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ﬁ%‘%ﬁ?ﬁ,\ﬁﬁffﬁmf FLUIDE . TRIDIMENSIONALE - PRODUSE DE
. Prm. N MASA DE FLUID A UNUI CORP RIGID IN
REZEI\'],.@ EINUI PERETE NEMARGINIT

IR .. T PETRILA -
|

PR TR .
o4

_Studiul influentei peretilor uelimitati n miscarea plang ideala, i
presibila si potentiali a constituit obiectul cercetirilor né)astr::' aln::r'a' e 1
[2]’ [3]' [4], [5]. ;n ‘I.uv‘ 4 : 10are [1];
. I;rezenga lucra]re 151 propune extinderea metodelor, elaborate pentru mis-
can p a?te, a C]‘)‘u{ trldlmenswﬂa],_gelle'rahzare‘ fireascd cerutid de realitatea
inconjuratoare. Desigur ea nu epuizeazd toate aspectcle problemei, o apro-
fundare teoreticd, cu trecerea in revisti a tuturor detaliilor, impunindu-se pe
viitor. . .

In prima parte a lucririi, utilizind pentru solufia Neumann corespunzi-
toare o reprezentare prin potentiale newtoniene, se ajunge la un sistem cores-
punzitor de ecuatii Fredholm caruia i se pot aplica, cel putin teoretic, mectode
de jucru valabile si in cazul plan.

in partea doua a lucririi este utilizatd metoda cuplului de profile pentru
cazul peretelui plan nemirginit. In cazul particular cind profilul rigid este o
sferd, solutia se poate da prin teorema sferci a Iui P. Weiss [6], generalizare
a importantei tcoreme a cercului din cazul plan.

1. Formularea matematicii. Eeuatiile integrale atasate probleniei. Si con-
siderdm un corp solid rigid tridimensional, limitat 'de suprafata S, mobil intr-un
fluid ideal in prezenfa peretelui nemdrginit =; suprafefele S §i = vor satis-
face conditiile lui Liapunov. o ) . .

Vom raporta migcarea solidului §i migcarca corespunzatoarc a fluidului,
atit fa4 de un sistem de axetfixe Oyz;912,, Cit $1 1n raport cu reperul mobil Oxyz,
legat rigid de corp. Miscarea solidului va fi definitd, la fiecare moment ¢, prin
viteza ,(l) a punctului O si prin viteza instantanee de, rotatie w(t).

Conditiile la limita ale problemei vor fi:

— - , - - T
V, . nly=0 sau V.n|,=V n,
- =

cecea ce exprimd alun(;carea fluidului ideal de-a lungul suprafefelor S §i w, pre-

supuse impermeabile.

Vom avea apoi cond .
exprimind faptul ca {luidul este animat dc o vitezd
adica
' T lim VM, H=Val):. ,

r=OM~+©

ifiile asimptotiée, cum ar fi, de excmply, condifia
dati V() la mari distante
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In ceea i 7
-ea ce ne priveste, vom presupune ci Ve =0, adici fluidul egt
rgpatils l_a mf1_n1t ; In plus se admite continuitatea’ functiei ?(x L2, ) s © o
sia ierlvatelor sale de‘ordinul intii, in intregul domeniu al n{i'syéér'ii)hp'r;cum
n privinta ifiilor inifialé ‘ ' i l Wik
. privint condﬂ,:l}lor 1nifialé, care trebuiesc si ele. atasate acestej
bleme nestafionare, ele sint date, de obicei, astfel incit miscarea f| 'd'el Lo
11:otat.10naﬂla. Acea}sta circumstan{d -se - realizeazi daci, de exemplu ulsal'?ja fi
si fluidul incep miscarea, la momentul inifial 4,, din repaus. > Sodal §
eati S;a presiapunem, in cele ce urmeazd, cid miscarea fluidi are un caracterir
ational, fluidul ideal fiind considerat si incompresibil. Existenfa atunci a um(I:
s ; , & - ) i
potential ‘al vitezelor ®(x,, Y 21, t) = O(x, y, z, t), funcic armonici atit 'in ra.
port cu coorc}onatele reperului fix, cit si fafa de cele ale reperului mobil, ne vq
permite urmatoarea reformulare a problemei la limitad de mai sus (in ‘rai)ort cu
reperul mobil Oxyz): ' ‘ :

A® =0 in D;
do| — — —- -
Es = (v, + @ X )iy
‘ d |
l grad ¢ — 0,
r—+@o

ultima condi,tie fiind in acord cu repausul fluidului la mari distante.

Sintem astfel condusi la rezolvarca unei probleme Neumann, atasatd
operatorului lui Laplace, pentru domeniul tridimensional nemirginit D. B
Se verifici imediat indeplinirea condifiei necesare de existentd a soluiet
acestei probleme, adicd v
—_ T — — -
SS(V0 t o X )nde =0,
‘4 s

: — - ‘ Ce
. . .o . A b e.
oricare ar fi vectorii V,(¢) si o(f). Introducind de asemenea notatiile urmatoar

—- V. V, V, pentru componentele lui 170 pe axele Oz, Oy, Oz st

- la
V, Vs Ve pentru cele ale lui o pe aceleasi. axe ;
— n,, Ny, Ny pentru componentele versorului normalei 7 §i #,,
. - '-0 - . . .
celeale lui » X n fatd de aceleasi axe, t
condi}ia la limitd pe S se va putea scrie:

ao i .
—_— = ”p Vp',
an ;

1, 1g pEOETY

i

. 3 e t:
ctul P al ui S, dar 5 6

. e inzind de pun
imi geometrice depinzi p dente de punctul pal

unde 7, sint mir e : (
g functii de timp cunoscute, indepen

in timp ce V, sint
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Admitind acum ci existd functii P@)(x, ¥,z ) armomce m D astfel a' a0 _ n
S s ;3 FHRCHL IR, .

. doiP . s .
pe S si — =0 pe =, in timp ce grad (D(ﬂ se anuleazi Ia infiriit, daci se

H

-
! (R

O(x, Iz t) E Vy(t) - O#)(x, L2 z),

pune A

atunci aceastd funcfie ® va satisface tuturor conditiilor problemei, definind deci
miscarea fluida in exteriorul obstacolului S, in prezenfa peretelui nemirginit .
Prin analogie cu cazul bidimensional, solujia problemei Neumann tridi-
mensionale de mai sus se poate reprezenta sub forma unei sume de potentiale
Newtoniene de simplu strat . - TN o ;
O(x, y,2,t) = ES o9 doy + SS ”—(Q—d d,.. ‘
. 10 #70/]

¢
el

unde 7yp este distanfa de Ja punctul M(x, yz):la pu:lictuI de integrare Q iar
v(Q: ¢) si u(Q;?) desemneazi densitatea stratului respectiv. Derivatele normale ale
acestui potential, calculate intr-un punct Pe S si respectiv P € x (prin con-
tinuitate exterioard) vor fi: | - ' '

cos( ,PQ) -
(—"3) = 2my(P; 1) + SS Qi ) T2 oy 4
dn PeS 'PO
N N
" (_‘ PQ)
’ cos (1 - 1
+f 9 =T
s "o -
pentru P € S, tespectiv o
" cos (;', P—é)
D gy

(ﬂ‘:)m = 2mu(P; 1) + SS ()

dn Tpo

+ SS u(Q;t)’M

dr,, pentru Pe nb.

.
1

4'n cit i densxtatea u satisfac conditii de ,,tip
ulare cit gi pentru apli-

Arginit

- % atit suprafaja nem
1 §-a presupus C P tru existenfa integralelor sing

D. Przeworska-Rolewicz”’ suficiente atit pen
cabilitatea formulelor de salt [7].
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, vRezol\'ar_ea problemei la limitd de mai sus revine atunci Ia
de citre densitdfile v 'si' @, a urmatorului sistem de ccuafii integr
Fredholn de speta a II-a:

satisfacerey
- Nat §
ale singulare

', ' s

( trp. PQ) . PO)
, cos (n ., s (n,, P
2ov(P30) + (| (03 ) o= doy + ({wir ) e P g
s ’lPo = T rQ
—‘P s -—> ' —_> — !
< = (Vo(t) + w(t) X OP)np, P S )
- — - -
Co s T 0, cos (ny, PQ) . os (n,, PQ
2nu(P; t)—{— \S v(Q;2) ——%—- dog + SS w(0; 1) C_g(%ﬂ dro =
. . ~S . .rljo n . . - r;)o H
l ’ _ " =0, Penx

1.

Acestui sistem i se pot aplica metode de studiu analoage cu cele dezvoltate
de noi in [1], [5]. Solufia sa va genera solutia problemei propuse initial care,
avind in vedere reprezentarea sa prin potenfiale newtoniene, va satisface si
conditia la infinit. '

, 2. Cazul peretului plan nemiérginit. Si presupunem acum cid suprafafa
7 este o suprafajd pland nemdirginitd ; fie ea chiar planul z, = 0 in reperul fix
Ox 2.0 oo T : _‘ _ ,

Problema determindrii influenfei prezenfei perctelui nelimitat = asupra
migcarii fluide generate de rototranslatia rigidului S, ar putea fi atunci abordata
si prin metoda cuplului de profile dezvoltati de noi, pentru cazul bidimen-
sional, in lucrdrile [2], [3], [5]. ) i .

Sa considerim, pentru aceasta, alituri de rigidul S = §,, si snne'tr“l,c'ul sau
S,, simetric care executd, in masa de fluid ideal, o ,,deplasare simetrica com-
parativ cu cea a lui S, ; peste tot ,,simetria’’ trebuie infeleasa in raport cu planul
fix n. Odata rezolvati problema determindrii migcarii {luide generate de roto-
translatia simetrici a cuplului de solide simetrice S, si S, va fi solutionata
si problema, propusi initial de noi, a migcarii fluide generate de deplasarea
obstacolului tridimensional S = S, in prezenta peretelui plan nelimitat . Ll

Acceptind atunci ipotezele ficute deja in paragraful precedent, po'tenglatat
vitezelor @, in domeniul Q, exteriorul obstacolclor S, si S, .poate fi cau
sub forma

) (D=(p_l+d)g- R

.

N T : . Tl ' TR
unde functiile ®, si @, satisfac respéctiv, urmatoarele probleme la limita :

{AD, =0 in Q

. 6

: : T RO I (1

A0 | Vot & X Py = 2 VO
< dn, |S, . »=1 ..

a0 | _ o ’ (3)
d”.' sl’ v ! SRR BEFS (EHE

grad ®,—0 K

\(F—)
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.

§i T » .

(A®, =0 in Q |

d°”'=0 et i | .
dn, |s . .
& —_ —’f" e ' “in ' & {2) (2)

dn, |s - ( 0’ +O.) Xr )”g = E Vp (t) ny (3/;)

’ . p=1
’ grad ¢, —0
! k(r"—ooo) . -

In formularca de mai sus, cele dou probleme la limit3 au fost raportate la
Teperele mobile corespunzitoare, adici la Q'x'y’z’, reperul mobil legat rigid de
Si, si respectiv la 0”x"'y"z", reperul mobil legat rigid de S,. De asemenea,
remarcim cid scmnificatia tuturor. functiilor din ‘membrii drepti este identicd
cu cea introdusd deja in paragraful precedent; este evident ci, din consideren-
tele existente de simetrie, oricare din aceste functii, prezente de pildi in prima
problemd, se pot exprima cu ajutorul omoloagelor sale din a doua problema-si
reciproc. . - “ o
Interpretarca mecanici a acestor ‘ultime doui probleme la limiti ar fi
urmatoarea : prima ar corespunde miscirii fluide generate de deplasarca pro-
filului mobil S, in prezenga profilului simetric fix S,, in timp ce, in a doua pro-
blemd, S, si S, isi vor schimba rolurile intre’ele.

Este evident ci odata solufionatd una din aceste probleme solutia celei-
lalte se va obfine imediat prin considerente de simetrie. In sfirsit daci ®)
1,2, p = 1,6 sint solufiile armonice ale problemelor Neumann ,,atasate’,

corespunzitor datelor #Y, ¢ = 1,2, p= 1,6, pe frontiere, atunci, rafionind ca
$1 in paragraful precedent, functia @ cdutatd va admite reprezentarea

" 2 6 o -
O =) ;3 Vi of

i=1

'44 P B . r( cor . ,
Si considerim acum -cazul simplificat, cind obstacolele S, si ,53 sint
sfere de razi R. Fixindu-ne atunci asupra primei probleme la limita (3), vom

ciuta si o rezolvim aplicind o tehnicd care generalizeazd pe cea inspiratd din

aplicarea teoremei cercului, din cazul plan. - o
Fie deci g, un potential al vitezelor, a unei migcari fluide ideale, incompre-
sibile, irotationale, raportat la, reperul fix 0”x"y"z" si care este o functic armo-
nica .t:‘.i regulati in S,. Se stie.atunci [6], cd, oricare ar fi un;astfel de potential
iginal”’ tentialul - Lo
.,on.gmal @, potent. | ok (memy Ry
‘P=<Po+?1=%+7%(',",". :

o

. R
, Y 3
; ) - AR' L. 0 ,IA 'l y? - .
e 0 IR t

i implifi jerii dublul accent ‘‘pentru coordonatele
ru simplificarea scrierii du ¢ rtru
e oD g funcfie armonici ce satisface conditiei de alunecare

in reperul O''x"'y"’z"’") este o
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pe sfera fixa impermeabild, S, in timp ce ¢ — ¢ S€ comportd la mari djs.
1

tanje ca § > Dar atunci, daci am reusi sa-1 alegem pe Po alstfel incit potey.
tialul @ si satisfacd §i problemei (raportatd fata de reperul mobil O'x'y'z)
' Ae =0 in Q“”
: L4
r = Voemls )
grad ¢ =0 { '
7'— 00

am avea solutia ciutatd.a problemei (3)..
Cum insi solujia problemei (4) este

I

. H R3 e d - .o . ) - - . v A
o(M t) = _v?f Ve . 7', ea fiind unic determinati, abstracfic ficind deo
o . '/_ i .

constantd aditivi, determinarea lui @, revine la rezolvarea unci ecuafii integrale
liniare. Abordarea acestei ecuafii s-ar putea face considerind pentru functia
armonici ¢, -0 dezvoltare dupd polinoamele armonice omogene H,(x,y,2)¥;
intr-adevar se verificd prin calcul. direct cd dacd ¢, = H,(x, y, 2) avem

» o

n R‘2n+l

. “P.x.=

n4 1 2nt+l H,,(x, ¥, z)’
iar daci
. —_— Hn(X,‘.y, 2)‘ v
Po = s
va rezulta e
Sl
_nt1 1 '
P = n R2”+l I::["(x, Y, Z).

vConstr};lnd atunci §i pentru solutia ¢, a problemei (4), dezvoltarea cores-

~€:f::t°"‘r'? in seria de polinoame armonice omogene,. problema revine la rezol-
wnui sistem -algebric in coeficienfii numerici ai dezvoltirii functiei @o.

Broblema ar putea fi rezolvati mai direct observind ci conditiile impuse

asupra functiei g, in teorema sferei a lui P. Weiss [6], ar putea fi ,,slabite

daca l-am dcffmi pe @, Pri_n’urmétoarele ‘conditii : .
— P este o funcfie armonici regulati in interiorul sferei S, ;
~ % Ise = £(0, o), unde f este o functie continui dati pe S, ;-

(go e(site ) f.unctle.armonicé regulata in exteriorul sferei
2 (domeniu continind st punctul de la infinit).

-

’) I .. . - e
n cazul rotafiei unei sfere, fluidul fiind ideal, » nu joacd un rol efectiv.

%) Principala gifi P
pala dificultate ar consta in Imposibilitatea realizirii simultane pentru ¢, atit 2 regule-

TitAtii In vecinitatea originij
- ginii, cerut i i it si i '
tante, ceruti de sensul fizic al pr:bﬁz‘:lxeelil.“:tlm putea, Gepish aceat obsticol consiaennd PE %0

functie armonics ; ) m putea’ depisi acest obstacol considerind pe Po ca 0
4 In stratul sferic de raze ¢ $i 4, unde e este suficient de mic jar 4 suficient de

mare, ceea ce ar implica o g e :—_. 2' —1 + '—,_‘ : H,(» 2 l
czvolt : . '
) oltare de forn?a P = 1 w(%. 9,2} .
. AR ot

w=0
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O functie ¢, astfel definit}

o unctie @, efinitd ar re i i i
Dirichlet interioare §i a unei probleme DiIr)ircelife?ixgecﬁLa?lutla unel probleme
prmldetlfelAe comune f(6, ¢) pe frontiera S,; cu alte cuvintee,q;.m:;l?rgaf:r3 continuu
;)egu.a 4 1n intregul spatiu, mai pufin suprafata S, unde ea este doar Icnoltl.c? 3t
datr atunci, cu un g, astfel definit, urmind ‘procedeul lui P. Weiss VOI(:ln 'm: -
g eeriirrrslmsafe r(;ifgncge P, a?n{omcé st regulati atit in interiorul cit si igu;a

i care sati ' ' -
condiia 2 § s ace. pe qurafgt'fi S, (unde este doar continua)

fin dn |s T

e ]

Fie acum f(0, ¢), restrictia lui ¢, solutia emei

. ¢ > P), res _ 2 tia problemei (4), la sfera S,. Rezol-
vind atunci problema Dirichlet interioari pentru sfera $,, c31 datele f(9, fp) = o|s
sintem condusi, in mod univoc, la o functie ¢, armonica si regulati in S.. Con-
siderind atunci prelungirea prin continuitate a functiei ‘9, in exteriorul sferei

f, (c}lf: fapt solujia problemei Dirichlet exterioare cu aceleasi date pe contur),
unctia

R

o~ R~ (Rx RY R 2 ~ [ WNr 2 Nz .

q’l—‘Po"}““‘Po(', :/7»7)—E§)‘%(7."—f'.7d7\ (5)
. P ,

va satisface conditiile la limitd cerute atit pe sfera S, cit §i pe sfera S,, fiind

solutia cautatd a problemei (3). '

Rezolvind analog si problema la limitd (3') vom avea imediat potentialul
vitezelor ® al miscarii fluide generate de rototranslatia simetricd a cuplului
de sfere simetrice si deci al migcdrii fluide induse de deplasarea unei sfere
S =S, = S, in prezenta peretelui nelimitat =.

Tn cazul “particular al miscirilor fluide idealé, incompresibile, irotationale,
axial simetrice, migcarea fluidd poate fi determinatd prin funcia de curent a
lui Stokes, §,. Considerind atunci,'de pildd, migcarea ﬂvu@a,' axial simetricd in
jurul unei sfere rigide in prezenfa peretelui plan, nemdrginit, fix , perpendi-
cular pe axa de simetrie a configuratiei (un diametru al sferei), functia de curent
a acestei migcari va fi ciutatd in clasa functiilor [8]

b= balr8) — 5 %[5 €]

i i leme Dirichlet relativ la

i % apalog, ca solufia unei problem j
:fl‘lfg ¢:1£21? : fe1 gﬁgizggizasferei gfiind restrictii ale sqh}’;xgl ugmdalte P;;)blfgrzr}e
Dirichlet pexﬁru semispatiul superior z, =~ (admitind ci domeniul fizic

ocupi chiar acest semispafiu).
(Intrat fn redactie Ia § januarie 1979
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SUR L'ECOULEMENT TLUIDE TRIDIMENSIONNEL PRODUIT PAR LA
ROTOTRANSLATION DANS LA MASSE DIi FLUIDE D'UN CORPS RIGIDE EN
PRLSENCE D'UNE PAROIL ILLIMI’I‘I'L

(R ésum é)

On_donne un bref apergu sur des possibilitées d’étude pour l'influcnce des parois illimitées
dans le cas des écoulements fluides idéaux tridimensionnels, en utilisant des techniques introduites
déja par l'auteur pour les mémes probléines mais dans le cas plan. :

Dans la premitre partie du travail, utilisant pour la solution du probléme Neumann, auquel
on est conduit, une représentation par des potentiels newtoniens on obtient un systdme correspor-
dant d'équations Fredholm de deuxiéme espéce, auquel on peut appliquer les “méthodes de travail
valables dans le cas plan.

Dans la deuxidme partie on développe la méthode du couple des profils pour le cas de l:
paroi illimitée plane. Dans le cas particulier oit le profil rigide est une sphére, la solution s'obtien
directement par le théoréme de la sphére dii.a P. Weiss. .
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' FLOW OF A DUSTY GAS IN A ROTATING CHANNEL
S. K. NAG® and X. DATTA® o

_ 1. Introduetion. Soo [1] initiated the study of the flow of Dusty Gases
tuakmg some assumnptions regarding dust particles which considerably simpli-
fied the cquations for velocity: fields of the fluid and dust particles.

In the present investigation, we have studied the flow of a dusty gas
through a channel with arbitrary time varying pressure gradient in a rotating
frame of reference. The flow of a dusty gas in a rotating medium has some
bearing on the pollution problems as well -as on the motion of aerosol over
the rotating earth. We have discussed the results for two particular cases, e.g.
when the pressure gradient changes impulsively and when it changes in an
accclerated manner. It is found that the velocities of the gas and the dust
particles decrease with increase in either rotation or mass concentration of
dust. However, the secondary velocity components increase with increase in
mass concentration of dust when the pressure gradient changes in an accelera-
ted manner. . o

2. Equations of the Problem. Consider the motion of a dusty gas within
a parallel plate channel Z = 4L in a rotating frame of reference such that
the channel and the gas are rotating in unision with a uniform angu-
lar velocity Q about the z-axis. The channel is considered to be infinite, so
that the physical variables are functions of Z and ¢ only. The equation of

continuty for the incompressible gas is 5’ -—q.= 0 which gives w =0 everyw-
here in the gas; t; = (4, v, w) being the velocity of the‘ga§. The equationt of
conservation of mass for the dust particles is given by (Saffman [2])

N . . - Y

%T+ A (qu) =Or

. . LR - = y . the
where N is the number-density of the dust parh?lesl,a,nd gp = (ttp, Vp, Wp) 1S
velocity of a dust particle. This is satisfied, if we take N = N,, a constant
(cf. Saffman [2]) and w, = 0. The equations of conservation of momentum
for the gas and the dust particles in a rotating frame of reference are given

by (cf. Gupta andPop [3])

,ﬂ:._la_/’.{_‘vf'i_*.zgv_kﬂ(up_u), )
ot (] lax . '.:az' - KI,V . .

B oQu+ (v, —7), @)

ot azy [

o2 Ko ) +2Qu, 3)
& m : 3
' _ Ky — ) —2Qu,. (4)
at. m

: i i logy, Kharagpur, India.
* Department of Mathematics, Indian Institute of Technology
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In the above equations, m is the mass of a dust particle, K is the Stoke’s
resistance coefficient, p is the pressure of the gas, v and p are Tespectively
kinematic viscosity and denmsity of the gas. - - . S

Introducing non-dimensional variables

]

Uy = v:v1= ’ Py — » P

L UsL
v. “ b V. = vpL ,
v . v v .

)

T=2,9=2, 8=2, pr=t2, l

the above equations (1) — (4) become
u

u , :
S = F(T) o+ 52 + 280+ ol = ), ©)
v, _ 3 L
—ﬁl,= 3_71: - 2E“'1 + f9(vp, — v1), (7)
P v(u, — u ) -+ 2Ev 8)
aT . 1 P o 2%
v - ©
- ; = ¥(v; — vp) — 2Euy, ©)
where E = 2 (rotation parameter),
v
N ) ) A
/= —'%’- (mass concentration of the dust), (10)
KI? . .
V= (relaxation time parameter of the dust),
and — 2 _R1), (1)

SO

F (T) being an arbitrary function of the time representing the sudden
change in the pressure gradient which causes the motion.

Initial and boundafy conditions can be written as

“1=‘Ul=“p,='0p,=0 for T=0,
“1=7’1=Q at'l)=:t1 for T>01 l
o _ &

Yy
]
on an ..a' n=0 v

(12)



FLOW OF A DUTSY GAS IN &' ROTATING CHANNEL 13
3. Solution of the Problem. Multlplymg the equations’ (6) — (9) by

cos a,v, where

..'\".'. . SV

=Gty (13)

and the integrating within the hmlt 0 to l usmg the conthxons (12), we get

[

-

1
dT , ( a . F(T) + 2Ev, — a"ul +fv(u, - ul) (14)
% = — ZE'E] - a,z,'l-ll + f\l(‘l_)pl — 1—)1)' (15)
di
Z2 = v(@, — up) + 2Evy, (16)
d"p; e _ 9Ea (17)
ar = (9, — 9p,) — 2Ed,,,

where the finite cosine transforms are defined as

1 1
#y(n, T) = S 4, cos am dy, Tn, T) = Svl cos 2,7 dn,
0

0 8 R XA (18)

-
—

1
Uy, (n, T) = S Uy, COS @y dn, Ty (0, T) = \ vy, COS a1 4.
0 0

i

l .
The inversion formula for the transform #; = S %, cOs @,y dv can be shown
’ 0

to be

u, =2y wyn, T)cosa,m, - (19)

n=0
and similary for vy, %, Up,

From (14), (15),

aH _ (=" g(T) — (at+ LEVH — f(H — B, (20)
A .
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and similarly from (16), (17),

G — V(H — h) — 2Eh,
dT

N
where H = %, + 19, h = %, + v,

Taking Laplace Transforms of (20) and (21), we get

s + a2+ %2E)H=""LF _ p(@ - %),

(s + v+ 2E)h = vH,

where
W

a0
H =S He—TdT, T = S he—sT dT,
0

0

F= SFe—sr dT.
: J

From (23), (24),
=0 + v + 2HE) ,
a,(s — a)(s — b)

(—1)» vF
an(s — a)(s — B)
where

a
b

J= =3[+ + 5+ 4B F (@ v+ - 4a3v}%]-

@)

(22)

(23)

(24)

(26)

(27)

(28)

Using convolution theorem for obtaining inverse Laplace Transforms of

(26), (27), we get

a,(b — a)

T
(=1 . '
7= : S F(T — A\)[(d+ v + 2E)e™ — (a + v + 26E)e2]d), (29)
1]

r
—1)»
o= =D S (e — e®) F(T — 2)d.
) ~

ay(b ~ a)

(30)



FLOW OF A DUTSY GAs IN A ROTATING CHANNEL

15
Applying i i . )
0) begc})) n);e g mversion formula (19) for the.‘,cosme'transforr‘ns, equations (29),
% + iy =9 ”ZE:O Py {S}-‘ — N + v + %UE)e —
C at v+ 2tE)ea ]Jl}}cos a,mn, @
i @ (—1y” ' T
Up, + 1y, = 2"};0 alo—a [SF(T — A)(e? — e"’-)dk} oS a,. (32)

The velocities given by (31) and (32) has been examined in detail for two par-
* ticular cases of initial pressure gradient.

4. Particular Cases. Case 1. Pressure gradient changes impulsively.
Here we let

F(I) = AH(I), (33)
where A is a constant and H(T) is Heaviside unit function defined by

H(T)=0 for, T<o,

34
=1 for - T>0. (34)

Substituing the function F in (31) and (32) and evaluating the igtegrals,
we get

4y + ivy = 28H(T) 3 [_‘—"—— {a(b + v + HE)eT —

ne=0 a)ab
—b(a+ v + 2E)aT + (b — a)(v + 24E)} cos a,;q] (395)
(= T _— besT + (b— a)}cosa,m
-+ iop, = 20H(T) 3 [ = 0 (4 + (b—a)} ]

Separating real and imaginary parts from (35) and (36), we obtain

S (=1 (b7 4. — g-ATay) cos 2ET —
u1=2AH(T);[(TJ:—{(e oT g, — e=AT,) cos

— (¢-PTbs — e~4Tb,) sin 2ET + Ray} cos a,,nJ, (37)
20H(T) 3 [‘ D® ((e-27by — £~47b,) cos 2ET +
n=0 38)
+ (¢~BTas — e-4Tq,) sin 2ET — Rb,} cos a.v;J, (
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e e [ '—BT —AT : v
. (=" Be _Ae ) R
uy, = —2AH(T) };o[ - {(B 5 T ) OS2ET =
=T e " ) in 2ET Ra, }cosa ]
— m—— sin — al |,
2E ( B* 4 4E*  A* + 4E? wew 4+ b K 39)
o~ | (=D B~ 5T _ Ae—AT ) in 2F
v,, = 2AH(T) Z=0 l R ‘( T T e Sm2ET +
e—BT e—-AT ) 2ET _ Rb, ‘ ]
SRR ( FERTRRTIT-Y A T e (40)
where
. ( N
R=0>b—a= —{(a® + v+ fv)? — 4a2v}?,
: ) 1
4 =§[(aﬁ F v ) =@+ v+ ) — 4a3v}?].
1
& =L@+ + ) + e+ v+ o~ sa37)
(41)
a, = alv — 4E?, by = 2E(a% 4 v + fv),
= a + 2Eb, b = 2Eq, — vb,
oa+e Y

Ay = 1 hand Aa2 + 2Eb2, b3 = 2E(l2 + Abz,
| 2= 1= Ba, + 2Eb,, b, = 2Ea, + Bb,.

The non-dimensional components of shear stress on the wall y = 1 in the
%- and y- directions are respectively by

!

%, = —2AH(T) E[-}‘; fle=BTay — ¢-47q,) cos 2ET —
n=0
—(e=BTby — ¢=4Tp,) sin 2ET +- Raz}], (42)

T, = 20AH(T) Y [% {¢=BTby —e=4Tb,) cos 2ET +
n=0

+ (aye~BT — g,e-AT) sin 2ET — sz}]. (43)

3

The non-dimensional resultant shear stress on the wall is given by

= NELE, (+4)
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Case 1I. Pressure gradient changes in agp accelerated manner.
F(T) = ATH(T).

In (31) and (32),

Here we let
(45)
substituting for the function F and integrating, we get

#y + v, = 20H(T) 3 (ﬂ—{(v + 2E)T(b — a)ab

n=0 | a,(b — a)atp?

+ @b + v + AUE)ST — B0 + v 4 24E)eeT

+ (b— a)[ab + (a + b)(v + 2E)]} cos a,;q), (46)
[
. _ (.._ l)ﬂ
ty, + 10y, = 2AH(T) go(——-—a”(b Y {Tab(b — a)+a%"T— b2esT + (b2 —a)} cos a "l]
(47)
Separating real and imaginary parts from (46) and (47), we obtain
u, = 2AH (T) E[‘ V" (RTa, + a5 — - a5+ Rag} cos a n] (48)
n=0
vy = 20H(T) 3 [‘“” {RTb, — b + by— Rbs}cosa n] (49)
n=0] &
= =0 [ RTa, — a }cos a,n|. (50)
upl—-ZAH(T)”Z:o o R {al+b’ + ag — ag + @44 ]
[ (—1)" [ RTS, _ b l 51
vy, = —ZAH(T)Q[ o R {a’+b’+b by + lo}cosau"l (81)
where
2, = (v— By 5T {(Bt — 4E?) cos 2ET — 4BE sin ‘7FT}
(B + 4B
(v—= Be~"" (B2 — 4E?)sin 2ET + 4BE cos 2ET},
bs = ——
(B + 4BV
2y = (v— A)e=4T {(4* — 4E?®) cos 9ET — 4AE sin 2ET},
(4* + 45’)’
_(v— ) {A' — 4E?) sin 2ET + 4AE cos 2ET},
bo - (A’+4E’)’ . . }
- A 4 B)by + 4La
a; = b){l— A+B)a’+4Eb2} '+b' {( + )3 :
("1 +0
A + B)b, + 4Eas},
—_ {l—(A+Baa+4Eb2}+(:+b:){( +
T +b

2 — Mathematica 4/1980.
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I —-BT ¢+ ..~ . . ey - ,
oem T 2 AT2) L _ . y ‘
. as=m{(B 4E?) cos2ET 4BE51n2E.T\,,l. .
oo . =BT . P BRI R
S _Ec__:L_) {4BE cos 2ET + (Bt - 4E?) sin'2ET),
( 1+ o2\2
c_AT l:.‘ . ,
{(' = m {‘-‘12 - 4E2) cOoSs ZEI - 4AE Sin ZET},
—A"T i
N by = mi{-ifllf cos 2ET + (A2 — 4E?) sin 2E T},
_ _ A*— 4 B'— 4L
i N GO T myamy
_ lbm = 4AL _ 4BE . (52)

(42 + 4B (B? -+ 4BV

The non-dimensional components of shear stress on the wall n = 1 in the
%- and y- direstious are given respectively by i .

A

5, = —2AH(T) > [-]’? (RTay + a5 — ag + Ra,}], (53)
5 = —20H(T) 3> (L (RT0, — b, + by — Rb (54)
y R { 2 s T b \ 7} .

¢

oo ¢ .
The non-dimensional resultant shear stress = on the wall is given by

ERCEES 5

5. Discussion. In order to discuss the effects of the concentration of the
dust particles and of the rotation, we have presented the dimensionless velo-
cities at the non-dimensional time T = 0-2 in figs. 1 to 8. The results for the
first case, when the pressure-gradient changes impulsively, are given in figs.
to 4. It is observed that for fixed value of the rotation parameter E, the velo-
cities of the gas and the dust particles decrease with increase in mass concen
tration f on the dust particles. For a fixed f, the velocities of the gas as We
as dust. par:ucles decrease with increase in rotation parameter E. o

Figs. 5 to 8 present the velocity profiles for the second case, when the
Pfrfessur.e-gradmnt changes in an accelerated manner. It is observed that the
r‘i\hzc;:f t]:ie I °tat1°n.Pal‘ame‘cer E is to decrease the velocity as in the first Ca:::
trationc%}l flrly ;elomty components increase with increase in the mass CO%‘; -
onents de e dust particles. On the other hand, the primary velocity
ponents decrease with the increase in f as in the first case. ’



Fig. 1. Primary Velocity Profiles of gas when pressure gra-
dient changes impulsively, for different values of f, E at
T = 0.2.
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Fig. 2. Secondary Vélocity Profiles of gas when pressure
gradient. changes impulsively, for different values of f, E
at T = 0.2
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Fig. 3. Primary Velocity Profiles of particles when pressure
gradient changes impulsively, for different values of f, E at
T =0.2
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Fig. 4. Secondary Velocity Profiles of particles when pres-

sure gradient changes impulsively, for different values of
S, E at T =02,
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Fig 5. Primary Velocity Profil f
y Profiles of gas when pressure gra-
dient changes in an accelerated manner, for different \'alg\:es
of £, E at T = 0.2.
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Pig. 6. Secondary Velocity Profiles of gas when pressure

gradient changes in an accelerated manner, for different va-
lues of f, E at T = 0.2
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The non-dimensional
s resultant shear stress
, T -at =
been presented. in, tables 1 and 2 corresponding to ihetgfvovzzlsle: ;n]eihtz‘e,::

case, it is found that ¢ decreases with increase in either for E

-

o, B Table 1
The pon-dimensional resultant shear stress . for various values of f and E (T =02
E=20 . ' f=02
f 0.1 0.2 0.3 E 4.0 6.0 8.0
< 0.20328 0.19396 0.18565 < 0.18109 0.16110 0.13600

v ' + Table 2

’

The non-dimensional resultant shear stress © for various values of f and E (T = 0.2)

E =02 ’ . . f=02
. — ‘
f l 0.1 0.2 03 , E 40 | 60 80
x ! 0.02551 002442  0.02344 | + | 002350 002206  0.02023
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MISCAREA UNUI PRAF DE GAZ iN ROTATIE
) (Rezumat)

" P . intr-un

i i migclrii unut fluid, de genul prafulm de gaz, ia

canal ;n lu:r :ire Setpﬁ}f;n ﬁﬁisgl;;gfﬁaég ;resiune care variazi arbitrar in timp, folosind metoda
rotatie dato. 3

transform atel Laplace.
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CONSIDERATII NUMERICE PENTRU MISCARI CU REACTII CHIMICE
PESTE UN DISC IN ROTATIE

10AN STAN si CALIN GODEORGHIU*

$n doui lucriri anterioare [1] si [2] am incercat stabilirea prin mectode
pumerice a profilului concentratiei pentru scurgeri cu reac}ii chimice peste un
disc in rotatie.

Lucrarea de fati are drept scop studiul comparativ al metodelor de-
scrise in [1] si [2].

Astfel, scurgerea peste o suprafatd este deseori insotitd de procese fizico-
chimice in timpul cirora, in general, corpul isi pastreazi forma si structura.
in aceste condifii difuzia componentilor citre i de la suprafatd are o mare
importantd. Reactiile chimice pot avea .loc numai la limita de separare a celor
doui faze — reactii eterogene, sau in masa de fluid — reac}ii] omogene, dato-
1itd cdrora concentratia variazi rapid in aceasti zoni, difuzia reactantilor printre
produsii de reactie avind aici un rol foarte important.

Unele lucrari recente investigheazi scurgerea peste o suprafatd cu reactii
chimice, luind in consideratie numai difuzia moleculari in stratul limitd. Asa cum
am aritat in [3, 4] barodifuzia este un agent mecanic care impreuni cu difuzia
moleculard cauzeazad modificiri in profilul concentratiei reactantilor.

Vom stabili profilul concentratiei pentru scurgeri peste un disc in rotafie,
cu ajutorul unei metode cu diferenfe finite si comparativ §i cu metoda tirului
cu pas variabil, luind in considerare efectul barodifuziei, pentru un amestec
fluid bicomponential atit in cazul reactiilor eterogene cit si omogene.

L. Ecuatiile eec guverneazii fenomenul. Fluidul fiind considerat incom-
presibil ecuafia continuitdfii are forma:

v-2=0 (1.1)

unde v reprezintd viteza scurgerii. Presupunind scurgerea permanenti a unul
fluid viscos ecuafia migcirii a lui Navier-Stokes este :
dv 1 -
— = ——vVp + vAv (12
dt p

unde p presiunea, v viscozitatea cinematici iar p densitatea.

) Daci notim cu ¢ concentrafia unui component, ecuafia continuitafii aces”
tui component este

=—y-1 (1.3)

&)

® Institutul Politehnic, Cluj-Napoca.
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unde + este fluxul de masi al componentului si este dat de relatia

+ = —[DVc — kVp) (1.4)

D f{iind coeficientul de difuzie i dif
. . .. « » w m ] a i i
coeficientii fizici constanti inlocuire: f;;u 1(?2) ;';r (l; (g)ento)eaii(;' v Fresupunind

@ - v)c = DAc — kAP (1.5)

ecuatia difuziei unui component cu luarea in considerare a efectului barodifuziei

Alegind axa Oz in lungul axei d i i di
) Jung e rotaie a nunui disc plan infinit, ce se
roteste cu viteza unghiulard constanti o, condifia de ader%nti la sufnafata.

g;s',cuhu impune urmitoarele condifii la limiti, considerind coordonate cilin-
1ce )

z2 =0, v,=0, v9=r0, v,=0

Z = 0, v, =0, 25=0, v, = —m

unde m este o constanti ce se va determina ulterior.
Scurgerea hidrodinamici in jurul unui disc a fost studiati de W. G. Coc-
hran [5]. El a ciutat soluii de forma

b, = roF(Y),  ve=76G(Y), v =ywH@), p=—ewPl) (16

unde

(/2 (1.7)

A4

{p vecinitatea discului F, G, H sint de forma

1 1 1 Bobo
F = af— 20— bl -5 — Lt (gt

b a® b,
G =1 +boz:+§a.,c3+,l2(a°b°~1)““Tsc“— §6+Z§)§'+"' 9

1 1
H = —aocz—*-%ca-{- %boc‘+§(—)bncs+l—s—oaoc.+ .

unde a, = 0,510 iar b, = -—0,616.. . .
Grosimea stratului limiti hidrodinamic este

o5\ o

miti hidrodinamic creat peste un

a Sﬁat‘lm h a adim&ﬂsiona-la (: 3,6.

- itAtii erioare
astfel ci extremitdfil SUPET! punde coordonat

disc in rotajie uniformd ii COTeS
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9. Eeuatiile difuziei. Ecuatia ((1.5) in coordonate cilindrice se scrie 6]

K ac 1 g% n
dc vo __ai .ic.= g% _?2:- .l..—- —,—)_ki )
v — + palier + v S D(az, o + S Ty ae (2]
cu conditiile la’ limitad-
z=0, ¢=0; 'z2=00, c¢c=¢ (2.2)
considerind ci ecuatia chimicd estc¢ rapida.
Presupunind ci solufia este de forma
¢ = ¢(z)
si introducind noua variabild g, obtinem ecuafia diferentiald
| ¢ —Sc-H(Y) ¢ 4 KSc-f({) =0 23)

unde K = kpw iar Sc = Z)‘L s

f(§) = Pi= H"*({) + H(Z) - H"(Y) — H""'(Y)

Incazul in care ludm in considerare si o reacfie omogeni care are loc in
masa fluidului, in membrul sting al ccuatiei (2.3) apare un termen de forma
—M - ¢(f), unde 0,01 < M < 0,1 estc un termen cc caracterizeazi aparifia
reactiilor chimice omogene. Avem astfel ecuatia reactiilor omogene

¢’ —Sc-H(E) -’ —M-c;+ K- Sc-f({),=0 (2.4)

Grosimea stratului limitd de difuzie este dat de relatia [7]

5, = 1,61 (2)*“ \/_v,
v [5)

care pentru numere Schmidt cuprinse intre 0,1 si 10? poate fi aproximati de
valoarea

8, = 0,05 - 8

care arati cd grosimea stratului limiti de difuzie creat la scurgerea peste un
disc in Jotatic uniformd reprezinti 59, din grosimea stratului limita hidrodina-
mic. Tinind cont de telatia (1.9) avem

80 = 0,18 \/l

deci ext{emltgtli superioare a stratului limita de difuzie ii corespunde coordonat2
adimensionali

. =0,18

Limitindu-ne la studiul profilului iei 1 imits de difu-
zie, condifiile la limitx 2.2) é)er\?i:l ului concentrafiei in stratul limitd

8=0, ¢=0; ¢=018 c=g (2.5)

?;tfile:a scurgerea unui fluid viscos peste un disc in rotatie uniforma ‘conduces
Ce priveste reactiile chimice, la o problems bilocald liniari. '
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3. 0 metodi eun diferente pentru’ ealeulul

blemei bilocale liniare (2.4)- -profitului - coneentratiei. Pro-

9) 1 se ataseazi schema ‘cu dlterente '
Cipy — 20j+c Se. H €11
oS KO——;~e—Ma+K Se - fig) =0, (3.1)

la termenul in T8,

unde j = IN, & =0, 18/(N + 1) pasul retelel iar H(Z) este dat de ( 1.8) trunchiat
Conditiile la lnmta (2.5) se transcnu in forma '

Co =__,0, CNypy = 1 .(32)
Schema cu diferente (3.1) cu condijciﬂe (3.2) se scrie in forma matriciala
astfel N
L4.C=r (3.3)
unde |
o F(&) g
C C & 1
C = 2 7= f(.z) ( KS)( h)+
4 —2+ H(Zy)
Cy F(%w) o4
a —d 0 . 0 0 0
—bl az —dz O 0 0
A=1 . i i i e e e e e e e e e
0 0 0 —by—y  aw— —dn-1

6 0 0 .. 0 —b  ay
iar clementele a;, b; §i dj ale matricii 4 au forma
A =112 pg 35
b=1+20 5= 1143 EQ). 4=3 1 SHG) 65

= = ,1
Pentru » = 0,02, numérul Schmidt S¢ =1, constantele KX = 0,01, M=0 .

sint satisficute condltule (8]

v " p—— I‘: E{ 3.6
;lH(C,-)|> I j=1N . : ¢ (36)
si Lo ‘
v la] >14i1 >0,
<N~ 3.7)
.la;l>;lb,-l+ld,-l_ 2<j<N-—1
Jayl > lby| >0

. Ny je unicé.
deci schema cu diferente are o solufie
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Pentru diferentele dintre solufia exactd §l aproximarea teoreticd (eroare,
de trunchiere) respectiv solujla exacti §i aproximarea numericd (eroarea localy
de rotunjire) au loc majorarile

M, + 2p*M, O I
|c(C,-)—c;I<h’(T€——“) 7=0,N+1

Y — C; 2 Mo+ 20° My L(i) =1, N +1
le(G) — Gl < W 0. + = 2. 7J=1N+1

unde Q =0,1; p = 0,03; M, =tm[ao)1{] le(8) ], M, = Km%ﬁ]lclv(m I, ¢(%) solutia
problemei (2.4)—(2.5), ¢; solutia ecuatiei cu diferenfe (3.1) —(3.2) iar C; aproxi-
matia numerici a solutiei ¢({) pe nodurile §; j = I,N.

Schema cu diferente folositd are deci ordinul doi de exactitate.

Sistemul (3.3) devine in conditiile de mai sus un sistem algebric liniar de 8
ecuatii cu 8 necunoscute. El a fost rezolvat fiind programat astfel incit si se
apeleze in programul principal, scris in limbaj FORTRAN, la doud subprograme
aflate in biblioteca matematici a calculatorului rerLIx C256 i anume RESOL
si REBAN. Calculele au fost repetate apoi pentru M = 0, cazul reactiilor omogene.

Tabel 1
Concentratin c/c, pentru scurgeri cu reactie

n eterogeni omogeni
0,00 0,000000 0,000000
0,02 0,110985 0,111044
0,04 0,222050 0,222164
0,06 0,333186 0,333346
0,08 0,444375 0,444569
0,10 0,555596 0,555803
0,12 0,666812 0,667011
014 - 0,777983 0,778149
0,16 0,889064 0,889165
0,18 1,000000 1,000000

Valorile concentratiei pe cele 10 noduri folosite la integrare sint date “;
tabelul 1, ele reprezentind concentratia in diferite puncte ale stratului limita ¢

difuzie, cind in acest strat nu au loc decit reactii eterogene (prima coloand):
spre deosebire de valorile din a doua coloani care semnifici concentrafia in ace
leasi puncte ale stratului limit de difuzie, dar in care au loc reactii atit omogere
cit s1 eterogene.

Se observa ci, desi mare coeficientul M (M = 0,1), reactia omogend inf rlillle
enjeazd foarte pufin profilul concentratiei in stratul limiti de difuzie, valo

« L 1
corespunzatoare ale concentratiei pentru cele doui cazuri diferind doaf de
zecimala a patra din cele sase exacte obfinute.
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. . UL en pas varjabi} n —
Aceastd metodi consti in a rezolva probfmg%iﬁég‘lgullin?mnlulm Sy

(2.5) transformind-o in doud probleme ¢y conditii initialearé neomogeni (2.4)—

{c" ~Sc-HE) ¢ ~M.c= =K. Sc. f(p)

¢(0) = 0, ¢(0) =0 Y

; g (4.1a)
{c"—Sc-H((C)-c'—M-c:O | 42

¢(0) = 0, c0) =1 (: éa;

care integrate numeric ne day e C,; .. . ) , )
probleme] (2.4)—(2.5) pe no durri)le #+0 - Cy respectiv Cy, j=0N: solutia

’

=0 L= +j-h; j=01,.. N h=018-0N (43

fiind datd de relatia

Ci=Cy+0.-Ci+S,-C;; j=0N (4.4)

unde '
Si=(1—Cw—0-Cw)/Coy 4.5)
Conditiile la limiti se reflecti asupra aproximatiilor numerice in forma

CO = O' C N= l' 0
Metoda tirului cu pas variabil [2] consti in continuare in a rezolva cele
doud probleme cu valori initiale (4.1)—(4.1a) si (4.2)—(4.2a) transformindule
in cite un sistem de doud ecuatii diferentiale cu doui functii necunoscute de
ordinul intfi. Pasul refelei va varia (se va injumititi) in asa fe lincit in nodurile
in care Ja un moment dat procedura se opreste solufia si fie aflati cu precizia
dorita, impusi apriori. In acest fel se poate intimpla ca nodurile pe care s-au
calculat solufiile celor doud sisteme de ecuatii diferentiale provenind din tran-
sformarea lui (4.1)—(4.1a) §i respectiv (4.2)—(4.2a) si nu coincidi.

- Dificultatea se poate inlitura folosind formule de interpolare cu un grad
de exactitate (dorit) potrivit pentru a gési valorile aproximative ale solutiilor
pe nodurile ce nu coincid. . S . N

Cu relatia (4.4) se poate afla atunci valoarea aproximativd a solufiei pro-
blemei (2.4)—(2.5) cu gradul de exactitate dorit. o . o

Pentru rezolvarea unui sistem de doud ecuafii diferentiale cu doud functii
necunoscute ciruia i se atageazi conditii inifiale se poate folosi, de exemplu,
un program existent in biblioteca matematicd a falculatorulul Felix C256,
program ce rezolva o astfel de problemi printr-o metodd Runge-Kutta modificatd
de Gill, folosind pasul variabil pentru obfinerea preciziei dorite. o

Cazul in care in masa de fluid nu au loc reactii omogene se prezintd ca un

caz particular al celui discutat mai sus (M = 0).
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Pentru a rezolva, ecuajiile stratului limit3 de difuzie cu.§i fara. reactii omo-

gene avem de rezolvat urmatoarele patru sisteme de ecuai;i%, diferentiale :
Ci(0) = Co0)
CyY) = Sc - H(L) - Co(T) + M . Cy(¢) — K - Sc ()

cu conditii inifiale o
CI(O) =0, Cz(o) =0
Ci(0) = Ca(8) ,
{CQ(C) = Sc - H(T) - Co(¥) + M - Cy(T)~

cu . S - N
C1(0) =0, C,(0)=1
[Ca(T):= Cy(X) , .
Cy(0) = Sc - H(¥) - C4(Y) — K - Sc - f(¥)
cu

C,(0) =0, C,0)=0 .
si in fine

‘C;(C) = Sc - H(Y) - Cy(X)

CiD =GC(Y) . ,

cu
C(0) =0, Cx0)=1

Rezultatele obfinute in urma ruldrii programelor sint date mai jos.

‘Tabel 2
‘ Coneentrafla c/c, pentru scurgeri cu reacfie
4 . eterogeni ) omogeni-
- 0,00 it 0,000000 0,000000
0,02 ., 0,110004 0,110004 i
0,04 0,220016 0,220022
0,06 0,330036 0,330055
0,08 0,440064 0,440111
0,10 0,550100 0,550193
0,12 0,660144 0,660303
0,14 "+ 0,770201 0,770454
0,16 "~ 0,880267 0,880631
0,17 0,935300 0,935751
0,18 1,000000 e 1,000000

. Comparing tabelele 1 si 2 se. remarci "o buni coincidentd a rezultatelof
obfinute prin cele doui metode.

% Ay < iet - etied e
De asemenea se observa inci o dati influenfa micd a reaciel omogen
asupra profilului concentratiei in stratul limiti de difuzie.

. e 1979)
! (Intrat tn redactic la 12 nolembrie 1
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NUMERICAL METHODS FOR THE FLOWS WITH CHEMICAL REACTIONS OVER A
ROTATING DISK
. (Summary)

Numerical methods ‘are applied” to the establishment of concentration profile in boundary
layer. Barodiffusion equations are applied i the boundary layer of a rotating disk and the presence
of a chemical reaction between fluid and disk are considered. Heterogene and homogene reactions
are discussed. Dt ' '
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ASUPRA APROXIMARII FUNCTIILOR DE DOUA $I MAI MULTE
VARIABILE PRIN OPERATORI LINIARI $I POZITIVI

C. MANOLE
1. Fie R, = (0,0) si R+ = [0,00). Si notim cu §, spatiul‘ liniar a]

functiilor f: R} — R, de tip exponential. Mai precis, f = 8, dacid §i numai dacy
existd constantele A € R, si B € R, astfel incit pentru orice x € R, si avenm

- O IfR) <A -ef
Prin S,: 8, — 8, notdm operatorul lui Favard-Szész
k
(Suf)x) = e 3 2 4 2) )
iar prin S,, »: 8, — 8, notim operatorul
— ) R o (m) (")’)’ 7
m " X, r e—(mx+ny) — L 2
)% 2) DD M (i) ¢

in [4] se dau e.xpr.esu ale restului din formulele de aproximare ale functiilor
de una si doud variabile prin operatorii S, si Sm .. Unul dintre rezultatele
gasite in lucrarea citatd este reprezentarca restului din formula de aproximare

flx) = (S.f)(x) + (R.f)(#)

cu diferenfe divizate. Mai precis,

(RJ)(x)=—§.e—nx§M[x, SR f]. 3)

=0 k! n

Extinderea la doud variabile se poate face in modul urmitor :

TeorEMA 1. Restul (R, af)(%,y) din formula de aproximare
f(xy) = (Smaf)(%, 3) + (R, af) (%, 5)

este dat de
O (mx)s i i+ 1 ]
(R of) (%, 9) = —— —».,E ( tv') [ - i L, s (4)
=0 1=
- (ny)i f J+1. 4
ny Z. .
"¢ .2_ [ n ' ny
% 2 i+ 1 h
2y D2 : "m’ om
— 2L . e~(mz+ny) ("‘x) (”J')’ . f
LE y, L, it
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Toitl

m'm D e
e =[RS e

¥, Z, 1+1 :[y,~ Pl f(x,y)]]
n [ y

14

x,

)

este diferenta divizatd bidimensionald

a funcies f(x, i denti
Aceastd reprezentare rezultd din (3) 1i89) be pnctdl 10 by cuidenya.
D. D. Stancu (a se vedea {3]

st din formula (11. a a
| . 159). a (11.3) dati de citre
TEOREMA 2. Operatorul S,

mn S€ poate reprezenta prin

0 L 2 d
—B, ® ’ m’ m'”"—»—; X
(Smnf), ) =2 201 - s fFy ()
i=0j=0fy 1 2 z
a1 ’ ”' ”""’

n
Demonstrarea acestui rezultat se poate face dezvoltind in serie tunctia
e~(m+m) si punind in evidenfd coeficientul lui x'y/ din produsul seriilor.

Mentiondm cd in.cazul operatorului lui Favard-Szdsz, S, un rezultat
analog cu cel de la (5) a fost stabilit de cédtre A, Lupag in [1].

2. 1n lucrarea [2] a fost introdus operatorul

ENE=5 [0 L 2o 25 ]l

atasat unei funcfii f € 8,, unde ‘pentru fiecare n fixat, polinoamele A;(%)
verificd relatia

Apa(2) = ke AP=4(z) n=1,2, ...

Acest operator s-a folosit apoi péntru aproximarea funCEIEI f %resupusa;ac%rgf;-
nui pe [0,a], @ fiind arbitrar, dar pozitiv. Ne propunem, in continuare,

o extindere la doui variabile a unor rezultate stabilite in lucrarea citata.
Pe spatiul liniar §, se definesc operatorii

L,,,',, H f"’ Lm,'ff 5
Prin .
ll

’

. i,
. i
0, ™

"; f|dBie ) ©)

BN =55

t=0 s O,

e
a s

. ) ) e
unde Af,’;,',,(x, y) sint polinoame de doud variabile

8 —~ Mathematica 4/1980.
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Fie K(ts)o functle nenegativd, definitd §i integrabild pe D = [0, 11 x [o, 1
cu proprietatea cd

IS)\ K(t,s)dtds = 1

In cele ce urmeazi

At ) = ([ K 5) (5 4+ ) [y + 2] auas )
m ”
D
Sirul (A4 ) )1 este un sir de polmoame Appell de doud variabile in seunsul cj
24%7 (2,9) A aasl (x, ) ;
P = A (5 ) st R = g A (%, )

pentru fiecare # §i m numere naturale fixate.

TEOREMA 3. Operatoris L,, » definifi la (6) sint liniari §1 pozitivi, cu pro-
prietdtile :

(Lom, neo,0)(%, ¥) =1 ®)
(Lo ner0) (%, 7) = % + — SSt-K(t, s)dtds 9)
(Lo, n01)(x, ¥) =y + = ({s-K(t, s)deds (10)

(L, ne22)(%, ¥) = 2% -+ y° + (2 + V)K(, s)dtds + (11)

RS
ey U_/ﬂ
k/ﬁ

+ —”{ S( (28 + I)K(t, S)dlds'_*_ lz \S (t + p)I{(t, S)dtds +

D

+ 2L (s + K, aas

D
unde Coolth,v) = 1, ero{t, v) = %, eoa(u,v) = v 5i ezal, v) = 4* + 0%

Demonstratie. Din (2), (6) si (7) avem
Tas N2, 9) = (( K, )(Smnf) (54 5 5 + =) s o
”» n
: D
ceea ce arata ci pozitivitatea lui S, , implici pozitivitatea operatorului L.

Deoarece  (Sm,x€00)(%, 3) = 1, (Sp, ne10)(%, 3) = %, (S, nton)(%,3) =% §i
(Sm a022)(%, ) = 2* + 3 4 2/m + y/n, formulele (8)—(11) se objin din (12)
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TEOREMA 4 Dacd
fess, (0, a} X [0, b] wnde a5

s iy este continug _
b sint mumere poziltve arbitrq “d pe H =

re fixale, atunci
lim || f — _
Jim iif L. fy =0
unde || - || = max|.|
H

Demonstratie. Avind }

n vedere ci in conformitate - i
form e 1 e cu (8)—(11) avem uni-

im ||f—L,.fll =0
" -

dacd f(x, y) reprezintd pe rind functiile eoa(%, ¥), e10(%,¥), eon(x, y) §i ean(x, ¥),
tezultd, in baza unei teoreme a lui V. I. Volkov, (a se vedea [5]) ci atunci
“cind m, » tind spre infinit sirul operatorilor (6) converge uniform pe H citre
functia f.
. In continuare ne vom ocupa de evaluarea ordinului de aproximarc prin
operatorul (6) a unei functii f presupusi continui pe H. -
n acest scop vom face uz de modulul de continuitate al functiei f care
se defineste astfel |

o(f; 8, &) = max |f(2y, y2) — f(x1, 31} |

unde 8, > 0, &, > 0 iar (x,, y,) $i (% ¥,) sint puncte din H supuse conditiilor
|2y — 2, < 8, $i |32 — M| < 8, Ne va fi utild urmitoarea.

TrOREMA 5. Fie M o muljime compactd din plan. Dacd T,: C(M) — C(M)
estc un operalor liniar §i poziliv cu propriciatea c@ T,eo0 = Coo atuncs
L 7.0 24 | T R (/; 8 8)  (13)
1 = Tl < (1 5 QeI g U TRl 2 3

unde Qut, x) = (t — %) Riry) = (=35l || este norma wuniformd din M.

TrOREMA 6. Dacd f € &, este conlinud pe H are loc incgalitalea

”f— Lm,n/” < CM,n“) (fr -‘/—];n:' -‘/i;':)

wnde Copo= (1 JaF T+ FEI) — (¢ — y) Din (8 5i )
Demonstratie. Fie Qalt, x)={t— )t si Ryfr,y) = (=%

avem i . dids
g = =+ = (e + 2K )
(L"': "Q‘l(t’ x)) (x‘y) ”m n E)S

far i (10
e ((L) Ryte, Mo, ) = £ 55 (o oK A
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Pentru (%, y) € H, se obfine” . - . .
1 2 .
1Lin0sll < 2o+ 2
si

2
| Ly Rell < i(b + —)
ct e ” 7”n

fn conformitate cu (13)

ufTLm.nf||<(1+%l\/m[ + =)+~ \/%(b+§])w(f; 5, 3,)

slegerea §, = J —_—, 8y = .~ conduce la inegalitatea din enunj.
n
in incheierea acestui paragraf mentionim ci existi operatori liniari si
pozitivi de forma celui de la (6) cu proprietédjile enunfate. Astfel, pentru

eH'S
K{t, s) =
(e—=1)
operatorul corespunzitor este
i o—(mx+ny) ® 2 i+1 i+1
Lm e ( (mx 4+ 1) — (mx)
e D o T

(ny + 17+ — (g *! )f(-i- , —J-)
(j + 1)l

m n

3. Rezultatele stabilite se pot extinde, fird dificultate, la un numir. oare-
care de vanabﬂe

Astfel, ‘daci se considers functia f = §,, operatorul

L”I»”ﬁ. Xy ”S: 8: - 83

‘va fi
(L : = Y P
( o.,...,i,f)(xl» ceer %) =i,2=.0 oo i,2=o Duf.. o g A':.»: (% - o0ox) ..(14)
unde
0, l 4 '_2— ) ’ 2" ] '
ny ”y ”y
Dg' '_"0"3= . ’ f
oL,2, &
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este diferenta divizaty s- -dimensionalz
3y coer By
A cee g (%1, ..., %,) sint polinoamele.

As (52 - ) = SS SK(fn ot (x1 + -;-]" (x; + i)‘i dtl,_-. dt,
) ‘

Pe punctele puse in evident3, iar

Kty ..., %) > 0fiind o functie definitd si mtegrablla pe hlpercubul D 0 < t. < 1
(k =1, s) - cu propnetatea .

. j { (ke Wyl =1

s

v

Se pot enunta teoreme analoge teoremelor 3, 4 si 6. Astfel avem
TEOREMA 3'. Operatoris L,,, Jn, definifi la (14) sint Liniari § pozitivi, cu
proprictafile S
(Lng, n, ..o ng)) (%1, %oy 200y ) =1

(L"h ”,,‘..., ne t})(xb x2’ . .-.., xs)'= xj + 7]' SS ce gtj . I{(tl, tz, P ts)dtf. .".'dts,j—'——_,—;

S
(L"u"-- cony Mg 2’ t}) (x!l Koy o ey xs) =
Jﬂ

S 2 S 1
= = @+ DK, - .., b) dby. . dt, +
=nHath lg)g {25+ DEG :
5.1
— &+ Kb, .. )y .. dL,
+]El ’2SS .( j+ 1 1

3

TEoREMA 4'. Dacd f <8 esic continud pe hz'perpamlelipz’pe.dyl H, =
= [0 «E]'x [0, a ] X ... X [0,a,] unde a;, ..., 6 sint mumere pozitive arbi-
trarc , f'i;a‘te at;ani ;irul L,.l - [ converge umform pe H, cdtre funciia f cind.

", .. , By = 0.
TEOREMA 6’ Dacif €8
lul de comtinuitate al funciies f atun

1
—Ln,,...,n,f” < Cu,,...,ns(’) f:‘:/‘”——x" 'J'—";_, ....,ﬁ) ,

8, este continud pe H siof; 8, ..., 9,) este modu-
¢t are loc megalztatea

unde .
2

Co ooy =1 +}:(a,~ + —2—)

J=1 )
(Intrat fn redactie la 21 decemb rie 1979)
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ON THE APPROXIMATION OF IFUNCTIONS OF TWO AND SEVERAIL VARIABLES BY
POSITIVE LINEAR OPLERATORS

(Summary)

The aim of this paper is to investigate the approximation properties of some lineac positive
operators. For instance, if Sm» is defined by (2), then the remainder is given Ly (4). Likewise,
Smas may be represented by means of divided differences as in (§).

Tinaly, the opetators Lms, m, # = 1, 2, ... defined by (6) and (7) are considered aad studied.
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SADDLEPOINT OPTIMALITY CRIT

PROGRAMMING IN COMPLEX SPACE WY ERIA OF NONLINEAR

. THOUT DIFFERENTIABILITY
DOREL L DUcA ., . .

)

Eitroduction. Consider the prdblem

. Minimize Re Sz, 2) (1)
subject to S . '
ze X, gz, 2) €5, Mz, 2) =0, (2)

where X is a noncmpfy setinC* S is a polyhedral cone in C* f: X x X
_— ) ’ A X .X — C,

& X X X—C" and h: X x X— C». 4

. Abrams R. A [1] has given Kuhn-Tucker type saddlepoint optimality
¢nteria for a nonlinear programming problem in complex space. In the proof
of the necessar optimality condition it is essential that the functions are ana-

: y
lytical. ' . .

In this paper, some saddlepoint optimality criteria without differentiability
are given for Problem (1)—(2).

2. Notation and Preliminary Results. Let C*(R") denote the n-dimensional
complex(real) vector space with Hermitian (Fuclidean) norm || .||, R} =
= {x/x = (%) € R*, x;2 0, j = 1, ..., n} the non-negative orthant of R*, and
Cmx» the set of man complex matrices. .

1f A is a matrix or vector, AT, A, AH denote its transpose, complexCOI:-
jugate and conjugate transpose respectively. For z = (3), w = (w;) € CR s
{z, w) = w¥z denotes the inmer product of z and w, Rez=(Rez)
denotes the real part of z and Imz = (Im2}) € R" denotes the imaginary
part of z. _ i

If X c C* then X = {z= (/2 € X} and —X ={z € ("/—2 < X}.
- is a polyhedral cone if it is a finite intersec-

: ~
The nonempty set S in C each containing 0 in its boundary, i.e.

tion of closed half-spaces in C"‘,

NH, . w el ReCw,uy 20 k=19
S =:D| H,, where Hi = {v / x '
The polar S* of the nonempty set S in C™ is defined by

S*={ueC"/ve S = Re(n,v) 2 0}.
If S is a polyhedral cone (3), then .
' intS={veCn/ReCo, ) >0 k=11 dh
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or equivalently, ) _ o o
T itS={v Cn/();(: u'e S5* = Re'('v,l‘u}. >0}
and int S # 0 iff S* () (—S*) = {0}.
Let X be a nomempty convex set in"C” and let S be a closed convex
cone in C™. The function g: X X X — C” is said to be concave with respect
to S if for any z, w < X and 0 £ A £ 1:

eDz + (1 — Nw, 22+ (1— Np] — 20, 2) — (1 — Ngw, o) < S.

The function f: X X X — C is said to have convex real part with respect to
R, if it is concave with respect to —CR; = {x € C/Rex £ 0}.
If x=(x;), y = (y;) € R", we consider .
x Sy(x<y) il % £ yi(x; <y;) for any j € {1, ..., u},

x <yiff x £y and x #y.

. . q . ‘
LemMa 1. Let S = () Hi, be a polyhedral cone in C*, let k<(l, ..., q}
k=1 <
be fixed, and let X be a nonemply convex set in C*. If g: X X X — C™ is con-
cave with respect to S, then the function h,: X X X — C defined by the formula
hy(z, w) = —<g(z, w), 1) for all (z, w) e X x X,
. oy ; e e i R L
has convex real part with respect to R, . .t
Proof. The function g being concave with respect to'S, we have
g+ (1—Nw, 4+ (1 —N@]— Agz,2) — (1 — 2g(w, ) S

for all zvweX and 0 §’)\ <1
[ q.; - ' . .
Since S = »ﬂ {fve C”/Re (v, n,> 2 0}, it follows that -

e=]

Re {g[ha 4+ (1 — Nw, 22+ (1 — N@] — Aglz, 2) — (1 — Ng(w, @), 1> 2 0,
or equivalently, . .
Re{Mu(z, 2) + (1 — Nhy(w, B) — &, [M + (1 — Aw, 3 + (1 — NB]}2 0
hY

for all z, w € X and 0

A .= 1. Consequently, %, has convex real part with
Tespect to R,. = q Yy Ay P

.LEM.MA 2. Let A e Ctxn B & (Cix» and D e Crx» pe given maltrices, ZQ)It}f
A being nonvacuous. Then exactly onc of the following two systems has a solution
) Re (42) >0, Re(Bz) 20, Dz=0, zeC*

) A"u 4 BFy 4 DHy — 0, ue R peR, " weC(.
u = 0, 2 20, R

cof
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Proof. If 7=« + 3
Y, A = 4’ + 'A" ' .
. ER"; ’ ’” .- , v (2 '.,B=B : 7] _ ’ syer
'Exy(l o A% A" € Refn Brope g po. Iy D":}eﬁ,’D‘D-HD.
em (I) is equivalent to the real system: . = ° J*7), then the sys-

(4’ — A")(;)> 0, (B — B,,)(;) 3
(0 — D)(;’) =0 @ D=0, nyem (4

. C
t i

By Motzkin’s theorem [5], either 4) has' a sol.ufcion x, ¥y < R*, or

(47 + (BYfo + (D'frwr + (D)t = 0
—(4")Tu — (B")Tv — (D""YTw + (D')Tw? = 0 (5)
#u20,v20 2, wteR. L
has a solution (u, v, @, %?), but never both.

Since the real system (5) is equivalent to the system (I1), where w =
= w* 4 12 the lemma is proved.

Lemma 3. Let X be a nonempty comvex set in C® let fy: X X X —C™
k =1, 2, 3 be vector funclions having convex real part with respect to R, k=1,
2, 3, and let g:C" x C*—C? be an afine vector function. *
If the system.: '
Re f,(z,2) <0, Refy(z,2) <0,
has no solution z € X, then there exist 3 € R™, k =1, 2,3 and p € C* such

Refy(z,2) <0, g(z2)=0," (6)

that .
(7\1; )‘2; )‘31 P-)l # O' N (7)
and

Re[(W)7fi(z, ) + (¥ fele ) + WY fz, 2) + ue(2,2)] 2 0, @)

Jor all z € X.

— 1,2 8and ¥
Proof. Let o, = @x(%, %), k=1 2, i
Teal vecto{ functigns of 2n variables x, ¥ € K",

= %, ), 7 = 1,2 denote the
dt]fined'by the formulas:

orfx,9) = Refilt + 9 5= ),

for all (x,y) €Y = {(x,y) = R2/z=x+i < &) .
x4y, ¥ ), for all (x,y) € R2»,

E=123;

hix,2) = Re gl

and .
(x + 4y, x — 1y), for all (x,9) € R,

'\‘Jt'.(xl J’) = Iln g



D. I. DUCA
42

System (6) has no solution z € X iff the system
?l(xb y) < O' q’ﬁ(xr y) s O' (Pa(x, J’) § O: (9)
({)1(%, .’Y) =0, ‘P‘.’.(xi y) = Ou

has no solution (x,y) € Y.

Since Y is nonempty and convex, the real vector functions ¢,, £ = 1,2,3
are convex on the set Y, and the real vector functions ¢, and ¢, are afine
on R, the hypotheses of Corollary 4.2.2 in [§] are satisfied, thus there exist

M¥e R™ k=1,23and s R, j=1,2 such that
(», A, 08, ul, ul) #£0, (10)
and
(W)T @4(%, ¥) + ()T 02(%, ¥) + ()T @a(, ) + ()7 di(%, ¥) + ()7 9alx, ¥} 20
for all (x,y) €V,
or equivalently,
Re[(W)T f,(z, 2) + (0T fulz, 2) + (W)T fulz, 2) + o g(2,2)] 2 0

for all z € X, where p = p' + p® € C%.
This proves the inequality (8). Fromn (10) follows (7) and lemma is proved.

3. Results. TurOorREM 1. Let X be a nonemply convex set in C®, let
q —

S= ,ﬂ H., be a polyhedral cone in C™ with nonemply interior. Let f: X X X —C
=1

be a function of convex real part with respect to R,., let g: X X X —C™ be con-
cave with respect to S, and let h: C* X C* — C? be afine.

If 2° is a solution of Problem (1)—(2), then there exists (x, u®, v°) € R, X
X S* X C?, (7, 4% v°) # O such that

| Re(g(z® 2%, «°) =0, (1)
Re[zf(29 2% — (g(29, 2%, u) + (A(2° 2°),v)] <
< Re[t/(29 29) — <g(z°, 2°), u% + (h(*, 2°), v%) ) < (12

S Re [1f(z,2) — Cg(z, 2), #% + Chiz, 2), 0],
Jor all z € X, uw € S* gud y e Cr. |
Proof. Let z° be a solution of Problem (1)—(2). Then the system
Ref(z, 2) — f(z%, 29)] < 0
Re[—(g(z,2), u,y] S0, k=1,..., ¢ Lok
hiz, 2) = 0,
has no solution z « X,
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In view of Lemma 1, the h
. , ~Aypotheses of I,e
there exist © € R,, \ = (A) e R and 90 e C? suglnlia:i are satisfied. Thea
‘ A %0 (14)

and
Re {<fte,2) - s )= 2 h e ) O e 9 2 0
for all z € X.
7
Since %0 =§ M, € S* it follows that

Re{v[flz, 2) — fz°, 2)] — Cela®, 29), #°) + Chiz, 2), v} 20 (15)

for all z € X.
By letting z =2° € X in (15), we get that Re{g(2* 2°), u®» 5 0. But
since #® € S* and g(z% %% €S, we have Re (g(2° 2°), u® 2 0. Hence

Re{g(z° 29, #°) = 0, which is the equality (11).
Now, from (15) and (11) and the fact that'z° is a solution of Problem

(1)—(2), it follows that
Re[+f(z5, 29) — (g(z°, 29), % + Ch(z0, 29),9%)] <
Re[+f(z, 2) — <glz, 2), 4% + Chle, 2), v,
for all z € X, which is the second ineguality of (12).
Since g(2°, 2°) € S, we have Re(g(2", 2%, 4y 20 for all # = §*, and since
, 2°) = 0, it follows that
Re[tf(z", 29 — <g(z°, 2%, ) + Ch(z% 2°), 03] =
< Re[rf(2°, 2% — <g(z% 2%, * + <Mz, 2°), %) ]
for all # € S* and v € C?, wﬁich is the first inequality of (12).

1t remained to show .that (v, % v°) # 0.

a) If (r,v° # 0, we have (7, u" °) # 0.
b; If ?:- "; =0, from (14) it follows that A = (A,) #0. If u° =0, we

get that the system
g
S a =0 A=(N) 2 0,

k=l

has a solution. Then by Lemma 2, the system
Re (¢, u,) >0, k=1,.

has no solution ¢ € C”, which contradlcts int S # . Consequently

the theorem is proved.

.9
#°® # 0, and
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-THEOREM 2. Consider Problem (1)—(2), and let the hypotheses of Theorem 1
be satisfied. o
If in addition
i) there exists 22 € X such that g(z', zl) st S and h(z}, ) = 0,

and
ii) 0 e int {i(2,2) [z € X},

then a mecessary condition for z° to be a solution of Problem (1)—(2) s that
there exist w! € S* ! € C? such that

Redg(z9, 29, u') =0 . . (18)
and . )
Re[f(z°, 2°) — <g(2° 2°), uy + <A(2° 2°),v)] =
< Re[f(s% 29) — <glz%, 29), w + Ch(z*, 29), 3] < (1)
< Re[f(z, 2) — <{glz, 2), w*> + (h(z, 2), v*) ], .
fJor all ze X, u € S* andvé.C’.“ |

... Proof. In view of Theorem.1, there exists (7, %°, 'u°) € R, X S* X C?,
(v, 4° 9% % 0 such that (11) and (12) are satisfied. '
We shall show that if © = 0, then a contradiction arises. Let T = 0. Then

.

(u°, v%) 0, ' (18)
and from the second inequality of (12) we have
0 2 Re[—(gls, 2), 4 + Chlz, 2) v9y] for all z < X. . (19
In view of Condition i), there exists 22 € X such that h(zt,21) =0 and
0 # u = S* = Re{g(z,21), u) > 0. (20)
By letting 2 =2 €« X in (19), we get that \
o 2 Re{g(#, 22), u%).. (21)

If u° # 0, from (20) it follows that Re{g(z!, zl) u") >0, Wthh contra'
dicts (21), therefore #° = 0.

Since #® = 0, from (18) we have »° % 0, and from (19) it follows that
Re(h(z, z), v% 2 0-for all z € X, (22)

Since O < int {h(z;2) [z = X}, there exists & > 0 such that B(0; 8) = he
={C/IltI <8} = {h(z,2) |z = X}. Let 0<a<8/||o°]]. Then
point £°= —av°® belongs to B(0; J), hence exists a z2 .« X such'that® = —®
= h(z%, 2%). By letting z = z2 € X in (22) we get that
Rech(z®, 2), v%) = Re¢—a®, v = —a|]09]|2 2 0,
which contradicts the fact that v° #0 and a > 0 Consequentlv >0
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Dividing (11) apg 12

= (1/1)2° « C? we get (16) gnctl)y(l‘;? 0 anq setting 41 = (I7)ue « 5%, 4

-THEOREM 3. Let X pe 4 nonempty. set.in C»
C" B X X X >t angly g be a closed conyeyy soms in Cm. '

If there exist 20 « ¥ . < R, w0 < % 0. G
. " ’ +9 » VO S CP such that ©~> 0-q d th
inequalities (12) hold Jor all » e X, 45 augy < C?. then 20 i:a sal:t:an o;
Problem (7y—(2) . _

e X X B g X x X

Proof. From the first inequality of (12) we have
Re[{g(z°, 2%, u — yoy 4 (=0, 2%, v° — 93] 2 0

(23)
for all 4 & S* and y « 2. _
By letting u = 4% e S in (23), we éet that
Re{h(z° 29, £y 2 0 for all ¢ C#,
therefore o
h(z°, 2% = 0. (24)

From (23) and (24) we obtain
Re{g(z% 2%, w) 2 Oforallw =4 — u° « S*, ‘e
g(zoa 20) € _(S*)* = S:,

therefore z° € X is a feasible solution of Problem ( 1)—(2).
By letting # =0 € S* and v =9° « C? in (23), we get. that
>

Reg(z9 29, 4% =0, (25)

because #® « S* and g(z°, 2°) = S, and hence Re{g(z°, 29, 4% 2 0.

i —(2). Re{g(z,2), 4% 20
i lution of Problem (1)—(2). Then
and hI((zetz")z—P % aFi'i)aI;Ibtlﬁess?econd inequality of (12) and from (24) and (25) we
have

0 30y
Re tf(z, z) = Re[1f(z, 2) — gz, 2), #°> + {ifz, 2), v0)] go Roe [tf(z°, 29
—{g(2% 2%, u%) + (h{z% 29,00 ] = Re 7f(2°, 2.
Si = 0, we have Ref(z,2) Z Ref(z%2%),ie. 2%is a solution of Prob-
ince ©>0,
lem (1)—(2). - |
TaporuyM 4. Let X be a nonempty setin C*, let f1 X X

& losed convex cone in. C”' .
O B K X K O S e O such fhat the inequalitis (17) hotd
/. i/ the;e( emg gl i ]fs' (f“ﬁ then 20 s a solution of Problem (1) .
orall ze X, u ’ ’

= C*.
. 0=yl € S*andv® =o' €
Proof. Apply Theorem 3withtr=1>0% et S 16, 199

X=Cg:XxX~
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DT S

CRITERII NEDIFERENTIALE DE TIP PUNCT $A, DE OPTIM, IN PROGRAMAREA
NELINIARA IN DOMENIUL COMPLEX
(Rezumat)

Se dau criterii nediferentiale de tip punct sa, de optim, pentru problema de programare
neliniard in domeniul complex
min Re f(z, z)
in conditiile
ze X, glz,d)eS, H1 =0,

unde X este o submulfime nevidd a Ini C", f: X X X C, g: X x X > C™, h: X x X = C#, iar
S este un con convex inchis din C™.
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APLICATII cU ITERATE ¢ — CONTRACTII

I0AN A, nus

0. Introducere. Fie K e

gral neliniar de tip Volterra C([@,b]X [4,5] X R). Considerim operat orul inte-

f:Clab] = Clab], x — f(®)

unde

F)) = g K(tsx(x)ds, ¢ € [ab] ,

?n continuare presupunem cd funcfia K satisface la urmitoarea conditie Lipschitz
in raport cu al treilea argument

IK(t,s,u) — K(t,sv))| < Llu—v|, Vs < [ab], up € R; L>0.

In aceste conditii aplicatia f se bucuri de urmitoarele proprietifi:
a) Operatorul

f(Clab], 1] - Hle)— (Cla,b), |- 1le)
este Lipschitz cu constanta, « = L{b — a). Prin || - || am notat norma lui
Cebisev.
b) Notam prin
5l = max [0k, <> 04 <K

o normi Bielecki.
Operatorul

f:(C(1a, 8], 1] - 1le) = (Cla, 8] 11 - 1)

L
este Lipschitz cu constanta e

Deci existi > 0 astfel incit f este contractie.
¢) Operatorul f*, # € N,
S £ (Cla, 81, 11+ 1lc) < (Cla 21 11+ o)
b — o)
este Lipschitz cu con§tanta ay=—"" "

N, astfel incit f* este contractie.

i existd # € .
heest < a sugerat diverse probleme dintr-

Acest exemplu
abstract §i anume:

un punct de vedere
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Problema 1. Dindu-se o mulfime X si f: X _'.X o aplicatie. In ce cop.
ditii asupra lui X i f existd o metrici 4 pe X astfel incit
F: (X, d) = (X, d) si fie contractie

Pentru anumite solutii date acestei probleme a se vedea C. Bessaga
[1], R. D. Holmes [3], V. 1. OpoiZev [7], I. Rosenholdtz (9],
I.A. Rus [11] (pag. 83--84). __

Problema 2. Fie (X, d) un spatiu metric. O apliga,tie, f(X,d)— (‘{ d),
se numeste tare-contractie dacd pentru orice ¢ > 0 existd pe X o metrici dé'
echivalentd cu d, pentru care avem|

A(f(x), f(y)) < edi(xy), Y2y € X
Se pune problema studierii proprietitilor aplicatiilor tare-contractive.
Aceste tipuri de aplicatii au fost introduse $i studiate de K. Goebel
3] si [4)-
Problema 3. Fie f:(X,d) — (X,d) cu proprietatea cid existi p < N, astfel
incit f? este contractie. Si se studieze f folosind o raetricd de forma

Cdg(xy) = dxy) + ad(f(0).f) + ... + apod(fP1(2), 7))

unde a,, ..., a,_; sint numere reale nencgative. “ L
__ Pentru rezultate de acest tip a se vedea W. Walte r[_ﬂZ] Menfionam
ca Walter cousidera aplicatii de tip Lipschitz cu proprietatea ci existd o iterata
ce este contractie.
5 In prezenta lucrare ne propunem si studicm, dupa modelul propus in [10],
‘urmato area teoremad. ' .
TrorEMA 1. Fie (X, d) un spajiu metric complet 5i f: X — X o aplicafie.
gresupmzem ca existd p € N, o, b: R, — R, astfel incit s
(a) o si ¢ sint comtinue - ‘ T
(b) @ s1 ¢ sint monoton crescitoare
Q) e0) <7 V7305 b() <7, V7r>0 si §(0) =0.
(d) » — o(r) > +o0
(e) pentru orice x,y € X

d(f(%), f(3)) < & (d(x, )
Af(x), foy)) < old(x, 3))

st
In aceste conditii
(i) Fy = 4x*} .
(i) oricare’ar fi z, = X, sirul aproximatiilor succesive, x, = f*(%), # < N,

este convergent i are ca limitd pe x*
(iii) are loc estimarea

Ay #) < 0=1(o" T (24, 23)

unde prin [-;] s-a notat partea intreagd a lui =.
?
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ca are un punct fi ; A e .
S P IX unic, Aplicatia ¥ comutiz?éeg:lmf 2([2113] dé’;r glloldlriziﬂti
, arul 1.1.1.,

pag. 12) rezultd ci fare up punct fix unic. Maj mujt
. u ,
F/ = Ff’ = {x*} '

(% + (i13). Fie 2, € X. Notx
o J . L. otim X, = f»
[10] rezultd ca sirul (fre(y » = f*%,). Pe baza teoremei 2.2.3 di
estimarea (F*(%,)ran este convergent, are ca limijty pe x* si are ?::;

A%y, 7*) < Ghree
unde x;

. Ta = sup {rlr — or) < d(x,, f?(x,))}
Folosind acest rezultat si conditiile din teoremi avem

d(x,, %) < ¢“"f§](d(x'p[%], x*JJ < ¢»-1(¢’fﬂ(d(xo, x'j)).

2. Siruri de aplicatii si puncte fixe. Fie f: X — X o aplicatie ce are un
punct fix unic x* si f, un sir de aplicatii ce converge uniform citre L3331

Daci x, e F, fo in ce conditii asupra lui f5i asupra sirului (f,),ey, avem X, —-x*2

Pentru diverse aspecte ale acestei probleme a se vedea [10].
In cazul in care existenta si uuicitatea punctului fix al lui f este asigu-

ratd de teorema 1 avem
TrorREMA 2. Fie (X, d) un spatin metric complet st f,, f: X e X, astfel
incit
@) f,3/ e e
(b) existi p € N, osi ¢: R, — Ry, astfel incit sint satisfacute conditiile

din teorema 1.
(c) F, #@, pentrn orice n € N
”
$n aceste conditii orvicare ar fi %, € F, sirul (%,)nen este convergent si

are ca limitd unicul punct fix, x*, al lus f. . .
Demonstratie. Din conditia (a) rezultd cd sirul ( fﬁ),:a x converge uniform
citre f?. Se aplicd teorema 2.2.3 din [10], aplicatiei f? i sirului (/).
3. Dependenfa de parametru. Fie (X, d) un spatiu metric, (Y, <) un spa-

i o si icati 4 pentru orice y €Y
tiu topologic si f: X XY —+X 0 aphcat.le. Presupunem c& per
aP]iCaga fg(.,y)$ a{e un punct fix unic, %. Se considerd aplicajia
PY Xy
7 -5 aplicatia P este continud.
a vedea in ce conditil 11;1 ica 2 o e vedea [10].

luii ale acestei proble i fix al lui f{.y) este asigu-

Se pune problema de
punctului

Pentru unele solufn stei prob e
" fn cazul in care existenfa §t umcl

Tati de teorema 1, avem

4 — Mathematica 4/1980.
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patin metric complet, (Y, 7)
TroreMa 3. Fic (X, d) un spafiu metric complet, (¥, =)
st f: \"L; Y ~ X o aplicatic ce satisface la urmato‘arc‘le condifii .
S "(a) existé p € N, o, §: R*— R*, astfel incit aplicafia f(.,_);) satisface I,
condititlc teoremei 1, oricare ar fi y € Y (75, @ i G nu dej)md de yi.
(b) aplicatia f(x.):Y — X este continud, penlru orice x < X.
$n aceste conditii aplicajia P este continud.,

un spatiu “Lopologi,

Demonstrafie. Fie y, 5 v, €Y, a5, 5i x5, punctele fixe ale lui f(.y,) respectiv
J(.,vs). Din conditiile teoremel avem

d(x5, x3) = A(f*(x5, 31), fP(%5, ¥2) <
< d(f?(x5, 31), 255, 32)) + A(/?(53, ya), fP(%5, ¥2) <

< (S5, ), S2(55, 32)) + o(d(x, 33)
de unde obtinem ca

Ay 33) — ({33, 45)) =0, dack y, — ¥,
Prin urmare
[ ]
o dxg, v5) =0, dacd y, —yy -

4. Exemplu. Daci §(r) = Br, B > 1si¢(r) = ar, @ < 1, atunci avem urmi-
torul rezultat. T 1
TEOREMA 4. Fie (X, d) un spatiu mctric si [: X — X o aplicatie. Presu-
punem ci exisii p € N, « € [0,1 [, €]1, +oo[, astfel incit

(a) a(f(x), /(7)) < Bd(x, ), Vr,y € X

(b) d(f*(x), f*(y)) < @ d(x, y), Ve,yeX

In aceste condifit avem

() Fy = {x*}

(ii) oricaxe ar fi rf e X, strul aplicatitlor succesive, x, = f"(x%), n € N
este convergent ‘sv are ca limitd pe x*. ¢

(iii) are loc estimarea

”

d(x,, x*) < M1 :‘fi (%9, (%))

(iv) Fie g: X —+ X, 0 aproximanid a lui f, adicd

a(f(x), g(x)) < v, Vi € X
Fie x, =f"(x°),y” = g"(%,)
Avem estimarea

n

N
d(y,, x*) < N .BB_\: + B % d(xy, (%)) l
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5. Probleme deschise. Py
v - AR « Problema 1, 4 .
J: X — X o aplicatie cu Proprietatea ¢ E;ep (i(.l\l’l .3'0'1) euilo sil[)agxsfelli;l;lqgh st
‘ » Ja , ci

~ Hﬂ@%—ﬂ@ﬂl<aHxFyH Vy,ye X
In ce conditii aplicatia 1 x — f este surjecﬁe’
In cazul p =1, a se vedea (10]. '

Problema 2. Se cunosc la ora 4
o . o actuald o gami variati de aplicatii de ti
contralc;u (al.'se vedea [10] si (11]). Pentru care din acestea se poalt)e aglzcae ::)13
gramul realizat in prezenta lucrare? Pentry ?=1, a se vedea 110} P

: - (Intrat fn redactic ja 18 martie 1980)
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MAPS WITH ¢ — CONTRACTIVE ITERATES
(Summary)

i theorem 1 in connection with o
Tn this paper we presedt T anal};s;:mc;fﬁt.iz of the fixed point and with error estimations.

a) the method of successive appr 0 ]
((b)) various kinds of contimuity of the fixed points.
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SUR LA TORSION DES COURBES QUI SONT TRACEES
SUR UNE SURFACE

L. BITAY

Ed partant des résultats de E. Fra1'1ck§ (1, 2] nous dor'mons Une
construction graphique pour le rayon de torsion d une courbe tracée sur upe
surface quelconque et construisons I'indicatrice des torsions de cette courbe.

La théorie de courbure des courbes I' qui sont tracées sur une surface par
un point M, & une direction donnée a été élaborée depuis longtemps. Les résul-
tats les plus importants en ce seus sont les suivants:

1. Les courbes I' du point de vue de la courbure sont représcentables par
des sections planes de la surface en direction donnée.

2. Meusnier a démontré que le centre de courbure C d'une section oblique
est la projection du centre de courbure C, de la section normale en ce point sur
le plan de la section oblique.

E. Franckx a démontré dans deux article successifs [1, 2] des résul-
tats analogues pour la torsion des courbes qui sont tracées sur unc surface par
un point M, :

1. 11 a considéré une famille de courbes ¥, qui passent par le point M,
et y out un contact d’ordre deux. (Ces courbes ont donc le méme plan oscula-
teur, le mt‘?me centre de courbure et la méme axe polaire.)

2. Soit 8 I'ensemble des sections sphériques de la surface donnée qui se
fopt avec des sphéres osculatrices des courbes de la famille & FE. Franckx 2
démontré que du point de vue de la torsion les courbes de la famille & sont
e o e s 81 torsion one comb s T e &
de T,. orsion de la section sphérique avec la sphére osculatr
propogmi ?ic;ngiemnffii 1;11& construction pour la torsion d\es courbes 8. Nog:
Meusnier mentiongée pluseha(;tcons'truCtlon o sepprochant 3 la.cons.tructmﬂtor.
sions de la famille 8. » Puis nous construisons une indicatrice des

Soit Ty une courbe tracée sur une surface par le point M, de celle-ci, ta8;
gente a une direction donndée, Soit C le centre d ’ ax laire
le centre de Ia sphére os latrio e _cen re. e courbu're,. A l'axe po I'

P Culatrice, 7n et # les vecteurs unitaires de la norm"c1 ¢

i: sdlz—rt;c:t(;% biell dg\}{a normale principale de I'y. Nous désignons par 0 1'2m6°
» ¢=CMS. Franckx a démontré [1] que Pexpression
B9 (1)

X sin (6 — ¢)
est une invariante scalajre

pour toute
contact d’ordre deux avec e es: izs

sidérée). On observe que Franc

courbes de la famille &§ qui ont 'f:
rayon de courbure de la courbe €©
kx utilise 'invariante L S0 =) 5 |, place de
T cos ¢
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Vinvariante (1) et ainsi sa construction
met en év1dgnce la torsion au liey de
rayon de torsion. Notre modification sim-
plifie d’une part la construction de Franckx
et d’autre Part nous permet i construire
une indicatrice des rayons de torsion de
Ja famille de courbe & A l'aide de laquelle
on peut poursuivre d'une fagon intuitive
la variation de rayon de torsion de ces
courbes, exactement de.la méme maniére
que l'indicatrice de Dupin nous indique
intuitivement la variation du rayon de
courbure de la famille T,

Sur Ja tangente de la surface qui
appartient au plan norinal de la famille &
nous prenons le point T défini par le vecteur Fig. L.

g étant le vecteur unitaire du triédre de Darboux. (fig. 1) Du point 7T abaissons
la perpendiculaire sur M,S qui coupe la normale principale en un point Q defini

par le vecteur

Démonstration. Le vecteur unitaire % du vecteur M,S peut étre décomposé
comme il suit o
7 =sin (0 — ¢) § + cos (0 — o) m

et
M,Q = i = Asin 6 + Acos 0 m,

e algébrique du vecteur M,Q par rapport a %. En expri-

\ si ur . .
it s et TQ = TM, + M,Q sont perpendiculaires nous

mant que les vecteurs % et
obtenons I'équation
0 = (Asin 6 — &) sin (6 — ¢) + Acos 0 cos (6 — 9),

1 =1, ce qu'il faut démontrer.
M,S le vecteur M, P = i et faisant varier

btenons une indicatrice des torsions comme

qui donne, tenant compte d’'(1)

En prenant sur la sémidroite

@ dans Vintervalle ( -—-;l: -;-j nous 0 S
isi un
i i .+ P. Choisissant dans le plan norm s
le 1i éométrique des points ; lep B
des f:lcl)ofdonnés C;1>olairc:¢ avec le pole M, et ’axe polaire #, nous obte éq
tion d’indicatrice des torsions selon (1)

cos ¢

p==F
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_ Cette courbe a deux asymptotes perpen-

m diculaires sur la normale principale, tous

N U o Y- T les deux étant symétriques par Taport j

M, situés & distances égales & 4 % cos g

de ceci. La courbe est tangente i la por.

-9 N male de la surface en M, et elle traverse
Mo S I'un des asymptotes.

Dans le cas particulier 0 = = (fig. )

, le plan osculateur de la famille contient la

ey ---== normale de la surface et I’¢quation (4) nous

' donne p =% tg ¢, qui est une courbe

n symétrique par rapport a . D'ici nous

Fig. 2. déduisons que les sections sphériques de

la surface qui s’obticnnent par des sphéres

symétriques par rapport au plan osculateur de la famille ont des torsious

égales en valeur absoluce ct de signes contraires.

{Manuscrit reg u le 20 mars 1980
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ASUPRA TORSIUNII CURBELOR TRASATE PE O SUPRAFA'].‘A
(Rezumat)

Pornind de la rezultatele obtinute de E. Franckx {1, 2] autorul di o constructie graficd

pentru raza de torsiune a unei curbe trasati i si i indi siu-
: e o suprafatd si are a torsit
nilor acestor curbe. P ol td si construiegte o indicato
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NONLINEAR OPERAI‘ORSA THAT TRANSFORM A WEDGE

A. B. NEMETH

0. Introduetion. Our i
. . . Paper aims ¢t , .
of a wedge into another one,pso 2s o ;rgsee\rfrlgp a metfhpd of transformation
improve some others. To this end we have introc;?g:fl cs>p its 1ProI:;Jf}'tles' and to
. o 1 ed special nonlinear opera-
tors, which are in fact resolvents of some sublinear operators, called here Co‘;rect
operatolrs. Although the formalism and some of the results (sce e.g. Lemmas
I and 2) are related to the spectral theory, we have ignored throughout this
aspect (which will be considered elsewhere). The developed principleois related
to the 1uethod of Bishop and Phelps [1], largely extended by E ke-
land (3], and also to the machinery used by Krasnosel’skii [5] in
various problems on orc!ered B-spaces. As a consequence we have deduced that
a wide class of. wedges in a normed space have the property that they can be
approximated indefinitely by completely regular cones. The complete regularity
of a cone is important from both theoretical and computational points of view
(see c.g. [4] and respectively [8]). Implicitely we have got a new method of
introducing an ordering into a normed space for which the order convergence
coincides with the norm convergence, and so we have completed the results in
. . . . g ~ . .

this direction obtained by DeMarr [2] and by Vulih and Danileako [9].

1. Auxiliary results. We begin with some auxiliary results that are closely
related to the spectral theory for nonlinear operators. Our special interest as
well as the simplicity of the reasonings motivate their proof given here.

The operator S acting in the normed space Y is s_aid to be nonexpansive
if 11S(y:) — S(y) 1l < 1y =52l for any y, and y, in Y.

Lemva 1. If Sis a nonexpansive operator acting in the norimed space Y
and having its range in a complete subspace, thew for each ¢ in (—1, 1) the ope-
rator

S;=1—1S

has a conttnuous inverse. Ly
Proof. Since S is nonexpansive, we have for any y; and y. in

11 Sy(y2) —S,(32) 1] = [ 31—yl 1= 12l 1S(y) =S 11 2 A= 1eDHm—=y:01- (1)

H '« iniective for any ¢ in (=1 1).
enceStf‘ ISSLHJZthvethét S(Y) CY,, where Y, is a complete subspace olf Y.
Let z be I;II; arbitrary element of Y and put ¥, = sp{Y,, 2}. then Y, is comp etg.

Consider the operator J defined by
Jiy) =t50) +#

. s i ve
Y, is an invariant space of J. For ¥ and y, elements in ¥ we ha

: ”](yx) - J( 2) | | ='.l”7”5(J’1) — S(y) Il < EARIBA — ¥l
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is a contraction and hence it has a fixed point y in Y, that

1, th s b
1z < en J = z and the surjectivity of S, is Proveq

is, ¥ = 1S(y) + z. This means that S,(y) o
Thus S;! exists. To prove its continuity, put z; = S; (y,) and z, = S

According to (1) we have
[1Sz) — Si(z2) 11 2 (1 — [2]) |21 — 22|

and hence
ST ) — ST ) 1] < (L= 12D)7" 1131 — 2l

and the continuity of S;' follows. Q.E.D.
LEMMA 2. Consider the set of operators aclting in Y endowed with the lopo-
logy of the uniform convergence on bounded sets. Then the family S, Lt e (~1, 1),

depends continuously on t.
: Proof. We fix ¢, in (—1, 1) and shall prove that there exist the numbers
C and D depending only on #, such that

NS =S 1 <1t —t | (Clly|l + D) 2)

for any ¢ sufficiently close to #,.

Put z, = S;'(y) and z = S;7'(y). Then ¥ =z, — £,S(z,) and y = z — ¢5(2)
and hence

z— 2y — t5(z) + £,S(z,) = 0,
or,
(¢ —2)S(2) =z — 2z, — £(S(z) — S(z))-
Using the fact that S is nonexpansive this relation yields
1t =t 111S@) 11 2 112—2 || = [£] 11 S() — Sz} || = (1 —{¢]) {[2—2 1. ()

;’Zte have also ||S(z) |} < 1|z, |] 4+ |1S(0)]] and using the definition of z, We

HPIE2 Uzl =120 1 11SG) 1 2 (20|~ lfa] (112011 + [1SO) D) =
=@ =10zl = It]11S(0)]]
wherefrom
12011 < == (lly 11 + 1] 1IS© 1)

1 —
and hence

1~

SE I < T Uy 1) + 14 111SO) 1) + 1150 1] =

=77 (1211 + S0 1).

=
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This together with (3) gives "
ez =z sLzbl o ey
paarnll <2o>“W:T,,m_myuwsw)m. (4)

Por #1n a suitable neighbouthood of, we haye (| - D =15 > L -y e
2 ol

Put C=2(1‘lfol)'z,D=21_t -
and z,. Then (4) implies 2. EEIIJO D=115(0)(| and use the definitions of z

2. Correet sublinear o T i
called & et perators. The subset W of the vector space Y js

(1) ty is in' W whenever y € W ang ¢ is 2 non-negative real number :
(i) # +visin W Whenever % and v are in W,

The wedge K is called a cony if

(111) ¥y € K and —y € K imply y = (. )

Let < be a reflexive and transitive binary relation defined on Y, related
to the linear structure of ¥ by the axioms:

(I} if # < v, then u < fv for any non-megative ¢;

(1I) if » < v, then % + y Sv+y for any y in Y.
We shall refer in the sequel to a binary relation of this kind as to an ordering

on the vector space Y. : ) )

There exists a correspondence between the famliy of orderings on Y and

the family of wedges in Y in the following sense: Given a wedge W in ¥

We can define a binary relation < on Y by putting % Svifv—ueW.

The obtained relation is an ordering on Y, called the ordering induced by W:

or W-ordering. Conversely, given the ordering < on Y, the set W =‘i/ {yeY:

!y 2 0} is a wedge in Y, that induces just the or1g}1,m.11 ?rde(rixgﬁi (;): an.ti -

hat the order relation < on Y isin a -sym-

metricl ! t‘;zns?l)/poie) twﬂl be called an ordered vector space_.‘Ilzll ;hg :ame vxtr;)e'

as in ;:he above' paragraph, a correspondence can be eStatl)ﬂtl's e i lficvl‘;e::tisfy
family of reflexive, transitive and ant;—s;;vmmetnc binary relations

the family of cones in Y. ) -

W anf,et(;nli" ;?ia wedge (a come) in Y. The terms. V-‘t&dersbiz:fttdtej.t;’e ":;gg-

lone, etc. mean order boundendess, monotonicity etc. with resp

Tng 1’nduced mty;- ?S‘yacting in the space Y endowed with an ordering < is
The operato it is positively homogeneous and

called sublinear if i .
S(y: +22) <SG+ S()

i i S will be
i with the above conv.entxpn, :
ol yzifm'tyj. iﬁb?if:al.’rd?iii respect to the ordering introduced in
it is
wedge (cone) ™ The W-sublinear operator S
i d space Y. The | er
dgle énﬁforﬂgg? ii’ itpsatisﬁes the. following _c_ox_1d1f;1_ons_ _
- d its range is contained in W ;

for any v
called V-sublinear
the space Y by the
T Let W be a we
acting in Y will be ¢
" (a) S is continuous an
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(b) the operator S, =1 — ¢S is surjective and omne-to-one for any ¢ i,
[0, 1); \ o
(c) S7'is a continuous operator for any ¢ in {0, 1);
i , i | on ¢ if we consid
; S, ¢t = [0, 1) depends continuously or
@ :lﬁ: iae'?l 13 of>erators [acting in Y endowed with the topology of the
uniform convergence on norm bounded sets.

As an immediate consequense of Lemmas 1 and 2 we have the

i nex we W-sublincar operator acling in Y
CoroLLARY 1. If S is a moncxpansive cling
with the range tn W infersected with a complete subspuce of Y, then S is a correct
W-sublinear operator. ’ . o N
We shall need in the sequel the notion of normn def1n1t§1e§s. The operator
Q acting in the normed space Y will be called c-norm definile on the set M,
with ¢ a positive real, if |{Q(y)]] = ¢||y!]| for any y in M.

3. Examples of correet operators. '
1° Let W be a wedge in the normed space Y and cousider the element
k in W of norm 1. Define the operator S by

Siy) = iyl

Then S(Y) is contained in W and S is obviously sublinear and nonexpansive.
S is also l-norm definite. Hence S is a W-correct l-norm definite operator
by Corollary 1.

2° Let k,, ..., k, be nonzero elements of W having the property that

n

2 ilk;|| = 1. Suppose that f,, ..., f, arc functionals on Y aund consider the

3=1 :
following conditions onthem :

a) o z" = 1,_. -+, # are sublinear non-n
also Lipschitz with the constant 1.

b) Suppose that &, .. -» B, generate a come and that there exist some

positive reals ¢;, § = | # such that for ) ]
. y ’ 3 ey, any - N least
an (1 <4 < ) such that L) = livll. Y ¥ in W there exists at

If the conditions in a)-are satisfied, then the operator S defined by
S(y) =fl.(_y)kl + e +fn(y)kn
sublinear operator.

If there hold also the

. Let us ver
1ts range in W.

cgative functionals on Y that are

is a correct W-

. conditions in b),
ify the first assertion.
Let y, and Y be arbit

HSG1) — S(ya)

then S is also norm definite on w.

S is obviously W-sublinear and has
rary elements in Y. Then

< .

23 1100 ~ £ 1,11 <115, — el 3 k11 =
=y — 2],
Ply now Corollary 1 to conclude that S is ¥~

that is, S is nonexpansive. Ap
correct. ' '
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Consider now the seco i
. ¢ € second assertion. Be
fim;;nistllg?lilccloge K},{thl‘s Wlll be a normal cone ic[a:uls/e }lc)lenoté/’zt; ge(nerate . fiqite
in y K. This ordering will he semi-monotone i):e \thtet;i zf(Qetrmg
, Le, 2 exists a

positive real & such that ( < ¥ <y, impli >
1 < 2 lnplies bj| < S ORI

of. the norpllall <cqne see in 5.) Let v be an arbitraf?)lrl leleu1'e'x¥c' 'cif ghe,rgenmtwn

exists an (1 <4 < #) such that L) 2 elly)1. We have ale en there

) . SO > fily)k,
and by the Semi-mouotonicity of the norm,
o HISOML = SO AL > (el 11 11) [[3]).
Putting ¢ = min {b¢;| | % ||}, the obtained relation imol; is
definite operator on W, } ined relation implies that S is a c-norm
3°. Suppose that Q is @ compact Hausdorff space and denote by C(Q)
the vector space of the continuous real-valued functions on Q endowed with
{:hc uqlform norm. Let f be a function from @ X R to R, aund let consider the
following conditions on it:
a) f is non-negative and continuous on Q X R;
b) f is sublinear with respect the second variable and is uniformly Lip-
schitz on Q with respect to this variable, the Lipschitz constant being 1;
c) there exists a positive ¢ such that
fg %) > cx
for any ¢ in Q and any positive x. .
Let be W the cone in C(Q) of the non-negative functions on ¢. Then if
a) and b) hold, the operator S defined by
S(y)(g) = flg. »(q))
is a W-correct operator in C(Q). L, W
If it holds also c), then S is also ¢-norm definitelon t;l;. :ofn; ‘f
. nm af g e e a func-
4° Let O be a subset in R” of finite Lebesgue measure an
tion from Q g R to R having the property that f(., %) is measurable for any

real x. Consider the following conditions om j:

is: _negative on its domain; ~
;; ;(;s)mi): x;‘uilinear and Lipschitz with the constant 1 for almost all
1m e real ¢, such that

¢) there exists a positiv
cx < flg, x) .

-, : 1ginQ.

ositive x and almost al f elements

Conf:i;einghf space LA(Q) (1 St'P <:1)1)'Qa?id elettt?é 23&%312222 glasi‘es that

. non-negative S : the relation
2cf>n‘;tzlalil§ zigzcse;iaifre afrufnctions)- Then the operator 5 d,éfmed >

S(y)g) = /g, ¥@)

inear one.
is for f satisfying a) and b) 2 correct sublin
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., x) is measurable for any % by hypothesis and f(g.,) is con.
'cinum};1 %zidajﬁost)au g in Q by b). Thus the Charatheodory cond1ti9n holds
for f and hence using again b) it follows that S' acts continuously in [» 0)
(see e.g. Theorem 10.1.5 and 10.1.6 in [1_0]). Condition a) ensures that § pgq
its range in W, and the uniformly Lipschitz property of f with the constant |
in b) implies that it is nonexpansive. S is also sublinear by b) and using Coro.

llary 1 we conclude that it is W-correct. o
If condition ¢) also holds, then it follows that S is in plus ¢-norm definite

on the cone W. . )
5° Let Q be as in 4°, and let K be a real-valued function defined op

0 xQ. Suppose 1 < p < oo, and let ' be the conjugate of p, that is, the num.
ber having the property 1,/p+1/%'=1. Consider the following conditions on K :

a) K is non-negative on its domain;

b) K(r,.) is in L#(Q) for almost all  in @ ;

c) 2(g) = (S.(K(?’. q) dq)l.lp is in L?(Q) and has the norm < 1;

Q

d) there exists a positive ¢ such that

K(r,q) 2 ¢
for almost all (r,q) in Q X Q.
(A) Suppose for the sake of simplicity that the linear operator A4 defined by

(45)0) = K0, 9)3(g)dg

acts in L#(Q). ¢

. Xf fis a function as in 4° which satisfies the conditions 4°a) and 4°b),
if K has the property (A) and satisfies the conditions a), b) and ¢) above, then
the Hammerstein operator S defined by

SO = Kb, 9)f(g. 9(0)) dg
Y

is a W-correct operator acting in L# wh i -negative
lements of this. space. g (Q), where W is the cone of non-neg

The continuity of S follows from Theorem 10.1.8 in [10]. The sublinearity

<
<

of its is a consequence of 4°b). S has the ra 1
. : nge in W by 4°a) and by 2k
}XZ% eshz;ll. che;]]:;__that, S is nonexpansive. Let y, anf Yo r11:>e eleéentsaz)faLP(Q)- We
» using Holder's inequality and the Lipschitz property of f
[1500) = SO 1P = (| K, 9) (la 3100) — 11g. 22lg))) dg # dr <
()

K(f, q)lf(q:y - ? ’ <

g(é ) = 16, 70 1da) & < {((K(r, ) () — ala) | )

) e 0

(K, 9 49" (1yy(q) )"
g((o g ) QS 172(q) —2(q) 1# dq) dr=||y1—y.|I# S (SK.(r, Q) dq) o

e @



NON|
LINEAR OPERATORS TiaT TRANSFORM A WEDGE
61

By the condition ¢) we have
Lo\
(3 e, appi) )" <1
)

‘and hence the above relation yields

1S(n) — S(ya) 11 < Hyn = 3all,

that is, S is nonexpansive.

It suffices now to apply Corollary 1 to conclude that the operator S is
W-correct. .

If f satxsflgs. also condition 4°) and K satisfies also ¢), then S is in
plus ¢y-norm definite with some positive Co- '

6° Let the set Q be as in 4° and let K be a function from @XQxR
to R. Suppose'that K(.,., x) is for any x in R measurable on Q X Q. Consi-
der the following conditions on K :

a) K is non-negative on its domain;

b) K is sublinear and is uniformly Lipschitz on Q x @ with respect the

last variable, having the Lipschitz constant 1;
c) there cxists a positive ¢ such that

cx < K(r, q, %)

for almost all (r,¢) in Q X Q and any positive x. .
Let W b(S tgi cone of the non-negative elements ou L?(Q). Consider the

Uryshon operator S defined on L?(Q) by

s = { K, 9. @)y
0
The measurability hypothesis on K and the condition b) imply that S acts

in 1 i ’ i If it holds also
from L n itself continuously (Theorem 10.1.13 in [10]). If it holds al
a) then ngs 1W—correct since it is nonexpansive by the uniform Lipschitzianity

su d in b). . : ini
ppoIsfe K 1satis}ies also the condition in c), then S is also c-norm definite on W.

i ators that trapsform a wedge.
Eeoniinenr oper e a wedge in the normed space Y and suppose

1. Let W b : : :
that SP IZSOI;OSVI[}‘.Ic?ri'ect operator arting Y. Put S, =1 : ;}Sf‘ Th;-’i ‘ SlfV;(W) ujs
a wedge for any ¢ in [0, 1). If 0t <6<, then S7Y W) C S;; .( cCw.

Proof. Let W, = S;\(W). We have by definition

W,={yeY:y— tS(y) « W}

For any positive real number s and any y in W we have
sy — 1S(sy) € sW =W, -

1 i ¢ at s
because S is positively homogeneous and W is a wedge. This means y
is in W‘.
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Suppose that v, and y, are in W,, that is that y, — £S(y,) and y, ~£5(

are in W. It follows that ¥2)

Nty — H(S(») + S(3.) = w. (5)

Since S is W-subadditive, we have

HS(yy) + S(2)) — 1S + 32) = W.

Adding this to (5), it follows that
¥+ ye— 1S+ ) € w

and hence ¥, -+ ¥, is in W,. This proves that W, is a wedge for any ¢ in [0, 1).
We have for any 0 <4, <, <1 and any y in Y

LS(y) — LS(y) = W. (6)
If y e W, ie, y —1,5(y) € W, then by adding this relation to (6) we get
y—hS(y) =W,

which impies that y is in W,. We have also S;!= I, relation that completes

the proof. Q.E.D.

PROPOSITION 2. Let W be a wedge in the normed space Y and let S be a
W-correct operator acting in this space. Then ST WY N (—=STHW)), with S, =
= I — (S, s for any ¢ in (0, 1) the maximal subspace W, of W with the property
that y « W, implies that —S(y) and —S(—y) are tn W.

Proof. Denote by W, th i i
properey Jhat y W, the subset in W of the elements y having the

¥, —¥, —S(y), —S(—y) are in W. (7}

Thsen W, is a subspace of W: Indeed, if y is in W, then sy, —sy, —5(sy),
:a—x;d(_sy) are for any real s in W and hence sy is in W,. Suppose that »
ar Sy,z are 1in .Wo} Then y, + Yo =3 — Yo —S() — S(y,) and —S(—91) ~
=3 (S)z) are all in W. Because S is W-subadditive, S(3;) + S(¥,) — S(» + ¥s) € 4
end S(y,) 4 S-) = S5, ) & W.Thss 1 + 3, "~ n 4 72), =50
ve::zthaltl W—' (=1, — ¥,) are all in W and hence ¥, + ¥, is in W,. This pro
s o maxfn::lassléssgace. of J/V and by its construction it follows also that 1t
are in the ados V[I; ce in W with elements y for that —S(y) and —S(—
Suppose that y is in W,. T} ' i

_ 0s€ Wo. Then y and — S(y) are in W and hence
y ti(y) is in W for any positive t. Thus W, is in (JI’/I)/, for any ¢ in (0,1):
and _up_pc;s‘,ge(ﬂow that for some ¢ in (0,1) y and —y are in W, ie., y_¢5(y)
IS(— ')yare o u)/’) are in W. Since the rangé of S is contained in W, t5(¥) and
and 2 S(sy) are o SpOns then that y and —y are in W and hence —~S0)
yields the inclusion W, f—o.lVl;l&SH? leaélsE%at 7 is in the subspace o

o- QE.D.
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one of the elements —y, _§(,
any 1 in (0,1) a cone. (J) and —S(—y) is outside W, then S; W) is Sfor

5. Some permanenece io
. é roperties

wedge in the normed spa cepY, PWeng \;)ef Sie]:; ‘t';“‘tsr,orme'd wedge. LetaW be g
acting in Y, then STW), where S — 7 Sa' if §is a W-correct operator
We shall show that some propertics :0? W—l » 15 a wedge for any ¢ in [0,1).
tion. As a direct conscquence of the defin o of the ey this transforma-
of Proposition 1 we have ' etinition of the W-correct operators and

Cor The inters - L
void if art(i) I;I;;; X17f 3iV 11710 :’]lt'er;;”' of coch wedge Si ](W) with ¢ in (0.1) is non-
1014 1 i oty 1 s tus property. The clement y is tn int W if and
i/ S '(y) 1S in int Sf'(W). " ¥ and only
that VI‘ ﬂe' an;.’ K in Y is said to be. normal if there exists a positive ¢ such
that vy, ¥, € K, v ]] = |lys|| =1 imply that |]y; 4+ 9,]| > c. The cone K
1s normal if and only if the norm in Y is K-semi monotone. This means that
d't:notmg by < the K-ordering in Y, there exists some positive b such that
jv\her—xever.O € ¥ € ¥, then it holds ||yi|| < 0]y (See e.g. Theorem 1.2
I [5].) Since the subcone of a normal cone is obviously normal, we have as a
direct consequence of Proposition 1 the.

COROLLARY 4. Let K ‘be a normal cone in the normed space Y and let S

be a K-correct operator. Then S;Y(K) is for each t in (0,1) a mormal cone.

The wedge W in Y is said to be generating, if for each y in Y there exist
w, and w, in§}¥ such that y = w; — @,

ProposITION 3. Let S be a W-correct operator. If W is a generating wedge
in'Y, then S7(W) has for cach t in (0,1) the same property.

We shall use in the proof the following o

LemMA 3. For any win W theve exists some w in S; (W) such to u —w
be in S;”HW). S

in W enote by < the W-ordering in Y. We
Proof. Let w be 1n W. Let us deno ) oS o and
‘i the properties % (u) 2 an
jave to }_;»rs%ve thc) ?l(s)’te%iicgf; lznla:ai‘gsn%ange I;n pW, w and £S(—w) are 1n
®—w—iS(u—w) 2V -l .
W = S,5.7'(W). Hence there exist v, and v, in S (W) such that w = S,(v1)
— ‘ .

and (S(—w) = S,(vs), that 15,
‘ W =0 tS(v1)

and \
15(—w) = V2 — £5(v,)-

Using the sublinearity of S we get )

g —w) — tS(v, + v,) 2 V1T tS(vy) — @ + V2 — tS(v,)

v, + v, — w — £5(
1 2 —[5("7'0):0
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. - __l R
Putting in this relation » = v; + v, then # is in S, (W) and using again the
sublinearity of S we conclude

u—w—1tS(u—w) 2 u—w—15u) —tS(—w) >0. QE.D.

Pr8%f of Proposition 3. Let y be an element in Y. There exist by hypo-
thesis w, and w», in W such that

y=w1—w2.

In accordance with Lemma 3 there exist u, and u, in S;7'(W) such that U, —w,
and #, — wy are in S, (W). Put 4 = u; + u,. Then 2, = u — w, = u, + T
and z, =4 — w, = u; + u, — w, are in S,"I(W). On the other hand

n—n=(u—w) — (0 —w) =w —w,=y,

that is, S;”'(W) is a generating wedge. Q.E.D.

The element ¢ in W is said to be a W-order unit of Y, if for any y in
Y there exists an s > 0 such that sc —y  W.

PproposirioN 4. Let e be @ W-order unit in Y. Then Sor cach t in (0,1),
S e) will be an ST W)-order unit in Y.

Proof. Put e, = S,."’(c). Let y be an arbitrary element of Y. Since ¢ is a
W-order unit, __tlhere exists an s > 0 such that se — (y +tS(—y)) € W. We
have ¢ = 5,(S;"'(¢) = S,(e,) = ¢, — tS(e;) and hence (S(e,) = e, — ¢. On the
%ther ‘hand stS(e,) 4 tS(—y) — tS(se, —y) € W by the W-sublincarity of S.

enoting by < the W-ordering in Y and using the obtained relations we get

(ser —3) — tS(se; — 9) > (se, — y) — stS(e) — S(—y) =
=980 —y—s(e, —e) — tS(—Iy) =sc—y —1IS5(—y) =2 0.
This means that se, — y is in S w). Q.E.D.b

6. Nonlinear operators that transform a wedge i N
. 4 In a regular, respeetivety
;Zyatﬁg? llfll’eteily p;r;egular cone. Let W, be a wedgeJ contained’ in W. \5‘73 shall
e Ty o -regédar (completely W-regular) (see 1.8.4 in [5]) if any W-in-
menalo 1 itsmllfn I/I(,ed» (norm bounded) sequence of elements in W, is funda-
regnlar (complors € W-regular (completely W-regular), then it is called simply
Y regular). It is easy to see that if W, is W-regular (completely
e e e ks o

above definitiay . 7 regular) wedge is in fact a cone. From
oy thiflllnl;[}oniss lz:tge)ll;ows also that if W, is a -ngular (completely W-regula 0
and W,-bounded (norm {;gular (completely Tegular), because any W),-increasing
(norm bounded) one. We Zﬁnﬁed) >Fquence is also W-increasing and W-bounde
lemma, which generalizes Tienlxl oed In the sequel the following characterization

. ma in [7]:
gular (cﬁmi?etjl‘ Ll/?ft. Wo be a cone contained by the wedge W. Then W, is W7
Y W-regular) if ang only if for any seqz:ence .(y,-) in W,, the co%
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dition |1y:|| > d for any i and some positive d implies that the se {E
’ 4 Yiin=
=12, ...} cannot be W-bounded (norm bounded). =

Proof. Suppose that there exists a sequence in W, with the propert
; Y

that }ly;|} > d for any i and some positive d, and the set f:y- =12 ]

i=1

. y .
is W-bounded (norm bounded). Then Zy=) %, n=12 ... form a W-increa-

f=1

sing, W-bounded (norm bounded) sequence in W, that cannot be fundamental.
Hence W, cannot be W-regular (completely W-regular).

Assume now that .Wo isn’t W-regular (completely W-regular), that is,
th.at W, contains a W-increasing, W-bounded (norm bounded) sequence (z)
with the property that ||z, —z;|| > 4 for any j and for some positive d.

n

Put Y = 2iy — 24 Then Zngpl — 2y = 2 ¥ and the set E yin = 1, 2 .

r=1 i=1

is W-bounded (norm bounded) because (z,) has this property. Since [{y;|| > d
for any i, we get a contradiction with the condition in the lemma. Q.E.D.

PROPOSITION 5. Let W be a wedge in the norined space Y and let S be a
W-correct operator whick is c-norm definite on W for some positive c. If Ws =
= co S(W) is a W-regular cone, then S (W) is a regular cone for each ¢ in (0, 1).

Proof. Let be W, = (W) and assume that (y,) is a Wi,increasing,
W,-bounded sequence in Y which isn’t fundamental. Passing if necessary to a
subsequence we can suppose that |[yns1 — y,[| = @ for any » and for some
positive d. Since (y,) is W, -increasing, we have

Yu+t — Va Z 55(}’»+1 —yn)' (8)
where we have denoted by < the W-ordering in Y. Summing this relation
from # =1 to #n =m, we get

Yms1 — Y1 2 {S(ye — ) + -+ + S(Ymt+1 — Im))- )

On the other hand, the c-norm definiteness of S implies

1S (3msr — Ia) |1 = €l Pner — Yull > 64 >0 (10)

isin W (we have yos1—9a< ST(W)CSe (W)
is W-bounded (by the same reasomng?,
ontradiction with the hypothesis

for any #. Because S(¥n+1— ¥a)
— W by Proposition 1), and since (32)
using Lemma 4 and the relation (9) we get a ¢

that W is W-regular. QE.D.

5 — Mathematica 4/1980.
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PrOPOSITION 6. Let W be a normal cone in Y and suppose that S in 4
in Proposition 5. If Ws = co S(W) is a completely W-regular cone, tlzen}_’s,"(w)
is a completely regular¥cone for each t in (0,1). . ;

Proof. Put as above W, = S, '(W) and assume that (y,) is a W -increasing
norm bounded sequence in Y which isn’t fundamental. We proceed as in proof
of Proposition 5 to get the relations (8), (9) and (10). Using the semi-mono-
tonity of the norm in Y (we have supposed that W is a normal cone), from
the relation (9) it follows that

al| Ym+1 — 31l 2 1Sy, — )t e S(Ymar — V) |

for some positive a. Because (y,) is norm bounded, ||yu41 — ¥,|| 2 d for any
n, S is c-norm definite on W, the above relation and (10) furnish via Lemma 4
a contradiction with the hypothesis that Ws is a completely W-regular cone.
Q.E.D. ’
Proposition 6 is rather weak in comparison with Proposition 5. The incon-
venience is that we need in its proof the normality of W. To avoid this, we
shall give sufficient conditions for complete regularity (as well as for regula-
rity) of S, '(W) in other terms, using the methods in [5], 1.6. Let us introduce
first some notions. o :

The functional f (defined either on W or on Y) is called W-positive, if
f(y) > 0 for any y in W it is called strictly W-positive if it is W-positive and
S(y) > 0 for any y in WN\{0}. f is said to be wumiformly W-positive, if f(¥) 2
> bl|y|| for some positive b and for any y in W. If fromy, € W and ||y.l]2 d

mY .
for any n and for some positive d it follows that lim f (2 y,-) = oo, then fis

called strictly W-increasing. The functional f is called I;f/-mo;;)ltone, if f(u) <)
whenever v — u € W, . :

A functional f defined on W is called superlincar if it is positively homo-
geneous and f(u + v) > f(u) + f(v) for any % and v in W.

PrOPOSITION 7. Let W be a wedge in Y and let S be a W-correct operator.
If there exists a superlinear Junctional on Y. which is bounded on bounded sets
z'n_qY, is W-positive and has the property that fS is uniformly W-positive, thet
Si (W) is a completcly regular cone Jor any t in (0,1).

Proof. Let be W, = S7w) : 7 ing norm

1= O and assume that ( is a W increasing i
bounded sequence which isn’t fundamental. Passiﬁ"g) if pecessary to a Subsle
quence we can suppose that || Yut1 — ¥,||'= d for some positive d and for any

n. Since (y,) is W increasing’ we have

(11)

the element
to conclude

Yn+1 — Vs — ts(yn-l-l,_ _')'”) 2 O, ” = l, 2, ooy

.where we have used < for the W”-orderhlg in Y. We apply f to
in (11) and use the W-positivity of it and the superlinearity of it

S S8 =2 = YS(Ynss ~ 3) > f(y0s1 — 3 — 1S(Fusr — ¥a) 2 O
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F thi jon’
rom this relation and the fact that S ig uniformly W-positive;:: h
/ ul - e;- we have

f(yll+i _—y”) = tb”y"'H -y”” > tbd> 0

with some positive b, Using now

[5], we have the idea in the_ proof of Theorem 1.10 in

2 f(3) + (m — 1)tbd. .

hc ()b alned lnequallty ‘lm 1 e ' ll - I. - "l 1S contra-
' a 1 t (o) t ( ’”) ]lll. .‘I).Ound d nd that f 1S b uuded on norm

.PROPOSITION 8. Let'S be as in Proposition 5. If there exists a Junctional
S which is W-positive and superlincar- on W, is bounded on W-order bounded
sets of W' and is strictly tncreasing on Wy = co S(W), then S; (W) is a regular
cone for each t in (0,1). '

. Proof. Let be W, = S7'(W) and assume that (y,) is a W, -increassing,
W ,-order bounded sequence in Y that isn’t fundamental. Passing if necessary
to a subsequence, we can suppose that |{y.+1 — ¥,|| = 4 for any # and for
some positive d. Since (y,) is W,-increasing, we have

Ykt = Yy = ES(Yas1—3,) 20, n=12, ...
where < stands for the W—ordering in Y. Summing this relation from n = 1
to n = m, we get ,
Imir — 1 = HS(2 —31) + -0+ SOmi1 —a)) 2 0.
Using the superlinearity and the W-positivity of f it follows
S (Fmar = 1) =4SP — ) + - + SOw+s —m) 20
Since 1] S(¥usr — ¥ 1 = €l Yuss — Y H > cd and since f is str‘ictly increasing

on W, it follows that N
S — ) 2 Y(S(ye —yn)+ ...t SWmr1 = Ym)) > ® ) (12)

tom = . .}is a W-order bounded set because

for m > 00, Now, {mes o1 e SR furnish a contradiction with

i 12)
it is W - bounded by hypothesis. Hence ( ;
glelsals/ls:xglrgfiim that f is bunded on W-order bounded sets. Q.E.D

i in the nor-
1°. Suppose that W is a wedge in
7. Examples and comments. 1= hat W e
med s;)afe‘Y wl')ith the property that its closure ;V f1V§n Itfaks;xsbzf;aiie;fezt r ;1/1
in W that —y & W. ‘ .
' ‘i clement y in W such o i
thfe {c'ex:fts c?:se to y, then —% & W. Let k be an elen?entsof tﬁ;r;\; e
or ﬁuin" \y\'hich have norm 1. According th.e "l‘heo,rem }t:‘i man[d]iy’ o0, We
pmf'er z)us linear functional ¥’ such that it is W-positive ,
continu ,
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can suppose that (y’, k) = 1. Define the correct I-norm definite sublinear ope-
rator S as in the example 1° of 3, i.e., let be

S(y) = Hyllk (13)

for any y in Y. Then y'S is uniformly W-positive since (¥'S)(y) = ||¥ || for any y
in W. Because y' is a W-positive linear functional, it follows according Pro-
position 7 that S, (W), where S,=1 — S, is a completely regular cone for
any {in (0,1). Using also Lemma 1 and 2 and Proposition 1 we can state the

PROPOSITION 9. Let W be a wedge in the normed space Y such that its
closure W isn't a subspace. Then there exists a family S (¢ € [0, 1)) of continuous
one-to-one operators such that : (a) S;! depends continuously on t with respect to the
topology of the umiform convergence of the operators on norm bounded scts inY ;
(b) if0 < t, <t <1, then S;HW) D S (W), (c) Sol=1; (d) ST (W) is a
complelely regular cone for each t in (0,1). S;” U also preserves some important pro-
perties of the wedge (cone) W :if Wis (i) generating or (and) (ii) has an order
unit or (and) (iii) is normal or (and) (iv) has a nonvoid interior, then so does the
one S; ~H(W) for each t in (0, 1).

For the last four assertions see the Propositions 3 and 4 and the Corolla-
ries 4 and 3. '

If W is a semispace, then S;'(W), where S, is defined as above, will be for
any ¢ in (0, 1) a completely regular cone with a nonvoid interior. The descri-
bed method is another way of introducing orderings in a normed space in
order that the order convergence and the topological convergence coincide and
thus it completes the results of DeMarr [2] and of Vulih and Dani
lenko [9]. |

fl‘he most important consequence of Proposition 9 is that a wide class of-
order ings (those induced by wedges whose closures aren’t subspaces) have the
property that after a ,slight modification” they become completely regulaf
ones. The regular and the completely regular orderings have both theoretical
and com putational use. For instance, any regular B-space has the chain con-
pleteness property and hence any convex mapping with values in a such spac¢
have subgradients (this is an immediate consequence of a result of Fel’'dmazn
in [4]). On the other hand, the regularity of an ordering is very imortant io
the numerical analysis (see e.g. the paper [8) of Vandergraft).

The operator S;' cannot be defined for > 1. In some concrete cases the
trans formed wedge W, can be defined directly. Let us consider the wedge v
and the element % of its, having the above properties. Put

Wi={y <Y :y—tly|lk = W}

.., 1t Wisanormal cone and the norm in Y is monotone (i.e., if 0 < y1 <72
implies |31l < |15:1]), then W, reduces to {0} for any ¢> 1. Indeed, !
y €W, then y —{|[y||k > 0 and using the monotonity of the morm We
conclude that either y =0 or ¢ < I. In this case W , is the cone generate by
the elements y of norm one in W, with the property that y — k is in
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2°. Consider the s
pace C(Q) of the real-valy i
ed cont i
:f,d (;n tht? com.pact Hausdorff space @, and let W be the é:::: u:f f:]:] e et
¢ lunctions in C(Q). Define the operator S by 'putting o

S(y)g) = 13(g)|.

Then S is a particular form of the oprator . ide i

Hence it is W-correct. We shall checlI: that CS?"H'?K\I:;:felg ilel ejatrgp]te 3°fOf X

the cone W onto itself for any tin [0, 1). Fix ¢ and suppos; that zis ;nr::;is o

element of W. Put y = (1 — !)z. Then S;'(y) = z. Indced we have S(zr)a?

=2—1iz= (1~ 2=y, and hence our assertion {ollows. , o
The cone W is normal but it jsn’t regular. Thus the considered exarple

shows that the condition of the norm definitness of the correct operator .S'pis

essential in all the considerations in 5.
{Received May 7, 1980)
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OPERATORI NELINIARI CARE TRANSFORMA UN CON
(Rezumat) ,
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A STUDY OF THE REMAINDER IN AN APPROXIMATIO;.\T FORMULA
USING A FAVARD-SZASZ TYPE OPERATOR

D. D. STANCU

In o i ‘ - thod for constructing a class
1. In our previous paper [11].we gave a me ctir _
of linear posi’civI; operators, depending on a real parameter «, defined for any
function f: J— R, J being a certain interval of the real axis, by the following
formula

LN = S (D D) S ()

where x € I = [0,a)(z > 0), st -8l =x(x + a) ... (¥ +(k — Da), Xu, xS ]2 ‘I.
while (9{®) is a scquence of functions depending on «, which are analytic
in a region D containing the disk |z - ¢| £¢ and which can be cxpanded in a

Newton convergent series on D - By D! we have. demoted the Norlund
difference quotient, defined by

Dig(x) = Do(D3'g(w)). Dugln) = EEEA—ED  Dlg(z) = g(x).

If we assume that « =2 0 and
?5(0) > 0, (—1)*Die®(x) 2 0,

forany x € [, k=0,1,2, ... and m=1, 2, ..., one sees that

I, k= (L$) is a sequ-
ence of positive linear operators.

For I = J=1(0,1], #p:= % and ¢5” (%) : = (1 — )" %! the operator

{a>
L',,.“ reduces to the operator of Bernstein-type P{® introduced for the first
time in our paper [8], namely: .

BN = () i g (2
?;o k), 1(m —al / ( ]

These polynomials of Bernstein- i iga-
ted by G. Mastroianni a;:én type have been recently further investiga

0 M. R. Occorsio [3], [4], who called
them ,,the Stancg P_Olynomlals”. We also mention that i[n ]ou[r ];’)revious paper
[9] we have studied the operator p¢® by probabilistic tools

m

* The announce i .
ment of the fesults of thjg Paper has been presented in our mote [14]-



A STUDY OF THE REMAINDER IN AN APPROXIMATION FORMULA 71

In 1968, assuming that « > 0,0

[ S < x <1, we gave [8] an integral -
sentation of this operator by means : o] n B

of the operator of Bernstein B, namely

1 1—x

(PSP f) (%) = —x”l—_x\ ts—'(l — 8= "YB, O, 2)

B|—, 0
a -

by using the beta function B(a, b).

It is obvious that in the general case for a > 0 we can write the operator
(1) under the form Y '

k=0 k

L2 NW = s & (‘Z)mz@ﬁ")(x) + fom.1)-

Assuming that %, s = ﬁ, according to a result established in [11] we
m

can give the following representation

) U, —a} . ]
(@ = — 1 SN (=1 Z—(Diel(0)) - (X1 N)(0). 3)
LN = gy 2 (V=57 (Do O) - (8
When
N k
W) = e Tt =y 2O

i iti investigated in our ear-
ins a class of linear positive operators investig
‘{iléinp:;; (Etl)(%ailnsvhich for « = 0 reduces to the Baskakov operator.
9 Now we shall choose in (1):

z

0% (1) = (1 +am) %, Zma = @

m

Because we have

m \* _2
D:q’v(na)(x) = (_l)k(l + am) (1 +am) =

we obtain a class of operators of Favard-Szasz type, defined by

L@ =S f( ) ©)
where s m )h ) x—al ) . (6)
w(n): = (1 o = (T3am] T
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If we make in (5), (6) « — 0, then we get the operator of J. Favard(l)
and O. Szasz [16]:

(Luf)(2): = e"""’éﬂ:‘i f(-:j} 7

By applying the formula (3), we obtain a representation in terms of
finite and divided differences:

e =52 W Jo =5 o0 2],

j=0 il ry j=0

since

In 1968 we gave for the operators P$ the integral representation (2)
and for an operator WS, of Meyer-Kénig and Zeller type, introduced in 1970
in [10], we gave an intergal representation by using the original Meyer-Kénig
and Zeller operator M,,. In the case of the opetaror L, from (5)—(6), such a -
representation, by using the operator (7), has been given in a paper published
inl1972by S. P. Pethe and G. C. Jain [7], namely

-] z
= -1
L2 o) =——( e1® (L f) ()it
r (i) 0
a
usix?g the idea for such a representation from our paper [8] (mentioned in
their paper), where we gave formula (2). It should be noticed that this ope-
rator has been only mentioned under this form in [7], but not investigated.
In fact the)'authors have only been concerned there with the study of the
operator W& introduced and investigated first in [10]. They were probably
not aware of our paper [10).

3. We next turn to the task

approximation formula of evaluating the remainder term of the

f(®) = (L3P f)(x) + (R £)(x). @

Fixst of all we wish to determine the degree of exactness of this formula.

,I;; (i);l:hls( i))urfo;e we shall calculate the values of the operator L for the mono-
y(%) = 2 (7=0,1,2) for any x20. The remainder of this formula:ig1

the case a = 0 has been evaluated in d; )
n different forms b and
by F. St ancu [15]. So that we shall assume that aY>A(.)L upag [2] and
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We can write succesively
(L5 ) (%) = (1 + am 'Tf) Lakd (‘+ ==
k= k! m
r o (¥ z
-z Ry -z
= (14 am) « (a ) ( ) — — am a
( ) kgo k P+ am +am) “f1 1+a,,,) =1
since according to the binomial series we have the following expaunsion
@
—-B B + k—1
(1 —3) =§)( ] (yl<).
Conscquently we have (R,(,,"‘)‘eo)(x) =0 for any x > 0.
Next, we can write
= _a R pHEta) k= De) R _
(Ln” ex) (2) = (14 om) = 3o m YR -
x 1 o ( )i x + .
= e, N L AU e i )
= (1 + am) x?;(l-i_m)’_ (uj )
- am - ('a_ + l) .
= (14 om) -x.(1—1+m) = x.
Hence : (R¥¢))(x) = 0 for any x 2 0.
Finally, by similar calculations we obtain
(L e) () = 22 + L2
and it follows that
« 14 am
(R &) () = — ——— 2. ©)

Hence, the approximation formula (8) has the degree of exactness N = (-; 1.
In order to evaluate the remainder, we first notice that because Ln" ¢, = €,

1Wli-

=::T (1+ am) %2[1+m)”u;l—d (mx—k)[x' :

in terms of divided differences of the first order.

we can write succesively

(Re2f) (%)= (1 + “’")_%é (1 :m)
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By using the identity: mz — %k = m(x + ko) — k(1 + am), we obtain

o0

o= B (2 T e

am k!

- E& 0 m ¥, —a] ko
——i—(l—{-am) zkgltl'i' )kx '(1+am)[x,—;,f].

If we make in the last sum the éhange of index of summation: 2 — 1 =j,
we find

_:‘_ a+ am)_ %(1 + am) Z [ m )i+l x[j+.l, —a] ) [x' j: 1 .f] -

)
j=0 \ 1 4 am 7!

e . [*, —a)
= (1 + om) *Z( m )"<»+’*:>!* .[x,”';f].

It follows that we have

mynm=a+mm%§("uyw+mﬂ“ﬂﬂwfﬂfp€%4}

k=0 \1+4 am k!

Téking into account that

[x,i;fl—{x, k:l;f]=—-"—l‘|:x, 7’:‘—,’”—1;/']

» m

and using the notation (6), we can give finally the following expression for the
remainder of the approximation formula (8):

(RO = = Bk o) [, 2 421 )

m

m m
l+am 2 k N
= —— (a) k+1 '
wo R e ] )

which is the analogue of the formulas given by us for the remainders in the
case of the operators B,, pf:> ~

. and WS (see 137). For
a = 0 formula (10) has been given in [15].( our papers [12] and [13)

From t a : . .
that ; m the representation (10) of the remainder there follows immediately

(i) Pormula (8) has the degree of exactness N = 1 :

I - = . B
(11)' If oz. 20,m=1,2, ... and f is convex of first-order on [0, ), Wit
hout being linear, then we have L$® f>fon 0, ) ;



A STUDY OF THE REMAINDER IN a
IN AN AP
N APPROXIMATION FORMULA 75

(i) If « 2 0 and all the divided dj
bounded on [0, co), ther, we havev,l ed differences of the second-order of [ are

(R £) (9)] 5 522 2y,

where M,(f) is the least up '.er bound of the absolut ‘
order divided differences of fpon [0, 0). © absolute values of the second-

(iv) If « 2 0 and f is bounded and continuous on [0, co). th
fixed point x 2 0 we have: - : s on [0, »), then for any

(R f) (#) = — 122" 2 (8.8, s ],

m

where £,(i = 1,2, 3) are distinct points of (0, ), ‘which might depend upon
the function f. This formula can be obtained from (10) if we make use of
a known theorem of T. Popoviciu [5]. .

Now if we assume that the second-order derivative of f exists on [0,00),
then we obtain the following representation for this remainder

(R f)3) = — 1L 2. 1y

4. Finally, we shall give an integral representation of the remainder.
Because formula (8) has the degree of exactness N = 1, according to a know theo-
rem of Peano [6] we obtain the following formula

(Rf:)f) (x) = 5 G (t; =) f'(¢) d¢, (12)
where ’ aten
GOt 1) = (RPN 0, b)) = (x —8)y =

the subscript x indicating that R is to be performed with respect to x, while

t is held fixed. . N '
As in our paper [12], one can give immediately an expl(tc)lt ex)nres(silon
it i Go'(t; %) £0on

: 1 G and it is easy to see that we have Ga'(f; %)
f[(())r ogl;expe[?)ngo)keg:nce,we can apply the mean value theorem of the n_Jtegre_ltl:
calculus and we see that we can obtain in another way formula (11), since 1

is readily seen that we have

® o 1+ am.
(Gt Mt =5 (R e) (A= —— ==

]
(&g s "
It should be noticed that for a fixed x 20 the kernel Gn~(¢; x) repre
. . . ts £ .
sents a spline function of first degree, having the knots —~
(Received May 8, 1680}
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UN STUDIU AL RESTULUI INTR-O FORMULA DI APROXIMARE CARE FOLOSESTE UN
OPERATOR DE TIP FAVARD-SZASZ

(Rezumat)

In anul 1971 autorul a dat in lucrare i inf
N r a [11] o metodi de construire a unui operator liniaf
poz:iﬁv.g;aneral, de iglrlma (1), care depinde de un parametru mic «. In cazul special de II:il- (4) siatem
c;))n E’ 13 operat(;) ; %e tip Favard-Sz4sz definit la {5)—(6), care generalizeazi operatorul de la
( ), 12 lucrarea de afd se urmireste evaluarea restului din formula de aproximare (8). Printr-0
::, 1:om 8 izz& .;) ep: trso:(;s ti!i:ersintelor divizate, folositd de autor §i in alte lucrari (12], [13], s-a obt;i

> 1 L reprezentarea de la (10) cu ajut i ivi din

al doilea, precum §i reprezentirile de tip Cauchy ( 11() §)i de ti;)u;;anzlzodx(fle;;ntelor divizate de ot
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SOME PROPERTIES OF THE FIXED POINTS SET
FOR MULTIFUNCTIONS

MIRA-CRISTIANA ALICU and OTILIA MARK

Many fixed point theorems can b
. : . ; e extended ; .
ia.l\amfples showing that in this case the unicityepa{'c;ri;n ?;:;fuwglo?sa mentary
cr of some properties of the sets that arc values of a multif study the trans-
of fixed points. . unction to the set
Let (X, d) be a metric space and S(X)
X)={AegX)|d 0, 4=4
We denote by H th i » A = 4}
inf d(x, 7). y ¢ Hausdorff metric on S(X), and for x € X, D(z, 4) =

ye A
DerINrTION 1. The multifunction f: X — S(X) is contractive if

H(f(x),f(9) < d(xy), Vx,y € X, x #y.

DEFINITION 2. Let ¢: R}, —+ R, be a function satisfying the following
properties :

a) @(r) < 9(s), for »r <s, 7,5 € R,

b) ¢ is continuous

c) o(r,r, 7,7, 1) <7, for r > 0

d) r — o@(r,7,7,7,7) = 400, for r — 400

The multifunction f: X — S(X) is a e-contraction if

H(f(2), f(y) < o(d(x, ), D(x, f(2)), D(y, f(¥),

D(x, f(), D(y. [(x))). Vz,y € X.

We consider the case of the multifunctions defined on the real axis R

or on some subsets of R.
Taporem 1. Let f:[a, b] —%([a, b]
f(x) non-void, compact and convex, Vx e [a,
non-void, compact and convex. . i R being tb
Proof. The only mnon-void, compact and cONVEX SELS in eing the
closed inté/rvals, we have f(x) = [m(z), M(x)], where m and M are functions
which are defined on [e, b] with values 1o the same interval. We obtain
H(f(x), f(y)) = max{|M(x) — M(y)|, Im(X) —m(y) ]} The multifunction / being
contractive, we have for # #% :
IM(x) — M(y)| <%=yl

[m(zx) — m(y)| < 1% -yl
te in [1 ]l
Let %, and Xy

) be a comtractive multifunction with
b). Then the fixed points set is

following which the
heorem of B 0 |5 be thetfixed points,

ly the t .
We can apply nique fixe d point.

functions m and M haveau
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which are also fixed points for f. It is easy to show that x,, < 2y and that on the
left of x, and on the right of ), there are pot other fixed points. Any point
x in] x,, g [is also in [m(x), M(x)], so it is a fixed point.

We have proved that the fixed points set is [%m %p], SO 1t is mon-void,

compact and convex.
Remark. The statement of Theorem 1 is mot true for f: R — S(R), as

the following example shows.

for x € ]—o0, 20~

NIUl

Let g : R — R be a function defined by g(x) = -
x <+ l,forx € (2, +oo
n .

and f: R— S(R), f(%) = [0, g(x)).
f satisfies the condition

H(f(x), f(»)) < |x — y|, for x # ¥,

so it is contractive. It also has.as values non-void, compact and convex sects,
but the fixed points set is [0, +oco[ and it is not compact.

THEOREM 2. Let ¢: RS — R, be a function as in Definition 2, and f: R —~
— &(R) a g-contraction with f(x) non-void, compact and convex, ¥x € R. In ths
case the fixed poinis set is non-void, compact and convex.

Proof. We have f(x) = [m(x), M(x)] and H(f(x), f(xy)) = max {|m(x) —
— m(y)|, |M(x) — M(y)|}. Because f is a ¢-contraction, and ¢ satisfies the
condition a), it follows that .

im(x) — m(y)| < ¢(d(x, ), D(%, f(x)), D(y, f(3)), D(x J/(3)),
DUy, fl2)) < old(%,5), d(x, m(x), d(y, m(y)), d(x, m(y)), d(y, m(x)))-

We obtain similarly
IM(x) — M(y)| < o(d(x, 5), d(x, M(x), d(y, M(y)), d(x, M(y), d(y, M(x)))-

| By theorem 1 in [2] i.t fol_low§ that m : R — R has a unique {ixed point %m
and M:R—+R a unique fixed point x,,. There are not other fixed points on
the left of x,, on the right of x,,; any xin (% %y ] is a fixed point, so the fixed
points set 1s compact and convex. '

If we consider some other metric spaces, the properties mentioned above
may not be truS'. In [3] there are given examples of multifunctions in R? having
as values convex_and compact sets, whose fixed points set is however not con-
vex ; those multifunctions satisfy conditions of the type

H(f(x), f()) < kd(x, y), with 0 ) the
maultifunctions considered h)ere, <k <1, 50 they are a special case of

(Received June 10, 1980)
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UNELE PROPRIETATI ALE MULTIMII PUNCTELOR FIXE
.PENTRU APLICATII MULTIVOCE -

(Rezumat)

fn lucrare se studiazi cazul in care proprietdfi ale imaginilor unei aplicatii mu\tivoc.e
(convexitatca §i compactitatea) se transmit la mulfimea punctelor fixe. ;Rezultate_lg le generali-
zeazd pe ccle obtinute de H. Schirmer pentru coutrdctii, aplicatiile conmdergte ajci fiind @-con-
tractii saw contractive, dcfinite pe R, respectiv pe intervale compacte. -
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H, Freund, Elemente der Zahlentheorle
B. G. Teubner, Stuttgart, 1979.

Cartea cuprinde notiunile de bazi din teoria
numerelor, tratind in cele trei capitole ale §alg
despre teoria divizibilitigii (divizori, multipli,
numere prime), sisteme de numeratie §i fracpx
precum si despre congruente (clase de resturi).
De asemenea se evidentiazi unele paragra'fe spe-
ciale despre ecuatii diofantice, teorema lui Euler
si Fermat, congruenfe neliniare etc.

Profesor de matematici §i didactica mate-
maticii, autorul a reugit si selecteze cele iai
semnificative subiecte ale temei §i mai ales si
le dea o formid sugestivi de prezentare.

Continutul cir{ii poate si intereseze atit
pe studentii facultitilor de matematici cit §i
(indeosebi) pe profesorii de natematici, care pot
gisi aici multe solutii §i procedee ingenioase in
predarea notiunilor aferente.

Cele 18 figuri, 17 exemple si 56 exercifii
{impreund cu solutiile lor) intregesc in mod fericit
expunerea. Un pronuntat caracter de original-
tate eman3 in special din interpretirile geometrice
sugestive si din exercitiile-jocuri incluse.

Aldturi de scheme sinoptice §i demonstratii
riguroase, cititorul va gisi de asemenea pretioase
indica{ii metodologice.

N. BOTH

I/

s

@ Intreprinderea Poligraficy Cluj, Municipiu) ¢

XXV, 4,
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B.Rauhut,N.Schmitz E. W, Zachow,
Spieltheorie. B. G. Teubner, Stuttgart, 1979, 400

Lucrarea este consacrati prezeutirii teo-
riei jocurilor. In prima parte sint date diferite
modele matematice ale situatiilor conflictuale
care conduc la jocuri strategice in general cy »
parteneri. Se definesc strategiile jucitorilor si
se stabilesc diferite proprietiti ale acestora,
folosindu-se forma mormald a jocurilor $i notiu-
nea de multime informationali,

In coutinuare sint tratate jocarile ey
doi parteneri cu sumi uuli, demonstrindu-se
teorema fundamentald de minimax si legitura
acesteia cu existenta unui punct ga pentru functia
valoarea medie de cistig. Pentru jocurile matri-
ciale se stabileste teorema corespunzitoare ce
existd intre rezolvarea unui astfel de joc si so-
lutiile a doud probleme de programare liniara.
Intrun capitol siut studiate jocurile cu doi
parteneri firi sumi nuli. In ultima parte a
lueriirii se prezinti teoria lui Neumann §i Morgen-
stern referitoare la jocurile cu cooperatie cu
n parteneri. Se defineste functia caracteristici
a unui astfel de joc si se demonstreazi proprieti-
tile acestor functii caracteristice. Solutia jocului
se prezintd ca o mulfime de imputatii. De ase-
menea se defineste functia Shapley §i se dau
diferite proprietiti ale acesteia.

M. RADULESCU

ATICA

luj-Napoca cda. 3076/1981



tn cel de al XXV-Aen an 1980 Studia Universitatis Babes-Bolyai apare in specialititile :
matematic (4 fascicule)
fizick (2 fascicule)

chimie (2 fascicule)
geologie-geografie (2 fascicule)
biologie (2 fascicule)

filozofle (2 fascicule)

stiinfe economice (2 fascicule)
stiinfe juridice (2 fascicule)
istorie (2 fascicule)

filologle (2 fascicule)

Ha XXV roay usnanusa (1980) Studia Universitatis Babes-Bolyai, BHXOINT N0 CllefyromiM
CMeuHanbHOCTAM :

MaTeMaTHKa (4 BLImYCKa)

¢u3uka (2 Bunycka)

XuMHA (2 Bunycka)
reostorua-reorpapua (2 Bunycka)
GHonorus (2 BoLlIYCKa)
¢$uaocodusn (2 swnycka)
9KOHOMBYEeCKHe HayKH (2 sunycka)
Iopuandeckue Hayxn (2 BLRYCKa)
ucTopHs (2 Buinmycka)

duaonorna (2 sunycka)

Dans sa XXV-e année (1980) Studia Universitatis Babes-Bolyai patatt dans les spécialités:

mathématiques (4 fascicules)

physique (2 fascicules)

chimie (2 fascicules)

géologle-géographie (2 fascicules)

biologie (2 fascicules)

philosophie (2 fascicules)

sciences économiques (2 fascicules)

sclences juridiques (2 fascicules) " Lt
histoire (2 fascicules)

philologie (2 fascicules)
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