezvoltare. Men-
maticd si invatdmintul lll:::lt(‘.ll}‘z';t‘l(. { uJde ( heorqh;‘ Cilugarcanu (Teoria functii-
fiondm in acest sens contribufhile 21> wrilor), ‘Tiberiu Popoviciu (Analizi numerica
lor e V?riabllé\c;o;)]:lxlr)i]i(;xaljixilllcggrr:;l {1'0 Illmcsu’l (Analizd numericd si Ecuatii dife-
1 1e aproxini . : L . N :
Z:,,l;,tﬁ?)a ’lc‘lill;criu .\Iihﬁi’lcscq (Gc‘om‘ctric dil'crc;x.l?tmkll), ﬁ)eﬁrgcly ¥ugen (Geometrie),
Gheorghe Chis (Astronomie) i Gheorghe Dic (Alge )m).’ oltat si diversificat
in ultimii ani cerectarca matematicii clujeand s-a dezvoltat st iversificat.
Ia domeniile de cereetare cu bogata tr:}(lltlg s-au a(luixga‘f domglgu noi ca: Logica
matemnatici, Teoria categoriilor, Analizi l}lll(:}'lOllﬂlu, (,ercctarlloperat.lonz}lc $1
optimizare, Mccanicd cercascd si Imormatwa.‘fu cadrul .cclor‘ZO c%e seminarii
care functioncazi pe lingd colectivele de catedri (Matcematica de bazi, Didactica
matematica, Informatica de bazd, Analiza matematica, T'eoria c(:lu nial bu.ne
aproximiri si programarca matcmaticd, Teoria optimizdrii, Teoria .g‘comef:rl(ié.
a functiilor analitice, Algebri abstractd, Geometrii pe incle, Geometrie dltcrenpala,
Rezolvarea mumericd i aproximativd a ccuatiilor diferenfiale gi cu derl.va.te
partiale, Metode variajionale, Teoria punctului fix, Calcul numeric si statistic,
Mctode de aproximare numericd in hidrodinamicii, Structura si evolugia stelelor,
Mecanica cercased si cercetari spatiale, Institutul de calcul (Metode ale analizei
funcfionale in analiza numeaiici), Centrul de caleul oleetronic (Modele, structuri
si preluerdri de informatii) si Laboratorul de cerectare interdisciplinara (Probleme
actuale ale cereetarii intordisciplinare) sint abordate teme actuale de cercetare
fundamentala $i teme legate de aplicagiile matematicii. In afari de aceste semi-
narii au loc lunar gedinge de comuniciri. Pe lingd aceste sedinge de comunicari,
Facultatea de Matematica organizeaza periodic, in colaborare cu facultitile
stmilare din fard si Socictatea de Stiinge Matematice din R, S. Romania, urma-
toarcle manifestari stilngifice : Sceminarul itinerant de ccuatii functionale, aproxi-
mare si co_m'o)‘matc,. Colocviul d(:.ccrcetari operajionale, Coloeviul de geometrie
zzrttzggi?g:le;a l%{(I)Ilgc\'ml de mecanicd si Colocviul de astronoinic, astro-fizied si
lor d(i:nc:ncgi(r);ﬁ}ﬁall ‘\stlxn-kd al .l’a'r.'t§§llxll}11 Cox.nums.t_‘ Roman a pus in fafa lucritori-
al stinta s1 invajiamintului sarcini de mare tmportan{i pent
dczvc:ltarca societdapin romdnesti. Astiel, sceretarul general al Partidului © et
Roman, tovarisul Nicolac Ceausescu, in raportul vresenpas | dulwt Comunist
urmitoarele - ) portul prezentat la Congres preciza

\ . »,Cl(';c(‘tarea‘stlllltltlca 11’0111{111(:215051 are marc¢a TaSpunderc de a SOlutiOIla
nai ra ). d 0 serie d(: prob eme de ilnportan.;' 10[" IA LO I \%
nomi ; 1 2D > d 1 a lt are )entl‘u deZ Oltarea
Progl am i ‘ I) a
”» lll de Cercetare ast 1
ura im 1 ics i

| inarea org 4 a aplicative
matematics, fizics, chimie, biologic ;
’

medicing
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§1 alte domenii, sporind aportul stiinfei la infiptuirca cincinalului 1986—1990,
cit si la asigurarea de solu‘;n tehnice pentru infiptuirea obiectivclor dezvoltarii
economico-sociale a tarii in perioada de dupa 1990.”

Alaturi de intregul nostru popor, cadrele didactice si studenfii facultdsii
se angajeazd si facd totul pentru traducerea in viafd a sarcinilor ce le revin din
documentele si hotaririle Congresului al XIII-lea al Partidului Comunist Roman.
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PPROXIMATION DES FONCTIONS SEMI-CONTINUES PAR

SUR L’A ;
DES SUITES DE POLYNOMES

SORIN GH. GAL*®

1. Introdustion. Soit Ciap), l'cnsemble des foqctions récelles, cpnt.l‘nues
dans [a, b]. Dans [2], [3]. cu utilisant un résqlta} simple dc:,,,_scpz’lratlon’ des
fonctions continues (voir par exemple [27, théoreme 2.1.), yat c{emontre que
pour une fonction f € Cppy. on peut COllStl'uil: une suite de _polynomes conver-
geant uniformément vers f/ monotone ddcroissante (ct crmssan_te)”sur [a, b].

Ie but de cette note est d’utiliser ce résultat de ,,séparation”, pour les
fonctions scmi-continues, en obtenant ainsi, des résultats similaires.

I)ailleurs, lc résultat obtenu pour les fonctions semi-continues, donne, dans
Je cas particulier des fonctions continues, des cxtensions des résultats de [2].

On obtient des résuitats similaires aussi bien les fonctions monotones que
pour les fonctions a variation bornée par exemple.

2. Voici le résultat de ,séparation” avee la démonstration de [2]:

Lesase 2.1 50 f, g€ Coyyoout la propriclé f(x) —g(x) > d >0, Vx € [a, b],
alors il cxiste un polvuéme P, td que

g(¥) < P(x) < f(x), VYx < [q,b) (1)

Démonstration. Yn apnliquant le théoréme de Weicrstrass pour la fonction

h(x) = (f(x) 4 g(v)):2 ¢t ¢ d'4, il existe un polynéome PP eon vérifiant

P(x) — d'4 << h(x) < P(x) - dj4, Vv e [a, b]. ()

Mais h(x) —g(x) = fla) = h(x) - (f(x) ~ £(x))/2 2d/2> 0, Yx € [a, b], donc
h(v) > d2 4 p(x) <t f(x) > di2 L h(x). Vxc fa b 2= 0 L 0 don
X Iv'..n tenant compte de (2), nous obtenons
Plx) - dl4 > h(x) > d2 + p(a) et (%) = dI2 4+ h(x) = d[2 4 P(x) -- d/4, d’ott

,L;‘(.'g) < Plx) < f(x) Vx € [a, b], c.q.c.d..

DoIt maintenant (1), une suite de fonctions récllos ddéfinies s

On dit que la suite est ,,convexe’ (.,concave”) sur ’[a,(b]ms"ics war 1. 0]

Unio(%) + #,(x) — 2u,, (x) > 0 (<0), Ve e N, VYx = [q bl.
Alors, a liey le
THEOREME 2.9 il of T vi
cite (111101111\,11* 2.2. S)mt [i{a, b1 - R supcricur bornée. Alors il existe une
suile d: '/u.;,_\ nomes (P,),, monotone décroissante ct sconvexe” sur [a, b) P
onvergeant vers f(x), dans chague point x e (¢, b] ote f est ey st
o o , S est supéricur semi-
Démonstration. Considé i
ratton.  Considérons la  suite =
= [a],)b}}, neN, xelqbl. ¢ l3) = suplfl) —n - il e
‘aprés le résultat de Baire (voir [1]
_ orr [1]), cl d i i
s _ t1]), chaque fonctios .
[a, b] et la suite (f4)a est non-croissante (c’est-é-(?ire f <lf” o v ontnue sur
(%) < fu(x), YV < [q,b],
. o
Centre de calcul wInfragirea”, Oradea.
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Vn N) £l
. S 3») €n conver
superieur semi-continue crecant vers f (%)

» dans cha, :
. g que point
Maintenant, P % € [a,0) ol f est

Je souticus que la syite (fa)

fn+‘.’.(x) +fn(—"7) - anel(x)
(3)

Eun effct, sj . .

i E51 A]ra'ourt ; ?ﬂ [Z'Wb] fixé, quelconque, notons 7 (x, 1) =

h ]’z,,gm f) et nous obtenons 2 stl?lor{? ((Md)emme“t 2]’"”(; 13 : -_h/(t()x“t)n-é

+ ln\x:t - ; ) tuia(x, £ ; L e [a,b l =,’ B

donc la zelatiin[aéb]} S Sup {hy0(%, 8) 5 1 < (g, b7 +"sup]ffh (.Sllt]). Unsalz, 1) &

Evidemment (F()). IC\T({EOI&S' maintenant F(x) = f,(x) 4- I/Ln "nx’e )N " [[f"b]}’
‘ \Valy  CS écroissante ¢t J< (. 'L. A T N ¥ eEla bl

1 — 1l 0> 1) > 0, v e 8y 5 e 57 = L)+

Puis F w2(%) + F (%) — 28, ¢
” 1 n\V) — ‘ny1lX) = f, ) - — .

(1) = 2f{n 4 1) = o) 4 i) T = Y] 41100 42 4
te teur compte de (3), il 1'ésul£e i D0 +2), doi com-
Foypo(x) 4= I'j,,(x) — 2F, (%) > 2[(n(n + 1)(n + 2) >0, YneN, Yxe lab), (4)
donc la suite (F,) est aussi ,,convexe”.

Evidemment IF,(x) converge vers ¢}, dans cl i = {
fu(%) convergs vers’ Fin) g f(x), dans chaque point v € [q, b] ot

Maintenant, en tenant compte du lemnme 2.1. pour

0 < d=dy=1j(n(n + 1)in +2)). 6)
il existe un polynéine P,(r — fixé) tel que
Foa(x) < P,(x) < Fuu(x) + d,, Vx e [a,b]l, ¥Yn € N. (6
Mais comme Fo(x) — Fu(¥) > (e 4 1)) > 1(n(n + 1)(n + 2)) = du,
vn e N, Vx € [a, D], il résulte
Fyo(x) < Po() < Funa(¥) -+ dy < Fux), Vi e N, ¥v < [a. 1.

En remplagant dans (6°) n avec 7 4+ 1 et » + 2, nous obtenons
Fua(v) < Puav) -2 Frua(x) 4 dusr < Fop (%) et (7

& bl. (8
Fos(2) < Posal®) < Faval®) + duse < Facali, Vi SN, V2 € [0, 2] ©)
nd . P (’L’) — 2P, (’V) > FvH:!(x) +
Alors, de (6), (7). (8) rops SO P'('l"}(i)hj:‘ () — 2F (1) — 2nss > 0.
4 —_ Fn a(X) — (inq = L'n43 LA "
;"—nrgﬁ\(fx) \—/{;Zé [a l;rj( gn .t(‘l‘lé.;lt compte dec (4) et (3)- il st vident
R ) ’ . R . Lo . ¢évide
) , ite (P,), est aussl dec{01§sa11tc ¢ '1. C;s koY
Puis, de (,6,) :tvcgs) ; (th)?utlia(ils( po)int x e [a 0] ou I(2) CO“‘C”gL vers f(#)
%ue Pé:%sc?;;%tlruge point ot f est supérieur semi-continue, €45
onc a . s se.
COROLLAIRE 2.3. Soit f: (4 b) — R, inférieur bormt ale et ,c0N

4 4 olonc CI’OI"SS(I
. - bolvidmes (Qnlns 1ONO . et
0 . X e suile de /)OZV ’ 0 el a
bore, & Z]z“é (19:) en convergeant vers f(x), dans chaguc P eia
’ n

»
ave”’? sur [4 ¢ ] :
21‘4 f est infériewr semi-coniinie.

» Vérifie aussi
?O: Vﬂ GN, Vxe [a b]

(6')
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Démonstration. Si f est inféricur bornée ct ’infc’ricur ’s.cml-cont%nuc tqlanz
oint & € [a, b], alors — f est supéricur- bornce ¢t supcrieur scmi-con xdr}u
ggng v, donc on peut appliquer le théoremc 2.2. pour la fonction — f, d’olt
orollai S d i ent.
le corollaire résulte facilem ' _
COROLLAIRE 2.4. Soit f: [a, b]— R, monotone sur [, b] (croissante ou décrots

sanlc). »

zilnrs, il existe les suites de polynémes (1-’,,),,,‘((L),,),,. P,(x), Q,,(x)‘ ’c’n:”cnnv’crf:a;)zit
vers f(x), presque partout dans [a:’l;], (P,), -- dicroissanle el convexe” sur &,
et (Q,), — croissanie ¢t ,,concavc sy [a, b1. | . .

Démonstration. Si f est monotone sur fa, bi, alors / cest évidemment bocllnee
(supéricur ct inféricur) sur (a, 0] et presque partout continue dans [a, b], donc
presque partout supéricur et inféricur scmi-contiuc. '

Alors, le corollaire 2.4, résulte du théoreme 2.2. ¢t du corollaire 2.3.

Remargue. En raissonnant comme ci-dessus, il est évident que le corollaire
2.4. a lcu aussi pour f A variation bornée sur [a, b]..

Voici maintenant Pextension des résultats de [2]:

CoroLLAIRE 2.5, Si f € Capy, alors il v a suites de polynomes (P,), — décrots-
sante el ,convexe” ot (Q,), -- crotssante ot ,concave’” sur [a, b], uniformément
convergenles vers f.

Démoustration. Comme les suites (Pp)a, (Qu)s du théoréme 2.2. et du corol-
laire 2.3. sont monotones, d’aprés un résultat connu de Dini, il résulte la con-
vergenee uniforme des suites, c.q.e.d.

Remarque. Au fond, le théoréme 2.2, nous montre l'existence d’une suite
de polyndmes qui conservent guelques propriétés de la suite de fonctions (fu(%))n,
considérd: par R, Baire (la convergenee vers f(x), la monotonie ¢t la ,,convexité”
nconcavité”) de la suite). Alors, il scrait intéressant d’étudier des autres propri-
¢tés de Ja suite (f,), qu'on peut conscrver par des suites de polynédines.

Dailicurs, dans cet ordre idées, dans [4] on montre que si f cst non-concave
des ordres un, denx, trois et quatre sur [0, 1], la suite des polyndmes de
Bernstein (B,(f; %)), vérific

Buolf3%) = 2B, (f1 %) + B,(f; %) 20, Ve N, Yxe [0, 1].
Mais comme dc f non-concave d’ordre un, nous avons aussi la relation
Buu(f: %) < B,(f; %), VYne N, Yxe (0, 1],
il résulte que la suite des polynémes de Bernstein (ou plutét B,(f; x) + 1/n)

représcnte unce solution constructive de la suj > ire’
\ s suite (1 du corollaire ¢
les hypothéscs annongées), (Pl tre 25, (dans

(Manuscrit regu le 25 mars 1981 )
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ASUPRA APROXIMARII FUNCTIILOR SEMI-CONTINUE PRIN SIRURI DE
POLINOAME

(Rezumat)

Fiind dati o functie continudi f & (.‘[n pom (2], (31 am construit un sir d]c polinoame con-
. . P 3 i sciitor ¢ [a, b]. In prezenta nota,
vergent unifosrm citre f, monoton descresciitor (respectiv crescitor) pe [a, b] i

folosind rezultatele precedente, se coustruiesc giruri cu proprictiifi aseminidtoare pentru o functic
f: [a, b] — I semi-continui.
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THE PROXNIMAL POINTS ALGORITHM FOR REFLEXIVE
BANACH SPACES

G, KASSAY

1. Introduction. In 1976 appearcd two articles by R.T. R,f’ ckafellar,
of which the first one in ”STAM J. Control and opt’l,mlzatmn ([37), entitled
"\onotone operators and the proximal point algorithn”, the s.econd”onc appea-
red in “Mathematics of operation rescarch ([4]) and was entitled Augmented
Lagrangians and application ol the proximal point algorithm in convex pro-
gramming’’.

In the first work an algorithm based upou the theory of monotone opera-
tors is prescuted, in the second one were to be giving certain applications of
this theory, relative to optimization problems.

‘Fhe environment in which the problem is treated is a real Hilbert space H,
where a maximal monotone operator 1 : H — 2! is defined.

The purpose of the algorithm is to solve the operatorial cquation 0 € T'(x)
(sce [3!). The main idea that suggested the construction of the algorithm was
G. Minty's theorem (sce [1)), namely that if 7: A — 2 is maximal mono-
tone, then the operator 7 — called proximal (sce Morcau [2]) — delined
by P: o= (I 4 ¢T) ' is single-valued, nonexpansive, its domain heing the whole
Hilbert space #f, for anyconstant ¢ = 0. (Here 7 denotes the identity opera-
tor on f1).

2. Preliminaries. \s monotone operators are defined on more general space
than Hilbert space, following Rockalcllar's results I proposcd to establish me-
thods for solving cquation 0 & 7'(x), where 7' is an operator defined on a
reflexive Bauach space X, maximal monotone :

T:X —2% (X* denotes the dual space of X)
In the construction of a ,,proximal’” operator (of t )t i "
" @ ype ({ 4+ ¢7’)~Vin Hilbert
case, secc [3]) / based on the cxistence of dual applications [, : X — X* {
any ¢: [0, +00) - R with properties : bp Joi &= for
1. 9 continuous and increasing
2. 9(0) =0
3. o(r) = 400, r — +o0
Jo is called dualit icati i ion f i
; y application with regulation s defi :
Vr e X, Jo(r) e Bpcation wi e §o trion. unction ¢, and is dcfined by :
G 2 = o) 51]) - |12
) Ha* = ol %))
The existence of ¥

X#* 7 catiafor . R
Hahu-Banach’s theoreq for any x < X satisfying i) and ii) is assured by

1 (upon extension of liniar and continuous functions)

)
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and it is unique when X* is strictly convex (see [5] p. 54, Theorem 1.2) aq
any reflexive Banach space admits an equivalent strictly convex norm ([5)),
p. 91, Theorem 3.2), this assumption upon X* will not constrain the generality
ol the problem.

Let J be the duality application for which ¢(r) = 7. (normalized duality
map). There was proved the following result (more general then Minty's
theorem, see [17): If 7': X — 2¥* is maximal monotonc, where X is a rflexive
Banach space, and ¢ > 0 an arbitrary constant, then J 4 7 is surjective. More-
over, the operator (J 4 ¢7T)™': X* — X is single-valucd, maximal monotone
and demi-continuous (scc [6] p. 122, Prop. 2.11)

Having these results, the ,,proximal” operator will be defined as foliowing:
Let (ox)seny and (6)zey any sequences of positive numbers, with ¢ — +c,
(cx) bounded away from O; Iet J,, £ € N be the duality applications defi-
ned by :

Jux) =1 . J@a), vxe X
Pr

Than the regularity function of J, is ¢ = L (r) and obviously satisfics

P
properties 1—3.

For any £ e N, we define: Py X* > X, Py: = (J,4- ¢ T)" .
These operators furnish the sequence (2¥)y.n, 2* € X, called the scquence
of proximal points, shortly the proximal sequence, by the following algorithm:

x° € X arbitrary
Vi e N:xt+lx Pyo J (o) (N

Composing P, with J, was necessary Dbecause P, is defined on X*. In
(1) we have different methods to approximate P, o Ji(x*). These methods depend
especially on the results we proposed to obtain rclative to the convergence of
(x"),e_:v.

We'll show that under certain assumptions, the proximal scquence appro-
ximates the solution of 0 & T'(x).

In the following, we’ll treat three cases:

— approximation in the weak topology of X

— » » . Strong " »

— establishing the solution after a finite number of iteratious

3. The weak approximation. From now on X will denote a reflexive

Banach space, with its dual X* strictly convex, and T: X — 2¥° a maximal
monotone operator.

We will also consider sequences (@), (c)), the operators J, and P, for
any £ e N, defined in the preceeding paragraph and having all the properties
stated before. In addition we shall make use of the mappings:

A X =X* Q=Ji—Ji-P,-Ju VkeN
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Thus the following properties arc \/alld
PROPOSITION : i) For any ke N, - Ok( v) € T(Hy(x)), V2 e X, where H,

dmolcs the composcd operator Py - ]k .
ii) 0 € T(x) = Qulx) =0, Vie N
roof 1) Tet k€ \' l)( arlntmr\ We have Hy(x) = (Ji + 7)1 o Ji(x) _for
any It’(;—qf.\) or Jiv) & (Jr+ aT)o Hyx) = J 0 Hk( ) -k e T o Hy(x), whici
is cquivalent to JAR ) — JiH(x) € ¢, T o Hy(x). Dividing this relation with ¢,

we obtain i). o () = Julx) + U+

il) () (=] 1(1) () & (k'l‘(\) Vk (= l\! <> [X X Ck Py
4 I)x) e v = (Ju -+ al) e Julx 7)“’\'—“-}11.( v) <« Ju(x) ——f Hk(’v) _Vkel\_’,
or Qi(x) == 0. (The dudllt\ opcrators [, arc injectives, sce [6]). Having this
properties we can state the following theorem :

TraroreM 1. Let (x%) be a proximal sequence for T, obtained by the follo-

wing sclection criterion in (1), § 2
ks 0
(A): |2kt — Hy(o6M) ] < e & =0

Assuming (2% is bounded, the equation ) € 1'(x) admils at least one solution ;
Morcover, the sequence (x*) admits a weak cluster point, solutwn of the pquatton
0 < T(x).

Proof. The scequence (x*) being bounded, there is a numbcr M > 0 so that
[Ha*lt < M for anv k € N, and ¢ < M(z, -+ 0).

As in a reflexive Banmh spacc any closcd and bounded set is wcakly
compact, there exists an 2° € X which is a weak cluster point of (x*); so that:
Ha'l] < M.

We'll show that the scquence (Qy(x*)), converges to 0 in the strong topo-
logy of X'*. W¢ have:

O T = T = Jao M < UM 1L+ 1Uw0 Huw) 1] =
1
= [t ] + i [ |H(2¥) || == i CHA* | 4 2% — Hy (2} + 2*1]] <

S+ et #91< L 8M =0, k= oo
Pk on

From monotonicity of T comes:

F—Hy(2%), y — = - Qu(a*))> 20, Vi e N, x € X and y € T(x) (see prop.
1,1)). (1)
As [t H (28] =0 (k= 0), 2’ is a wcak cluster point for the

scquence (H,(,,k)) too

Also, as Q,(x*) Lo strongly, ” (2 Lo strongly (sce the assumptions
mads upon (g)). Having these stated, from (1) we obtain:

(x—2,920, Vx e X, y € 1'(x) (see [5]) (2)
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Takilllzg tho’ ma]xit;xality of T, this implies that 0 € T(x")
emarks. 1. In this casc, the operators P, = 1)1 are
pansi\'o. as in Hilbertian case, bccaulsc the dueflitv %Tafﬁzs) J a'lrrcc HOtt ome
It will be shown that of the duality operator is lincar, then tl:o‘Ban:;Od h?l('ar'
is a- Hilbert space and in this case the duality operator [ rcducfl opace
identity operator I (sece [5], p. 40, thcorem 3.1.). ¢ 1o the
) Rockafellar uses the nonexpansivity of the proximal operatorsin theore
in order to show that Qu(x*) — 0 (Q, was dcfined as I — P, sce [3)) as )lrmf !
that the sequence (x*) has a unique weak cluster point. ’ e Ao
As it could be scen this property was not essentiai in the proof of the ¢
vergence of Qu(xF). On the other hand, the uniquencss of the cluster pofning%
the case of rcflexive Banach spaces was not shown, this remainineg a; l-“
qoestion. ) g anopen
., Howe\:'er, we mention that in our case x*! has to approximative (2%
less good”, Dbecause in criterion (A) it is claimed that ¢ — 0, without any

. k
assumption upon the convergence of the scry Yo e (see i3 criterion (A)).

. 3 » . . k‘ l
This fac't is favorable in the cffective construction of the proximal scquence.

2. The operators J, were introduced in the expression of P, in order to
assure the strong convergence of Q(x*) to 0.

4. Strong approximation. In this paragraph will be trated the case in
which the proximal scquence converges strongly to the solution of the cquation
0 € T(x). This casc was studied for reflexive Banach spaces with property (H).

DerInITION 1. (sce [S)) Let X be a Banach space. We sav that X has the
property (H) if it is strictly convex and if for any scquence (¥"),. x from X
satisfving % — x and |{x"|| — |[x]], we have x* —x. (The symbols ” =" and
”_4" denotes the convergence in the weak, respectively strong topology of X).

We remark that in any reflexive Banach space, exists ancquivalent norm
through which X and X* has the property (H).

DeriNitioN 2. An operator U: X — 2V (X* —2Y) is Lipschitz-continuous
at the origin, with modulus a > 0, if it satisfics the following two propertics.

i) U0) = {z} (U is singlc-valucd in 0)

ii) 37 >0, Yy € X (resp. X*) with |ly|| <7, Vx e U(y),
we have:

flx — 2] <a- |yl (1

In the rest, the notations will be those used in the preceeding paragraphs.

TuEOREM 2. Let (x*) be a proximal sequence for T (maximal monolonc).
Suppose that T=1: X* — 2% is Lipschitz — continuots at the origin with modulus
a>0, and also (x*) is bounded. The following affirmations arc valid :

1° If (x* is constructed due lo criterion (A) (see §3), then it converges
strongly to % & X, the unique solution of 0 € T(x).

2° If X* has the property (H), and (x*) is obtained wusing criterion (B),
namely :

VE > 10 ||gb+1 — Hy(s) || < Byl1a1 — 2911, 8 — 0
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equence (x*) converges strongly to %, the

; t 4 x° choosen arbitrarily, the s ? e o T B
with % 7 o have the following “apriory” estimalion .

unique solution of 0 & T'(x), moreover, we
s
Vi e N sufficiently large ||¥¥1 — %i] < - [|at — 2°]), w0

3° If X* has property (H) and (x*) is oblained by criterion (C):

, &
[la%1 — Hy(a® || < 8 - 1) — J(+#*) 1], 8—0

and

[J(x*Y) — Jo Hyx*) || < 8% [1J(*Y) — J@) 1, - 0

is bounded, then ils converges strongly to & (the wnique solulion), morcover, we
have the following uposteriori” estimation :

. . k

Pl g0 01T (M) — J(M I Vaen sufficiently large, with 0,— 0.
Proof. 1 As T~V is Lipschitz — continuous at 0, the cquation 0 € T'(x)
admits a unique solution. Let this be £, We remark that the assumptions of

e . k
theorem 1 are satisficd, which means that Qu(a*) — 0. Iet = > Obe a number
for which the relation [iv -- 3| < a - |jv|], V¥ € X* ||yl < trandx € T
(v) is satisticd (sce (1)). We seleet an order kg & N, so that for any %2 2

2 ky:

L-i (L),..(.r")” < . Proposition 1/i implies:
(2% & T ( 1 Qk(x'*)), k e N. Thus:
Cx
- R 1 .
Vk 2 kot (1% - 1)) < a- -~ [1Qyx*) ][, relation that brings to:
23

k
HH (2% — 2]|—0 (2)
Lut’s estimate [iv*! — £ in the following way :
' — xf] < |12 — H (29 || + | [Hy(o%) — 2]
This rclation implics |]a* — 3 A : iteri
the aflirmation is proved. ! TH70 due to criterion (A) and (2); Fhus

2° We use a known result, n 1 i i i
for 2o . ,» namely that if X is a reflexive Banach space
(?rrox‘:lhi’htX *Y}ias_; the property (H), any duality application on X is contingo;(s
0 -A¥1n the strong topologics) (see [5], p- 124, th. 5.1)). .

. l.As .criterion (B) implies (A), due to 1°, (x*) converges strongly to 1. The
|Il’;>(;ii1:)lon J :;.X - X* being continuous, we have J (x")—k> J(%), and thus
Bk —=J(x*)||—0. Let’s consider an order %k, € N such that for any

NI — J(aM) 1] < |1at — 20 @)
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On the other han

vergence of (Hy(x*)) & the strong convergence of («*

to the same z. Really, as
HHW(2%) — xh)

) implies the strong cop.

> {118 — 21| — | |H,¥ — #||| and

I & " k :
HH (k) — ahin I =0 (crit. (B)), we have [ [ Hp(x*) — ;E:H—h*O
The operator J Deing continuous, we also have [1] o Hy(x*) —-](i)H—kb 0

and thus || J(ak1) — J o Hy(x%) | li’o-

rt(t COLs ldLI’ 1 T <= S T > N Ve
s ] an o T 9
dQ k! N, SO that ‘() an /‘ ? /f.: W hﬂ. ¢

HT*) — J o Hyxb) || < [1w0 — w0

%Q; %-:: max {k(): kl! k2} (

(4)

ko is the order from the proof of 1°). Thus for any

HHT = T M — Hy(9) 1] YY) = 211 < B 30— 0] 1 20, -
a .

= O }lat — av|]| 4 . I Tk(x*) — Jeo Hy(x*) || = 8, [x! — Xoll 42— [](xY) —
3 Ck " Pk

— JoHy(x") [} < 81|21 — %, | -i-c—a-- HTGRY) = JEM I+ === i) () —

CLPh

kPk

R A T e L e L R L e RRIEERI]?
) k" Pk TRR
Denoting p, = 3, + =, we have p, — 0 and also
ChPk

ekt — 2| < wal]a? — a°|], for any &k > k.

3° Before proving this statement, we must show that criterion (€) is well-
defined ; In other words, at each iteration, x¥! € X can be sclected so that
both inequalities should be satisficd simultancously. In order to prove _tha’t
the first inequality has sense, we nust show that for any < > 0 and ¢, b € A,
a#b

v € X so that ||x — a|] < | |J(x) — JO) I (5)

As operator J is injective (is strictly monotone, see [6] p. 116, "l‘hh“l.'b:):
Jin £ J(b). Tet |1J(@) — JOI= d < 0. As J is continuous in a, we¢ have:

V3>0:3r>0:VxeX, |lx—a|lsT= [1J(x) — J@) |l < 8.
The right side of incquality (5) can be written:
[1](x) — J®) 1 2 1T (@) = JO 1 — 1@ — JE 1= d—1J(@) — J@)1 (6
Jat 8 f In accordance with (G) we have:

- —all < (7)
37 = O II./(x)—J(b)II?’Z‘: VreX with [[x—a]] €7
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Taking ¢ > O arbitrarily, let x € X be so that:

. d . . alit 5
[]# — all < mm{r, € - —;} and thus we obtain 1ncquality (5)

-

The sccond inequality from criterion (C) is cozg%))atti}]ilc )cviglzdtlggni\{isrtg ec]):::ee, 0]f
i i in the prececding casc e strong
being comtimions, Hation ion 0 € T(x) is immediate, as the boun-
b # unique solution of the equation (%) 1 : e, :
gc(iutcoss‘,of ((}c") is cquivalent with the boundedness of ‘(](,x")) and thus the
first incquality from (C) implics criterion (A). ' o
Iu order to obtain the wished estimation, let’s write the followings:

g L — L LR = A1 S ST ) — T T
L) - S ) = Jo Hae) 1] < SHIT(Y) —

kvl
SR e ) = T = SRS () = J() T
- 7L CLPk
et e e - TN, YR B by (see also 2°).
. ELek
Denoting 0, a5 - == (1 - 8;) it hecomes:
Crvk

Vh sk TS @ = T, 00

Remarks. 1) As the first two terms of the proximal sequence (x¥) are
arbitrary, it is convenient that in the apriori estimation from 2°, x° and !
shoild be choosen sufficiently close to cach-other, namely so that |[a! — x9]|
..s‘lmuld be little, This tmplies the  diminishing of the error |ja**! — x]] at
iteration & |- 1.

2) Botii in the cases 2° and 37, the convergence of the proximal sequence
can be Taccclerated” by choosing the scquences (@) and (8,) respectively (o),
(3x) and (37) so that (u,) and (04) should converge to O is fastly as possible.
(Fot example () is taken so that jp,,, — 9,] = -0 and (3,) so that % 0,
in 2°), *
ae 3)) ~In ‘cri}I(I-riox‘l‘(C) the convergence of (3%) is not essential because the boun-
bt‘tl:frssa(;tp r((«);,\{ as:prcs j;hc_ convergence lt)i'd 0, to 0. But in order to obtain a

: proximation it is recommended that this S 2
convergens to 0 sequence should also be

5. Establishing the solution of the 0 e T(x) equati
T g the ) X) equation after a numbher of
"‘I;(l:e sllepa. We will study a case in which the equation 0 « T(x) has a uni-
le_ac 1isofutxon,_ Whlih can be obtained by the proximal sequence (x*)4epn in its
> orm (ie. x*1 = H,(x*) after a finite number of iterations.
THEOREM 3. Let (2% de a proximal

VE & N with o arbitrary sequence obtained by x1 = H,(x%),

(1)
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Supposc there exists % € X ; ’
2T N with so that 0 € int T(x) and (x*) is bounded. They

Vi 2> ko at =3 o

Proof. Notice that the definiti i

e ) < ion of the X e . .
criterion studied. We'll show that the operagg \]71‘119111: ;;ﬂfl&f 1) implies any
g s on  sebotioodaf 8 S0 < L) S S0t vy
’ ey € T(x); in ot I t e X+
the graph of T)?) (%) ; in other words, (%, y) € G(T) (Here G(T) denotes

The monotonicity of T implies:
(v =2y =350 20, V(xy =G(T) Vit e X owi
, > N , r , y & ‘X* , v’ .
other fommn oo,y < i) o, . with {[y’|l < e, or in
Taking supremum from the left member of this inequation after v, we have :
sup (% — £,5'> < (% — 4,0, V(x,9) < G(T) 3)

Hy'il <e

Tet x € X, x#x, and y': = - - J(x — 1). Obviously, iiy";] = ¢ Thus

[
from (3) comes: !
ellx— 2| < x— %9 < la— 8- NIyl V(% 3) & G(T), x # %, or l1v]] >
This implies that for any (x,v) € G(7), with [[y{[<e we have x ==
which means that T is constant in the ncighbourhood F: == {y/;ir}l <
of the origin; R
As a consequence of Proposition 1/i (§2) we have:

Vi = N:Hy) « 77 0u(+) 4)

£
'1-"
£

The assumptions of Theorem 1 being satisflicd, l(),.(x*) — 0, which means that
N

there is an order k2, € N so that
Vi =2 &y —I—Qk (x*) || < e In accordance with rclation (4): Vi 2> kot
Ck

Hy(x*)= xt+1 = 3.
/«Remarks. 1. When the proximal sequence (x%) is obtained by one of the

criteria (A), (B) or (C), the scquence (H,(x*)) will have the properties from
Theorem 3, namely:

YE > ko: Hy(x)* = «, assuming that the other conditions of the thcorem
are satisfied.

In case (x*) is obtained by criterion (A), we’ll have:

Yk = kg | ¥* — 2|] < &

2) The disavantage of this theorem is that gssumption OeintT

restrictive and thus excludes a large game of problems.

(x) is too

( Received October 7, 1981}
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ALGORITMUL DE PUNCTE PROXIMALE PENTRU SPATII BANACH REFLEXIVE
(Rezumat)
. Fiind d.at un spatiu Banach reflexiv X si un operator maximal monoton T :X — 2%, se des-
erie un algoritin pentru rezolvarea cenatiei operatoriale 0 € 7'(x). Se trateazi aproximarea solutiel

acested ccua;.ii.in topologia slabd si tare a spafiului X ; de asemenea se descrie un procedeu pentru
aflarea solutiei dupd un sumdr finit de iterafii, intr-un caz particular, :

2 ~ Mathematica — 1955



6Gan
€oDiA TNTV B,\BES—BOLYM, MATHEMAT[C/\. xx¥, 1985
STUDIA LY.

. TE] UNOR SIRURI DE OPERATC
P NVERGENTEIL UN - RI
STUDIUL CORTRT T SIARI §I POZITIVI

OCTAVIAN AGRATI Ni

D. D. Stancu prezintd 0 meiodi probabiliyy
tori liniari ¢i pozitivi. Vor deriva din accasta Mmetods
n, Mirakyan, Baskakov, I.":-:.l-;-r,. O vatianti g Opera.
cam=i Mever—Korig §i Zeller cit si qu operaton _‘nf;f-’«"fi)’ de acclasi ayter
iz 3 cu sctema lui Markov—Polya. G. C. Jain g1 5. )I €1 he obtin in )
o ger:ralizari probebilistice ale op(-_ratonlor de pp I_,-:-rns.f_-:n st Szasz. Iy
cememez in 27 J. P. King construicste tot pe (onsic-nnie probabilistic,
2o zererslizzn ale operatorilor lui Bernstcin $t Baskakow.

>~ acczsia lucrare ne propunem sa studiem cele Goul sirur de operaten
“riss & pozitivi din 2] stabilind condijii necesare 1 SUICIente care asigun
comverceniz zeestora in spatiul de functii € 0, @', « Hind v Rumar poativ,
Irsmmmental de jucru il constituie celebra tcorema a iu: Bouman —Korovkin,

iz genmerzlizarea operatorului Bernstein, in 2 V1. P. Kinyg placidel
varizbilele aleatoare:

e g7

1. Introducere. In 4
ncpirn construirez de operate
comowcasii operatori Bernstal

\( ! 0 ) (=1
px) 1 — p(x)

§ defineste numerle reale a,(v), 1 =0, n prin cgalitatea

h(?:’(-“)f +1=2x)= ia.,,(.t):‘. 1} (i

t=1
Primul inembru -al egalititii reprezintd valoarca medie a variabiled alcatoare
Y . »
Pk ] o _— - A o . R —_— ey ]
Fhmnde ¥, = 50X0 s coeficientii an(x), k =0, n, indica probabilitata &
=1

Y, sd ia valoarea &

0L
auiorul defineste

. Astiel, pentru orice functic / continud pe intervalul
operatorul L, prin relagia:

n)}

L(fix): = kE’j‘a“(.\')f(%‘ . ‘

Notam c3 -
: ntry . .
Fie n d)'\"cfl)fl mu?i\c'alsxe boate lmagina urmatoarea interpretare prob
Bi{x) reprezinty pro‘bab'k[“}‘ ¥ lixat. Ineredingate spre ascultare unt ™= ;
Astiel X descrie dl itatea ca persoana si asculte fata I a discului Bum?
Intr-un mod nodul de audiere 4 fetelor discului ¢ s
- mod simi . 3 . . a
lucrare 27 Fje o n\lgéla\r cz:“ {pd\t 8eneralizat operatorul Baskakov ! i?e‘::zap
Cu probabilitatea £ilx). Fie U 1\‘\_; STAM - monede unde la prima mon<d X s
i Vanabila aleatoare care exprimi numas

abiliStiC“"
melomap
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4ri efectuate cu primele ¢ monede pind cind la‘moneda a-i-a Obtfn, cap. Ngt:;ll
fc:ptul o4 trecerea de la moneda j la moneda j + 1 se realizeazi in momen

obtinerii fefei cap la moneda j.

k =T 7).
U;(q:‘(x)p‘ (x))g>0’ (1 , %)

Sint definite numerele bu(x), £ > 0, prin rclagia:

f‘[%:ib"k(x)ﬂ", 0] < 1. (3)

=1l -4 A=o

n
.. . SRIIY, w _
Primul membru reprezintd valoarea medic a variabilei 07" unde W, = 3~ U;

i=1
jar cocficientii b,(x) indica probabilitatca ca W, si ia valoarea k: Pentru orice,
functic f continud pe {0, o) autorul defineste operatorul 7, prin rclatia:

To(f:x): = )‘Z‘ buk(x)f(;:-}. (4)

2. Rezultate. Nc¢ propunem si stabilim condifii necesare si suficiente de
convergenid a sirului de operatori definifi in (2). Vom demonstra in prealabil
urmitoarca lemi:

i

Lsa ). Daca sirul (Ly)n .o este definit prin relatia (2) atunci au loc'.;
(i) Lp(cg: x) =1

.. . . .l " N

(1) La(e,: %) = . 2/’»(")

t=1

1 (&2 -
i) Leri ) = - (35000 + 5 Pt ()
1 =1 :,i;:jl
_Demonstratie. Idcntificarca recalizati in (1) o consider ca o functie in z;
deci fie: '
Cl) = [T + 1 = ()= 55 aun(. ()
=0

s=1

Deoarece G(1) =1 in mod evident are loc (i). Derivam (S) in raport cu z:

ilgﬂ — - pbi(x) "
& et 1= 0@ =,.§ Ran (x)z*1,

Luind z = 1 vom obtine : —

¢'(1) = i)ﬁs (1) = 3> han (),

k=1
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20
: 5 (ii). Calculim acum a doua derjyats
de unde prin imparfire cu # rezultd (ii). Ca deflvata_a ’
G vom avea: "
o2 Y P;’ X d()(z)
1 "[rd pil*) Glz . “] _
dde) = 21 [; (f).'(x)z + 1 — pil#) ’ ) pz+1—p(x)
NS B L RSy A0)
= A e+ - p i) L= pi()

f,j=
i#]

Pe de altd parte:

k) ¢ = 2": Rk — 1)a (x)z""‘
1 &, ( ) nh
Luind din nou z=1 se obyinc:

¢l E Pilx)ps(x) = 2. (k* — k)anp(x).
i,je= 1 k=0
i#5

Pentru a ajunge la (iii) se imparte egalitateca de mai sus cu #% sc separh suma
ce contine pe k* si se foloseste (ii). Astfel lema este comiplet demonstrati
Vom demonstra urmatoarea teoremi:

TeoreMa 1. Fie sirul (Ly)uso definit in (2) §i f € C[0, 11. Condifia necesari
st suficientd ca (L,(f; -))a>o sd conveargd uniform spre f pe {0, 1] este:

lim — Ej)(x)—‘v Vrel0,1]. (6

n=on N =l

Demonstratie. Conf i i sufi
orm teoremei Bohman—XKorovkin cste necesar §1 Sul
g vkin c¢ste necesar §
cient si verific ¢} :

'l'unL(,, x)=e,-(x), re[0,1], =012
unde ¢(x) = . Examint oyl A peer e . = aratd
cd (6) 1(111)phcax Fxaminind cgalititile (i), (i), (iii) practic rimine sa aratam

fm S PR
'l—aCO'J pf n e
Dar el
Pl(x)f’j(x) L 2
E 20V A ey . s g
o’y;;[ n' (& ” ) ;T si P,(x) < l -0, 9 — <
1=1

Ast
fel teorema este complet demonstraty
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pentru operatorul definit prin 4).

‘ ili rezultate similare o
Vom stabili rez . itaite:

Leya 2. Daca sirul (Ty)a.o cslc dat de relatia (4) alunci au

) = 1§ 240
(b) Taley; x) = — );l )

e ) Lo (a0 ) (1 M)“.
(©) Lufess ¥ =+ 2( wal 4 Mx)) +3 >~

i=1
Demonstratie. Vom folosi acceasi metodd ca si in demonstrarea lemei pre-
cedente. Relatia (3) o considerdm ca o functic in 6; definim deci:

- z pily) A A Ok
(J O L= — bnk(.’t)o .
© .l—In 1 - qi(x)0 :Z—%
Evident G(1) =1 si (a) este imediat verificatid. Derivim functia G in raport
cu 0 si objinem:
dG00) Gl i) = 3 A (x) 0
0 2 1 — gi(x)0 © kz:,, w(*)

tn cgalitatile de mai sus luim 6 = 1, impartim cu # §i inlocuim 1 — g;(%)
cu cgalul sau p(x), (¢ = 1, n); astfel sc obtine relajia (b). Cu acecagi tehnicd
s¢ obtin urmatoarcle cgalitifi:

d3G () " PHES) T A F ) 2 1 il
—_———— = L3 + J ) = k‘[), X)) — kb xX)
40t oy 2: (' —qitx) |- qilx) ,En 1 — gj(¥) & (%} kz~:t) (%)

Prin impirgire cu »#* 5i folosind (b) se obtgine:
1

Tafeyin) = & f:%(qi(x)+l)+;;(é () )(2 42 )

=1 == g AT — gjl)

Avind in vedere ¢d 1 — g((x) = p;(x), ¢ = 1, n, deducem ci relatia la care s-a
ajuns coincide cu (c). Astfel lema este complet demonstrati.

Acum putem demonstra urmitorul rezultat :

'FL?ORE.\I:A. 2. Iie sirul de operatori (T,)uno definit in (4). Fie a >0 i f
o functic continud pe intervalul [0, @). Conditia necesard si suficientd ca (Ta(f;-))
$a conveargd@ uniform spre f pc [0, a este: mr o

. 1 &1 :
hm—E—-=x+1, Vxe]0al (7)

n-wm 7 =1 p"(x)

Demonstragie. Observim ci (7) se mai poate pune sub forma:

i 1N qils) P
lim — ¥ . ‘
U nam B =1 Pi(*) 21. V xr &€ [O, a]. 1 ‘ A,., (8) .
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ohman—Korovkin, operatorij
din lema precedenti asigury

0,al, i =0,1.

3 i B
datd teorema lut
Zitivi. Relatiile (2), (b)

lim Taleis %) = e(x), V2 < [

n-=®0

Vom folosi inca
fiind liniari §1 PO

e:

e L)
0< =<

w = pil%) ==

si din relatia (8):
mlenald _ o yye(0a) o

nao 13 ) Pil¥)

' o

vom obtine:

fim L8 =0, vy e [0, 0] (10)

"—0 ut i=1 ?i("’)

Vom trece la limitd in egalitatca (c) din lema 2 §i folosind (8), (9), (10) de-
ducem :

Hm Tyley; ) = e4(x), V2 € [0, a]

300
si teorema este complet demonstrati.’
Obscrvafic. Este bine cunoscutid urmitoarea afirmajic : daci un sir numenc

PRI - .
{@a)n>0 converge spre @ atunci lim — >4, = a. Aplicind acest rezuitat putem
N B B =1

afirma :

1. dac3 lim (%) = x atunci arc"loc (6).

2. daca im 2% = 4 atunch are Toc :
iy ¥ atunci are loc (7).

TS S . . : 1)
o {Intrat in redactie la 5 niembrie 195
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OF THE CONVERGENCE OF SOME SEQUINCES OF LINEAR POSITIVE
OPERATORS
(Summar y)

In (4] D. D. Stancu has prcscnted probabilistic methods for construction and study of
some gcneral classes of approximating linear positive operators.

In this paper we investigate two scquences of positive linear operators introduced by a pro-
babilistic method by J. P. King ([2]. We establish necessary and sufficicut conditions for the
convergence of the sequences of these operators in the space C[0, @) (a > 0). By using the well-

known theorem of Bohman—Korovkin we prove the following two thcorems.
(i) Let (Ly) be the sequence of linear positive operators defined at {2) for any f< Cl0, 1]

A nccessary and sufficient condition that (L,f) converges uniformly to f on' {0, 1} is given at (6).
(ii) A necessary and sufficient condition that the operator 7', defined at (4), applicd to any

Jjecita (azx 0) to couverge uniformily to f is given at (7).

THE STUDY

[N
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k rE] UNOR CONEXIUNI SEMI-SIMETRICE
\ T-RECURENTEI UNOR CO! e 5
ASUPRA TR SFERT-SIMETRICE 5

P, ENGHIS, L. LuP

Fie A. un spafiu cu conexiune afind. Intr-un sistem de coordonate notzy,
" . . ™ T ;

cu T': componentele conexiuni afine cu Tj = [jn — Iy componentele ey

sorului de torsiune §i cu Ty = Ti, componentele vectorului de torsiunc.

Conexiunea I' se numeste semi-simetricd (5], dacd existd un cimp vectoral
covariant S, astfel ca

Th= Sudh ()
Daca in (1) sc aplici o contractie in ¢ §i j sc ob{inc
| Ty= (1 —n)S @
iar daci in (1) se tine seama de (2) se obtine
(1 — )T = T;8% — T,3; 3

. Un spatiu cu conexiune afind A4, sc numeste T-recurent, daca existd un
cimp vectorial covariant ¢, astfel ca

Ths = 4T 4

unde prin virguld este notatid derivarca covariantid in raport cu conexiunea I
Dacd in (4) se aplicd o contractic in ¢ si 7 sc¢ obtine

Tk,r = qlr I‘k (5)

st deci vectorul de torsiune este si el recurent de vector $re
Sa y 2 » oA . . . {
observim acum ci in spafiile semi-simetrice are loc reciproca acest®

afirmafii, adicj i i-si i
vectort\u dtJCa uD spafiu semi-simetric cu vectorul de torsiune recurent %
r este T-recurent de vector b,

Intr-adevar, daci iy @8

obtine ) se aplicA derivarea covarianti in raport ct bs

_ i i e o 6
o (1 ) Th,, = 1,8, — 1,,3; ( )
$! finind seama de (5) rezultz

I =n)T), =y i : .
= VrT 8k — o i ; ; i
de unde e U (T8 — T38) = (1 — 1), T i

i .
. — *
le.v = 4/. ik
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ASUPRA T-RECURENTEI UNOR CONEXIUNI SEMI-SIMETRICE

Avem deci:
ProproziTia L ITntr-un spafin A,
torsinune §i veclorul de torstune sint recur

de recurenid. . _ o o . o
Un spatiu A, semi-simetric s-a nunut [5] semi-simetric special, daci cimpul

vectorial S, este gradient. In acest caz rezultd

St =0 (7)
si din (2) s-a aritat !4} ca spatiul este cu conexiune Enghis (5], deci cone-
) < N o N . .
viunca T este o E-conexiune [4] si deci avem [2]

cn conexiune semi-simelricd tcnsgr-u.l de
ents in acelasi timp si cu acclagy vector

Tiyay =0 8)
Daci spafiul semi-simetric special este I-recurent rezultd din (8)
v — T = 0 %)

si avem:

Provozifia 2. Tutr-un spafin semi-simetric T-recurent dotat cu o E-cone-
xiune, vectorul de T-recurenfd csle proportional cu vecforul de forsiunc.

Se stic '5! ca intr-un spatiu semi-simetric dotat cu o E-conexiune are loc

relatia
Tigm =0 (10)
Din (4) si (10) rezulta
T4y =0 (11)
care cste o relatic de tip Walker [7], avem deci:
~ ProvoziTia 3. Tutr-un spafiu semi-simetric T-recurent, datat cu o E-comne-
xtune are loc relafia (11).
O conexiune 1' sc numeste sfert-simetrici [5] daci tensorul de torsiune
arc forma .
Th=tiSy (12)
unde 4 si S, sint cimpuri tensoriale arbitrare. .

' Tine = S . (13)
§i daci presupunem cimpul Sy recurent de vector ¢, avem: |

o | Tire = $S,1 = 4T
5t spafiul este T-recurent. Avem deci:

’ OPOZITIA U 3 3
Pr TIA 4. 7 spa i A, sfert-si ) i ; .
f n Sfert-simetric cu cimpul lensorial t; conva-

riant comstant si cf ;
cimpul vector
vector {,. ’ p tal Sy recurent de vector Yry este T-recurent de

'
v
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. ) .'
i sfert-simetric, cu cimpul ¢ cov
iderind acum in spatiul A, sfert ,sm ,
Conside

a‘l‘iant ¢
on.
stant, tensorul .

T S, SIS, —fig
[ LS Si— S + SHUS: — SIS, +US LS — 1S 4s,) (1
e = U <
b (14) rezultad
. rariant (14) rezu
5] si derivind cov . " IS — 13SSi, 4 Sa.t's
? T, = 1 U;:Sl.- J;Si -+ /?’Sk/jsi,r"' 1pSj. S, [p51rS 1 rolyl6S, +
Jhpr 3 ¢ ! . i i e heeo gt -'II~A .
S S, — SplliSi = SHliSir + 1SS, + BSBS, ~ 5
C1m Iplieedi, '

: S
o P
- /;S-‘,rljsr. - t,,S,f, Sk.r_‘

i { i S, recurent de vector o dit
Presupunind spajiu semi-simetric A, cu cimpul S, St G vesto b di
. ol * . t A4 :
5 1 Ita ci' tensorul Tj, este recurent cu vectorul 24, i
ol e 5. Intr-un spajiu A, sfert-simelric cu cimpul tensorial o) copy.
PrOPOZITIA 5. [ntr-un spafiu A, de veclor Y, tensornl Th, sqe
ant tant si cimpul vectorial S recurent de v " el
riant constant §i
! ‘ ’
recurent de veclor 2. atat ¢i dacd un spatiu A, este T-rec
o o Jucrare alltef}})‘dﬁ_ [31'ac‘ll'llatrc‘:}:otrt’;ldd(idt(‘)lr:iun(-l 1)}in ])r:)(]us tensorial
; by, tensorn objinujl din te s
rent cu vector ¢,

i 1 de vector 2q,. Din acest rezultat
si produs tensorial contractat, sint recurenti de vector 2y, ¢
si din propozitia 4 rezultd

. i
1 3 .7 TS Uide
Propozryia 6. [ntr-un spafin A, sfert-simetric cu cimpul 1 usu[rt:ill ;,0 ,sci::”
riant constant st cimpul S, recurent, tensorit ob{um{i din Iu't.slo'ru{‘ zi'(‘lor "
prin. produs fensorial §i produs tensorial contractat, sint recurcnti de v

(Intrat in rcdachre la | noiemhrie 1981
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SUR LA T-RECURRENCE DE CERTAINES CONNECTIONS SEMI-8Y ‘“h’lquL
QUART-SYMETRIQUES - .-
(Ré Sumé)
On montre que dans les es
teur de torsion sont

' . N “cc‘
Paces & connection semj
le vecteur ge torsion

. t le
sion €

1 -symétrique le tenseur de, tO?E-C"n wl"‘
Técurrents en méme temps, et que, si V'espace est dou¢ d unh reld fos
pour est proportionne| avec le vecteur de T-récurrence et.on a ‘t s que.
es espaces -symétri ‘ ‘ i o
) Paces quart symétriques avee le champ ¢ covariant-constant, on mo
recutrence (e chamyp usi g

. seurs ¢
Skl réstut ré iusi teseuss
s , ¢ la T-récur; 5 écurrence des

A l'aide dy tenseur de torsion, urrence ainsi que la récur
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SUR LA CONVERGENCE QUASIUNIFORME

VASILE CAMPIAN

En considérant, & la place des suites usuelles de fonctious défillliQ:S sur un
espace métrique ¢t prenant des valeurs (?a_n§ un autre espace meétrique, de§
g-suites (suites géndéralisces) de fonctions définies sur un espace topologique X
et prenant des valeurs dans un espace uniforme Y, I. Muntean [4] a éten-
du la notion de convergence quasiuniforme dans le sens de B. Gagae ff [3]
et P.S. Alexandrov [1]ct a démontré un critére de continuité pour la
limite d'une g-suite de fonctions continues!

Dans cette note on démontre la continuité de la limite d’une g-suite conver-
gente quasiuniformément de fonctions, daus le seus introduit par I. Muntean
(4], en renongant a 'hypothese de la continuité des termes de la g-suite.

D’aprés 4], une g-suite de fonctions f;: X — Y, pour i appartenant a l'en-
semble dirigé I, définies sur V'espace topologique X et prenant desvaleurs dans

T'espace nuiforme Y est convergente quasiuniformément vers la fonction f: X —
— Y si: . :
1) la g-suite (f,),«s converge en chaque point x € X vers f(x), c’est—a—dire

f#) = lim fi(x):

2) pour tout entourage symétrique ouvert U dans la topologie de 1’espace
produit X' Y7, il existe une g-suite (g;);«; de fonctions continues définies sur X
et prenant des valeurs dans Y, ainsi qu'une g-suite (G;);a; d’ensembles ouverts
dans X, avee ,Lc);(" = X, de sorte que 'on ait pour chaque 7 € J et pour n’importe

quel x € G;

(f(x), g(x)) = U.

R l(l)n donne dans [2] une définition de la convergence quasiuniforme équivalente

celle-ci. |
L4 N c - N ] .

. THEOREME: La Limile ponctuclle d'une g-swite de fonctions (f) définies sur.

espace lopologique X of prenant des valeurs dans Uespace uniforme Y est une

Jonction continue f: X — Y si et scul ] ]
. ¢ : ement st la g-suile (f; : nasi
uniformément vers f. # ies) est comvergente quasi-

Démonstration.

Nécessité. Soient f une fonction continue, U
’ ; / ’ , un entoura 3tri :
gg\e ]ecrt dans la topologic de Vespace produit ¥ X Y et J un eligs?eljx{llréegilgiug
porteoc‘llgglej (ga} ' e;;t(a);x;p(l;fx)] =( {)l)}). (j(}(n) prend g = f et G; = X pour u’i1§1~
;. , &i(x)) = (f(x), f(x)) € U,
conte;:;; dansla ghe}gonale A du %roduit Y x l{(et))A CcCU g:;:etg:te gafl;(tf)){lrj;(x))%t
wujfisance. Soient (f)ier une g-suite de fonctions convergeant quasiuieifor-'

mément vers f: X — 1, x i ¢
: » Xo un point dans X, V un voisi
entg}xragg de l'espace uniforme Y pour lequel cieinage de Jlxo) et Uy un

S Vi={ly e Y, (fz) y) = U (1)
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: Y de sorte que K o [
0 ar K un entourage de l'espace C L J, et
%}ot‘o“n Zn}')ourage symétrique ouvert dans la topologie de Tespace produ;t Y paE

o UC K parce que (x, ) < X\

tequel UoUUK. On a UC U UC N =5
ET)‘: 1'§q1‘;§ur toute (%, ¥) € U, donc U U UCK-KCU, ¢ eSt*éng,e
wBrcU,. 2

Soient (g;)ier €t (G;j)jay les g-suites correspondant a l'entourage U et jo < J
sorte que %, € Gj,. Pour tout x €(j; on a

(f(x), gi(x)) = U,

en résultant particulierement pour x = %,

(f(xo), &i(x0) = U. (4)

Il résulte de la continuité de la fonction g;, dans le point x, qu'il exist, n
voisinage W de x, de sorte que

(gi(%0), g,(x) € U

)

()

pour tout x s W.

L’ensemble W, = W N G,, est un voisinage pour x,. Iin tenant conpte de
(4) et de (5), il résulte

(f(xo), g(x)) & U

(6)
pour tout x « IV, tandis que (3), (6) et (2) nous conduisent a

flxa), f(2)) = U o
pour tout v « W, Par conséquent f(x) € V, pour tout v e 1, c'est a dire
f est continue dans le point x,.

(Manuscrdt 1o, L6 X) novemdrs 1981)
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ON THE GENERAI SOLUTION OF THE LINEAR ALGEBRAIC
. SYSTEMS

0. C. DOGARU’

1. Introduction. Tet R,., be the set of m X # matrices over the field l{‘
and M R,,.p.

DEFINITION. A matrix M+ e R,..,, is called a g-inverse of the matrix
M if it satisfies the relation

MM*M = M. (1)

The relation (1) is the first from the system.of four matrix equations that
define in an unique way the generalized inverse A7 of the matrix M {rom the
definition of R. Penrose (9). The matrix M* is not unique.

Now let the linear algebraic system

AXB=C 2)

be, where I e R, , and of rank » < min (m, n)
s g min(p, ¢) and C € R, s
It is used the following result [10)] ‘

Turoresm V. A necessary and sufficient condition for the system of equalions
(2) to be compalible is

B e Ry, and of rank

AR R

AA*CB*B = C. @
In this case the general solution of the system (2) is
: X=ACB" + %~ A*AZBB* )
where 7 € R, ., is an arbitrary matrix. -

e R,... B € R,,, deunote the g-inverse of 4 and B respectively. -
The caleulus of the matrices A+ and B* is not easy. In this case present
interest to express At and B in terms more simple. Afterwards these terms
are uscd to express the compatibility condition and the general solution of the
system (2). ‘I'his is the purpose of this paper. In the following it is used the
factorization of the matrices 4 and B based on the orthogonal matrices.

2. Orthogonal {faetorization. Ict M € R, x, be of rank »
matrix M ay be factorized as

Here A

< min (m, n). The

1 [N

M = EF 5
where E € R,,,, and F € R,y,,, with ETE = I,, where ET denote the trans-

pose of the matrix E, I, is the unity matrix of order 7, but the principal

minor of order r in the matrix F, different from zero is in the first » rows and
columuns.
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Hence : A
= Ex), F = (F.[2), det (F)) # 0. ‘
E, (6
. F. are of order.7 and E; € R, F, ey
; the matrices E, and R \rines
\\her; \]eform tor the malrix M 'Let'M e R,,.ﬁ» '1.)e and M+ 3 g i,
f " I.‘n 3] a form for M+ was find in the following manner. The matriy
or M. )

found in the form

e =X
=0 v ()
¢ decompositions (6) for E, may be written gy

E, E\F, Ell“'l)
— D F F = .
.M = EF (E )( 1) (E2Fl E,F,

M* may be

and the matrix M, using th
)
" ! 2 ' '
Using (7) and (8) in the matrix cquation MMM = M four matrix cquations
are obtained
E\FXE[F, + E\F,UET, + EFYEJF, + E\F)VEF, = EF,
EF XE[F, + EFUEE, + EI\YELl, + E\F,VE], = EF,
E,F XEF, + E,F,UEF, 4+ E,F \YEJ | + EFL.VE I, = EF,
E,F XE F, + E,FLUEF, + E,F\YE,F, + EJF,VEN, == EF,

Ifr in this system we put U=V =0, X = F'E], Y = F/ "1 and taking
T . . . )
E\E, + E; E, = I, into consideration, a' g,-inverse for M is

M+____(E“E;FF|—1E-_)T) 9)
Do 0 0

T o
here By, E, d_enotc the transpose of the matrix E, and E, respectively,
while Fy'" is the inverse of the matrix F,.

- 4. Factorization of the matrix A and B. Now let 4 R, be of rask

r<min(m,n), BeR,. . b i
. b D= g be of rank s g or o 8
B We use a factorization of the form (g) o (P and €< Moy 1

where FEJ

1) A=GH, ¢ = Gy
l_62 . H=(HH), GG =1, det (H,) # 0 (10)
where the atr
The mars matrices G, and H, are of order r, G, € Rp_y,, Hy € R,-or
| A+=-’(H."GZ‘ H;’c;g) (1)
A+ e R 0 0

nxm 1S 2 grinverse of 4
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9) B=RS, R= (II:‘), $=(S5,S), RTR=1, det(S)#0"" "' (12)
2
where the matrices R, S, are of order s, ‘R, € Rp_gs, S; € Ryss. The
matrix
B+ =[S Rl sr‘RI) (13)
0 0
is a g-inverse of B, BT € R, -
Using (10) and (12) the matrices 4 and B may be written as at 8):
; 5 H., A ‘ S,
o = (( |H| (1H3) r('S])C‘CtI\'Q]_V» B}___(RISI Rl _)‘
G,H, G,H, R,S, R,S,

For the matrix C € R,, ., from the system (2) it is used a suitable block
decomposition

(14)

C = (C“ 6:12) C . (15)
Cy Coy

thus the products where it appears to be possible.
5. Results, Using the Tactorization of 4° one may cstablish
TuroreM 2. A necessary and sufficient condition for the system (2) to be

compalible is " .
Cyy Syt S, =1Cy - 16
[ Coy S!S, = Cop. ' 16)
The general solution s
. W H:'Y,,. :
X = —|""Y |HZR |RT 4 % .
(o) (% Joe]rr 2 (7

where W = H, (G C,, + G2 Cy)S, " and 7 is arbitrary malrix.

‘ Lroof. Using in (2) the notation (11) — (15), by calculus one obtains the
system (16). For the general solution are used the fololwing intermediate results

o (WY B} '
A“CB* = ( . ) RT, where W = H{' (GF C,, + GFC,)ST,
“lpr yy—=tgr -1 . -
‘.l ‘A.‘l — (H] Hl Hl fl2) =(Iil 1_1 f] _— Hl 1

B*B = RRT,
Hence RN

W -1 '
X — r. 7 (H e 74 ~1 .
(O)R +7 ( : )HARRT=[(O)—->(H(‘) )H.{R]RT—i—Z.
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F h m AX = C the COﬂlpﬂh 1y condition is
COROLLARY. 1. ort 3 SyStﬂ & . d .

A Iution 15 :
aind fhe gcffe'“’ o g (H." ) (67C — HZ) + Z
i 3 ‘0

e 1; (;ti'o(:;bdtrlzy’lf"lieorem 2if B =CI then the compatibility contie
. [* T — .
is A‘I‘IDTCO — C that is 44*C = GGTC
The general solution (4),

-1 ., T T
X =AtC+Z—ATAZ = (H(') )‘[(G,rCu + G;sz- ( Cpy + Gzr(.,u)] -

(1§

in our terms, is

—(Hle)Z+Z=(}é‘ )(ch -~ HZ) + 2.

CoroLLARY 2. For eguations Ax = ¢ the compalibility condition is ((Te=,
and the gemeral solution 1s

- (I(J)T' ) (GTe — Hz) + 2, (19

where z is an arbitrary veclor. )
Proof. From (3) one obtains 44 *c = ¢, that is GGT ¢ = ¢ and the gencral
solution is

x-A+c+z-A+Az-=(I§')(GTc—Hz) +z

where z is an arbitrary vector.

CoroLLARY 3. For equations XB = C the compatibility conditions are (16)
and the general solution is

A O

where 7 is an arbitrary matriy,

Proof. From
terms is (16), The

(3) the compatibility condition is CB*RB = C, which in 0%
general solution, according to (4), is

X = CB+ -f: 7 7ZBB+ — [(cu)sl_l - Z(SI—I)] RT 4+ Z.
a : - Gy 0

B =c the compatibility condition is i
618;152 = C;

CoroLLARY 4. Fop equations x

and the generql solution 4s

v 20
i My psa | i
Where z is gy arbitrary vectyy (:;31 ZR)RT 4 z,



ON THE GENERAL SOLUTION OF THE LINEAR ALGEBRIC SYSTEMS 33

Proof. From (3) the compatibility condition is ¢B +B = ¢, which may be
written in the form (21). The general solution is

x = cB* + z — zBB* = ¢;S{*R™R = (¢,S{* — zR)RT + z.

Remark. For the equations of the form xB'= ¢, the compatibiliigy condi-
tion is very simple to verify. It is expressed in terms of the matrix S and
the vector ¢ and one requires ounly the inversion of a 7 X7 matrix.

( Received December 17, 1981)
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ASUPRA SOLUTIEI CENERALE A SISTEMELOR ALGEBRICE LINIARE
(Rezumat)
Se d4 solujia generald a sistemelor algebrice liniare compatibi
i 1 . patibile de forma AXB =C gi a
altor cazuri particulare, folosind g — inversa matricelor 4 si B. g, — inversa este determinsntﬁ

in ideea din ([8) prin factorizari ale matricilor 4 $i B in formele A == GH, B= RS unde G = (G’)
6% ~1,r=M) g .
=1, R= R, R=1I, r(d)=v, v(B)=35s H = (Hy,Hy), det (H) £ 0, S = (S;. Sy,

det (S,) # 0, G, RT fiind matri i o )
tate de ordinul rmpﬁctivn.:fl fcele transpuse ale lui G respectiv R, iar I,, I, sint matricele uni-

3 — Mathematica — 1985
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STUDIA UNIV. BABE

" ASSES DE FON
S DE CERTAINES CL NCTION;
GENERALISATIONS UNIVALENTES S

TEODOR BULBOACA

. fonctions holomqrphe.s dans le disque ‘unité, Rorme.

1. Soit gzi(l; sCla?se _ies,(O) _1=0, qui satisfont a la relation Re ( r‘(TZ‘)éfLs

ar les ‘)3;’“;0 vie U ct soit Gu la classe des fonctions holomorphes gy,

ggiﬁqge anité, normées par les conditions f(0) =/'(0) — 1 =0 qui sty
3 la relation

Re|(1 —a)f‘—:’+ af'(z))> 0, Vz e U.

Ces classes ont été introduites par L. N. C,hl,C]! ra (1} Dans J
deuxiéme partic de cette note on présente des géncralisations de cclles-di,

En [2], les auteurs ont obtenu des résultats concernant la dérivée de Schwarg,
la convexité et I'étoilement d'unc fonction holomorph¢ et usucllement norme
dans le disque unité. )

Les résultats contenus dans la deuxiéme partic permcticent leur généralisa-
tion, qui est donnée dans la troisiéme partic de cette note. Dans la dernidre partie
on présente une généralisation du théoréme de Marx et Strohhicker et un résul
tat comcernant les fonctions convexes d’un certain ordre.

2, Soit G,p(g) la classe des fonctions holomorphes dans le disque unité
t(], normées par les conditions f(0) =f' (0) — 1 = 0 et qui vérifient la rela-

ion :

Re[(l_af(i)_g_aﬂ'_) “_B.i‘)_.(l_f'ﬁ]] 0 re U
o Tt T Y | R

oie >0, <letg e S*oltS*est la classe des fonctions étoilées et usuelle
ment normées dans U.

Soit F,g(¢) la classe des fonctions hol i ité U
‘o5 Do " omorphes dans le¢ disque untc b
mormees par fl0) =f" (0) =1 =0 et qui vérifient la relation
Re {f’ 2) + %80 gy o wB gle) . .
\ (2) + e f") e __:g'(:) - (I—f ~(z))] >0 Vel
ot a>0,Bgletgesx
On remargu; _
q. e un Galo(z) = Qa’ Fq.o(

T z) = &Fa.
HEOREME 1. Si f & G,gle) alors Ref®s 0, vz « U,
&l2)

. ) f(

Re[pl) +uap') . 40, w0 g

w6 2 g 0 152(2))] >0, ¥z e U.
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gla) , =B g@® g _
2'(2) T3 2 () ( 7.
On peut vérifier que ¢ € ¥[1] (voir [2]) et, en employant le théoréme A de
(2], on obtient le résultat.
En employant le théoréme précédent on obtient le résultat suivant.
CoROLLAIRE 1. Si a' > « > 0 alors Gag(g) C Ga,pl8)-
Remarques 1° Si « > 0 et § =0 alors le théoréme I. devient
Re[(1 — ) L2 + f“’] >0 VzeUs=Rel2 50 vieU ges*
(2) &(z)
c'est-a-dire le lemme I de [1].
2°. Si « =1 on obtient

f= 8 1 — ] 0, VzeU=Rel2 50 veeU
Re | == LA b4 > U, vz = K¢ >V, ¥4 ’
(§ g'(‘) + 2 28(c )g @) (g ( ) f ( g(:)

Soit domc ¢(r,s) =7 + as=—

g5 psl
gqui est une forme plus générale du léme de Sakaguchi [S].
3°. Si g(z) =z € S*, on obtient du théoréme 1

R(l — a) = ﬂ‘) + af'(z) + 7(1 - /—’(ﬂ]]> 0, VzeU = Re L% 50, 2> 0, B <1,
z z
qui pour 8 = 0 représente un résultat de Chichra [1].

TurorEME 2. S7 f € I, 4(g) alors Re f'(z) > 0, Vz € U.
Démonstration. Soit p(z) = f'(z), z € U. Si f € F,4(g) alors

. vy KG) | aB gld)
Pe) + axp'(e) £ o L1 — )] > 0, Ve U

Re

On considére &(r,s) = r 4 a - s-£6) + L (. (1 — 7?) qui appartient &
(2 2

la classe W[1] et en employant l¢c théoréme A de (2] on obtient le résultat.
En employant le théoréme precédent on obtient le résultat suivant.

COROLLAIRE 2. St o' > « > 0 alors F,. a(g) C F,alg).

" Remarque. Dans le theoremc précédent, en prenant g(z) =z € S* on
obtient

Re [f’(z)+ azf”(z) + “_f’ (1 —f”(z))]> 0,VzeU= Re f'(z)>0,¥VzeU, «20,p <1

ou bien Re[f'(z) + azf”(z) — 2 f’z(z) —%, Vie U=Ref'()) >0 vze U,

20, 8 <1, qui pour g =1 represente le théoréme 7 de [4
et
représente le théordme 5 de [1). o pour =0

PROPOSITION. S € F,ple) = gf =G plg).
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pnete en employant la d¢f

cette pro &
On peut féﬁle(&mmto \eicr‘g?r) _ 7 on obtient le résultat de [17. initjoy &%

ces classes; P = e d
L une fonction holomorphe e disque unips
3, TrtoREAA % 5 ~1=0ct a>0, < al 0T my
par les conditions f(0) = '(0) B ors ,

o a—l.—f"(z’)”>—3‘—‘3.VzeU=>Re“‘>
Re[(1+4) ”)+°‘Z‘[i(f"‘j P 2 1> O Veey

cest-a-dire [ € S*. ‘
Démonstration. On applique l
@ gans Je cas ol g(r) =%
Sz
onction holomorphe dans le disque UNGLE, noym,

COROLLAIRE 3. Si [ est nne fo
par les conditions floy=f(0)— 1= 0e o 20, aors

¢ théoréme 1 2 la fonction définie par |, re]
a.

tion

RC[(I'!'V-)%()L)-}'U.ZZ gf, z}]> —-:5, Vze Us=feS*
t4 -
0

On obtient cela du théoréme précédent pour B = L. Fn cmployant
résultat on peut montrer facilement que si o' >« 2 0 ’

Re[(1+4) £ 4 o {5" N> L veva

Re[(1 4 o) L 4 a2 { —2,
= e[( + a) - + oz Sf, z}]> 3" V: e U.
0

TuorEME 4. Si f est une fonctions h
olomorphe dans le disque unilé normc
ﬁar les conditions f(0) =f(0) —1=0 et « > (]; B <1, u[orcq t |

R ) ]
e[1+( Fa—aﬁ)";((;)-{- l.ff }__@;}_. ‘(“”\0 vz el=
=>Re[1-|—;f((‘)>0 Vze U

cest - d1rc f (=3 Sc
o S¢ . *plc
S est la classc des fOﬂCl’LOﬂS Convexes cl ilSlll'”U!h"l

normees dans U

n a

. bre + 1) dans le cas ot g(z) = z = S*.
St B=1 on obtie
Pour (3:1 on pe

Re[l

nt le résultat de [2].
ut
moutrer facilement que si o' > « > 0, alors

f'() +a2{f 2}]>0 Yie Ux Re[1+ 2f"(z) +oaz U z}]> O,VZeU'
1) ’
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i i holomorphes dans le disque unité U. On dit que
la fo!:;ctsig:;c }: gstd C:ulf_)%l;ggﬁﬂzc ala f(lmction g(f < g) si g cst univalente daus
e disque U, f(0) = g(0) ct f(U) Cg(U). . B

THEOREME 5. St b est une fonction convexe cf univalenle dans le disque unite
U #0)=1¢c « >0, « +p > 0 alors

2f7(2) 2 ﬂ( .l . .ﬂ).) Jelz 1 if_”(_:) < ]1,(2)
1+ e + (« + B)2{f, 2} + B e 1+ e <Mh(z) =1+ 0
. — I3 .
st pour >0 on a l1(11[1 Rel—:h,(—?)(—) 2 —Z(l + -S)
. 2f"(z]
Démonstration. Soit la fonction p(z) = 1 -- —'j,—((:)l, ze U

La rclation de I'énoncé est équivalente a (p(z), 2p'(2)) < h(z) on
yrs) =r+ (2 —r 4 1)+Bs=r+(a+[3)-s+—;-(l — 72).
Ia fonction p cst holomorphe dans le domaine D = (2,

G(h(0), 0) =1 e 1(U).
Soit e = U(re. Se) OU ro = hizy), So =mzeh'(zg) ot m 2 1, |z,] = 1.

by & M(l7) < Re 'ﬁ’—%f) 2 0, quel que soit z, avee [z5] = 1.
2l (20

Re vo M (z + B)m -+ = Re 1= B 2 (x+p)m—1) =20
Zoh'(z0) 2 EAEN)

pour m 2 1. En appliquant le théoréme A de [3] on obtient que p(z) < A(2).
CorROLLAIRE 4. ST 2 20 o v < 1 alors

=fz) o f(2) Loz I 4 (2y — 1)z
R G D R e [ e o B
1) ( RIZU 2y + B /@ ( + 2 [ 14z =
-1- (=) < 14 2y — 1)z
e 142

oft ajy| < B.

Démonstration. La fonction A(z) = 1ty =Dz

. . 1 + z
dans le disque unité U, hO) =1 ct
Rel=#6) _

) —2—2¢ Re z > —2(1 + —S] si et sculement si aly| € B.

cst convexe ¢t univalente

Remargques 1°. Si § = 0 on obtient v = 0 c’est-a-dire
1 + 2f”(2) ws2S i 1 -2 2f"(z) 1 -2
o + J‘Z}-<l+z=>1+—f,(z)<-—1+z.a>0,

résultat déja connu de [2].
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ge s p=alrh ¥ <10 Obtlent/ (2) 0
o ) :”Z 1 —.z Z) 1+(2‘{—]
14 L8l oneth 3+ e g (43 T
o LB 50, Y <,
=2 l + f,(z) 1 + z
3. 5 0<a ’<B e |y slea fien aussi I'implication du Corollajre 4
B —a
CoroLIAIRE 5. i 0 <@ <p o 1<M< o — alors
") 2ff 2} 4 8 ( o Zf”(Z)) <M s
14 7(:)_+ (« + B)2{/, 3 T 2 [ Miz
-1 +z/"(2) M—_—Mz+ ! .
f/(z) ]‘{ + z
Mz+1
2+ 1 st convexe et univalente

Démonstration. La fonction h(z) = M
M+

dans le disque unité U, h(0) =1 ct
1-i) _ _o_ M+] o _oB
¢ h'(z) M Re z > 2 2:
Si et seulement si 1< M <23 VB - =
-3
TREOREME 6. Si Re a = 0 ef f est une fonction holomorphe® dans le disque

unité U, normée par les conditions f(0) = f'(0) — 1 = 0, alors
1O+ o0 )| > ¥ € UsRe L > 2, vee U

w |

Re[ﬂ’)_ 2 (M_
T
Si =0 on obtient le théoréme dec Marx et Strohhacker (6}

[: ]‘
zZ ’ )

Le relation de I'énoncé est équivalente 3
Re[l 4 ) , -
2 T e T PG+ '(2))]> 0, Vz e U.
b s) == 4 5 B
= (Co{—1}) x € x € t)r 1"." a(s + #) avec le domaine correspondant D=
. On : L
Rt o ot 1 Sy Y11 e empovane e 0
emarque, S s .
7 1Ton prend dans le théoréme précédentflf2 = p(z), on obticnt
2z

que, si Re « > 0 o 2(0) =1 alors
7) < —

14 2@ -
s T 20l + () < 1 o p

1 42 1+ 2 . 1963)
(Manuscrit regu b ! jg'vnd’
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date in [2] generalizari ale unor rezultate ale lui P.
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GENURALIZARI ALE UNOR CLASE DE FUNCTII UNIVALENTE
(Rezumat)

Tu prezenta lucrare se generalizeazii clascle &4 :;i qa din [1] obtinindu-se cu ajutorul metodei
Chichra [l] si K. Sakaguchi (5].

Sint prcunt'xte citeva rezultate referitoare la derwata lui Schwarz §i convexitatea unei functii
olomorfe, normate uzual in discul unitate. Tn ultima parte este dati o generalizare a teoremei
lui Marx i Strohhicher ([6)}, (7] gi rezultate referitoare la functiile convexe de un anu-

mit ordin.
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ox A PROBLEM OF SOBOLEV TYPE

VIORICA MURESAN

1. In the present papet we suggest to study the following problem of
. In

Sobolev type ([1]):

will, ¥, %) =F({, v, % ut, v, %), u(l, x, x), u(x, y, x)) n

ult, . 0) = f{t, y) o

i tions.
where F and f arc given func : | |
Varied problems of Sobolev type make the subject of many mvestigations,

Thus V. Laksmikantham and M Lord [1] and ’M. E. Lord [3] esta.
blished the existence and uniqueness _lheorems. as well V. I,‘a k,s hmikant.
ham, A. S. Vatsalaand R. L. Vv aughn [2] and A. S. Vatsala ay
R. L. Vaughn [4] established cxistence theorems. In the papers mentioned
above there are some other considerations on this type of problems.

The purpose of the present pap.r is to demonstrate the existence and uni-
uencss theoram for the problem (i) + (2) through application of Banach’s
ﬁxed point thcorem and wi:h conienient choise of metric im the spaces of con-
sidered functions, as well as to study the dependence of solution of the problem
(1) + (2) from the datcs of it.

2. We now deal with the cxistence and uniqueness of the solution of the
problem. Let I denote the interval [0, @7, We consider the sct

Ss={reRlir—fltLy)l <b VI,v el}
where b >0 and we suppose that b and f are such that S, is nonvoid set.
We suppose that the following conditions take place
() feCIxI R,
(ii)FEC[IxIxIxS,xS,xS,. R,
and Lipschitz’s condition
@) IF(, v, x, Uy vw,) — F(t, y, x, My, Vg, w5) | < Lyluy — tty| 4 La it~
— %+ L3|w1 '—wzl;

for any &y % u0w) e
) ) ) i Yy W I X I X I . - 2.
We have X S/ X S[ X S]’ 7 1'

TH » . =
- Sup??I"R(EMyI (iec 1[1])- If the conditions (i), (ii), (iii) are carricd out and M ;
» %, v, w)|/(t,y,x,u,v,w)e]x]x[xS,xS/XSJ,

d=mi n{a, 21 aga; =
M } 88410 A = [0, 3], then the problems (1) + (2) has in the sél B/ =

={:AXxAxA , _-
— 57} one solution and only one, solution which can pe obidi
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ned through the succesive approximation method starting from amy element of
By Proof. We cndow the sct B, with the metric determined by Bielecki

norml

[lullp = max  ([#(f, ¥, x)]e~®), where v € R.
(ty)=A A = A
Thus (By. 1i-1ls) becomes complete metric space.

The problem (1) -+ (2) is cquivalent with the [ollowing integral equation
u(t, v, x) =f{l, y) + SF(I, N, s, w(t, v, s), ult, s, s), u(s, y, s))ds.
[
We consider the operator o : B;— B, defined by

(Aw)(t, v, x) = f(l, ») + SF(/, v, x, ult, v, s), w(l, s, s), u{s, v, s))ds for all
t, v, 2) € A XA XA ’
Because 3 < 2-, it results that the condition of invariance takes place for. By,
that is .~l(B,‘;,<_; B, ‘The mapping A: (B, |- |1) = (B |]-]1s) is Lipschitz
with the constant of Lipschitz —i (L, + L, + L,). Therefore for sulficiently large
=, the mapping A is a contraction. Thus the Theorem 1 follows from Banach’s

fixed point Thceorem.
Remark. An aunalogous theorem was demonstrated by V. Lakshmi-
kanthamand M. I,ord in [1] through the succesive approximation method.

3. In scquel we study the dependence of the solution of the problem (1) +
+ (2) from [/ and f. To this we also consider the following problem
w(t, ¥, %) =G(t, v, % u(l,y, %), ult, x, %), 4(x, y,.%)) )
ult, 3, 0) =glt, ), 4
where g € CII < I, R] and G € C{I X [ x I X Sy x S; x S, R].
We have

TuroreM 2. In the conditions (i) — (iii) let u* < By be the unique solution
of problem (1) + (2). We suppose that u € By is a solution of problem 3) + (4).
If the following

(iv) b, f and g are so that the Sy = S, S, is a nonvoid set,

(V) there is 0, > 0 so that | [t ¥) —glt, ¥)| <y for all (t,y) € 1 x I,
(Vi) there is 4, > 0 so that

AR, v, %, u, v, w) — Gt v, %, u, v, w)| < 4,

for all (t,y, v, u,0,w) €I x T x1I XSp X Spe X Sy,

(vil) w*(¢, y, x), ult, y, x) € Sy, v Ly, x A, ‘
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r we have

. place, the .
take # nux — wlle < (ny + 7128

) elb +Ly+L)3

. *ohisel 1OF N
1l is the Cebisew

ot Estimating the difference of the solutions and applying an i“Q(lllalitv
A [+, - 4 - J
proo/ _Gronwall type (1) 1t obtain
of Bellman x
€+ T =l
[u*(l, '\,‘ x) —_ I!(’, _), l)l Ny 2 J {
z , Lgu*s,',s——us, ), s)ld
+L,S l*, s, ) — it S s) |ds + 30 u*(s, y, ) (5, 3 s)] ds <
o < (0 + 19 cll+Lit L8 for all (£, ¥, x) € A X AXA
= 1

Therefore

e(Ll+L|+ L,)ﬂ

|| u* — ullc € (n + 023) 5

and thus the theorem is proved.
Remark. If we used the proof of Theorem 1.1 from [G], then it follows

(n + "128)‘18 . (6)
i Li+L,+ L,
L4

[fw* —ulle <

As
...__ia_.___ > elLs "LH'Lt)G,

T

we can assert that the cvaluation given by (5) is better than that given by

). .‘ |
In conclusion, the solution of the problem (1) + (2) depends on the conti-
nuous way by f and F.

( Received February 11, 1982)
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ASUPRA UNEI PROBLEME DE TIP SOBOLEV
(Reczumat)

In prezenta lucrare se demonstreazi o teoremi de cxistentd §i unicitate pentru o problemi

de tip Sobolev §i se studiazi dependenja solutiei problemei de datele initiale.
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rHE GENERAL . DIMENSIONAL BETA DISTRIBUTION

[oN MIHOC

1. Let [Q & Pi he a probability spacc in the scnse of Kolm
Q an athitrary abstract space, & a s-algebra of subscts of Q and P a

jucasurc i1l Q and on 4.

OBorov §,
PTOI)al)i]it‘:

A random variable 7, defined on [Q, @ P]has a general beta distripy:
if its probability density functiont has the following form : Tbutig, ¢
- 1 (z — b))~ b, — %! ;
70 @y, @) = . ;
B p @) B(a, a;) (b, — byt a? ’ (Ly ¢
where
0<bl<z<b2; al,a2>0
and (Lla)
‘ 1 ?‘
Blay &) ={ oo (1 =)=t . Ly |
AY)
0 ;

Ii for the parameters b, and b, we conside i i
ters b; 2 ider the particular values: b, = }
b, =1, then we obtain just the probability density function Wby »

. ,‘,a.—l(l __.:'V)ll.-. I’ (]2‘ .

Bily: a), a)) =
(00 6 ) FTRPTRR

where
I<y<l, a, a, >0, (12

for a rand ‘ari " wi
om variable Y with istributi i
meters o, a beta distribution and with the pair of par
Now, if Y@ { i
B 1s i~ i
"'dllllexxsi'o“s we und3r rtl dtmensmna! random vector (by a random vector of
whose components Y Sal?eni ag n-dimensional vector Y (¥, Y W
hi g Y andom vari po Lo 8
;;utic h )fol]o“s an #-dimensional beta dizg?lblet? . Lthe e e Dirichle gt
on . oy r1bu - . ‘he Din ot disto-
, then its probability deusity funct'lol‘ll “("110\\11 3:S the Dirichlet 1
ion will be {2):

B,(v,, v
b A 948 F1 )2 caey Ay
) »Nay @, Ay v0v, A, an+l)=

= 1 " .
Bu{ay, a,, . IR (1 — Ey._)"'-l-l", (13

« 0y,
' n'a"'H) saa]

where

Ym . —
(= Dm aj > 0, ] = 1, 11 + l’ (1.33)

Dn = 2
(ye Yo ooyl > 0, i = "1‘,-—"’ ”Ey' < 1}, (1.3b)

1=1
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and
. H T (a;)
Bu(a,, @y ..., 4,; Gui1)= :‘_H_ , (1.3¢)
(s a,-J
is1

is n-dimensional beta function or the Dirichlet function [1].

2. In this section we will define a new distribution which may be called
the general n-dimensional beta distribution.

DEFINITION. We say that an n-dimensional random vector /™ == (Z,, Z,, ...,
.., /), follows a general n-dimensional beta distribution if its probability
density function has the following form:

BalZ) Za v oesZny @y Gy oo, (g Guygr) =
gl i -1
1 n o (zi— o)t [ o5 — b)) ]“"“

Balay, «ooam any) (b,(.,')— b(ll))a,'

if Zm e Dy, >0, j=1,n+1,

where
. I . e e "oz — b(li)
Dy ol oves i 0 <V <i <0 di=1, w5 1 — 3 ——>0 (2.1a)
= (i) _ )
f=1 9y 1
and B,(a,, d,, ..., dy @,y) is the Dirichlet function.
The above definition is based on the following thcorem,
Turorem 1. The funclion Bz, ..., za: @y, Qy «.., @nyy), defined by the
Sormuda (2.1), with the condition (2.1a), is a probability density function.
Proof. "T'o prove Theorem 1 it is suffices to show that B, given by (2.1),
satisfics the following conditions :

1 !i"(zl’ R al'."'tam a»{l) 2 O, for all Z= ED’“
2° 1, == S.@,. (z1s 2oy oes Zas @y, oo, @uya)dzy dzy ... dz, = 1.

_ Trom the above definitions, for the probability density and for the domain
D, we can sce that the first condition is verified.

For te verify the second condition we make the following transformation :

= b0+ 0 — %) . o, TT T
s 1+ (b2 D) w10 —v),i=1 = (2.2)

=1
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Taking into account that
-1 '

) - =1, n,
Bv.' = (o) — B - H (1—1), 4 "
B 0o T -w) i i=2 k=l =g
i »

1, k=21,
I w—1, (2‘20)

=0, i<k i=1"
of the transformation (2.2), the forp

:'.‘v;,
we obtain, for the Jacobian Jw
-1
] H (b(-) b(‘) I—I (1 — vj)"—l’ (23
$=1 j=1 ' )
or, the echivalent form
=109 =) - TT I'I (1 = ) (23)
i=l fe=l Vel
Also, from
(%) (5) i = 1 .
0 <Oy <z <by, 1, n, (2.4)
the following couditions follow :
i-1
,;l(l —9)>0,i=1, #, because b’ — "> 0, i=1, n (24
i-1 -
v; - JZ{(I -y <L i=1n (2.4b)
From the condition
n b(')
; (v) — o) >0, (2.5)
we obtain the condition
2 RNy (L )<t 25
t= i=1
From (24a : .
(242), (24b) and (2.52) it follows that
(2.6)

0<v<1, i=1%

Such, if we
ake the transformation (2.2), the domain D, becomes the

followmg open hypercube :
A, = ’ = n
» = {(v,, Vo o 1) 0 < 9, < 1, i =1, n} (2.7)
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Finally, we need the following relations:

(s — o)

i-1 a1
vi- 1L (1 —v;)"
j=1

(b(zi) _ b(li))ai bg’) _ bgi)

[1—251)

"oz — b('.) U™
[l p» 50 bl(i)] l
i=172 7

From the definition formula (2.1),

using the relations (2.8),

,i=1, n, 2.8)

10— 2) ] (2.8a)

(2.8a), the

transformation (2.2) and the absolute value of the Jacobian [J,, the above inte-

gral becomcs

= . I 2.
By(a,, a, ( 9)
where
” i—1
]"‘ == Sr[ lqv:'i—‘ (1 —_ ';y..)“nn_‘ . I_I (1 - 'Uj)“'. (i’Ul dl’z e d‘l'” (210)
Al i=
becausc
n i—1 »
1 — 21}, [T =TT(1 —u). (2.10a)
[ 7 f‘—‘l
Denoting
e ) = a0 = o T - %) @y
j=1
it follows that:
— for n =2, we have
sﬂ
:=)|‘+|“j_l .
Aqy(vy, v,) = I_Iv‘ (1 — ) ’ (2.11a)
— for # = 3, we have
4
3 ) ZH“;-' .
-1 7= .
Ay(vy vy vy) = Hv?' (1 — ) ! (2.11b)
— for #n, it follows by induction that
n+1
a,—1

Aa(v,, v, .

Y Up) = Hv¢'~1(1

fmitl

) ‘ (2.12)
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' v,), ‘the:above
Using this new form for Aa(vp Yz o V) mtegral, I, ,

comes i

Y a;~1

13 v,:‘,.-l(l . 1’i)i=‘+l dvl d‘l)2 P dvﬂ' (2'13)

or
ntl

1 ?aj—l
! ~f1(5“""(1—v>""“ d,), @MW

Bpl(ay, - -« anﬂ) j=1

I,=

f we use the definition of B
On the basis of the relations

n+1
! . 2 a}—l nt1 , —— . -
57;:"‘(1 — )T Ay = B,(a;, 2 “i)' i=1n 213
o j=a4d
it follows that
ll n+1 .
I, =— ( ir q; ) (2.16)
Bu(ay, 8y, - ..,ann) :=1 f=idt
Finally, taking into account that
I(@yT ntt \,
11 ai ( L 4 —
B‘(“a 3 “i)= — . i=1m @.17)
, e n+1
j=it1 rly "i)
i1

from (2.16) we obtain I, = 1.

Thus- i.t has been shown that the function defined by the formula
a probability density. Theorem 1 is proved.

2.1), 18

3. Ordinary moments of the general #-dimensional beta distribution.

We now state and prove the following theorem.

babil'il;;m:;i:: 2‘21{ N =(Z, Z, ...,Z,) is a random vector with the P,ze
y (2.1), then lthe ordinary moment of order (ry, 7 -+ ra) will
M, ,,... (Z(")) 1

“—'*——-— . I
—1,.. 02,
By(ay,a,, ..., Gnyy) ma=l, !
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where

v, Tu_p
In,n— 1,...n—k,..., 21 = {As. [ {As.s. .. [ {As.s,..‘s ..
° k
0

0 1 Rl1 % Tk
[ .
[ Lo { As.a,...sk...s”_a [ Lo {
»n—3 R ] n 1 -1
{ As.s,...sk...s”_.s”_l } I e . } ] }
- n—1n—2 100

n+1 n
As.:.. =dy = B (an—h+ Tn—h = Sp» E a; + 2 1"-) °

i=n—(k—1) f=n—(k—1)

HS;

Gl (A — B b= G T

"n-k
and B,(a,, Gy ..., @n, @nyy) ts the Dirichlet function.

Proof. The proof is by direct computation.
Making use of the definition of ordinary moment we have
Alr,,r.,...,r (Z(")) = = : '. _Im

d Bin(ay, Gy, « .-, G, Bnyy)

7. =.SH R “""’)'”' [1 —iji_:i:'(}]""“—ldél .. dz,

R R DN R

49

(3.2)

(3.3)

(3.4)

(3.5)

To evaluate the above integral, 7,, we apply the same transformation
(2.2). Using the fact that for Jacobian we have the form (2.3) and that the

new domain A, is defined by (2.7), we can prove this theorem.
Because (2.8), (2.8a) and

[T =TI [o0 4+ (6 — o) -u - Tt — ]

=1 i} 1=1
t]
=T[5 ety o — sy o [Ta— o).
fm] [ = J=1

the above integral, I,, becomes

(fBlie(-felfenfe) |-

1 2 8 n—1 ” ” n—1 2

4 ~ Mathematica — 1985

36)

3.7)
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where att
. 3 -1
r: . JUTp . smitl
5 =3 c s - Oy ot (L= )
- ——‘=o 2 ;
i-1 O —
. n (1 - vj)'f'-'; 1= 1: n. (38)
j=1-
From (3.7) we see that we must compute the following integrals:
1
I” = Szdv,
;"
1
an—1 = S‘ EID dv"-‘l
0 n
T
Iu,n—l,...,»-k = S Zln,n—l,...,n-k+l dvn—h (39)
0 -k
In,n—l,...,»—k,...ﬂ,l = Tn
First we consider the integral I,. We have
B
o= (35 cn oy o — sy et (1 gt
pamt | a n-—1
. ’IJ] (1— vj)r,.—a) dy, = EOC:'.' (b§"))"(b¥') _ b(,"))"_" . l—]l: (1 - 1,j)'.-s. .
Sy= jo
1
N vttt (1 g et d,
0
or
I" = 2 - . o 77.(n ) pluke -
‘.go B(an+ Ta — S, a”ﬂ) . C:-(b(l ))’°(b£) _ bgn))r.—s. X I—I (1 _ ‘U,')'. S0 (310)
where 1=1
1
B(an + Tn — Sq, aﬁ+l) - S v:"f""o‘l (1 _ v")a..ﬂ—l dvn. (3103)

0
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For the next integral I,n_y we have
Iip1= Z B(an + 7 — So a»+l) ' C:: (bgu))s. (b(Z”) - bgn))r,.—s. )
' 5o=0
S Bl0ra o = S10 o F By 7y — 5g) - (BT (BP0 e
5=0
n—2
-TT10 — v)"'""”" IR (3.11)
=] i
Generally, for the integral I,,_;,.. .3 £ =0, # — 1, we have
In,n—l,...,n—k = E {B(an + Yn — So» an+1) : C:v.n (b(ln))s.(bg') - b(l”))'"—‘. :
Sy20 ° »
[ 2{ (an 1 + Vn- Sl' (l" + an+l "- 7 ) C'n—n(b(l”))“ '
o 0
o gy ]
1
"n_p n41 n
[ E (au—k + Ta—a — S Z; a; + E r;—s;._,)‘
-1 :h-o fen—(k—1) innT(h—l) .
IR
n—(k+1) X - X%
. C::—.(b(.l—k)) 'k(b(zn—” . bi”-'k))fn_h — . I—I (l — v .—n -k $=0 [' (3. 12)
j=1 3 .
Thus, for I, we obtain
L Laue b 2= 3B + 70 = S0, Gnar) - CoaB) (65— by~
340 0
f B(a,_, + Taet — Sy, Gy & Anyy + Ta — Sg) - C" (bﬁ”“”)“-
058=0

. (b(2'l—~l) - b(;'—l)) '"-—l —l,[ ..

1

Tr_x nt1 Lid s
. [ 2 [B(a.._;, F Yner — Sy, E a; + E "_s"“) ) C':-k'
k-x"'-o ' femn— (k—1) Cimn—(k—1)

/":}Igcﬁ ravy

o "y
CLUMUPOCA

‘08 gprpmath
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(b(n—k)) sh(b(zn—.l) _ b(l”-k))'”-k—sh[ .. [
. l ' 1. ¢ n=—-3
ntl [ ) Cs
[ E.o { B(“z +7— 3»-2:§ a; +'§7}'—5u—3 e
‘n 3 2

a=3" " m=
n--1 n

{ B(al-i-fl—"sn—lv ;_2“{ +§r.' *S,._z).
-1

n

. (bgz)) Sn—2 (blzi) _ b(lz))'n—’n—!. [ s,§=0
n-2

- Corna(pl") ner - (687 — B) T } ] a ] } ] l 6.13)

n—1n—-2 11

Introducing the notation (3.3) and substituting the above integral, T, in
(3.4) we get just the form (3.1) of the moment Mr,, 1y, ..., 7,(Z™), when the
random vector Z® follows the general n-dimensional beta distribution.

Remark 1. If in the definition (1.1) of the probability density, for the
random vector Z, we consider that

W =1, =0 i=1, n, (3.14)

then we "obtain, -as a particular case, just the probability density function
(1.3) of the random vector Y which follows the #-dimensional beta distribu-
tion.

. Remark 2. If we examine the terms A’“"'"n' we can see that they haven't
the factor (™) only if

$=0 k=0, n—1. (3.15

.Taln'ng into account the .above remarks we can consider the following
particular cases:

Case 1. I b) =0, pf) = 1, § = 1, # then
®F )= 0, for all SwoH=1, 2 .

(b(z'-h)) - bg"""))'"-h‘ 5

and therefore

cotar, k=0, n—1

=1, for all s, =012 ..., 7,0 k= W:T

. n—1
1, »-1,...,2,1 =£I0 B[a,,_k + 74_s, il a; 4 é r,) . (3‘16)

f=n—(k-1) i=n—(k—1)
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The ordinary moment of order {r,, r,, ..., r,) which coresponds to this
particular case, will be
n-l nt1 ' ‘n i
I—-[ B(a”'h + n_g 2 a; + Z ' 7,‘)
A =20 _ i=nTe-n) i=am-l) )
A’I!,, ety b1' =0 i = -—‘—1 ” By(ay, @y, + .., an, Gnyy)
W=1" """ - \
_ Ta+r)-Tatr): ... Tantr) Tla+a+ ... +an) _
= I'(a) - T(ag) ... *T(an) - Ta,+ a3+ ... +an; +n+ ... +74)
el
” r ( a,-) ‘
I‘(al' + ﬂ') fe=1 "
= o ; ) + = M'I'l""n (Y( ))' . (3.17)\

If we examine the above moment, we can see that, as a matter of fact, it
is just the moment of order (r,, 7y ..., 7,) for the random vector Y™ which
n-dimensional beta distribution.

Case 2. 1f r;, =1, r;,=0, 1 =2, n, then

-

n-t1 n+1
Twer,  2g = [n(«l +1.,Y a‘)(l)‘z" - + B(a,,}_,‘ a,.) . b‘,”] .
] §

" n+1
- I1 B(a,, ai), (3.18)
k=2 i=k41
and the moment (3.1) hecomes
My, . o(Z™) = - @ — o) + 8 = M(z,). (3.19)

a; + ay + ... + any,

This is the ordinary moment or order one of the component Z, from the
random vector 2 = (Z,, Z,, ..., Z,).

Case 3. If we have in view the conditions from cases 1 and 2 we get

Mo, . o2 = = = M(Y), (32
ool ) b(n')=0. — Gyt a3+ ...+ ay + anyy ( 1)' ( O)
() 1=1,n
bg = 1

:Eat is, just the ordinary moment of the order one of the component Y, from
¢ random vector Y™ = (Y,, Y,, ..., Y,) [2].

(Received February 13, 1982)
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A BETA GENERALA 4-DIMENSIONALA

(Rezumat)

DISTRIBUTI

fn aceastd lucrare Se introduce §i se studiazd istributi

. . ; o mou# distributie de ili

wibutia beta generald n-dimensionald. Acest prim studiu cuprinde detfinitia gﬁi:fgdgﬁ:f{b“;‘.m. it dis.
uiu precum

gi calculul momentelor de diferite ordine.
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STUDIA ‘

PERIOD PERTURBATIONS DUE TO THE FIFTH ZONAL

NODAL
HARMONIC OF THE GEOPOTENTIAL

VASILE MIOC and ARPAD rAiL

1. Introduetion. The pe{turbations_ of the artificial satell%tcs motion can
so be studied by estimating the difference caused by a disturbing factor
ecen the orbital period and the keplerian one. Such a method was used
fferent authors which have considered as a disturbing factor the non-centra-
f the terrestrial gravitational field. Analytical formulae for the difference:

ATq=Tq— T, (1)

To = the nodal period, T, = the corresponding keplerian period) caused by
the zonal harmonics of the geopotentlal.were given, for instance, by Blitzer
1), Zhongotovich [I12], Oproiu [10], Mioc [2] in the case of the
second zonal harmonic, Mioc [2], [3], [5] in the case of the third zomal
harmonic, Oproiu [10], Oproiu and Mioc [11], Mioc [2] in the case
of the fourth zonal harmonic, . .

In this paper we shall consider as a disturbing factor the fifth zonal har-
monic of the geopotential. Only the case of the satellites moving on quasi-
circular orbits will be considercd.

2. Motion Equations. We shall use the system Newton-Euler written in
the form: '

dpjdu = 27T u,

dQfdu = ZrsBW jupD,

difdu = ZPAW [up, (2)
dgjdu = ZrhB(CID)W |up + Zr2[r(A + q)|p + AT ++ Zr2BS/u,

dhidu = — Zr3y B(C|IYW fup + Zr2[r(B + R)|p + B]T[p. — Zr2AS/u,

dtfdu = 71| Jup, |

al
betw
by di
lity o

where :
Z = 1[I — (PCdQ/dt)] Jup), )
g=-¢¢ cos w; k=c¢ sin o, 4)
the following notations being used : .
A =cos u; B =sin 4, (5)
=cos 71; D =sin 1, (6)

:ilénitflilcean(::g;?r notations appearing in equations (2) — (6) having their usual

Taking into account the orbit equation in polar coordinates :

ry = /(1 + ¢ cos v), @)
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. h
K + v, the notations (4) ?évfi)é.and the fact thy
= ’ : 7| a .
the fact that 1:1_ o:;)its are considered, we ¢
the quasi-circu y=p(1 — Ag — Bk), 8

t On]y

and: m=p(l —ndq — an)f. . | 9
rbing accelerat;
. ion. The components o e distu tion
3. Disturbing ':::ﬁ;:;ﬂ?ﬁ:ier the influence of the fifth zonal harmonje of
s 1 ;
glhflergg;gte%ia? have the expressions [1(:] s BD)
1e g = — (3/4)csoRour~7(63 BiD® — 70 B Dz + D) ) )
T = (15/8)cso Rour ~(21 AB'D® — 14 AB D: +C , (10
W = (15/8)csoR%r ~"(21 BCDS — 14 BzCD' + C), |
= 50 cter characterizing the fifth zonal harmonic of the geo-
tential, and' Rarizmthe mean terrestrial equatorial radius.
potential,

4. Motion Equations in the Considered Case. Substituting (9) and (1)
. 4. Moulo

? » Z ’ L a

become: . ' _ 516 84 Db 4 56 [
- _ 34 Bt + DA + [—84 DB + ( )
dpldu = 2ZKp~*{21 D’AB* , 14 D Eg4 DA — 56 DSATS 4 4 DABE
B+ (~56 D7~ 4D)BE 4 D) + DAB® — 56 CDAB? +
dQdu = ZKp5{21 CD°B® — 14 CDB® + (C[D)B + [84 C4 B® —
-+ 4(C/D)ABJg + [84 CD*B® — 56 CDB* + 4(C/D)Bﬂk}-‘ ) .
difdu = ZKp~¥21 CD'AB! — 14 CDPAB? + CA + [~ B4 CDUB* + (84 (' +
+56 CDY)B 4 (— 356 CD*—4C)B> + 4Clg + (84 CD*ABS — "
— 56 CD*AB* + 4 CAB)k}, ( i
dgjdu = ZKp=5{—(336/5)DB¢ + (42 D* + 56 %) B¢ + (—28 [» — 8D) Bz +2 3
+ 2D + [—315 D34 B%4-(210 D5 + 266 DY) A B + (—140 1 — 39 D)4 B 4
+10 DAJg + [~ 315 D°B* 4 (168 15 4-987 DY)BS + (—112 9 —
— 53 D)B® + (8D — 1/D)B &}, |
dk|du = ZKp~*{(336/5)DAB* — 56 DSAB* +8 DAB + [—315 DB’ +1
+ (336 D° 4 245 D3)B® 4 (—280 1® — 25 D)B*+ (40 D — I/D)BJ‘I:'
+ [315 DPAB® 4 (21 D5 — 266 DY) AB¢ + (—14D° + 39 D)AB* + DA,
dbfdu = Zp*Pu-1l(1 — 244 — 2BR),
where we have used the notation : ”
K = (15/8)¢,, RS, (12)
5. Variation of the Orbital Elements, The variation of an orbital clement

9.y € {p, Q, 1, q, k}, between the initia] (#o) and current () positions can be
calculated with the equation :

where ¢5o is @ P

Ay = S (dy/du) Ju,' (13)

Uy
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. rand being given by Newto_n-Euler equations. We have performed
the -mtegrals (13), with the integrands given by (11), by the successive approxi-
thetioﬂ:‘lesg method, with Z = 1, limiting us to the first order approximation,
We have . .
Ap = 2K pat K + K3l + K81 + (— 4K e + K§loy + Koy +
+ 4 /\’glon)qo + (4 K(l,[xs + 4[(_3[13 + 4 K3 11)ko]r s "
AQ = Kpi[Kele + K9l + K81y, + (4 KQUys + 4 K 5 + 4 K3, )q, +
+ (4 Kglog + 4 K3 oy + 4 K31g5)k, ],
K/;;s[lx",’[” + ]\'(1)0112 + I(&Ilo + (_4 I<81(‘0 + K?zlo‘: + K'fa[oz +
+ 4 KT co)q0 + (4 K315 + 4 K615 + 4 K014 )k, ], "
Kpg®[K3los + K3sloy + Klelos + 2 K80 + (— 15K \g + K§:1yy +
+ K%I,, + 10 K81,0)q0 + (— 15 K3l oq + K3Ios -+ K3Ios + K9 1o1)k0],
Ak = Kp73[— Kl\s + 4 K315 + 8 K31, 4-(—15 Ko + K Tos+ Kaloy+
+ Ko g0+ (15 Ko+ K5I+ Kool o+ K8110)k,], (14)
where we have uscd the notations:
Ky=21D% K,=— 14D K;=D, K;=84D% 4 56 )*, K,=— 56 D*—4D,

found :

At =

Ag =

,=210C1° K,=—14 CD, Ky=C[D, Ky=21CD%, K, = —14 CD,
Ky=C, Ky==84CD* +56CD* K, =—56CD*—4C, K, =— (336/5)D",
K= 42D 4- 56 18, K= —28 I8 —8D, K, = 210 D¢ + 266 D3,
Kyg= — 140 1 — 39 D, Ko == 168015 + 287 I®, K,, = — 112 D% — 53 D,
Ky=8D—1/1), Ky =336 8424510, K== — 280 I®— 25D, K,3=40 D—1/D,
Ky= 21 D= 266 19, Kpqoo— 14 13 4 39 D, K,y =(189/4)L7, (15)

the superior index "'o”" added to K; (5 = 1,27) in equations (14) signifying the
respective value for u == u,. It is the same for the inferior index *'o”’ added
to p, ¢ and 4.
]Thc quantitics /,, appcaring in cquations (14) arc the values of the inte-
grals:
“

I, = SA"'B" du, (16)
which were calculated by using the recurrence formula;
Ipy = — A"+1B*=V[(m + n) + (1 — 1) Lpy_of(m + #). (17)
These values are:

Ico=u~uo,

Ioy=— (4 — 4,), .

Top = — (AB — 4,B,)/2 + (1 — u)/2,

Ioy = (4% — AYB — (A — 4,),

104 = - (A33 —_ AOB:)/4 - 3(AB - AoBo)/8 + 3(“ - “0)/8'
Tox = — (45 — 43)/5 + 2(4% — 433 — (4 — Ay),
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o = — (AB5 — 4,BY6 = S4B~ A0B})[24 = 5(4B — 4,By)/16 4

+ 5(u — u)/16, - s a

Iy = (A7 — AT —3(4° = A5+ (42— Ag) — (4 — Ao).

I = B — Bo

I,=(B— B3)/[2,

I, = (B° — Ba)/3,

I; = (B‘ - 13;)/4,

1, = (B* = B3,

L= (Bs - g)/6:

I, = (B"— Bi)[7, , g
the index "o” added to 4, B also signifying the position u,.

¢ Between the Two Periods. The difference caused by a dist;
1 and keplerian periods of an artificial satcllite C\;r-

6. Differenc
bing factor between the noda
be written in the form (see, for instance,

[11)):
4
j=1
with:
2
I = apbe ™" ( (1 + Ago + Bho)"dy du (j =13), (20)
?
I, = g {(3[(AC dQ/dt)jup)/ds}e du. 21)
0

iHner:urG és; si s;nill paran?u?ter characterizing the disturbing factor (we can take
= Cy), While «, B, y have the [ollowing values for velp, qhr}:

j:;:y:ﬁ, a=3/2, ﬁ=l/2,'{=‘—2'
].:3=>y=q, = — 24, =32, y=—23; (22)
1=3=y=4, o= —28B, B =32 y=-—-3’

1 \ .

bd

I = 13/2 W2 ~1f2 e . ;

1= B2)p" S(l — 244, — 2Bky)Ap du,
0
2r

I, = — 03 —1p2
o .

2=

Iy = —p¥2 -1z (g -
o S(l — 344, — 3Bk,)B Ak du.

0
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_ Results. By'i_ntroducing the expression§ (18) in equations (14) and b
7 the quantities Ay (v € {p, g, k}) obtained in this manner i(n t)equation);

rggi"‘c‘lfcg have calculated the integrals (23). The integral (21) can also be cal-
‘(;ula,t cd, by taking into account cquations (9) and (11). The results are -

[, = mkpy e B {LIBY - L3BY 4 LY B + (L3 (B + LA B+ L34, B, +
+ LYm — o) 1q0 + (L§B5 + LBy + LB + LY)k,),

I, = “1(‘/,0—7/2‘;."'/'-’{[],;’2:10133 + Lisd By + LYAoBy+ L= —uo) Jgo+ LGk},

I, = WKPO"7""V,"'/2(L?7BS + LBy + LYuBE 4 Lyo)k,,

I, ==Kpy""p 213 ko, (24)
where we have uscd the notations :

L,=—6K,/5 IL,=-—2K, Ly=-—-6K, L,=L,=—4K,

Ly=—5K,+3K,/2, L= —15K,/2+ 9K,/4 + 3K,

Ly=—-13K,/2 +24K;4+9K,/4+3K,, Ly=L,y= —6Kk,,

Leo=—12K; L, =3KM44+9K,44+6K, L,=L,=K,

Ly = 5K4 + 3K2 Ly =15K,,/8 + 9K, /4 + 3Ky, ‘
Ly= 12K, + 15K,,/84+9K,/4+ 3Ky Ly=—525K,32—6K,—
105 K, /64 — 15 K,/8—9 K o/4 + 5 KyoJ4-+ 3Kyf2 + 2K,,, Lyy=— 24 Ky,
Lyo= — 75K,/32 + 15 K,/4 + 16 Ky — 35 K,,/64 — Ky5/4 — Kupf2,

Ly=—5K,/4—7TKy—2 K, + Iy (25)

The superior index 0" added to L; (7 = 1,21) in equations (24) has the same
significance as previously. _

Now, performing the sum (19), with [; (j = 1,4) given by (24), replacing
L} (7 = 1.21) by their expressions given by (25), and then replacing K (j=

= 1,27) by thcir cxpressions given by (15), we obtain:

ATE = nKpy ™ p ' [— 126 D3B3/5 + 28 D3BI — 6 DoB, +
4 (= 756 DEAGBLIS + 168 D3A,BE — 36 DodoBo)go +
+ (— 756 DBS/5 + 168 DIBS — 36 DB} — 483 D4 + \
+ 371 D32 — 72 Do)ko), (26;

where ATEY denotes the difference Alg caused only by the fifth zonal har-
monic of the geopotential. A
Equation (26) can also be written in a more concentrated form:. -

AT};") = X[Y + 6 Y4090 + (6 YiB, + Y9kol, (27)
where : '

X0 = (157/8)cxo(R/po)p3 1", (28)
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and: oros 1+ 98 DIBY — 6 DoB
Y= — 126 D3B3/ + Do 0
30 __
yg = — 483 Dij4 + 371 D32 — 72 D,. (29)
( Received Maych 9, 198
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PERTURBATII IN PERIOADA NODALA DATORATE CELEI DE-A CINCEA
ARMONICE ZONALE A CROPOTENTIALULUI

(Rezumat)

'

Variatiile cauzate de cea de-a cincea armonici zonali a geopotentialului in perioada nodald

a unui satelit artificial cu excentricitate orbitald mica sint estimate prin stabilirea unei exprest

a diferentei dintre perioada nodali §i perioada

kepleriand corespunzitoare.
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CIENTILOR POLINOAMELOR D .
ASUPRA COEFI ] ’ E APROXIMAR
g FUNCTIILOR CONTINUE DE DOUA VARIABILE = A

AURELIA TOCA

fn aceastd notd se gx:cinde, in cazul functiilor de dous variabile, problema
,\[-aproximérii, introdusd in [1]. Se folosesc, in acest scop, polinoarr’mle de tip
Bernstein pe patrat. Se obfin, totodatd, o valoare mai buni pentru constanta
a din teorema 1 a lucrarii citate.
Fie f € C, [0,1]X[0,1], adicd f = C[0,11x [0,1] 5i f(0,0) = 0, iar {M}”._ un
sir dublu, pozitiv, ncdescrescator. Atunci f admite o M,~,-aproximarc,'121aci
m(c) n{e)

pentru orice ¢ > 0, existd un polinom Py (f; %, ¥) = EZ“-‘:‘ X Vi, ag =0,

“ “iee t=0j;=0
astfel incit conditiile:

max l/(xl y) - Pm(t) n(z)(f; X, y)l < €,

{r3)e [0,1]<0,1]

gl € My (6 5) €40, 1, .o, m(e)} x {0, 1, ..., n(e)}

sa fie indeplinite.

TroreMa 1. Fie f&Cy (0,11 0,1, astfelca f(x, y)=0pentru (x, y) = [0, «} X °
X {0,BlL 0 << a &< Atunci existd un « = afx) > 0 st un b=>b(B) > 0 astfel
ca, daca un sir dublu, pozitiv, nedescrescator oarecare {Mij} /# salisface una
din condifiile :

. . aibi
a) Lim lim — =0,
f— D) )‘—'m 1‘1.,

L el
b) lim lim ©2 =0,
joo i Mg

atunci f admite o M-aproximare.
Demonstrafie. Fic N;; = “_‘ﬁ’, i, j=0, 1,... Dacd sirul {M;} satisface
: ciee LS .
una din condifiile teoremei, atunci cxisti un sir simplu regulat {Ni 3,}ymys astlel
ca

(1)

lHim N‘v’v = 0

2l

S& considerim sirurile simple {m,}>_,, {n}=,, determinate prin conditiile:

{iy= [ar mv]+1 v =
Jo= (B, 7] + IS
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Tie B poﬁnomul Bernstein pe patrat, de grad my1n 2 51 7,10 y, coresmmzétOr
1€ m,n,
functiel f: : ;
my ‘ m,—k n,~1
B v 1y nv) xhyl(l — x)™ (1 — y)"y f i _}
Bmvan;xty) _k=ol.—-0(")(’. -

Ordonind dupd puterile lui ¥ ?i ¥ polinomul Bun,n, se rescne sub forma

"l ” (f x y 2anx'y’

(=00
unde _
m)sS y{F) (™ }’3(_1),[1')/(*_—_& =1,
a“’:'(i);f»(*l) (»)(j)M 17U m "
Fie A = max If(x, y)|. Atunci

(e [0,11% [0,1]
14| ( }»E—o( ( )MJ( )

deci

lag] < 43™%™, pentru i=1, 4+ 1,

adicd

ety J=7uw i+ 1, ..., 0,
| ot

i aty
|a;,l<A3 .

1 1
Luind a = 3%, b= 3%, se obfin inegalitifile:

lag| < 4 by, @
pentru ¢ =4, ...,m, si j=3, ..., n,.

Din (1) rezulti ca e\lsta un v, astfel ca pentru orice v > v, si aibi loc inegali-
tatea

i
av by 1
-—

. i <
. ' LI Aliv’v A
de unde rezulti ci

A a'-V'b"v < M; iy (3)
v
ggn’[crau oncclzl v > vo. Din relafiile (2) si (3) rezultd ci existd un v > vo astfe
gl < M, Wy Pentru i=gq, m\,, i =17y'...,n, Deoarece §lful {M"}
este nedescrescator Tezulti ca o

lag] < M; +kj +1, oricare ar fi & ~O 120,
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— | a1 <,1Wif" t=1, .., m,; j= ]’v., o .f.‘nv, _oricare ar fi v > v
ri ¢ Jucru inseamnd ca peutru orice v > vo, existd sirurile m,, m,y4, ... si m,,
Aces pentru care {Bu,n(f; %, ¥) }converge uniform citre f(x, y), pentru v —
lytls *° : P — 1 =7
“+oc; siocd |4l < Mij, 1 =1y, oo My} ) =7, ..., X
- Observatia 1. In cazul in care f este o funcfie de o singuri variabila,
(ema este demonstratd in lucrarea [1], pentru ¢ = 6Ya,
teo

Observajia 2. Teorema de mai sus are loc si dacd se folosesc polinoamele.
PO.','°>, considerate in [3]:
m

" n k .
PRS2 %) = 20 20 pSR (%) f.f’}(y)f(—. i)»
k=0j=0 m n

unde

(1) FD e (=D = —e ) (=2 (=i D)
pii’ () _'(f) (1490 -F23) ... (14 (= 1)q)

jar %, 0si = sint parametri nenegativi, Pentra @ i b s iau in acest caz valorile
» i l

1
[(m — 2)% + 31;, respectiv {(n — 2)0 4 31°, _ .
TrorEMA 2. Dacd functia f € Cy[0,1] X [0,1] admite o M -aproximare,

unde My < A @b/ (A>0,a21,b>21;47j 0,1,...), atunci f se prelungeste
0 )

Demonstratie. Fie, pentru un e > 0 oarecare, P s polinomul de M-
aproximare al lui f:

analitic in polidiscul P(0, p), unde

1
0
a

m(e) n(e) o
l)m(z)»(z)(f; X, y) = 2(” obi;' x'yl,
ey =
Au loc incgalitagile :
’m(z) nic) : m(z) nle) b 1 8 irl 8 i
[ ) o) =- ~z'z. < abill — 1 )=
VP gy nien(3) 'gjz:obu ) g A;;,'.-Zo (a 1) (b 2
X sg wil_s ’
== ‘4 ai _—8) J e — ‘) <
E) (a ! j=0 { b t

al = -3, b(—l-—s.)
. b _ L=as) =3

1 1 ab8, 8,
1——a(—--—8,) 1-b(—-s,)
a b

inseamnd A Ppuyne este uniform mirginitd in  polidiscul
P(O' {% -3, %— 82)‘, oricare ar fi 8§ = (5, 8, =R? dat, §,>0,8,>0
(= (z, zy) € C2). Aplicind acum teorema Montel, extinsi in cazul functiilor de

mai multe variabile (vezi, de exemplu, [4]) 5i }inind cont de faptul ci 3 este ar-
Itrar, rezults imediat ca afirmatia din enunjul teoremei este adevirati.

ceca ce
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un sir dublu pozitiv, nedescrescdtor. Condipig rece.
ccare f € Co[0,11 X [0,1] sd admjy;
din condigitle teoremes 1, pentry g ~ 1o

TrorEMA 3. Fit {Mi}ia0 .
sard st suficientd pentru ca 0 i{unc;zfuiza[:
M-aproxsmare, esie S& ¢ indeplinesca

1 arbitrari.

’> Demonstratie. Tinind cont
raionament ca in lucrarea [1). La f
demonstrarea cireia se foloseste func

de teorema 2, necesitatea rezultd urmind acelag;
el se procedeazd in cazul suficiente i?l
. M. g ,

tia auxiliard f, datd prin:

f(@ ) = f(x,y) c'(*((x—a)""y(?—ﬁ)')' pentru (%, y)e (y_, 1] % (8, 1]
- 0 , pentru (x,y) € [0, &) x [0, B),

unde «, B, y sint numere reale strict pozitive. Se vede imediat ci f satisface

conditiile teoremei I.
(Intrat in redactic la 17 iunie 1982,
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ON THE COEFFICIENTS OF APPROXIMATION POLYNOMIALS OF CONTINUOUS
FUNCTIONS OF TWO VARIABLES

(Summary)

In this note the problem of M-ap i i i : 3
> 1O ) proximation, as introduced in [1}, is extended in the case
of the functions of two variables, A bgtter value for the constant a of Eh]eorem 1 [1] is also given.
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51’UDIA U

NCE THEOREMS FOR CONT RACTIVE TYPE

OINCIDE
Two ¢ MULTIVALUED MAPPINGS

TOMASZ KUBIAK*

‘o denote by CB(X) the set of all nonempty

i ace. W L
Let (X, d) be a metric 5 The well-known Hausdorff metric on CB(X)

closed and bounde.d subsets of \.
is defined by letting
H(A, B) = max {sup D(a, B), bsulg) D(b, A)}

ac A

for cach 4, B € CB(X) where D(e, B) = inf d(a, b).

be B

In [2) Olga HadzZic proved the following coincidence theorem.

TuroreM 1. Let (X, d) be a complele melric space, S and T conlinuous
mappings from X into X, A a closed mapping from X into CB(SX N TX)
such that ATx = TAx, ASx = Sdx, for cvery x € X and:

H(Ax, Ay) < qd(Sx, Ty),

for cvery x,y € X where q € (0, 1). Then there exists a sequence {Zu}nen such
that :

1. For every n € N, Sxp,.\ € Ax,, T, € Axy,_,.

2. There exists z = lim Tx,, == lim Sxp,,,.

"L n—o
3. T>e€ Az, Sz € Az,
Now, we shall prove a similar coincidence theorem for a pair of multi-
valued mappings satisfying much weaker contractive definition.
TueoreM 2. Let (X, d) be a complete melvic space, S and T continuous

mappings from X into X, A and B closed mappings from X into CB(SX
N TX) such that ASx = SAx, BTx = TBzx, Jor every x € X and: ( N

Alds By < g max{d(Sx, Tv). D(Sx, Ax), D(Ty, By), L (D(Sx, By) +

+ D(Ty, Ax)}!, Jor every x, ¥ & where q € (0, 1). Then there exists a sequence
{thex in X such that:

1. For every m e N, Skzns1 € By, Tz, < Ay,

o ) .. .
2. There exists z = lim T Zon = lim Sxp,,.
n—0 n—-w

3. Sz € A4z, Tz e By,
—_
» I ti . . . .
nstitute of Mathematics, A. Mickiewicz University, Matejki 48/49, Poznan, Poland

§ — Mathematica — 1985
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< X. Since Bz, C SX there exists %, € X sycp that

hen it is a simple consequence of the defmm on
e Ax, so that

Proof. Let xo
Sx, € Bx,. Smcch-> 1, t
of H that there exists an element #%;

du, S%) €= J H(A%, Bxo).

C TX there -exists % € X such that u, = Tx,. Similarly,

Ax
Now, since 1 such that

there exists #, € Bx, s
d(“z, Txo 4/— Bxp Ax])
and u, = Sx, for some % € X because Bx, C SX. Continuing in this fashiop

we define a sequence {#}ney in X where
Ty, € Axso—y and S¥oni1 € Bx,, are such that

(I(szn, Sx),, ]) ‘J— (A'an -1 Bt’n 2) (])

and

d(5x2”+,, Txo" H(sz,,, sz” |) (2)

J—
for every # € N,

Now, we shall show that {Sxs,_ }sex is Cauchy. For this purpose, observe
first that (1) yields

A(Txon, Stan_1) € v=H(A%p-1, Brzas) < 4Jg max{d(Sxou.1, Tasm.n),

J_
D(szn—h A.x'.’n—l)’ D(sz::—z, BX2,,_2),-;— [D(Sx‘lu—lp B.‘L’g,,_.-.)) 4- l)(T.l'zn».g,
A%sn) 1} < /g max{d(Sxo,_,, Tou-2), d(Stam-1, Txy), @(Tx2m-2 S¥za-1)s
l —

; [d(SxZn—l) szn-l) + d(TxZn—z, szn) ]} = Jq max{d(ng,,_l, Txg,,_;)),

d(sxz"_l’ sz”)’ld(Tx%—-Zo Tx2n)}'

Now, we shall examine the right-hand side of the above incquality. If the

maximum 1s—d(fxz,.-z, Tx,,), then d(Tx,,, Sxys_,) < 1/_ [A(T %2n—2. Sxan-1) +
2

+ d(Sx,_,, Tx,,)] which implies @(Tx,, Sx,,_ ) < ~/q__d(Tx2"_2' Sxan—1)
Jq UTx2m-1, Sty 1) 2 - Vg
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| i i : t d(Tx Sx—y) €
x,,) is the maximum, W€ ge 2
.“’hen d(sx'_’n— 1 2n

Now,_ o Ty, 50 that d(S¥za-1, Tx,,) = 0 which implies d(S%za-1,
< V1 d(_,_xé't—’fherefofe, we can write
Txan-2 d(Tme Sx'ln—l) < ,\/(—I—d(]‘xg,,-g, S-’VZ»-—]). (3)
m a similar manner, from (2) it follows that
n ' -
d(ng,,“, szu) < ‘\/q d(sxz'l—" sz,,). (4)

By induction we obtain from (3) and (4)

d(1 %, Sxa-y) < ¢ d(Sxy, Tx,) (5)
and

d(Sx2 i1, Tx,,) < ¢ d(T'x,, Sxy), (6)

for every e N. B_\' (5) and (6) we ]1&\'(" fl(ng,‘._,, SerH-l) < d(sz,,_l, sz,,) +
+ d(Tx;,.. Sxzn+1) S ¢ [d(S¥y, 1’«2) + d(.l Xo, S%)]. .

Finally, by a routine calculation we find that {ng,._l},_.e,v is Cauchy, hence
con\'crgcnt'- Let z = litn Sxa,..;. From (3) it follows that lim d(7 x,,, Sxon—1) =

”—L 30
=0, hence z = lim T x,,.

It remains to show that S: € Az and Tz € Bz. Indeed, the continuity
of $ implies that Sz == lim S7%,. Further, since T'x,, € Axy,_,, it follows that
STx,, € SAxs4-y == 4 ng,,J ., which, alloug with the fact that A is closed, implies
that Sz € 4z. It can be similarly shown that Tz € Bz. The proof is com-
plete.

Remark, With S == T = 1y, the identity mapping of X, the assumption
of the closedness of A and B is superfluous. Indeed, we have: x,, € A%y,
X1: € Bxy,, and hm x, =2z Further, d(x241, Az) < H(Az, Bx,,) <

s
. 1
Sqmax{d(z, x,,), D Az), d(xm Zanii), 5 [d{z, %2n11) + D(%,,, Az)]}. Now,
;;liing the limit as n — o it follows that (2, Az) < ¢ D(z, Az) which implies
(z, 42) =0, i.c., z € Az. A similar argument shows that z € Bz,

K ({ he fol]owi_ng és the multivalued version of a coincidence theorem due to
\I(-)tic'cotti‘btcl mm [1]. It is an improvement over Theoremm 1 under S = T.
- a Y NS Noohel'e recilt :
S Pary [4£]t.uothcr extension of Gocbel’s result has been mnade recently by

THroREM 3. Let M be a set, (X, d) a metric space, T a mapping from M

o X such that TM 1 ' ' |
wlo CB(TM) such Elzat1s @ complete subspacc of X. Lot A be a mapping from

H(dzx, Ay) <q d(Tx, Ty) fo
the’e;xists e quuc§; txh'at %")z éo;;q;very %, y € M where 0 < ¢ < 1. Then
denotesr ttJhof. Observe first that for ecach ¢ € TM the set AT~ 1q, where T =1

¢ inverse ima { - i
Indeeq ge of a under T, is an one-clement subset of CB(TM).
»let U, U, « AT 1a. Then there exist x,, x, € T~ such that (Ul i
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e have, H(Uy, U)) =H(Ax,, A%) <q d(Tx, T,
hich implies U S—_S‘IS.,. Therefore, F: TM — C‘B(TMT ) defined via Fzz
=911\)}‘l(czlforpall s TM, is a well-defined mapping. Now, for any 4 ,
: TM and x € T7la, 3 € T~ we obtain
H{(Fa, Fb) = H(4z, 4y) < ¢ d(Tx, Ty) = q d(a, b).
of the well-known fixed point theorep

= Ax,and U, = A%y

m il

isfies the hypothesis . r
Therefore, F satisfies yP us, there exists ¢ & TM such that ¢ e f,

S. B. Nadler [3], and, th sts h
%‘finallv for every z € T71¢, we have Az € AT ¢, so that Az = 4T-1, I
— Fc @ ¢ = Tz which completes the proof.

(Received February 12, 1983
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DOUX TEOREME DE COINCIDENTA PENTRU APLICATII MULTIVOCE
CONTRACTIVE

(Rezumat)

. In lucrare se stabilesc teoreme de coincidentd pentru aplicatii multivoce. Aceste teoreme gene-
ralizeaz& unele rezultate date de O. Hadzi¢ si K. Goebel.
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OL
TUDIA UNIV. BABES"B
S

1884 — 1947)

AMESCU ( 11 Roumanic

; AT R X
NICULAL AD mathématiquC d

i ique
Une époque de la didactiq
icule nesct
;e depuis la naissauce de _NlCL}]d(:_/\lz;al esc a,.
ée a Ii)'leiV'crsité de Cluj. %aitll\:s ni%eaux
' 1 a tous : ,
i ‘hématiques, a 1o
' jent des mathe ! : niveaux,
ce de 1cn5€1g£f§s la didactique mathdématique d(?\'lilzcs é%u ges
' firgoviste et a poursuivi ¢ '
oA +ille de ‘L'irgoviste etz : des
riginaire de la v1 l . uivi ses €&
N' Ab'r’? 31:ies%uugfxtreostlgj’xu début de sa carrlere\} 111"’1 ?olict(l}?l];tiﬁ A Clla fin de la
me : . i osani. Vaslul ¢ .
al’Universite ;e a Ploesti, Botoganl. Va >  fin de 12
ur de lycee a s, et Galatzi. A la fin
co e qnerr di I Abramescu fut nomme A _
. jale N. ramcs . - tive et SO itésimale.
remiérc guerre mon iscipline de géometrie descriptive
]p'U“i"”Sité d?‘cmjf, Ptou;rlzliedlg(e:lria ploi‘adge de professeurs, qui, avec ardeur et
ost et 00 s les b . iversitaire en langue roumaine,
gb"égaﬁont ont mis les bases de I'enscignement untyer g

i ¢ i i ’Université
n 1919 dans la capitale de la Transylvanic. Des lors il a servi I'Uni
e _ >
de Cluj sans interruption, meme pe

ndant la seconde guerrc mondiale, i;ms\le'?
moments  difficiles du refuge a Pimisoara. Il est mort a Cluj en 1947 ou
est enterré.

L'activité scientifique de N. Abramescu a subi, au début, _1'111f1uencetgeés
deux grands maitres qui giraient a ces gommenceme_nts la ‘SCCtl?Il qe rnX' -
matiques de la Faculté de Sciences de Cluj: D. Pompeiu ct G Tzitzeica. \1nst,
dans le domaine de 'analvse mathématique il a étudié les scries de 'polynomes
dans l¢ plan complexe, ainsi que l'univalence des fonctions analytiques et la
répartition des zéros des fonctions complexes. Sa theése, soustenue a la Faculté
de Bucarest, en 1921, présente unc svstematisation de la théorie des polyndémes
orthogonaux. Dans le¢ domaine de la géométrie, il a abordé divers problémes
de geométric amalytique ct différenticlle, lids 4 des courbes rémarquables et
surtout des questions regardant la géométrie cinématique. Il a considéré aussi

dcsfqucstions de geométrie différenticlle projective et affine des courbes et des
surfaces.

A I'Université de Cluj. N s ¢ de : ; L4 0
Ivtique, descrimiee o & rj..; ',‘.Abramcscu'a. donn¢ des cours de géométrie ana-
L:allfgra’l e ptive ¢ b1]n mitésimale, en rédigeant de sa proprc¢ main, avec une

e remarquable, tous ses manuscrits destiné i phi

. . ' § s estinés a la lith -

cours de i issu 3 : T ographie.

" pgu(:;ugiﬁ;m]_tim'xssu a Cluj cn quelques éditions a été préfacé pargG 1T7i1;ze?co;;1
A Tresse — -\u’lnhcxt) det.s traités de géométrie qui ont fait époque : G D:arboux'
o ot T aut ctc., ou bien de celui du matematicien T Lale {orit
dos o nain. Les questions spéciales présentdes dans les o biu, cent
des tirés A part concernent la géomeétric veetoriclly annexes ou bien dans
géO\at'm.de R. Bricard, A. Chatclet, G Bouli CdL’ foidérée aussi dans les
R f::fn'i non euclidienne. Parmis les’corr'lp]émeg:lsnd’ anst que des questions de
ater son oeuvre Legons de géometrie pure 'iﬂf(;fi(te;’)smet?e o Abramescuy,
; tmate avec applications

dans }a pé :
geometrie descriptiv
en . N ptive, parue 3 :
frangais par M. g Ocagne. Dgns cet Oﬁklrlé €n roumain, en 1930, ot Dréfachs

tues dy raj
raisonnement synté ge, N. Ab : '
' nté i ré -’ ramesc
® avantages des mét ' ‘tlcl.ue qui rémonte a Lagrange u présente les ver-
)

hodes directes dans I’étude infinitdsj

e d’anudes est pass

entain - ¢
Une ¢ de mathématiques

ancien professeur.

' ; servi
deéploy¢e au )
viclnt de marquer unc époque
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surfaces et de la géometric re’gléc. Le caract_ereelx;ngtogzz;prl:glx:a’ de }. exposé |
rendait trés utile en €€ ;emlps gcﬁg\rlcfhlee renseign ématiciens dap,
i noderne de 12 T che. )
un dﬁﬁ;{‘e‘in‘accord avec sa vocation gnedagoglque,tN.e Abcrlamescu 2 déploye
une prodjgieuse activité sur le plen de 1ens:e1gnep}eup §dcon aire. 11 a continug
cette activité a Cluj dans le cadre du Semma;ug édagogique ,U.myersitaire
avec les professeurs Gh. Bratt, A. APgeIFscu et P ergl:s.cu. 11 a rédigé envirgyg
15 preécis scolaires d’arithmetique, d'algébre, de géometric analytique, d'analys,

3 3 . 14 M L . .
mathématique, de mécanique ct d astronomic. 1l 2 collaboré aussi avec d’aufreg

professeurs, auteurs de précis, comme A. Maunicatide, GT. Orasanu etc. Plusieyrs

de ses précis ont eté tres appreciés a1 époque, étant valables pour les programmes

scolaires quelques dixaines d’annédes. La brochure F‘olrmul'es pour la géométyic
du triangle paru en roumain a Bucarest en 1907, vise I’¢élargissement des connais.

sances mathématiques des ¢leves, Tous ces éerits élémentaires Tespectent les
principes generaux de la didactique, en cultivant la passion pour I’étude, le role
heuristique de la »propriété remarquable”’, la force d’expression des exemples
bien choisis.

Ce bref exposé se propose de rendre hommage 2 la mémoire d'un professeur
distingué de 'Université de Cluj, dont la vie a été étroitement liée au dévelop-
pement de I'enseignement mathématique dans notre pays.

M. TARINA
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[Prof. dr. doc. DUMITRU V. TONESCU |

orul emerit dr. doc. Dumi

tru V. Ionescu,

1985 a incetat din viata profes

In ziua de 20 januarie oménegti.

i tice r
ante al scolil matema '
i i : Ionescu si-a ficut st
i 14 mai 1901, Dumitr V. S s : ul
. acalaureat s-a tnscris la Facultatea de Stiinte a Universitéfii din

unde a avut ca profesori pe Gheorghe Titeica, Anton Davxdo'glu,
raian Lalescu §i Theodor Anghelutd. fn anul 1923, Dumxtl:x
ris, unde studiazi la ,.Ecole Normale Supéricure’” si 1a ,.Collége de France .
: mil Picard, Henri Lebesque, Paul Montel i Eduard Goursat.
La 7 iunie 1927, gi-a sustinut teza de doctorat in matematici cu titlul ,,Sur une classe d’equations
{onctionelles”, in care studiazd, folosind metoda aproximatiilor succesive, problema lui Cauchy,
Picard §i Goursat pentru ecuafii cu derivate pargiale cu argument mnodificat.

928 Dumitru V. Tonescu este numit conferentiar la Universitatea din Cluj.

eprezentant de fr diile 1a Liceul ,Sfin-

Niseut la Bucure§
Dupi examenul de b
e Matematicd,
lac Coculescu, T

tul Sava’
Bucuresti, sectia d
David Emmanuel, Nico
V. Tonescu pleacd la Pa
A urmat, printre altele, cursurile lui E

Darboux,

In toamna anului 1
Le 15 mai 1931 devine profesor agregat i la 1 julic 1934 profesor titular. In perioada grea a celui
de-al doilea r&zboi mondial, cind Facultatea de Stiinte din Cluj a funcfionat la Timisoara, Dumitru
V. Jonescu a fost decanul acestei facultiti, reugind si invingd vicisitudinile vremii. in anii 1949—
1955, Dumitru V. Toneseu a fost profesor sef de catedrd si la Politchnica din Cluj, lar din 19585
devine seful catedrei de Ecuatii diferentiale, din Universitate, pinii la peunsionarea sa, in anul 1971,
datd de la care isi continud activitatea ca profesor cousultant.

Dumitru V. Tonescu a fost un cercetdtor activ in domeniul matematicii. Astfel, a publicat

peste 200 meniorii, note gi monografii. Prin problemele tratate, acestea apar{in celor mai diverse

(10menii ﬂlt‘ ‘l icii i etic? i
natematicii © aritmeticy, algebri, geontetrie, mecanicl, ccuafii functionale ecuatii integ-
!

rale, ccuatii diferenti ii i i
t entiale, ecuatii cu derivate parfiale si analizd numerica. Mentionim ci aproape

d l\lclﬁxl dl unerice, s il]t ruvernate (]c O origina m todd. € lu Iru,
WO ¢ » n dumenml ﬂnJhLE] ni
1 g
’ g ]i [ d
C. 1]

i,
) 'C‘u aceeasi pasiune si devotament s-a dirujt scolii. P
stiintificA i mnAiestrie pedagogici ‘

profesorul Dusnitry v,

cunoscutd sub denumirca de metoda functiei ,,f
L

. rin cursurile universitare d i
prin manualele scolare e s

o Tonescu se numira printre dascilii de
i .
T V. Ionescu a fost profesor consultant imaj

$1 universitare, in care a pus atita suflet
»

frunte ai invitAmintului din tara noastri

bine de 13 ani. In acest timp s-a ocupat

narului de cere ii
; etare i
creat ca si un cercetitor activ insifica, de
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[ Prof._dr. doc. GHEORGHE PIC |

La 23 septembrie 1984 a incetat din via{s profesorul dr. docent Gheorghe Pic, cel care timp

a8 . . iean.

sumitate de secol a slujit invitamintul matematic f:lu]ean  ocalitaten S

de o ju Gheorghe Pic s-a niscut la 18 martie 1907 in localitatea Szczacova djy, Silegi,
?rofeso;ﬂ . ‘mgm tatdl siu — care era inginer — se mutd cu familia la Mcdiag, unde

Superioarl. P : coala primard si liceul, iar in 1925 isi di bacalaureaty] |, B

i ic urmeazi Rl . '
tinirul Gheorghe Pic itateﬂ de stiinfe din Cluj isi ia licenta in matematici (Octoyy

i ani de studii Ja Facu o TR brie
11)91121;? fi‘,:‘crﬁnua!e functioneazé ca preparaior la Tustitutul de fizicd, iar in 1930 41 ¢xameny} ¢,

capacitate la Iasi, pentru invi{imintul fecundar. Timp dt? 15 zm, iG;;o;g;liedetlu]c;eazi ca pro.
fesor de matematicd i fizicila liceul din Gh.erla. .h.ltrF 1.1mp, up ; f studii la‘l.{oma, i
susfine teza de doctorat ,.Despre invariantii adiabatici ai sisteinelor neolonome”, din comisje facing
parte Levi Civita (ca pregedinte) §i Vito Volterra. N Jrie din Craiova. | )

Dup# efectuarea stagiului militar la Scoala de ofiferi d.e artilerie . ‘m raiova, mlr? anii {933
1936 profesorul Gheorghe Pic & cumulat si functia de asistent ononffc al profc‘somhu Th. Anghe.
luta de la Universitatea din Cluj, unde in 1945 este numit profesor. Din 1952, .(,hc(,rghc Pic ocups
functia de director al Institutului de Studii Romano-Sovietice i profesor la Institutul de constructi,
jar din 1953, cea de profesor la Catedra de algebrd a Universitfi{ii din Bucuresti. Reintors la Clyj,
fn anul 1957, profesorul Gheorghe Pic a contjnuat cu toatd diiruirea munca de formare a tinerilos
matematicieni la Universitatea clujeand, ocupind §i funcfia de decan In perioada 19581962,

Domeniul de predilectie al Profesorului Gheorghe Pic l-au constituit grupurile finite. A fost
initiatorul scolii clujene de algebrd moderni jar o pleiadd de tineri matematicieni, absolvenyi sau
doctoranzi ai profesorului Gheorghe Pic, rdspindifi in toatd {ara, desfiijoard o predigioasd activi-
tate in acest domeniu. Scoala clujeani de matematicd ii datoreazi imens profesorului Gheorghe
Pic ¢i gratie stridaniilor sale in dotarea Bibliotecii facultifii, cireia i-a ldsat ca mogtenire gi valo-
roasa biblioteci personali.

Plecarea dintre noi a profesorului dr. docent Gheorghe Pic constituie o grea pierdere pentru
toti cei pe care i-a indrumat i format, pentru Universitatea clujeand si peutru matematica roms:
neasca.

laj,



Pynamics of
v-tteub‘”g,', i Stutt-
X Sms::dl podies, B. Ge Teubuer

-gleils of ,
Syste 22 melor de corpuri

rat, y d ia ' . burg
4 .\louo!’sr?f:)r'ului dr. inginer _chls }\ 11{10}1)1 ‘i.
"o P> c"u'tc excelentd, unica in cln 1:‘
. C;’ltorilor st studentilor abso \e.g

” cer'ccsce <pccializczc in acest domenitt.
imele pau:u capitole ale cargii sint ?csh;
i eaticii dinamicii §i pmblcmclor clas xl:
i d intr-o scriere unitard tensoriala.

ale cop atate din carte este ocupatit de
itolul cinci partea esentiald a cun?}, care
o formalismul general al dinamich ms‘u-
(rateazéd Oco;puri ricide. Relatiile cinematice-
3 e 1 . M \ inen .

et le miscarii, cit §t celelalte

i iniare 8 :
ecuatiile nelinid :
mkrizni legate de tratarea sistemelor de corpuri

sigide, sint prezentate intr-o fum_u'f couvcn:_lhﬂ:'l
atit studiului numeric cit §i .'m‘uhuc. l)csvnerc..l
gniformi se sprijind in primul rind pe goxmcptclu
teoriei grafurilor aplicatd pentru  prima dati
in mecanicd de citre autor.

Jxpunerea este imsofitd de 42 de probleme
si de mmlte exemple ilustrative netriviale care
pun in evidentd avantajul formalismului mate-
matic cu notatia sa simbolicd vectoriald  si
tensoriali.

P R
Dinanyca siste

AUREL TURCU

ol ‘l: .\:ﬁilllc r.  Darstellungstheorie von
dilchen  Gruppen, Teubmer Stuttgar

X+ 2 g , gart, 1980,
in ﬁPmll (:on\inutul ei, cartea se adreseazd
matpm:;r' ﬂnnd studentitor de la facultagile de
o speci::;' ,t'(llar este un mijloc folositor si tntu-
¢ teoria istilor care in cercetarea lor an nevoie
‘.ectoﬁale'ﬁf‘:’ll;‘{{llm. a modulelor si a spatiilor
unet nofiuni dséff‘;lagirtlll. presupune cunoasterea

o di i i
corpurilor s modulelo: teoria grupuritor, a

Partea intij

ia ii

f:damentnlc i ::gr‘x‘; s&:(ocu
€3 grupur y

Spafin Vccforrilaldeptxran‘sformﬁri liniare ale unuij

. “Tncipalele probleme tratat

:u tc_.’mu sint : m incle
ari linjare g

N e algebre sj

Qracterelyy gebre grupale semisnﬁple roris

P& cu conceptele
prezentlrii grupuri-

Par Teprezentirijor, teoria
tey e ea dOua
. re 2 cartii
§ Prezentir este
8t preg, tat, tdrilor modulare Consacratj

N ¢ - La i
€ Speciale e inele (:::)cee&l::t

‘and the fourth on

rEcENZIL

injective ete.), de
sint dezvol-

artinicne, proiccu\'c,
. A. Green

rienc, % de algebre. In continuare

module ¥ D . . Higma,

atele hul - O e
t?t?‘ rc(illl,\‘liclxler referitoare ia algebre g P
$l N . @

- t
carc nu ;Hlt seints ““pl( . L “:llllul l)lulLt Al C&t li
are ca SCOp Stll(h\ll l]l(‘l()(lcl()x (:l:.lsl(_c ale te()! 1€1

modulare.

I. VIRAG

Diffcrenti:ﬂ analysis,

T. M. Floth Press. Cambridg:?

Cambriddce University

0989, 334 p. . e
18 1’1‘()1'(?&%0!‘ . M. Flett was @ distin

guished mathematician, with fin=2 anrl' lde"e}')
esults in various branches of analysis,
who, unfortunately, died carly at th2 age
of 2. ie had almost completed thg rpm)-u—-
seript of this book and the task of finishing
the work was taken by J. S. Pym.

As says Professor Pym in the Prefacz2
of the book, the text teft by Professor.Flett
rested almost unalterad. The result s an
excelent book on differzntial caleulus.

The first two chapters deal with the dif-
ferentiation of Ianach spaces valued functions
of one real variable with applications to ordi-
nary differential equations. IHere is worthy to
mention the fine discussion on miean value and
finite increment theorems for vector functions,
containing some personal contributions of the
author.

The third chapter is on Fréchet derivative
Hadamard derivative. The
Hadamard derivative is a notion between Gateaux
and Fréchet derivatives, defined via the cone
of feasible directions. Although many pure ana-
lysts {c.g. the treatises of Dieudonné, Cartan)

neglected this notion, it is very useful in the

e -
aleulus of variations and optimization theory

T .
he book contains a wealth of exercises

completing the main t.
: 1 ext. Ii:
with historical b e Frer ends

notes, reflectin i

. g the eruditi
v ' ition
1d the encyclopaedic knowledge of the 1j
ture of Professor Flett. i Herer

In conclusion, this ig g
We recommend it warm]
sted in analysis,

valuable book and
y to all who are intere-
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und Integrationsthe-

a Mass-
K. Floret, Teubner, Stuttgart,

orie. Eine Einiithrung. B. G.
1981, 360 3. .
Apirutd in .setnad :
a oferd o intreduce 1 !
:)a;;‘;:ll-swnc. LExpunerea clggaut:n, f*larfﬁ KL
economicoasd este principal:'l virtute a el L\Ot'll'l-
nile §i metodele cxpuse sint simple, sug.cs?‘\lc?
si suficient de flexibile pentru a putca fi aplicabile
in multe situatii. Ele s¢ iucndreu.z:‘i in mpd orga-
pic in teoria misurii §i in teoria functionalelor
ini si pozitive.
lmmreD;si Eonginutul ciirtii este deosebit de bogat,
autorul are tot timpul in vedere caracterl'd
introductiv al textului si nu urmiregte si fie
enciclopedic. Pentru a ajuta pe cititor la o par-
curgere activd a materialului, in ﬁe-care paragraf
sint incluse exercitii §i probleme (in total 302).
Scopul principal al cirtii, de a p{ezellta
o teorie solidi a integralei care poate servi drept
un pilon de bazi al analizei functionale, s-a
realizat in mod strilucit.

KOLUMBAN IQSIF

- "
penbner-Studienbiicher ,
¢ in tcoria integralei

Wolfgang Polak, Compiler  Speei-
fication and Verification, Springer-Verlag, Berlin,
Heidelberg, New York, 1981, 269 pg.

The book is a revised version of the anthor’s
PhD thesis. It is organised into five chapters:
1. Introduction; 2. Theoretical framework;
3. Source and target langnages; 4. The compiler
proof; 5. Conclusions; and finishes with six
appendices.

The author’s purpose is to develop and
prove a compiler for a PASCAL subset. The
author thinks that “a program and its proof
should be developed simultancously from their
specifications”. He uses the stepwise refinement
technique for designing and implementing pro-
graws to end with the verification of them.
But the author insists too much on the mechani-
cal verification aspcet altliough he stresses that
"'verification should be an integral part of the

development process”. Also, only the partial

correctness of the compiler is proved.

ect This book contains sany ideas, tools and

echniques i i i

mende[(l‘l ts us;ledlm ])rc')gralxlmlzlg. It is recom-
¢ 0 all those who are interested in the

partial correctness of long real programs,

M. FRENTIU

Erich Bohl, Finite Modello gewiihn-

licher Randwertaufgahen, Tenb Studi
¢ B Tenbner Stud fiche;
Mathematik, Stuttgart 1981, 31§ & o ICLe

Das Buch ist der numeriscl
. 0 schen Bek
eluiger Randwertaufgaben der Formctandhmg

—(px)” + vkx) = f(t, x,2) in (a, b)
aax(a) — BaX'(3) = Yar %pX(b) - Byx(h) < \-l:
gewidmet. Der Verfasser wendet vor alley, das
Differenzenverfalren und das Verfahren ﬁnilc}
Elemente an, wm die Losung dieser Probleme
auf lincare oder nichtlineare Glcichungssystcmo
zuriickzu fithren, in denen eine endliche Angay
numerischer Unbekannte auftreten. Im (¢,
Buch werden die grundlegenden Methaden zur
Losung der erhaltenen Systeme dargestey
und die Konvergenz der angewandten nunierischey
Verfahren untersucht. Gleichzeitiz werden zg);.
Ireiche Probleme ans der Physik, Chemie yyq
Biologie angefiihrt, die mit Hilfe der im Byep
beschriebenen Mcthoden geldst werden.  Jedes
Kapitel enthilt Ubungsaufgaben  sowie ﬁncn
Abschnitt it Hinweisen betreffend die histo.
rische Jintwiklung, Weiterentwicklungen upg
genaue Literaturangaben.

Das Buch wendet sich sowohl an Lehrnende,
als auch an Lehrende, und ist mit geringen
mathematischen Vorkentnissen vestindlich.

SZILAGYT pau,

V. Schmidt, DBigitulsehaltungen mit
Mikroprozessoren, B. . Teubuer, Stuligart
1981.

Das Buch ist ecine praxiserienticrte Ein-
fithrung fiir Ingenicure und Naturwissenschaftler
in das Gebiet der Mikroprozessoren, ¥s werdoan
Tunktionskomponenten nnd Grundkonzepte ven
Mikroprozessoren, Bit-Slice ‘Prozessoren’, One-
Chip-Mikroprozessoren, die Programmerstellung
fiir Mikroprozessoren, Teste von  Mikroprozes-
sorgesteuerten  Schaltungen  sowice ein  prakti-
sches Beispicl beschrieben.

Die Vertrautheit des Lesers mit der mor-
malen’ Digitalelektronik vorausgesetzt, hat das
Buch das Ziel, den Leser in die Lage zu versetzen,
cigene Schaltungen mit wenigen aber komplesen
Standard-Bauclementen zu realisieren.

FRIEDRICH LANDA

Josef Hainzl, Mathematik {dr Natur-
wissensehaftler, 3., durchgesehene und erwel
terte Auflage, 13. G. Teubner, Stuttgart, 198l
376 Seiten. .

Das vorliegende, in der Reihe ., Leitfaden
der angewandten Mathematik und Mechanik
erschienene, Buch ist die Ausarbeitung u®
Weiterentwicklung einer Vorlesung, die fur
Naturwissenschaftler an der Universitat Freibufé
gehalten wurde. Es umfasst die wichtigste?
Kapitel der Analysis (Zahibereiche und Funk-
tionsbegriff, Differential- und Integralrechnusg
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Fourierrcihen, gewohn-
liche Differentialgleiclfungcn), ein Kapitel iiber
analytische Geonietric un(! lineare .ﬂ\lgebr.n
(Vektorrechnung, lincare Abbildungen und .\!ﬂ'(fl-
zen, lineare Gleichungssystﬁeme: ux?(l D”elcnm.nan-
ten, Symmetriegruppen), cin Kapitel iiber W nl.xr-
scheinlichkeitsrechnung ((hskrctc' und stetige
\Vahrscheinlichkeitsverteilungen, '/.uia'l.l.\‘gr().\'\:cn,
Zufallsvektoren) sowie cin  Kapitel ubcx"‘ Sta-
tistik (Zufallsstichproben, Schiitzen und Testen
von Paramctern). )

Das Buch wendet sich vor allem an Stu-
dierende der Biologie, Chemie und verwandter
Ficher. Sein Ziel ist dum Leser nicht nur grun.d-
legende mathematische Kenntnisse zu \'crnm.;-
teln, sondern ilun aunch deren Anwendbarkeit
in den cinzelnen Naturwissenscehaften zu veran-
schaulichen. Dieses Zicl wird durch dic leicht-
fassliche Darstellung erreicht, die bewusst auf
mathematische Strenge und Allgemeinlhicit ver-
zichtet, um dic Rolle der Mathematik als Tilf-
swissenschaft fitr den Naturwissenschaftler besser
hervorheben zun konnen.

WOLFGANG W,

elementare Funktionen,

BRECKNER

R. Wagner, Grundzityge der linearen Al-
gebhra, Teubner, Stuttgart, 1981, 260 pay.

Cartea profesorului universitar R. Wagner
de la Universitatea Warzburg este o introducere
in algebra diniard destinatd atit studentilor de
la facultitile de matematicd, cit si profesorilor
de gimmaziu. Autorul isi propune nu numai o
simpld transmitere de cunostinge, ci mai ales
relevarca uwnui mod de a intelege constructia
nojiunilor si rezultatelor de algebri lniard tra-
tate. Metodele wlgebrei Liniare  sint  conduse
pind la aplicarea lor in alte domenii, cum ar fi
geonietria,

Obiectut ciirtii il constituic spatiile vecto-
riale reale i aplicatiile lor liniare. Dezvoltind
o teorie a acestora, antorul se ocupit in cadrul
celor yapte capitole ale ciirtii i de matrici, sisteme
de ecuatii liniare, teoria valorilor proprii, spatii
vectoriale euclidiene si determinanti. Materialul
este prezentat cu o deosebhitd maiicstrie didactic’,

clar, riguros, concis. $int date numeroase exempic,
far la sfirsitul paragrafelor sint propuse 129
exercitii si probleme. Cartea se incheie printr-un
apendice §i o tabli de materii..

Recomandim cartea studentilor si cadrelor
didactice de la facultitile de matematics, pre-
cum si tuturor profesorilor de matematici, ca
Material bhibliografic valoros iu studierea si
predarea algebrei liniare.

RODICA COVACI

Spisani Franco, Teorin generale del
nunieri relativi. Vol. I. (Italian) {General Theory
of Dirceted Numbers. Vol 1] Con ingresgo dei
numeri moltiplicatori e divisori. {With intro-
duction of multiplying and dividing _nuprgrs]
Bilingual Italian/English text. Pubbhcamo.m a
cura del Centro Superiore di Logica ¢ Scicuze
Cowparate.  [Publications of the Center for
ligher Studies in Comparate Logic and Science]
International Logic Review, DBologna, 1983,
247 pp.

Yor a long time directed numbers were
confounded with simple terms » preceded by
.4 and ,,~" as operational signs. When we
operate in an infinite numerical set, the sign
taken into consideration is not only the omnc
which precedes, but also that which follows
the numbers in the progression of the series.

¥rom the infinitistic point of view any
general theory of directed numbers secemed bound
to be dismissed out of hand as Cantor himself
confirmed. The finitistic tendency begins to
conte to the fore. Founding a general theory
of directed numbers at long last becomes a pos-
sibility.

The book gives a modern theory of directed
numbers. A list of references and a list of syimbols
may be found.

The book is highly recomunended for special-
lists or nonspecialists in general logic as a funda-
mental text in this field.

DOREL I. DUCA

IHarro Meuser, Leirhuch dei Analy-
slse - Teil 2, Zweite  Auflage. B. G. Teubner,
Stuttgart 1983, 736 pag.

Prima parte a amplului tratat de analizi
matematici al profesorului  universitar Harro
Heuser, pe care am recenzat-o in numirul din
annl 1982 al revistei Studia Universitatis Babeg-
Bolvai, cuprinde analiza functiilor reale de o
variabild reald, Partea a doua, a cirei a doua
editic o prezentdm aici, este dedicatd studiului
functiilor ale ciiror domenii §i codomenii sint
submultimi ale spatiilor %, Dar, in afari de
rezultatele clasice ale calculului diferential si
ale calculului integral in spagiul R?, sint studiate
i spatiile topologice, spatiile Banach, teoreniele
de punct fix ale lui Brouwer, Schauder si Kaku-
tani, demonstrindu-se cititorului ci nofiunile si
rezultatele abstracte ale topologiei si analizei
functionale s-au desprins in mod natural din
hogatul 1material faptic acumulat de analiza
matematicd. Multe aplicatii frumoase in diverse
domenii stiintifice intregesc partea teoreticd si
pun in evidentd influen{a stimulatoare pe care
au avut-o problemele practice asupra dezvoltirii
analizei matematice.
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. s i
Seris# cn mult sim{ pedagogic §t cu acee;si
rijs ca §i partea intdi, cartea reprezn}"c:‘i 0 sursd
fo 5il tudentii facultdti-
de informare valoroasd pentru sty B
lor de matematicd, jar pentru cadrele ¢i act e
ale acestor facultafi un model de prezenta
modernd a analizei matematice.

WOLFGANG W. BRECKNER

Ranach Spaces Theory and lts Applications,
Buch::rest l98l‘r Edited by A. P?etsch, N. Popa
and 1. Singer, Lectures Notes in Math'enmtlcs
991, Springer — Verlag, Berlin — Heidelberg
— New York — Tokyo, 1983 (302 pp.).

These are the Proceedings of the First
Romanian — G.D.R. Seminar on Banach Space
Theory, held at Bucharest, Romania, from
31-st August to 5 th September 1981. The works
of the Seminar were attended by cminent specia-
lists from 15 countries giving and hearing talks
on Banach space theory and related fields. The
volume contains 26 written versions from tl.le
talks given at the Seminar. The papers contain
original contributions of the authors and sur-
veys of the main results obtained in this area
of research. Many of the papers contain open
problems, tracing ways for further investigations.
The volume is a valuable contribution to the
Banach space theory and its applications and
we recommend it to all people working in ana-
lysis and functional analysis.

S. COBZAS

J. Diestel, Sequenees and  Series in
Banach Spaces. Graduate Texts in Mathematics
no. 92, Springer-Verlag, New York — Berlin —
Heidelberg — Tokyo 1984 (260 pp.).

The author is well known to mathematical
community by two previous hooks — Geometry
of Banach Spaces, Selected Topics I..N.M. mno.
484, Springer Verlag 1975 (Russian Translation
Visca Skola, Kiew 1980), Vector Measures,
Ma'thcmatical Surveys 15, A.M.S. 1977 (in coope-
ration with J.J. Uhl jr) and by his deep contri-
butions to the gcometric theory of Banach
Space_s. especially concerning the Radon —
— Nikodym property. This new book covers
plenty of topics related to sequences and series
in Banach spaces, starting from the classical
re_sults of Bapach, Schauder, Mazur and ending
\\'1.th some very recent discoveries of A. Pelezyn-
ski, C. Bessaga, H. P. Rosenthal, R. C. James
E. Odell, J. Lindenstrauss, L. Tzafriri et al Thé
aim of the hook is to present :
way to the working aualy,
of general analytic charac
theory. The author aceo

in an accessible
sts some of the results
ter from Banach space
mplishes masterly this

purposc. Each chapter ends with a list of ref,
rences, hystorical comments, remarks on further
developentents of the subjcgts and numeroyg
helpful exercises. The style is very clear, li\-;
and pleasant — the readers of two above quoted
books will enjoy it again. The book is sclf-cop.
tained and makes accessible and collect together
some of the very deep and difficult results aptaj.
ned in the last years in Banach spaces theory
We recommend it warmly to all interested ip
these topics.

S, COBZAg

T. K ato, Perturbation Theory for Lincar
Operators, Springer — Verlag, 1984, 618

This is the second corrected edition of the
second edition of the now classical treatise of
Professor Kato on perturbation theory. The
first edition appeared in 1966. A Russian trap.
slation appeared in 1972. Springer — Verlag
published also in 1982 a short version (i61 P
of the book containing the first two chapters
and some additional material. With respect to
the first edition this one is completed with suple-
mentary notes on the rccent development in
perturbation theory. The bibliography is also
substantially completed with papers published
in the mecantime in this very active field of
research.

The book is a valuable contributions to
the theory of perturbation of linear operators,

S, COBZAS

Adrian Bejan, Conveetlon Heat
Transfer, John Wiley and Sons, Inc., 1984, XV
+ 477 pp.

This textbook deals with topics being at
the interface between heat transfer and fluid
mechanics that may, at first sight, appear totally
different, but which in fact are stronzly inter-
related and which are capable of cross-fertilizing
each other. This area of rescarch, known as
convective heat transfer or, simply, counvection
is a fascinating one, and is one that is of funda-
mental importance in our technologycal society.

In 12 chapters, the book gradually covers
classical as well as most recent topics of con
vective heat transfer. It provides a broad view
within the subject area and includes. for the
first time, important topics of heat transfer.
Most of the currently used mathematical tehnl
ques for analysing convection problems ar¢
included in this work: integral solutions, sim
farity solutions, scale analysis and modert
!ulmericnl nmethods. However, a special cmphasis
is given on the utilization of the scale analysis
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or in his research

eloped by the auth ;
fl:‘u}e,rsde’l“’hif«:pmethod plays a central role in the

formulation and analysis of ‘.-anousuilaf;ej :)cf
lems to model natural phenm'ne F:
rob Its correctly and fruitfully.
use the resu . is devoted to
Each chapter of the book is ,
inti f a precise topic, together with
the description o P d for its
the mathematical method en'xploye _0. _
analysis. But, the mathematical {malysxs is
made in close relation wgth the RhySlC&l essence
of the phenomenon considered. The book inclu-
des a set of unsolved problems for each\ chapter
which are fully worked out in the Solutions
Manual. Tt offers an excellent account of Fhe
type of problems studied in the area of con\'cc!.we
beat transfer and of the methods used. Con-
sequently, new concepts and ideas are given a
chauce to filter through, and the rcader has
time to reflect about them. Each chapter is also
suplemented by an important list of references
on the topics considered. Therefore, the presen-
tation of this textbook is organized to suit the
students who need an introduction to the subject
as well as the experienced researcher who needs
a reference source for specific results. Giving
a realistic and cohierent overview of the research
presently carried out in the area of convection,
the present Look will prove to be a valuable
ncqui'siliun for the students and active rescarchers,
too, l‘!xt‘ material is attractively presented and
ex.ccptmnally readable;  the figures and  the
printing are excellent.
) As a conclusion, Professor Bejan’s book
is a _complt;tc account of the conveetive heat
)tr.'mslcr tapics, written by an expert who himself
t’(i]::":df."m;mn"".'.t and valuable contributions
subject. It will surely take jts place amony
the Lest textbooks in convective heat tre Af_}».
:\s sucl’l, it should belong to the library ‘Jll?::r‘;,
esearche )
cunc\"l:;llit):l.and graduate student in the ficld of

1I0AN pPOP

J. ¥Frane e,
Muthemutjey] Models
worths Borouyh Green,
SPH_TI},oudon, 1984 (335 pag)
nppljcatiz;lsboofk 15 an excellent aproach to tp
s Ot mathematica] methods ¢, .

agriculture apq related sciences0 pre-

agriculture apq

Jo HL. M, ’I‘hornley
in ,\urlc-ullur(-, Butter-

tion ang duantitative methoqs

are becom i
g increagj
Maties is poy asingl

tool for ¢y
€ descript;
anq the Ption of ey erim
theorieq  StoRUNg Of these ¢, gune;? t:ile;:Slutg
. an

S('\'(-mmlm, Kent TN 15

The aim of this book is to present the

NP e-
ideas, methods and recent applications olf ma‘t:;y
matic'al modelling in agriculture in suci a

ienti hen and
i ral scientists may learn W
et e ss their ideas mathe-

4 t to expre _
how to attemp I the resulting mathe-

matically, how to solve >
matical );Jroblem and how to compare the predi

ti fit xperimental data. .
Ltlous,“‘l‘(:“lto;icg cover a range i:rom animal
and plant physiology to farm planning and con-
trol, and include crop growth, plant_(hseases
and pests, and weather. Within ca?h' topic, att‘eu-
tion is focussed on the most proinising modfe]lmg
approaches, and on those that are mathematically
sound and instructive. In addition, those mathe-
matical topics relevent to agriculture modelling :
growth functions, dynamic modelling and mathe-
matical programing, are Dbrought togcther for
the first time and treated in some detail.

The book containts the following 13 chapi-
ters: 1. Role of mathematical models in agri-
culture and agricultural research. 2. Techniques:
dynamic deterministic modelling. 3. Techniques :
mathematical  programming. 4. Testing and
evaluation of models. 5. Growth functions. 6.
Weather. 7. Plant and crop processes. 8. Crop
responses and models. 9. Plant diseases and pests.
10. Animal processes. 11. Animal products. 12—
—13. Farm planning and control I-—II.

The text is designed to be suitable also
for self-tunition with the inclusion of nice exercises
and worked outline solutions.

MARIA MICUILA

V.S, Varadaraj ]
i ' fledarayan, Lie Groups. Lije
;l\‘l.g;.u_l‘)rn..s und  thefr Representations. (}rladua;:
ls;é\lth 1\1'1 Mathematics 102, Springer — Verlag
4, New York i Heide Tokyo,
130 papes ork, Berlin, Heidelberg, Tokyo,
. The theory of Lie g is
in t.hc hooks on ])ifférengtri?llllps omeed o

in detail the re i
] Presentation the isi
Lie groups and Ije algebr:zu')lfl}l,eoﬁ)semlsnnp]e

tents is the following - ook’s con-
Preface, wing:
Chapter ;i .

ManifoldsP I Differentiable and  Analytic

Chapter 2 Li

1 - e groups i

éﬁ:l’:er 3. Structurep th:::ly Lde algebras,
bras ang llii:r(;{ C°‘“P‘1ex semisimiplc
tions, Toups: Structure and R

Biblio Taph
Index.g Phy.

Li e al ge-
€presenta-
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Chapter 1 has an introductory charac-
ter m:.l:iheChapE:r 2 deals with ‘the basic res’;lliis
and comcepts on Lie groups. The Chapter 3 1s
mainly devoted to the structure ‘theory of le
algebras (without cohomology). ’lh.c. chapler
furnishes a fairly complete exposxtlon.of the
representations theory of semisimple Lie alge-

as and Lie groups.

bres The alqeﬁraicp treatment is based upon
the ideas of Harish Chandra’s papers and is
followed up with the transcendental theory of
the maximal tori. This dualily is COHSld(‘r'Cd
to be essential and significant even for the entire
representation theory. Each chapter is follm\'efl
bv a lot of exercises, many of them from a theoreti-
cal importance. . )

The work was originally published in the
Prentice-Hall Serics in Modern Analysis, 1974.
The present version of the textbook is .ulmost
selfcontained, asking only some acquaintance
with topological groups and differential spani-
folds. It is to be recommended as very useful
for graduate students, mathematical researchiers
and theoretical physicists.

M. TARINA

H, Craunert, R. Remmert, Cohe-
remt Analytic Sheaves, Grundlehren der Mathe-
matischen Wissenschaften 265, Springer — Ver-
lag, 1984, Berlin — Heidelberg — New York —
Tokyo, 249 pages.

This volume is an excellent exposition
of the theory of coherent sheaves in Complex
Analysis. In fact, the work was prefigurated
already in the early sixties, the authors being
potorious specialists in this field of research.
This printed version contains a systematically
and exhaustive approach on the subject. After
a breaf introduction with historical and metho-
dological motivations of the problems, the book’s

contents is distributed in the following 10 chap-
ters:

I. Complex spaces. 2. Local Weierstrass
theory. 3. Finite holomorphic maps. 4. Analytic
sets. Coherence of idcal sheaves, 5. Dimension
tl}eoty._ 6. Analyticily of the singular locus.
;\orma.lxsatiou of the structure sheaf. 7. Riemann
ez:tenspn theorem and analytic coverings. 8.
Normalisation of complex spaces. 9. Irreduci-
bility and connectivity. Extension of analytic
sets. 10. Direct image theorem. .

Finnally an Annexe is given on the theory
of sheaves and on the notion of coherence. The
book contains also the essential bibliography,
and I’?ti'llex of 1:(mmes, and a general index. '

€ work presents details abo
fudanqental coherence theorems i:t tclgfnlf)?:;
Analysis, namely the coherence of the structure

sheaf @y as a complex space X (ch. 2), the cohe.
rence of the ideal sheaf i(A) of any analitjc set
A (Ch. 4), the coherence of the Normalisatiog
sheaf of any reduced structure sheaf 9, (Ch, g
and the colierence of the direct image sheayeg
of a coherent analytic sheaf under a proper holo.
morphic map. (Ch. 10). Other topics in Compley
Analysis are discussed, as the dimension theq
of the complex spaces, analytic coverings (Ch,
5), normalisation spaces of reduced compleyx
spaces (Ch. 8) and extension of the analytic
sets into lower dimensional ones (Ch. 9).

The authors dedicated their book to Henry
Cartan who initiated the new trends in Complex
analysis by introducing in 1950 the notion of
coherence sheaf.

T'he textbook is very uscinl for the graduate
students as well as for the mathematiciang
working in Complex Analysis, Analytic spaces
and Sheaf theory.

M. TARINK

Jacques Dixmier, General Topo-
logy, Springer — Verlag, New  York, Berlin,
Heidelberg, Tokyo, 1984, x -- 140 pages.

This book is a concise introduction to
gencral topology. It is intended for students
and teaches them the basic concepts and results
of topology, which are indispensable for under-
standing modern mathematics.

The main topics presented in the ten chap-
ters of the book are topological spaces, limits
and conlinuity, constructions of topologicul
spaces, compact spaces, metric spaces, limits
of functions, numerical functions, normed spacces,
infinite sums, connected spaces. Each chapter
coutains numerous examples which illustrate
key definitions and theorems. Additional exercises
at the end of the book are a valuable completion
of the text.

Well-organized and carefully written, the
present book is very useful as a textbook for an
advanced undergraduate or beginning graduate
course in gencral topology. We recommend it
to anyone who is studying for the first time
general topology.

WOLFGANG W. BRECKNER

Interpolation Spuces and Allied Topics 18
Analysis, Lectures Notes in Mathematics 1070,
1984 (239 pp.)

These are the Proceedings of a Conference
held iu Lund, Sweden, from August 29 to Septent”
ber 1, 1983, edited by M. Cwikel and J. Peetre.
The volume begins with an introductory Papef
by J. Peetre entitled ,,The theory of interpola-
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its origin, prospects for ﬁ‘l*turit:
heo terpolation spaces 1S OV
M. Riesz and J. f\larcm-
Some directions of
second

on space ;
3e_re tie theory of in

lined from its origins ( :
ciewi to present days.
?&::E::)MVesggatious are presex'a'ccc].f Thfhe -
i ati appearing for th ;

aper is 2 trgnshtxon It 28 2 Mityagin
Kme in English) of a paper by l RO
An interpolation theorc:llx tfors;::)ﬁlixkaree p(]OS)
publi iginally in Mat. 0

?1119)1231;]105]47;1’.,5}-783;.} The volume cgntams alsto
15 contributed papers treating \'31’101'15 atslpcgg.)s
of interpolation theory (real :1:3(1 complex metho g
in an abstract setting or in o_:onqctc S}?au‘*..
The volume is a valuable conlnbutxon' to mtu’:
polation theory and we recommend it warmly

interested in analysis, .
to all intereste ¥ S, COBZAS

The following hooks have been received hy
the editorial stelf that are to be reviewed :

Academic Press Ine. 1. Approximation theory
IV (Edited by C. K, Chui, I,. 1, Schmmaker and
Jo Do Ward, 19835 ; 2. Lliptic problem solvers
(Edited by . Rirkhoff amd A, Schoenstadt,
1984 ; 3. 0. Axelsson and V. AL Barker, Finite
element solution of boundary  value problens,
Theory and computation,

l)’u;lellr'iusr/' Verlug 1, 11, Aigmer, Graphen-
t.hconc; 2. AL Frohlich, Clas.sgmups and Hermnj-
tan anodules: 3. jy. Sellichtkrull, Hyperfune-
tions and harmgnie analysis on Symmetric space :
1. Perspectives in Mathematjes (dited by w,
J:lc.f.@:l'r, J. I\.In.s'cr, R. l(':nnn(-rt),

) i"./’”",’.’"‘_""'/-”/{ S P N T Aubin and A,
Celling, Differential nclusions: 9 J. ¢ ay
A eourse in funetios. IS8 L Trop iy,
e a.‘ i functiogal analysis: 3. 1,. Hormander

d naly s I parti: i { ;
T l))\l; Of p..xrtml :le[crcntml onperators
4D, .Lucckmq and LA Ry 1, Con
analysis . A funetion ] o Uniplex
T o 4 .\un(\umul analysiy approach: 5

CMNAL Ay inntotie o csis v
comclions wicp o B¢ analysis for mnteyrable

S with oregnlar  gipe 14 :
J Marsden and g, Weinstej "”h" s RIS 6.
Ste theary an My r]l'. (’.g'kuhm I 7. Mea-
1982 & p. Schapira pp \cations, Sherbrooke
in the pira, ..h(‘ro(hffcrentia] syste

the compley domaiy - N7 Q aroens

h ou..(“”. ....Shor, Minim;j-
crentiaple functiong

s No-

Infinite Dimensional ‘Sysl?ln?, rI;f—Cf-ur\serlag.
tes in Mathematics 1976, rb}i—ni‘,Tokyo, 1984
Berlin — Heidelberg — New Yor ¢ the  “Con-

These are the proce.edmgs o I pplica-
ference on Operator S?nugroups ax;(—“ P 53,
tion” held in Retzhof (Styria) June irended by
The works of the Confercuce wcre‘ a cnded, Y
42 specialists coming from 12 coun f1' 22. ne
volume contains the wntten‘vcrsxgn‘s oIt 2 con-
ferences presented at the Congress. e
a variety of topics related 111:1111le to di ential
and integral equations in abstrac_t ..s'pac.e. e
semigroups of operators and :fpplxcatlc'nm. ahe
papers contain iany interesting mnew results
and the book will be indispensable to all wor-

king in this area. S. COBZAS

and applications ; 10. T, W. Stredulinsky, Weigh-
ted inequalities and degenerate elliptic partial
differential equations; 11. L. Zeidler, Nonlinear
functional analysis and its applications III..
Variational methods and optimization.

Cambridge Univ. Press : |. J. D. Dollard
and Ch. N, Triedman, Product integration; 2.
S. Wagon, The Banach — Tarski paradox.

Akademse Verlag Berlin - L. H. Baumgiirtel,
Analytic perturbation theory for matrices and
operators; 2. (3, M. Henkin and J. Leiterer,
:l‘hcm'y of functions on complex manifolds ;
3. H. Reichel, Structural induction in partial
algebras,

Teubner Teye zur  Mathematip Leiprig - |
Algebraic 4 i iz N g; "
(Ii[r;crculliczll l;:t:(('>111::ltle‘fyer(;2<t]hd()t(’%,)IOIOgy o Global
Global analysis - Ayg) s}s - R.assms); >
'’ Rassing 5 - £ y on  manifolds (ed.
) » oo H. Junek, I,ocal!y convex space
u'nfl operator ideals; 4, S. 1. Kruschkal I<)i X
I«tnhnau, Quasikonfornye Abbildun re,a. alsl R.
.'\Lt(.‘z’l:?', Introduction to the theor 5{1, ; ’
elliptic ¢quations : ¢ Proceedi y o nonhnear
Intcrnatwnal Con,fer.enc oa OB of the Second
Ideals a:o)le ot ()])ex.'ator Algebras,
Physijes (Leipzig 19831)1' ;Caiiona " Theoretical
thematijes ; g H -y ‘S h st trends in ma-

T ociwarz, Banach lattices

and operators - 9. Tl i
_ $; 9. Th, “arti
Mmutatijver formaler Gruzggl:; Lartxertheorie kome



STUDIA UNIV. BABE

CRONICA

1. Publicafll ale seminariilor de cerectaroe
ale Facultdfil de Matematled (serle de preprin-
turd) Preprint 1—1984, Seminar of Functional
Analysis and Numerical Methods.

Preprint 2—1984, Scminar of Celestral
Mechanics and Space Research. . .

Preprint 3— 1984, Seminar on Tixed Point
Theory.

Preprint’ 4—1984, Seminar on Computer
Sciences.

Preprint 5—1984, Models structures and
dates processing. .

Preprint 6—1984, Intinerant Seminar on
Functional Equations, Approximation and Con-
vexity.

Preprint 7—1984, Variational Methods.

Preprint §—1984, Seminar on Best Ap-
proximation and Mathematical Programming.
) II. Participirl la manifestirl stilngifice orga-
nizate in afara facultifil

1. Al 1Il-lea seminar de spafii Fiusler,
Brasov, 9—15 februarie 1984 :

M. Tarin3, P. Enghig, Formalism
exterior in geomelria unui fibrat veclorial.

2. Consfdtuirea nafionald de cercelave-proiec-
tare asistatd de calculator, 1.C.1. Bucuresti, inunie—
iulie 1984 :

Gr. Moldovan, Gr. Muresan,
Gh. Pirdu, T. Toadere, T. T0kés,
Model matematic §i programe privind extragerea
sdrit prin dizolvare.

S. Damian, I. Parpucca, M,
Topliceanwu, Produs informatic pentry lesta-
rea placilor cu circuite inlegrate.

3. Al 1V-lea Simpozion Nafional de Aplicafii
ale informalicii in proiectarea $i cercetarea in
construcfii :

THAé\_"I Chisilitd, B. Parv, Programul
. 4. 4 Vil-a Consfituire a personalului de
la institutele de fnformalicd din refeana ME.L,
Gura Humordui, 30 iulic—35 august 1984 ;
oadere, Model matemati gt ’ ;
sdrii prin dizolvare. atic privind eatractia

A. Chisalita,
rdspunsului  dinamic
cabluri.

S. Damian, B,
Vincze, SIMPLOMCO

Chiorean,

I. Chior 3
; . ean, E,
Muntean, Gestiuneg memoriei lg sislc'm de

B. Parv, Anaiza
neliniar al  sistemeloy pe

Parv, P. Pop, M.

INTREPRINDE

Z2oh FACY
A TRES L
A 7,
CLUHAPICA
~N
08 yppuaTS

$—BOLYAI MATHEMATICA, XXX, 1985

baze de date de lip Socrate pentru wminicaleylg-
loare.

5. A XV-a Conferinfd Nafionald de Geo-
melrie si Topologie, Timisoara, 2—7 iulie 1984 ;

F. Radé, Caracterizarea semtiizometyriiloy
unui spafiv Galois.

A. Vasiu, Caraclerizarea grupald a une;
structuri de translafie cu elemente vecine.

V. Groze, A. Vasiu, Adsupra unor
aplicafii ale unui plan Galois,

B. Orhan, Transformdiri
wnui plan  proiectiv pappusian.

M. Tarind, Cimpuri Jacobi pe un spafiu
omogen §i elemente speciale ale algebrei Lie,

P. Enghis, [L-conexiuni recurente,

G. Colocviul Romdno-Japonez de Geometrie
Finsley, Iasi, Brasov, Bucuresti, 15—~ 25 august1984

M. Tarind, Invariant Finsler connections
on veclor bundles.

7. Reuniunea  Subcomisiei wr, 5 | Stele
duble” din Comista de colaborare nudtilaterald
a academtilor de sliinfe din (dri socialiste pe tema
\Fizica si evolufia stelelor”, de la Thilisi, U.R.S.S.,
20—-24 august 1984, care a avut doudl pirfi:

a) partea stiintifico-organizatorici, la care
V. Ureche, presedintele Subcomisiei a prezentat
raportul de activitate pe perioada 1982--1984.

b) partea gtiintificd, desfisuratd sub titlul
»»Stele duble i evolugin lor” la care s-au prezentat
comunicirile :

V. Ureche, A. Imbroane,
rolaling relativistic lincar stellay model.

I. Todoran, Apsidal motion in close
binary systems with wery cvolved components,

Reuniunea de lucru a Comisiei de colaborare
multilaterald a academiilor de gstiinfe din fdri
socialiste pe tema , Fizica si evolutia stelelor”,
Suceava, 25— 28 septembrie 1984. Au participat
V. Ureche si I. Todoran, l.ect. dr. V. Ureche,
presedintele Subcomisiei nr. 5 ,.Stele duble”,
a prezentat raportul de activitate al Snbcomisie'i
pe perioada 1982—1984 si proiectul de reorgani-
zare a acesteia. .

8. Colocviul de Mecanica Fluidelor si apli-
cafiile ei tehnice, lagi, 12—13 octombrie 1984:

T. Petrila, Aplicafii  ale melodei ele-
menlului finit la limitd in mecanica fluidelor.

L. Stan, Profilul concentrafiei surfactaniu-
i pe o picaturd liberd. .

9. Simpozionul Matematica §n stiinfele uns-
versului, Cluj-Napoca, 7—8 decembrie 1984 :

A P4l Teorii de miscare a satelifilor
artificiali ai Pamintului,

pdtratice ale

Slowly

e REA POLIGRAFICA CLUJ
Municipiul Cluj-Napoca, Cd. nr. 153/85
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Abonamentele se fac la oficiile pogtale, prin factorii pogtali si

prin difuzorii de presd, iar pentru striinidtate prin ,,ROMPRES-

FILATILIA", sectorul export-import presi, P.O. Box 12-201,
telex 10 376 prsfir, Bucuregti, Calea Grivitei nr. 64—66.
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