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SOME PROPERTIES OF THE TOPOLOGICAL Q-GROUPS (II)

M. SZILAGYI

§ 4. The Quotient Topology of the Q-Groups. Let us consider an arbi-
" trary element (G, +, Q, 1) of Top Gy, an arbitrary ideal (N, 4+, Q) of
(G, +, Q), and the canonical mapping ¢ : G — G/N. Let us consider further
the quotient topology for G/N relative to ¢, that is the finest topology
on-G/N with respect to which ¢ is continuous ([3], [11], [12]). Denoting
by 1, this quotient topology we have : YV U((U = G[N) A (U € 1,) = o~ Y(U)=1).
Because (N, +)A «G, +), from the theory of topological groups it
results that ([11], [12]) the canonical mapping ¢ :G — G/N is a continu-
ous and open mapping. In accordance with the work [15] concerning
the topological universal algebras we have : the Higgins mappings attached
to the operators w = Q are'continuous with respect to the quotient topolo-
gy, if the congruence which corresponds for (N, +, Q) is complete in the
sense of Malcev.

DeriNrioN 4.1, Let (G, -, Q, ©) be an arbitrary element of Top G,
and ¢ < G* an equivalence relation on G. We shall say that the equivalence
g is complete in the sense of Malcev if:

VU(UET=4[U]={xEG|3u((%EU) (%, #) =.g))} < ).

TuroreEM 4.1. Let us consuie;' an element (G, +, Q, )e Top @Q
and let q be a congruence on (G, +, Q). Then q is complete in the sense of
Malcev. : ' l

Proof. Let ¢ be an arbitrary congruence of (G, -+, Q). Then there exists

a unique ideal (N, 4+, Q) A (G, +, Q) such that: (4, b)egwa—be=
= N, that is, (@, 8) =g« a<sb+ N =N + b. Hence, the g-class of a:
g(a) = a + N. In accordance w1th above, if @ #£V < G, then we have:
q[V] {xEG]Hv((vEV) A((v, )=g))i={r = G| Jov((veV) A (xsv + N))} =
=U@+N)=V+N= | (V + #), which is an r-open set whenever

‘UEV ) nelN

v € 7, ¢[V] being a union of members of 7.
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Turorem 4.2. Letus considér an arbitrary element G, 4, Q, %)=

Top Q& and let q be a congruence on (G, 4+, Q). g is a closed subsetof G*
with vespect to \the product topology if, .and only if, the ideal q(0) = N =
= {x =G| (¥ 0) = g} is a closed, subset in (G, 7).

) Proof. Indeed, from the work [15] (theorem 11) it results that: if for
all universal algebras belonging to a certain primitive class, the congruen-

ces are commutative — with respect to the composition of - relation — then

on each separable topological universal algebra belonging to this primitive
class, the arbitrary congruence ¢ is a closed subset of G? with respect to the

product topology if, and only if, the g-classes of this congruence are closed

subsets in (G, 7). But, in topologmal Q-groups ¢(0) is a closed subset if, and

only if, each g-class is closed in (G, v), because the translation mappings ¢,

are continuous. In accordance with the above mentioned, it is sufficient to

show that, the congruences are commutative, with respect to the usual

composition of relations, for all Q-groups belonging to a primitive class.

In accordance with [5] (Chapter II., Proposition 6.8.): if p and ¢ are two
congruences on (G, 4+, Q), then pog,=pyg too is a congruence on
(G, +, Q), where py g is the interesection of all Q — subgroups of
(G3, +, Q) containing X = p | J ¢. From this observation it results that
the congruences on (G, -+, ) are commutative.

TaeoreEM 4.3. Let us consider an arbitrary element (G, 4+, Q, 7)
from Top G If (N, +, Q) A (G, +, Q) and ¢:G —~G|N is the canonical
mapping, then the quotient topology =, for G|N is compatible with the Q-group
structure on G|N, and the canonical mapping is open and continuons.

Proof. In accordance with the theorem 4.1., the congruence ¢ defined
by (a, b) = g<» a — b = N is complete in the sense of Malcev. Then — in
accordance with [15] — it results that the Higgins mappings are continu-

“ous on the quotient algebra.

. Observation. Because, the conditions (G, 4+, Q, <) € Top §, and
(N, +, Q)A(G, +, Q) imply (N, +) A (G, +),7 we obtain the following
assertions :
1) Let ¢: G — G/N be thé canonical mapping. If @ is a base of the
filter of nelghborhoods of the zero element 0= G, then the family ¢(®) =
={X c GIN|JV(V < &) A (p(V) = X))} is a complete system of neigh-
borhoods for the element ¢(0) = G/N.
(G) ()G/N Tp) i1s a Hausdorff space if, and only if, N is a closed subset
T
o (© (G)/N, 7p) 1s a discrete topological space if, and only if, N is open
in (G, 7).

§ 5. The Filter Topology of Q-Groups. In this paragraph we shall study
those topologies which are compatible with the Q-group structure and for
which the filter °?, of the neighborhoods of the zero element admits a base
containing only ideals of the Q-group considered. We shall study — in this
case — the product topology, the quotient topology, the relative topology, etc.
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DerinitioN 5.1. Let us consider an* (G, 4+, Q, 7) € Top G,. If the
filter of neighborhoods of the zero element, 0 = G, admits a base containing
only ideals of (G, 4, Q), that is: VV IU(V €¥y=> (U V)A(U<s ¥ )A
AU, +, Q) A(G, 4+, Q))), then we shall say that the topology t is a
filter topology for (G, +, Q), and (G, +, Q, =) is a filtered Q-group.

TuroreEM 5.1. Let (G, 4+, Q) be an arbitrary clement of Gq.
A) If the following condition is true:
L 1E(G, +, Q) admits a family {Gg|E <= I} conmtaining only ideals,
where 1 is an arbitrary divected index set, and : NM2E((Ey, Ea= I) A (B = &) =
= (Gg, < Gv,)) ; then there exists a unique filter topology ~ on (G, +, Q)

for which the family {G¢ | & < I} is a base for the filter of ‘neighborhoods of
the zero element, 0 = G. ‘

B) If ~ is a filter topology on (G, +, Q), then it holds the condition 1%.

Proof. A) Because, V £((Ge, +, Q) A (G, +, Q) = (Gg, +) A (G, +)),
in accordance with [16], the family {Gg | £ = I} determines a base & for a
uniformity A% on-the set [G:&={V < G X.G|V (%, 9)((x, y) =V =
=3 E((E = I) A (xy~1=Gy))). The topology < of the uniformity U is compatible
with the group structure of G and the family {G¢ | £ = I} is a base for the
system of neighborhoods 9, of the zero element, 0 = ¢ [16]. It is clear
that the topology 7 is uniquely determined by this property. Thus it is suffi-
cient to show that the topology = is compatible with the Q-group ‘structure
on G. In accordance with the Theorem 2.2 it is sufficient to show that:

YoVU3V(aw) =n)AU<T)=(VeT)A (V. ...V cU).
. . . (12)

Because the family {G; | £ = I} is a base for P, it exists some £ = I so that
" Gg € U for each U & 9,. The property (Gz, +, Q) A (G, +, Q) implies
that the assertion (12) is satisfied for V = Gg.

B) If < is a filter topology for (G, +, Q), then it admits a base & for
¥, — the base which contains only ideals of (G, +, Q) — and — evidently —
this base is directed with respect to the usual inclusion relation.

TaEOREM 5.2. Let us consider an (G, +, Q) € Gq, and let © be a filter
topology of (G, +, Q). If (G, +, Q) < (G, +, Q), then the relative topology
on G, 1, is a filter topology for (G, +, Q). :

Proof. If 7 is a filter topology for (G, -+, Q) then — in accordance with
the Theorem 5.1. — there exists a family {G; | £ = I} which satisfies the
condition 1* and which is a base for ¢, Because: VE(E s I = (G: N G) =
=Gt, +, QA (G, +, Q) and V3§ ((EL e DA (6 2 &) =G, NG =
= Gg, < G, (N G' = G,), the family {Gt | = I} satisfies the condition 1*
in (G', +, Q) and — in accordance with the Theorem 5.1. — the family
{Gi | £ =-I} determines a filter topology +’ for (G', +, Q). But, the topology
1’ is the relativization of v to G’, consequently ' = =g .
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[e>]

TaeorEM 5.3.7 Let us consider a family {(G,, +,Q)|v< A} from

Top G, where A is an arbitrary index set. If < 1s the product topology of the
topologies <, (v = A), then < is a filter topology for (X G,, +, Q).

Proof. In accordance with the Theorem 5.1., for each v & A it exist

a base {G(g()v)l E(V) e] (V)}, for the filter of neighborhoods of the zero

element, 0, € G, (v € A) — the base which contains only ideals of (G,, +, Q).

For simplicity, we suppose that E((,v) e 1™ and G(g((zv) =G, for each veA.

Hence (from the definition of the product to topology itself) it results

that a complete system of neighborhoods of the zero -element O =

= (Oyea € Z{G,|v<= A}, is even the family of all subsets: V =

={(@hen|(a, = G) A(Gelr = Gt if v & Af, where A} is a finite subset
of A)} Clearly, ® is a set containing only ideals of (2 G,, 4, Q) and it is
ordered with respect to the usual inclusion relation. Iet U be another

v V), v .
element of &: .U = {(bv)veA | (b\, = G(Ef)f)) A(Ggs) = Gi-((:v), if v& Ay, where

Ay is a finite subset of A)} Because, the family {G(Ev()v) e I(v.)} is
directed with respect to the usual inclusion relation for each ve A, it
exists for each v Aj A" = A, an element G(g()v) such that Gg()v) < G(Evi")

W . . . : . .
and G;fv) c G;()v). Because A, is a finite subset of A — in accordance with
133

above — we have: W = {(CV)VGA | (cv S Gg&))A(G(E‘a) =Gg§a) ifvﬁAo)}ec%,

and WCV, WC U. Consequently, the set $ is directed with respect
to the, usual inclusion relation, and so — in accordance with the Theorem
5.1. — the topology = is a filter topology.

THEOREM 5.4. Let (G, +, Q, 1) be a filtered Q-group. If (N, +, Q) A
(G, 4, Q) and if ¢:G — G|N is the canonical mapping, then <, is a filtered
topology for (G/N, +, Q). o

Proof. Because (G, +, 7) is a filtered group and (N, +, ) A (G, +),
from the theory of the topological groups it results ([4], [11] [12]) that, if
& = {Gz | £ = I} is a base for the system of neighborhoods of the zero
element, O € G, then the family &' = {p(G¢) | £ = I} is a base for the
system of neighborhoods of the element ¢(0) = G/Nin the quotient space
(GIN, =,). But, in accordance with [19] we have that (o(Ge), +,Q)
A{(G|N, 4, Q), whenever (Gg, +, Q) A (G, +, Q). '

THEOREM 5.5. Let us consider two arbitrary elements (G, -+, Q, )
and (Gy, 4, Q, 7,) of Top Gq and let «: G, — G, be a homeomorphic izomor- .
phism. If ~©, is a filler topology for (Gy, +, Q), then =, is a fulter topology
Jor (Gy, +, Q). ‘

? In [18] the analogous problem is solved for topological groups.
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Proof, Let us suppose that &, = {G(El) [(EsI)A ((Gg), +, QA(G, +, Q)}
is a base for ¥, (O is the zero element for (G;, 4, Q) (1 = 1, 2)). ILet

V® be an arb1trary element of ¥, and VW = «~}(V®). « being a conti-
%, :
nuous mapping, we have VW & ¥, . Hence it exists such a £ = I that

GO C VWM. We shall denote by G(z) = a(G{). Because «~'is a continuous
mappmg, GP is a neighborhood for 0g, € G,, and we have: GH C Ve =
= o(VW), Consequently, B, = {GP | £ < I} is a base for ¥, . Because «

is an izomorphism we have (Gg, +, Q) = («(GW), 4, Q) A (Gz,' +, Q)
whenever £ € I. Hence, T, is a filter topology for (G,, +, Q).

§ 6. The Isomorphism Theorems in T0p G,. In thisTparagraph we state
the celebrated isomorphism theorems for topological Q-groups, which are
of central interest both in the theory of topological groups (e.g. [11]) and
in the theory of Q- groups ([19], [5]).

The new theorems, whenapplied to Q-groups provided with the d1s—
crete ‘topology, render the usual isomorphism theorems for the abstract
Q-groups, while when applied in the case with Q = @, they render the
usual isomoprhism theorems for topological groups. These: theorems are
concerned with the existence (the unicity) of homomorphisms having some
algebrical and topological properties. The existence (the unicity) of the
homomorphisms having the mentioned algebraical properties, is guaranted
by the theory of Q-groups ([19], [5]), each topological Q-group being at
the same time an Q-group, and the hypotheses of the new theorems imply-
ing — in algeraical sense — the hypotheses on which the isomorphism
theorems for Q-groups are founded. The topological properties of these
homomorphisms are a consequence of the theory of topological groups ([11],
111/24), each topological Q-group being at the same time a topological group,
and the hypotheses of the new theorems implying the hypotheses on which
the isomorphisms theorems for topological groups are founded.

In the following, whenever a subset of a topological space itself appea-
res as a topological space, its topology will be the relativized topology. Simi-
larly, if a factor — Q-group appears in the role of topological Q-group,
it isalways understood with the topology induced by the canonical mappmg
The new, generalized theorems are:

THEOREM 6.1. Let us consider (G4, +, Q, ) and {G,, +, Q, 1,) two
arbitrary elements of Top Gq and let o.:G, — G, be any open and continuous
homomorphism. Then there is a decomposztzon

X=podoc ' _'(12)
where €:Gy, - Gurer o 15 the natural komomorphiém, which is open and contini-
ous, p: a(Gy) = G, 7s the inclusion mapping, which is open and continuous,
and o Gyge o = o(Gy) 35 a homeomorphic isomorphism, defined by a(x 4
+ Ker o) = a(x) for each x 4+ Ker o € Gygera -



8 M. SZILAGYI

Consequently, the diagram:

o
G]_ GZ

el ' @
Gy o —————a(Gy)

]

1S commutative.

TarorREM 6.2. Let wus comnsider (Gy, +, Q, ©;) and (Gs, +, Q, <,) two
arbitrary elements of Top Qo and let «:G, — G, Be any continuous homomor-
phism. If (N, +, Q) A (G, +, Q) such that Ker « 2 N, then there is a unique
continuous homomorphism o* : Gi[N — G,, such that the diagram:

€

Gl —‘\IllN

\ oF

Gy

is comm%mtwe a= a* o ¢, wherec: G1 — G4/N is the 'natuml homomorphism,
which is open and contm%ows and o* is defined by o (x + N) = o(x) for each
x + N € GyfN. If o is an open homomorphism, then o* is an open homomor-
phism.

THEOREM 6.3. Leét (G 4+, Q, 7) an arbitrary element of t Top Gqo. If
(B, +, Q) < (G, +, Q), BE'r(md A, +, QA (G, +, Q), then there is a
homeomorphic isomorphism ¢ {4, B}/ 4 —> B/AnB defined by o0 4+ 4) =
=b4+ AN B for each b+ A = {4, B

TarOREM 6.4. Let (G, +, Q, 1) be an arbz’tmyy element of Top 3q. If
4, +, QA (G, +, Q), (B, +, Q A (G, +, Q) and A C B, then there is a
unique open, continuous and surjective homomorphism 0:G|A — G|B such
that ep =HQoc 4, and B tnduces a homeomorphic izomorphism ' : (G|A)|xr e —>G/B
suich that the diagram

€4 ?Ker "] .
G GJA (GlA)ker o
-0

€g o’

G/B
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is commutative, where €4:G — GJA, ep:G — G|B, exuyo: GIA — (G|A) ke o
are the natural homomorphisms, O is defined by 6(x + A) = x - B for each
x+Ae GJA and § is’defined by : 0'(y + Ker 0)=0(y) for each y - Ker 6=
€ (G/A) ke o- -

Let (G, +, Q, 7)ibe an arbitrary element of Top Gq and let (4, +,
Q) be an arbitrary closed ideal of (G, +, Q). We denote by R, the set of
all closed ‘Q-subgroups (B, +, Q) of (G, +, Q) for which 4{C B C G,
" and we denote by R} the set of all closed Q-subgroups of (G/4, +, Q) =
= (G’, +, Q). By R, we shall denote the set of those elements of R, which
are ideals of (G, +, Q), and by R/, the set of those elements of RY which
are ideals of (G, 4, Q). We have:

TaEOREM 6.5. Leét us consider an (G, +, Q, ) € Top Gq. Let (4,
-+, Q) be an arbitrary closed ideal of (G, +, Q) and let €:G — G[A be the
natural mapping. Then there is a bijective mapping ¢ Ry — R,, defined
by: o((B, +, Q)= (==%B), +, Q) for each (B, +, Q) € Ry. The mapping
o conserves the usual inclusion relation between Q-subgroups, and the ima-
ge of an element from Ry under ¢ is an element of R 4. :

Proof. In accordance with the [19] (III1.2.19.) there is a bijection bet-
ween the set of all Q-subgroups of (G, +, Q) containing (4, +, Q) and the
set of all Q-subgroups of (G', -+, Q) defined by (B, +, Q) « (¢~1(B), +, Q)
for each, (B, +, Q) < (G/4, +, Q) and this bijection conserves the usual
inclusion relation between Q-subgroups, and the image of an element of
R, is an ideal. '

We show now that in this bijection the image of a closed Q-subgroup
is a closed Q-subgroup. If (B’, 4+, Q) € R}, then e~1(B’) is closed, becau-
se the natural mapping is continuous. On the other hand, if (B, 4, Q) €
€ R, and B’ = ¢(B), then B = ¢~1(B’). Indeed, let g; 4 A be an arbitrary
element of B’ and let g be an arbitrary element of g, + 4. Because g; +
-+ 4 € B', it canjbe well supposed that the representative of the class g3+
+ A is'an element of B:g, € B. Consequently, because g = g, + 4, there
is an element a € A such that g =g, -+ a. But gy = B and a€ 4 C B,
which imply that g « B. Hence, if B contains an element of a class, then B
contains all elements of this class. So e~(B’) = B.

In the quotient topology 7, on G/4, a subset B’.C G/A is closed sub-
set if, and only if, e~1(B’) is closed in (G, -, Q). This observation implies
_that (B’, 4+, Q) « R whenever (B, +, Q) € R,.

THEOREM 6.6. Let us consider (G, +, Q, 7)) and (G, +, Q, 75) two
arbitrary elements of Top Gq and let o.: G, — G, be an open continmous and
surjective homomorphism. If =, is a filter topology for (Gy, +, Q) then =, is a
filter topology for (G,, +, Q). :

Proof. In accordance with the Theorem 5.4., the quotient topology
7 on G[Ker « relative to the natural mapping ¢ :G — G[Ker «, is a filter
topology. The Theorem 6.1. implies that there is a homeomorphic isomor-
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ph1sm a: GyKer o — G,. So in accordance with-the Theorem 9.5, the topo-
logy 1, for (G, 4, Q)-is a filter topology. -

COROLLARY. Let us consider G, +, Q, 7,), and (Gz, -+, Q 'rz) two
arbitrary elements of Top Gq and let o: G, — G be an open continmous homo-
morphism. If 1-1 isa leter topology fo1' (G, Q) then (TZ)“(GI) is°a jzltef' topolo-
gy Jor (a(Gy),

Indeed,. the homomorphlsm Oy G]L = a(Gy) S G, defined by ocl(x) =
= a(x) for each x = G,, is an open continuous sur]ectrve ‘homomorphism,
That — in accordance with the Theorem 6.6. — is exactly what we Wanted
to’ prove .
('.R;eceived June 15, 7977 )
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FAMILII DE APLICATII $I PUNCIE FIXE

NICOLAE MURESAN

I. Fie (X, d) un spatiu metric complet. Aplicatia f a spatiului X in
el insusi este o contracfiejgeneralizatd dacd existid numerele nenega’ave o,
8, v astfel incit

(%), /() < od(x, y) + Bla(z, ) + Ay, )] + 1d(s £3)) +
+dly, fB)/V% ye X, a+28+2r <1 (1)
Este cunoscutd [1] urmditoarea teoremd de punct fix: Dacd (X, 'd) spatiu
metric complet $i f:X — X indeplineste condifia (1) atunci f are un punct
fix unic §i acesta se poate obtine prin metoda aproximatiilor succesive,

pornind de 1a orice element al spatiului. n nota de fatd ne propunem si
studiem dependenta de parametru a punctului fix.

" 11, Are loc

.TEOorREMA 1. Fw (X, 4) spatm metric .complet, A [spatiu topologic si
f: X X A - X. Considerdm aplicatisle f,: A - X, 1 — f(x, 7\) st fr: X - X,
%~ f(x, N).

Daci : (s)f, continud

(43) f» comtractie generalizatd cu &, B, ¥ ce nu depind de A\ atunci punciul
fix apllicaties a fY depinde continuw de parametrul ).

Demonstragie. Fie Ay, Ay € A 5i fi, (%)) = %3, fo,(%e) = %, unde %, 5i %,
stnt purctele fixe unice ale aplicafiei f;, respectiv f;\ Existenta lor - este
asiguratd de condifia (ii) in virtutea teoremei datd in [1]. Avem

(i, )= Aflm) fuls) < A, fulw) + dlfnle) Aum) @
Avind in vedere (ii) : '
Afu(#1)s Fru(xe)) < ad(on, %5) + Bld(1, fru(2) + A% Fru(2))] +
+ VA%, fi(%) + a5, f) ()] S ad(y, %) + Bz, fo, (%)) +
+ vld(xs, %) + d(%s, fru(xa) + (xe, %1)] =
= (&4 2)dw, %) + (@ + N)d(h(x), fiul%)
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Revenind in (2) obtinem _
(%, %) < (o + 2¥)d(x1, %) + (1 + B + 1)a(fa(xa), frul#a))

A, 1) < LT (), ()

Facind Ay = %, i avind, in vedere conditia (i) din enunf rezulti
. d(x 1 x2) i O .
TrOREMA 2. Dacd (X d) spagiu metric complet st f,, f: X - X verifici
condititle: ‘
@) sorul (f,) comverge umiform citve f
(il) f, are cel pupin un punct fix pentru-fiecare n
(783) f comtractie gemeralizaid . '

Atunci % fiind punctul fix unic al lui f ¢ x,, unul din punctele fixe ale lui f,,
strul {%,)nen este convergent si limita sa este x,.

Demonstmﬁe. Avgm hl
A%, %0) = d(f(%), f(®0) < Af(%), (%) + A(f(x,), flx)  (©)
Avind in vedere condifia (iii) .
(%), f50) < ot %) + BlA(E f(,) + Ao, fixe))] +
1Al fx0) + Ao, [N < od(s, %) + Bilm, J5)) + 115, %) +
+ Az, %) + A, SN = (o + 2)d(5, 50). + B + A (E), (%)
Revenind la (3) obfinem -

A, %0) < ~LEL 4, (x,), f(%2))
) 1—a— 2y .

Ficind # — oo si avind in vedere conditia (i) rezultd

Lo d(%,, %o — 0 =limx, = %,

w— 00

I11. Observatie. Daci in teorema 1 luim 8 =y =0 obtinem o teoremd -
datd in [4]. Facind aceeasi particularizare in teorema 2 obfinem un rezul-
tat continut in [2], iar dacd ludm y = O obtinem o teoremd datd in {3].

(Intrat in rekacﬁe la 11 decemnbrie 1972)
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CEMEPICTBA OTOBPA)KEHI/IH " HEHO,L'LBI/I}KHbIE 'TOYKH
(Peswme)

Tlycrs (X, d) — noJdHOe MeTpHUecKoe l'IpOCTpaHCTBO Otobpaxenue f X —>X Ha3bLIBAETCS.
000GIIeHHEIM CIKATHEM, eCJIM YIOBJeTBOpsieT ycioBHio (1).

B pabore jokasbBaloTCs ClefyIOUHe TeOPeMb : :

Teopema 1. Ilycts (X, d) —NoNMHOE METPHYECKOE NPOCTPAHCTBO, A — TONOJOTHYECKOe IIpOCc-
TpaHCTBO M f:XxA — X. Paccmatpusaiotcs ortofpamerHs fr:A — X, A = f(x, }) ¥#
A XX, x>flx, ). i

Ecan: (i) f, — HenpepeBHA, | -

(ii) f — ofoOleHHoe cxKaTHe C «, B, y, He 3aBHCAIIUMH OT 2, TOI‘ILa HemojsuKHasg
 TOYKa OTOGPAXKeHHs! f HENPePHIBHO 3aBHCHT OT IapaMeTpa A.

Teopema 2. Ilycts (X, d) — mosHoe MeTpHYeCKOe NPOCTPAHCTBO H fy, fi: X — X yJOBNET-
BOPSIET YCJIOBHSM :

@) IIOCJTe;LOBaTEJ'IbHOCTb (f.) PAaBHOMEPHO CXOAHTCH K f,

(i) fn HMeeT 10 Kpajifiell Mepe OJHY HENOABHIKHYIO TOUKY IS 'KaxK 0o ”,

(m) f oBofmennoe cxkate. Torpa, x, OyLYYH €IHHCTBEHHON HENOJBHIKHON TOUKOH fH %,
. — ONHOH H3 HENMOJABHIKHEIX TOYEK f,, NMOCAEIOBATENbHOCTh (¥p)neN CXOIHTCS K Z%o.

FAMILIES OF APPLICATIONS AND FIXE]? POINTS

(Summary)

Let (#, d) be a complete metrical space. The apphcatmn f: x> ».is called generalized
contraction if it satisfies condition (1). . .

The followmg theorems are demonstrated in the paper:

Theovem 1. Let (x, d) be a coinplete metrical space, A a topological space and f: XxA —> z.
We consider the applications f,: A —> %, A—>f{#, 2) and fi: = %, = f(x, 2).

If: (i) f, continues

(ii) f generalized contradiction with «, B, ¥ Wh1ch do not depend on i; then the
fixed point of the application f depends continuously on parameter 2.

Theovem 2. If (x, d) tomplete metrical space and I [ # —> % verifies the conditions :
(1) range (fy) conyerges uniformly towards f. .

. (i) f, has at’ least a fixed point for each =n. . -
(iif) f generalized contraction. '

Then %, being the umique fixed point of f and #n one of the fixed points of Jau the
range (x,,),,eN is convergent and its limit is w,.

Ve



SUR UNE METHODE DE I,OCALISATION DES ZEROS
" D'UN POLINOME ;

WRONA WLADYSLAW

t

Le but de cette note est de définir une certaine matrice contenant
un parameétre laquelle transformée par similitude, donne une avantageuse
localisation des zéros d’un ,polyndme.

+g On indique la maniére de calculer la valeur du paramétre pour laquelle
. les rayons de certains cercles, contenant des zéros du polyndéme, sont les
plus petits possibles.

Un cas particulier de Uestimation obtenue est un résultat de
M. Parodi, donné dans [1].

Congidérons le polyndéme :

: ) =t ar b e, e

<

a coefficients complexes.
Soit :
) Ay a,, )
_al - ; - ;”LT: _.aﬂr—l
o 0 ... 0 0
4= 9 0 0
(0 0. « 0
une matrice associée au polyndéme (1) ét posons: . i
[ o o o oc]
0 o o o
B=|{0 0 o o
0 0 0 ocJ

2 ~— Mathematica—NMechanica 1/1974
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Considérons 1a matrice:

C = BAB-! =
‘ [ a, + a a, — oa, az — odg Ay g — 08y Gy — Ody_3 + o)
- 1 - - 2 e - an—z - a‘n—l
o 0 0 ... 0 -
= 0 o 0 - 0 —a
0 0 o ... 0 —o
{ 0 - 0 ’ 0. ... o . " —o

Les Valeurs.caracféristiques de la matrice des zéros du polyndéme (1)
sont situées dans le domaine réunion des disques (1)

+ o+

a, — oay

=t B2 U el < 2o

A _ (2)
Dans le cas ofli, dans (2), « =1, on obtlent la Iocallsatmn de

M. Parodi [2].
Nous nous occuperons de la détermination d’une valeur du parameétre

pour laquelle le rayon du cercle sera le plus petit possible.
Dans ce cas, nous transformerons ’expression :

Uyl +a, — o]

(3)

1
|ay — aay| - = + | — aay| - l_l—z—i— ‘H“n—fmn i e B p—

en profitant de 1’1nega111:e dHo6lder [3], page 37

(n—1)p __ 1/p
lz + as — (Z( < [[ﬂz - aallq + e + [an — hy—1 + (Zn(q]l/q l:———_-lal 1 ] .
- . lal(”_l)ﬁ (]alﬁ _ 1)

4
Considérons le prenﬁier des facteurs: _
|@y — aayl? + ... + |@n — aa,_1|? + ||, (5)
on )

a, =9, + 1, k=12 ...,net p=¢g=2. (6)
De (5) et (6) il résulte: ‘ | ' 4 :
(CPZ - o“Pl)z + (“PZ'_' 0‘%)2 + ((Pa — 0((92)2 -+ (413 - ou'1)2)2 + ...+

n—1

+ (o0 — 0Pu_1)? + (Un — ady_i)? + | = Jaf? + a22(<pk+¢2)

n—1

— 203 (0041 + Bibi) +E(<pk+ 4.



UNE METHODE DE LOCALISATION DES ZEROS D'UN POLYNOME' 19

T,a fonction

0e) = Iaf + 2 2 (8 + ¥) = 2623 (01001 + i) + 2 (2 + 82)

a son minimum au point o, pour lequel

Q' (o) =0 et Q"(xg) >0
Ql(a) — 2’)’&‘(1[2"'_1 + 2(}{,}22=1 (([J?z + 4’2) —_ ZkE:l ((p,‘e<pk+i + lbk&bk_l_l) (7)

. n—1
0"(@) = 2n(2n — 1)|aj2r~2 - k2=1 (92 + ¢2)-

La dérivée seconde de la fonction Q(«) est positive pour chaque valeur
du paramétre . Pour déterminer le minimum de la fonction Q(w), il suffit
de poser: “ .

» Q'(«) = 0.

Posons :

-n—— n—1

a=—2 ‘Pk+¢k b=%

" De (7) et (8) il résulte:
|af2t=1 = — qo +b (9)
L’équation (9) a deux racines réelles qui peuvént étre utilisées pour
calculer les rayons des cercles contenant les zéros du polynéme. On peut
vérifier laquelle des racines des parameétres donne une localisation plus

avantageuse, ou prendre une partie commune des domaines.
On peut transformer la matrice A 4 l'aide de la matrice:

1 0

- .21

P= 21 .l | (10)
0 Tl '

On obtient alors des nouveaux disques contenant les zeros du polynéme

S =PAP-1=

k=1 ".

(G kPkqu;l). @

f——a + o BT % 4 % _an_l'—Otan__2_an—aan_l+a”
o 21a 31at T (r— 1)l a2 nl o1
. ' 21
21a 0 0 0 — "«
’ . 7!
4 31 co 31
0 — o 0 v s 0 — 2
| 21 ) ’ nl
’ ) nl . n!
L 0 0 0 o — 2

m—2)! 7
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Les valeurs caractéristiques de la matrice S sont situées dans le domaine

U,, réunion des disques:

nw

ay — oy

Uwzlz+a—oc|< e B R e
. (1)
Ulzl < (v — Dle| + — Iocl U | + of < |nal.

Ay, — Uy g - of U

Si les coefficients du polynéme (1) sont en progression géométrique,
de (11) on déduit:

l; — aai_q| = 0. (12
8i les inégalités
| jas = o > (L + (0 — 1) + - el
nl n
et .
jay — 2] > (% + ) ol
) %!

seront accomplies, de (12), on déduit que le cercle de rayon v n’aura pas
des points communes avec les cercles de rayons p et a.
En appliquant le théoréme de Brauer [3], on peut énoncer le:

THEOREME Si les coeff1c1ents du polynbéme sont en progression géo-
métrique et si les 1nega11tees

“i a3 — 2a

—et

n!

gy az

sont vérifides, alors, dans le cerclef
1
|z + ay — asfay| < Al |@sfa;]

se situe un et seulement un zéro du polynéme. .

L’estimation - (6) est intéressante dans le cas: |#y/a,] = 1. Alors, on
obtient I’estimation de M. Parodi [2] pour un seul zéro du polyndme avec
lés coefficients égaux.

( Manuscrit regu le 22 tanvier 1972 )
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ASUPRA UNEI METODE DE LOCALIZARE A ZEROURILOR UNUI POLINOM
(Rezumat)

Tn lucrare se di o metod pentru localizarea zerourilor unui polinom. Astfel se genera-
lizeazd unele rezultate ale lui M. Parodi. .

OB OJTHOM METO/E JIOKAJIM3AIIMY HYJIEW OJHOI'O MHOT'OYJIEHA
. (Peswome)

B paGote jaetcs MeTOZ JOKaJM3alHH HyJelf ofHOro MHOroujeHa. TaxkuM ofpasom 060G-
MAloTCs HeKOTOPHe peayibTatht M. Ilapo au.



HYPERSURFACES DANS UN ESPACE RIEMANNIEN RECURRENT

P. ENGHIS

1. Généralités. Soit V,, un espace riemannien & métrique
ds? = agedydy® 1,1)

4 tenseur de courbure RM et atenseur de Ricci Rog. On dit que l’espace
vV, est récurtent [11] s'il ex1ste un vecteur covariant ¢, tel que

g‘fﬁ; o= ‘PpRBYS_ " (1,2)

ou le point et virgule désigne la dérivée covariante par rapport au tenseur
métrique de l'espace.

En contractant la relation (1,2) en « et y on obtient

Res; o = 9oRos 13)
Un espace hemanman qu1 vérifie (1,3) est nommé Ricci-récurrent [7].

Il résulte immédiatement qu’'un espace récurrent est toujours Ricci- recurrent
la rec1proque n’étant pas toujours vraie [9].

Soit maintenant ¥, un espace riemannian a métrique
ds® = gyaxidx ' (1,4)
- plongé dans I'espace rigmarinian V. c’est-a-dire donné par les équations
g =gl ... 8" a =1, .-.'.,m, m>n (1,5)

ot rang ‘

) o

Pour le déplacement dans V, on a
Aogdy*dy® = gdxtdxi

i
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+

(les indices «, B, v, ... prennent les valenis 1,2, ..., m et les indices
1,9, kB, ... les valeurs 1,2, ..., #) et donc on a
o _
b omt i 5V (1,6)

ot agy% ¥¥ = g, ou la virgule désigne la dérivée covariante par rapport: .
a la métrique (1,4).

Désignons par Nj(p =#n 1, ..., m) m — n normales & V, unitaires.
réciproquement ortogonales. On a ;

aaBN;Ng = &y, ‘ “aBN;Ns =0, p # g, “otﬂy,“iNg =0 ) (1,7);
ou e, = 4 1.
Si Ton pose . )
Vi = ; €5 2] ;i3 ‘ (1,8)
alors le second tenseur fondamental de ¥V, est donné par

.Qp“j =y?‘¢jNﬁ]a ﬁ =% + 1, cv., M (1,9)) '

Supposons l'espace V,, récurrent alors la relation (1,2) ot ¢, est un
gradient [11] est satisfaite. Si on note par ¢, la composante tangentielle’
de ce gradient on a:

PoYir = @, (1,10)

En prenant la dérivée -covariante de la relation (1, 10) par rapport
a gy nous avoms . T

. %wm+%w Pr,i
.ou tenant compte de (1,8) on a

Po, VY5 + s ; epQpii NG = @, (1,11)

De la relation (1,11), en tenant compte que ¢, est un gradient e*
que Qpy = Qp; il vésulte @, i = 9;, et donc ¢, est aussi un gradient [6].
2. Hypersurfaces dans un 7V, récurrent. Dans ce qui suit nous suppo-

sons l'espace V,, récurrent et m = n + 1. Les équations de Gaus s et
Codazzi pour l'espace V, plongé dans V,,; sont [I]. o

#n

R = e(Qaa Qi — Qi Qi) + Raaysy, iy jy,k_'y',h 1)

. .
Qi — Qirj = Rupyadyiyiy 2 N®
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En prenant la dérivée covariante de la premiére relation (2,"1) par
rapport 4 gy et tenant compte de (1,8) et de la deuxiéme relation (2,1}
on a

Rijmn,r = e[Quin Qi + QunQn,r — Qi Qi — Qi Qi —
i, 1 i+ Qi 2 Qi+ Qig, 1€ — Qa1 — (252)
— i, 1 Q4 Qi Qpey + O 1 Qg — Qi Q] +-

%) e A% B Y a8
+ RaBYS,py,fy»iy.jy,ky,h
L’espace V.1 étant récurrent, supposons que le vecteur de récurrence

n’est pas orthogonal a V,,, donc ¢, # 0. En tenant compte de (1,2) et
(1,10) dans. (2,2) nous avons.

Rukh,r - <PrR¢jkl;— - 6(9, ijkh + 691]}2}1 r —
— 4e{Qi 1 Qi -+ Qe Yt}

olt par le crochet on a notté lantisymétrisation et le temseur Qy =
= Q;Q — QiQj. On a donc

Prorosrrron 2.1. Les hypersurfaces d’un espace riemannien - récur-
rent vérifient la relation (2,3).

Le tenseur Q, introduit dans les relations (2,3) a des propriétés ana-
logues au tenseur de courbure & savoir:

) (2:3)

Qijkh = Qkhij= — S&jikh T T Qijhk
R ~ Qijkh + Qihkj "I" Qikjh = 0
et en ce qui concerne les tenseurs contractés, I'un est symétrique et I'autre

est nul.
De l'identité de Bianchi

N , Rijan,r + Rijinx + Rijnn=0 - (2,5)
et des relations {2,3) on déduit , '
ProposrrroNn 2.2. Pour une hypersurface d’un espace riemannien

récurrent avec le vecteur de récurrence. nonorthogonal a la hypersurface
on a

(2,4)

@, Rijin -+ 01 Rijnr + 03 Rijmn = 9y QRijnn + .
+ CPkQuhf + CP}. ijrk

Si le second tenseur fondamental d’une hypersurface V, d'un’ espace
riemannien récurrent satisfait les relations

@ Qiim — Qi r + 4{Qua Qs + Qi Qi) = 0 27)

alors de (2,3) on déduit que la hypersurface est elle aussi récurrente avec
le vecteur de récurrence g, et réciproquement. On a

’
(

(2,6)
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ProrosrrioNn 2.3. Une condition nécessaire et suffisante pour qu'une
“hypersurface d'un espace riemannien récurrent avec le vecteor de récur-
rence nonorthogonal 4 la hypersurface soit récurrent est que le second
tenseur fondamental vérifie la relation (2,7).

e (2,8) on déduit
» PROPOSITION 2.4. Pour une hypersurface récurrente d'un espace
-riemannie récurrent avec le vecteur de récurrence nonorthogonal i la
‘hypersurface on a

e Qumn + 0 e + 0,Qirn = 0 ' . (2,8)
Des relations (2,8) si on les multiplie par g et si on les contracte

on déduit

ProrosrrioN 2.5. Le vecteur de récurrence d'une hypersurface récur-
rente d'un espace riemannien récurrent est une solution du systéme .

( ikh SkQ]hS T “,': ;sk)cpr =0 (2’9)

De la proposition 2.5 il résulte immédiatement

COROLLAIRE. ‘Une condition nécessaire pour qu'une hypersurface d’zm
-£space viemannien, récurrent Sost 1’ecmrent est que

rang ( ikh — Sijhs -+ Sthsk) <n

Une hypersurface d’'un espace riemannien est totalement-géodésique
T1] si Qj—o. Pour les hypersurfaces totalement-géodésiques de (2,3) il
-résulte " :

PrROPOSITION 2.6. Les hypersurfaces totalement—geodesiques d'un es-
-pace riemannien récurrent avec le vecteur de récurrence nonorthogonal a
la hypersurface sont récurrentes.

Supposons maintenant que la hypersurface ¥V, est totalement omb111—
-cale, donc

Qij = gy T (2,10)
ou p est.un scaléire invariant. ' '
En remplagant (2,10) dans (2,3) nous avons
Riin,r — @ Rijmn = — 69,0%(g: g — gungn) + 2p[20,/(guxgin —
— &ain) + 0.1(gngir — Eingn) + o,e(gigir — gunr) + (2,11)
+ p,1(8ir8hr — ga&r) + 0,i(81i&hr — rigir)]
..En multipliant (2,11) avec g* et en sommant on a la relation
Ry, — Ry = — e(n — 1)o,0%in + ep[2npgn +

| (2,12)
+ (7 — 2)(p,n8ir + 0,38 ] o
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de laquelle aprés une nouvelle contraction avec gt on déduit
R, — ¢,R = — en(n — 1)pp, + 2(n* + n — 2)egp,, (2,13)
et ainsi on retrouve pour les hypersurfaces les relations de 7. Myazawa

[6]. On a donc

ProrositioN 2.7. Le tenseur de courbure, le tenseur de Ricei et la
courbure scalaire d’une hypersurface totalement-ombilicale d'un espace
riemannien récurrent avec le vecteur de récurrence nonorthogonal a la
. hypersurface vérifient les relations (2,11), (2,12), (2,13).

De l'identité de Bianchi (2,5) contractée en 7 et 7 et les rela_tlons
(2,11) et (2,12) on peut déduire aussi les relations [8]:

@,R:jk — @Ry + oaRjy = (2 — n)(Pagin — ©r8) 0
2¢,Ry — ¢uR = (2— n)(n — 1)gue?

Dans un travail antérieur [2] on a introduit le tenseur Aju = Rju —
— (BERJ-;, — SZRjk) a l'aide’ duquel ‘on a établi une condition- nécessaire
de récurrence d’'un espace riemannien. De (2,14) il résulte:

ProposITION 2.8. Le tenseur A}kh d'une hypersurface totalement-
ombilicale d’un espace riemannien récurrent satisfait les relations:

[ | ‘ .
TEE (2.14)

i 1 : - -
iHh @ = —— [2<P’(gfh Ry — gin Rin) -+ R(@sgix — @sgin) (2,15)

En prenant la denvee covariante de la relat1on (2, 13) par rapport
4 gjona : ‘

R — @R — ¢, sR=— 2en(n — 1)(pp,s0, + o%pr,s) +
+ 2(n® + n — 2)e(p,sp,r + 00, 1)

En permutant les indices 7 et s, puis en faisant la différence des deux
relations et en tenant compte de (2,13) on a la relation-

) 0,rPs = 0,5%r
de laquelle il résulte .
o, = o, , (2,16)
ou o est une fonctmn scalaire. o '

_ Si dans (2,16) la fonction « = 0, il resulte p = const. Le cas p = O
a été étudié dans la proposition 2.6. '

Si p = const. # 0 les équations (2,11) et (2 12) deviennent
Rijm,r — @ Rijun = — eQ,p *(gingin — Eingir)

- & 2,17)
ij,r - CPijh == 6(’}1 - I)CP,ng]h
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En écrivant le tenseur de courbure projective

Kijkh = Rijkh — n—i—l (gih R}k — &ix th) (2,18)

§

et en tenant compte de (2,17) on obtient
. Kijenr — ¢, Kijn =0 ' (2,19)

et donc la hypersurface est proJect1vement-recurrente Réciproquement
si pour une hypersurface d’un espace riemannien récurrent avec le vecteur
de récurrence nonorthogonal & la hypersurface a lieu la relation (2 (2,19) -
en remplacant les expressions déduites de (2,11) et (2,12) et aprés la
mu1t1p11cat1on et contraction avec g on trouve p, =0, donc p = const.
et-on’'a le résultat snivant '

ProposITION 2.9. La condition nécessaire et suffisante qu’une hyper-
surface totalement-ombilicale d'un espace riemannian récurrent avec le
vector de récurrence nonorthogonal & la hypersurface soit projectivement
récurrente est que p = const.

-Comme tout espace riemannian récurrent’ est aussi projectivement
récurrent [2], de la proposition 2.9 et des relations (2,17) il résulte

PropositIoN 2.10. Les hypersurfaces totalement-ombilicales récur-
rentes d'un espace riemannian récurrent avec le vecteur de récurrence
nonorthogonal 2 la hypersurface sont totalement-géodesiques.

Des propositions 2.6, 2.9 €t 2.10 il résulte les observations suivantes:

1. Si pour une hypersurface totalement-ombilicale plongée dans un
espace riemannian récurrent avec le vecteur de récurrance nonorthogonal
idla hypersurface nous avons p=const # 0 elle est projectivement-récurrente
sans qu’elle soit récurrente.

2. Les seules hypersurfaces totalement-ombilicales récurrente d'un
espace riemannian récurrent sont celles totalement- geodes1ques

Sur la hypersurface V, considérons le tenseur

1_1kh = Rukh + - ( zhgjk - thgzk + R]kgth - Rzkg]h) (2:20)

nommé le tenseur coharmonique [3]. Si ce tenseur satisfait les relations
Zijin,r = PeLijn (2,21)

la hypersurface est nommée CHK, (coharmonique récurrente) [5]. En
prenant la dérivée covariante des relations (2,20) par rapport 4 g; on a

Ziwnr = Rigmn,y + n—i—z (Rin,+gr — Ry, »8ix + Rjn,v&n — Rirgn) (2,22)
Si dans les relations (2,22) on tient.compte de (2,11) et (2',12) on a

Ziinr = 9o Zijw + ,Ti—é (ne,62 — 2(n + 2)pp,, 1(ggin — gagin)  (2,23)
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Dans la relation (2,6) si la fonction « est donfiée par

Tt . (2,24)

alors (2,23) devient (2,21) et la hypersurface este CHK,. Réciproquement,
si (2,21) a lieu, de (2,23) il résulte que (2,24) doit avoir lieu, et le théo-
réme 3.8 de T, Myazawa [8] pour les hypersurfaces devient

- Proposrrion 2.11. Les hypersurfaces totalement-ombilicales d’un es-
pace riemannian récurrent avec le vecteur de recurence nonorthogonal a
n
e f
la hypersutface sont hypersurfaces CHK, si o = C&""*™ ou C est une
constante pos1t1ve et f est une fonction sca1a1re qui satisfait la relation

“De la proposition 2.11 et des relations (2,13) on dédult

- PROPOSITION 2.12. Les hypersurfaces totalement-ombilicales cohar-
moniquement-récurrentes d'un espace riemannien récurrent avec le vecteur
de récurrence nonorthogonal i la hypersurface sont de courbure scalaire
récurrente et réciproquement.

Des propositions 2.11 et 2.12 on débuit que le theoreme 3.8 de T.
Myazawa [6] peut etre énoncé ainsi:

ProrosITION 2.13. La condition nécessdire et suffisante pour qu’une
hypersurface totalement-ombilicale d'un espace reimannian récurrent avec
le vecteur de récurrence nonorthogonal i la hypersurface soit cobarmo-
niquement-récurrent est que la hypersurface soit de courbure scalaire récur-
rente.

Soit maintenant ¥V, une hypersurface totalement-ombﬂlcale Ricci-
récurrente. De (2,12) on déduit

(1 — 1) pg,ga + 2np,.80 + (0 — 2)(p,18m + 0,igw) =0 (2,25)

Mais une hypersurface Ricci-récurrente est aussi de courbure scalaire
récurrente ce qui résulte immédiatement d’ume relation analogue a (1,3)
écrite pour la hypersurface, donc pour une telle hypersurfaoe a lieu (2;16)
“avec o donné par (2,24). En remplacant en (2,25) on a’

— 20,gi + 19,8i + Npigy = 0 - (2,26)

Réciproquement, si on considére une hypersurface totalement-ombilicale
-coharmoniquement-récurrente pour laquelle (2,26) a lieu, de (2,24), (2,13)
et (2,12) on déduit qu’elle est Ricci-récurrente. Donc

ProrosrrioN 2.14. Une hypersurface totalement-ombilicale d'un es-
pace riemannien récurrent avec le vecteur de récurrence nonorthogonal a

la hypersurface, est Ricci-récurrente si elle -est coharmoniquement-récur-

rente et si les felations (2,26) ont lieu:

kel
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Si dans (2,16) « est une fonction scalaire arbitraire, en remplacant
dans (2,11), (2,12) et (2,13) et écrivant le tenseur de courbure conforme
de la hypersurface.

Cijkh = Rij:kh ~+ ;_—2 (gikth — gihRjk -+ gthfk - gijih) -

. :

T e g €k — girgin) |
on obtient aussi pour les hypersurfaces le résultat de M. Privanovih
(8] pour les surfaces

Ci_jkh, r = @ C ijkh

donc

Prorosrrion 2.15. Les hypersurfaces totalement-ombilicales d'un
espace riemannien récurrent avec le vecteur ‘de récurrence nonorthogonal
a la hypersurface sont conformément-récurrentes.

Considérons maintenant le cas oft dans les relations (1,10) le vecteur
de récurrence de l'espace V,,; est orthogonal 4 a hypersurface V,. Dans
ce cas les relations (2,3) deviennent

Riy,» = 3Qijklx,0—‘ 4e{Qup1n Qiypr, 1y A Q[k|T|QI;][i,j]} - (2,27)

donc on a

Prorosrtion 2.16. Le tenseur dérivé covariant du tenseur de courbure
d’une hypersurface d’'un espace riemannian récurrent avec le. vecteur de
récurrence orthogonal & la hypersurface est donné par (2,27).

Des relations (2,27) on déduit aussi :
, Prorosirion 2.17. Si le tenseur de la seconde forme fondamentale
d’une hypersurface d’un espace riemannien récurrent avec le vecteur de
récurrence orthogonal & la hypersurface est covariant constant, alors la
hypersurface est symétrique dans le sens de Cartan.

Si la hypersurface ¥V, est totalement-ombilicale, de (2,16) on déduit-
p = const. et de (2,10} et de la proposition 2.17 il résulte que la hyper-
surface est symétrique dans le sens de Cartan. Mais dans ce cas de I’iden-
tité de Bianchi (2,5) et de la premiére relation (2,1) on déduit aussi

Rim = ep[(gagin — gagir)

et la’ hypersurface est de courbure constante. On a donc aussi pour les

hypersurfaces le résultat de Myazdawa [6] énoncé. par
Prorostrion 2.18. Les hypersurfaces totalement-ombilicales d'un es-
pace riemannian récurrent avec le vecteur de récurrence orthogonal &
la hipersurface sont de, courbure constante. , i
: (Manuscrit vegu le 15 mars 1973 )
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HIPERSUPRAFETE INTR-UN SPATIU RIEMANNIAN RECURENT .
(Rezumat)

In lucrare se dau relatiile (2, 3) si (2, 6) ce le verifici hipersuprafetele unui spatin rieman-
nian recuremt cu vector de recurenti neortogonal la hipersuprafati. Se di conditia (2, 7)
ca o hipersuprafati si fie i ea recurentd si relatiile (2, 8) si (2, 9) pe care le verificd. Se stu-
diazd apoi hipersuprafefele total geodezice s cele total ombilicale, dindu-se condi’;iile ca ele
si fie recurente, proiectiv recurente, coarmonic recurente, respectiv conform recurente in cazul
cind vectorul de recurenti este neortogonal la hipersuprafati. In incheiere se studiazi hiper-
suprafetele nnui spatin riemannian recurent cu vector de recurenti ortogonal la hipersuprafati.

TMIIEPTIOBEPXHOCTH B PEKYPPEHTHOM PUMAHHOBOM [TPOCTPAHCTBE
(Pesawome)

B paGore mokasano, 4TO IHIEPHOBEPXHOCTH PeKyPPeHTHOTO PHUMAHHOBOro IIPOCTPAHCTBA
C HEOPTOTOHANbHLIM BEKTOPOM DeKYPPEHTHOCTH Ha - I'MIEPIIOBEPXHOCTH YAOBJETBOPSIOT CO-
orHomenuam (2,3) u (2,6). Aprop gaer ycnoeHe (2,7), 4TOGBI H THIIEPIIOBEPXHOCTh ObLIA PEeKyp-
PeHTHOH, a TakKe coorHomweHHs (2,8) ¥ (2,9), KoTopbIM yAOBJETBOPSET 3Ta MHIEPIIOBEP XHOCTE.
Hsyuaiorcss 3aTeM BIOJIHe TeoJie3UuecKHe H BIOJIHe OMOMJIHUECKHe THIIEPIIOBEPXHOCTH U JAIOTCS
YCJIOBHS, UTOGH OHH OBUIM DPEKYPPEeHTHLIMH, IPOEKTHBHO PeKYPPEHTHbLIMH, . KOTADMOHHYECKH.
PeKYPPEeHTHEIMH, COOTBETCTBEHHO KOH(OPMHO .peKYPPEHTHEIMH B CJIyuae, €CJIH BEKTOP PeKyp-
PeHTHOCTH HeOPTOTOHaJlleH Ha THNePHOBEPXHOCTH. B 3axiioueHHe HSyHaloTCH THIEPIO-
" BEPXHOCTH PeKYPPEeHTHOrO PHMAHHOBOTO INPOCTPAHCTBA C OPTOrOHANBHBIM BeKTOpOM pexyp-
DEHTHOCTH Ha THNEePIOBEPXHOCTH.
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ANGELA VASIU

:

Re]atu ternare si quaternare de ineidentd. Fie L o mulfime i o o
relatie ternard definity in L.

Drrinryia 1. Relatialternard p se numesgte o rela1;1e ternard de inci-
" dents dacd sint satisficute urmétoarele condifii:

1. relatia p este reflexivd, adicid (a, b, ¢) = p ori de cite ori'a, b,c = L
nu smt distincte ;
2. relatia p este simetrici¥adicd (ay, a5, a;5) = p implicd ci orice per—
mutare a lui a,, 4, a4 apar1,'1ne lui p;
3. din a#bsi (a,b,c)spA(ad )Eprezulta(a,c,d)e'p.
DrrINITIA 2. O relatie quaternara 0 definitd in<L impreuni cu o
" relatie ternard de 1nc1den1;a ¢ se numeste o relatie quaternari ‘de incidentd
fati de relatia p, dacd avem indeplinite urmatoarele conditii:
1. (ay, as, @5, a;) = 0 ori de cite ori trei dintre elementele a; sint
"in relatia p;
2. din (ay, a,, @5, @,) < 0 rezultd (g, a;, @, a) s 0 pentru 4,4, k1 o
permutare oarecate a numerelor 1, 2, s A
3. daci (ay, ay, as) S p atunci din (a,, a,, a,, a4) s 0A (al, A3, Ay, B5)
e 0§ rezulti (ay, @, a4, 4;) <
Cons1deramgun grup G care admite un sistem de generatori S pentru
care sint indeplinite axiomele 4, B §i C din [9].

In mulfimea S definim o[relatie ternari p prin conditia: (a, b, ¢) = p
daci abc = S pentru a,b, ¢ = S si o relatie quaternari 0 pentrua,b,c,d = S
prin conditia (a, b, ¢, d) = 0 daci{abcd = S

TrorEMA 1. Relatia ternari. e(a, b, ¢) defzmta tn S este o relatie ternard
de incidentd.

Demonstratie. Pentru verificarea primei conditii a definifiei 1 pre-
supunem :
a =0, atunci abc = aac = S

a = ¢, atunci abc = aba =a’' = S (conform teoremei 2.1 [9].
b = ¢ implicd abc = abb = a = S.

3. — Mathematica—Mechanica 1/1974



34 : ' A. VASIU

v

Pentru verificarea celei de a doua condifii a definifiei 1fva trebui si
aritim cd din a,a,a; € S rezultd aaa, = S, 4, k< {1,2, 3}. Intr-adevir,
fie ay, a5, 45 € S cu @ya,a; € S atunci (@,8,a5)"* € S i (deci aza.a, € S.
Apol avem @,a;a; = A,0,0,858; = (B,8:03)0; = @ a; = aaa, = 4’ € S, unde
cu a4 am notat a,a,a; € S. Aplicind acest rezultat- la a,a,a; € S deducem
as1,a, € S; rezultd de asemenea ayaga, = (Aya40,)" 1€ S i a,aa, =

= (aga)"1 = S. ‘ :

Fie a#b gl (a,0,c)= pA(a,b,d) € p-adici aoce S [si abd = S.
Aceasta inseamnd ci ¢, d € D(a, b). Avem de asemenea ci a, b,=fD(a, b)
si deci obfinem aba = S, abc = S §i abd = S care pe baza teoremei 2.9 [9]
‘implicd cd acd € S si deci (a, ¢, d) € p, ceea ce verifici condifia 3 din
definitia 1. - -

TEOREMA 2. Relatiile ternard o §i quaternard O definite in S constituie
o velagie quaternavi de incidentd.

Demonst;'a,tie. Conditia 1 din definifia relatiei quaternare de inciden$d
rezultd din sirul de relatii: .

Ay Aa030y = 1(Aa030,) = Ay (A1050,) = (A;0,0,) 038, = (a,0,0,)a,

si din proprietatea de simetrie a relatiei ternare p definite in S.

Dacid (a,, a,, a3) € p atunci condifia 2 din definifia 2 rezulti din
relatiile ; , '

W1050, = (A18505)04 € S? )

GyBolylls = B10s0aydyly == (A10,05)a,05 < S*

183050, = (A1840.)a; = S%, deoarece din a,a,a; € S, conform teoremei
precedente, rezulti a,a,a, = S. .

WAy Boly = BiByly Oy Golly = Gy (A10203) < S*

AgByaly = Ag(A1Aads) < S

Aol Byl = Aoy Agalyly = (Ay0,05)@4a5 € S '

—_ o « ege v . v
.Dacd a;a,a; = S atunci condifia 2 din definifia 2 rezultd din urm3i-
toarea observatfie: a,a,a,0; € S?* implicd cid a, € P(ay, a,, a;). Avem de
asemenea conform corolarului 5 al teoremei 2.1 [97] cd a,, a,, a; = P(ay, a,, a3),
iar pe baza teoremei 2.4 [9] rezulti a;a;a,0, = 0 pentru 4,7, &, I 0o permu-
tare a numerelor 1, 2, 3, 4. )
Pentru a' demonstra condifia 3 din definifia 2 observim cid din
(a1, a5, ag) € p si (ay, a5, ag, @) € 0, rezultd a, € P(ay, a,, a,), iar din
(a1, @y as, ag) = O rezultd a; = P(ay, ay, a;). Obtinem deci a4, a,, a4, a5
€ P(ay, a,, ag), iar conform teoremei 2.4 [9] rezultd (ay, a,, a4 a5) € 6.
Urmatoarea teoremi va servi la demonstrarea- proprietdtii cd axioma
»celor 9 incidente’ pusi la baza lucririlor [10], [1] si [8] are loc in struc-
tura de incidentd a spatiilor metrice introduse in [9].

TrorEMA 3. Din ¢ < D(a, .;b) st a, be Pla', b, ¢) rezultd ¢ <=
e P(a', ¥, ¢'). . T
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Demonistragie. Deoarece a'b’'c’ & S rezultd cid cel pufin unul din ele-
mentele a’, &', ¢’ nu apartin fascicolului D(a, b), avind in vedere teorema 2.9
[9]. Fie a', astfel ca a’ € D(a, b) atunci din aba’ € S [si [din a, b, 4’ =
e P(a’, V', ¢') conform teoremei 2.2 din [9] avem P(a’, ¥’, ¢') = P(a, b, a').

.Avem abc = S gi deci abca’ € S%. Pe baza proprieté;:ii de simetrie a rela-
tiei 0 rezultd ‘aba’c = S si deci ce P(a, b, a') = Pa’, b’, ¢’), ceea ce
trebuia demonstrat.

Demonstrim acum ,,axioma celor 9 1nc1dente  Fie M = {a|aabc;
a,b,ce S, abc e S}.

TrOREMA 4. Dacd oy, @y, ay= M o Ploy) # Play) ¢ %, 9,2 S
cu x £y atunct din o,x = S? 51 oy € S pentru i =1, 2, 3 dar oz < S?
pentru © =1, 2, atunci rezultd cd agz € S2.

Demonstrafie. Din o, 0y, a;z € S* pentru 4 =1,2 si P(oy) # P(ay)
rezultd pe baza axiomei 4 din [9]cd xyz < S. Cond1jc1a oy € S%sl ogy € S?
inseamnd cd x,y € P(o;). Conform teoremei precedente avem z < P(ug)
si deci «zz'e S2, ceea ce demonstreazi teorema.

Pentru spatiul de incidentd 8 (G.S) asociat perechii (G.S) in lucrarea
[9], teorema afirmd c8 dacd doud plane distincte x, y sint incidente cu
trei puncte P,, P,, P, cu P, # Py, atunci orice plan z incident cu P, si
P, este incident de asemenea sicu P, adicd din opt relatii de 1nc1den1,'a
ale tabelului

P, P, P
x x % %
. % x %
2z x x 0

rezultd i a noua relatie de incidentd notatd prin o.

(Intrat in redactie la 15 octombrie 1972)
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(G.S) TPYIIIIBL.C CUCTEMON UHBOJIIOTUBHLIX OIIEPATOPOB (II)
' (PeswouMe) ’

4

Pacumapsiercss HCClefloBaHMe NPOCTPaHCTB §(G.S), HPHCOSXMHEHHHX K ONHOR rpymme
(G.S) n BBeIeHHHIX B [9] Ha OCHOBe ONmpeJeNEeHHHX TPETHYHEIX M UeTBEPTHUHEIX COOTHOMICHU
nafenus. [lanHoe HccllefoBaHMe MPHBOXMT K JOKa3aTeNbCTBY CBOHCTBA, 4TO B CTPYKType
najpeHus §(G.S) MMeeT MeCTO ,,aKCHOMa JEBSTH NajeHui’.

G.S GROUPS WITH A SYSTEM OF INVOLUTIVE GENERATORS II
(Summary)
The study of the $(G.S) spaces associated to a (G.S) group introduced [9] on the

basis of the definite ternary and quaternary relations of incidence, is extended. This study
demonstrates that the ,,axiom of the 9 incidences’” holds in the §(G.S) structure of incidence.



NUMERICAI, COMPUTATION
OF THE ¢-CONVEX KOEBE FUNCTION

P. T. MOCANU, GR. MOLDOVAN and M. O. READE

1. Introduction. Let ,
f(z) =z+ a2+ ... (1)
be regular in the unit dise D: |z|'< 1, with [f(2) f()])z # 0. and let

— #'(2) #"(2)
Jef@) = (=02 4«1 +7<7>.)

where « is'a fixed real number,
The function f is said to be a-comvex, if the inequality

Re J(«, f(z)) > 0 " (2)
holds for7all z = D, [3], [4]. ' -

Let ® = arg f(z) and { = arg zf'(z). If C, is the image of the circle
|2] = 7,0 <7 < 1under the mapping w = f(z), where z = 7¢%, 6 < [0, 2= ],
then @ = ®(0) is the argument of the position vector of f(z) and ¢ = ()
is the argument of the outer normal vector to C, at f(z). Geometrically,.
the relation (2) states that the angle

x={1—-«)®+ ap (3)
is an increasing function of 0 for each fixed 7. The concept of a-convexity
can be looked upon as a ,,continuous passage’” from starlikeness to con-
vexity, to stronger forms of convex1ty [2] [8], as « increases from zero
to infinity.

The function (1) is «-convex for o > O if and only if there exists a
starlike function F(z) = z 4 4,22 4 ... such that

te) = (igzi‘—?—;dc) e

where the powers appearing in the formula are meant as principal values

(2], [31.
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If in formula (4) we take F(z) to be the Koebe function z/(1 4+ eifz)z,
then we obtain what we define to be the «-convex Koebe function.

4 1 2 *
. 1 - -1, ==
A o) =| e ar e «dz)
A7

These functions serve as extremal functions for many extremal problems
within the class of «-convex functions (see, for example, the distortion
properties obtained by S. S. Miller [1]). .

It is easy to check that for [2| = 1 we have

Re ](O(, fl(zi &)) = O;

ie.

a—7(;=0for1'=1.

This means that the image (C,; of the circle [2] = 1 under the mapping
w = f,(2, o) has the following gemeralized optical property: the argument
x given by (8) of the vector with the origin at w and which divides
the angle between the position vector and the outer normal in the ratio
o, is constant. For « = 2 this is the well-known optical property of the
parabola.

The aim of the present paper is to obtain the image of the . unit circle
under the a-convex Koebe function fy(2, «) for several values of «.

2. Formulas to be used in the computations. Let
f(e®) = u(8) + iv(6)

where -

21 2

&) = file, ) =(lg GRS c>“?dc) . %>0

Y 0

In order to calculate #(6) and 9(0) we remark that.

fle®) = (4 + iB)e

where’
A . . .
Azlgx%—l(l—{—x)—%dx:—lr (:' (5)
2a 2 2 :
o o)
[{]
0 ’ _2 z
B=B(6)=—1-S(2cos _J “dp=— S 2 6)
0 a2;—10 cos;t
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Hence

ol

w(0) = (A2 + B) cos w0 - - (D)

)R .
.

(0) = (42 + B?)

sin e )

where 4 and B are given by (5) and (6) and w is given by

5 . .

Because of the symmetry, it is sufficient to calculate the values.of
#(08) and »(0) in the interval [0, =] only. We remark that

N\

#(0) = 4%, «>0
which is the Koebe constant of a-convex functions.[l]. Since B(w) = + o
for 0 < o < 2, from (7) and (8) we obtain #(r—0) = + o0, for 0< a < 1
and #(r —0) = — o0, for 1< a < 2; v(r —0) =+ o0, for 0 < a < 2
For o > 2 we have . :

¢ I‘(i LJ
Bm)=Ye 2 =)

2
« I'fl— —
2% ( zx)

u(x) = — ( AR_)“, o) = 0. °

and

o

3. An Algorithm. In order to calculate the values of #(8) and w(6)
given by](7) and (8), for « = % and o = %, where & = 1,20, we use the
following values of 0: 0 — 0, 1.9 (0.1), for « < 2 and 8 =03 (0.1); 6 ==
for o« > 2.° ;

The values of 4 given by (5) are obtained using the incomplete GAMMA
FUNCTION (Y). In order to calculate B(0) given by (6) the Simpson quad-
_ rature formula was used. -
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The algorithm was written in FORTRAN for the computer FELIX
256, as follows:

F(X) = FLOAT(1)/(COS(X))**(2.JALPHA) )
ATLPHA=0.125 ) h
D@ 2XK=120 - -

A=1./(2. *ALPHA)*GAIVHVIA(I JALPHA)*GAMMA(1. /ALPHA)/ GAMMA (2. /ALPHA)
IF(ALPHA-2.)3.3.4

M=20

G@ TG 5

M=31

DY 6 I=1.M

TETA=(FLOAT({I)—1.)*0.1

C=0.

B=TETA/2.

N=100

L=0 .

N=N-+42

H=(B— C)/FL@AT( )

J=1 .

S1=0.

$2=0.

S1=81+4F (CH+FLOAT(2*]—1*H)

$52=982-F (CH+FLOAT(2*. J)*H)

IF (J—N/2)7.8,8

S=H/3.%(F (C)-+4.#81+2.*52—F(B))

P (L)10 11,10

SA=

L= 1

GO TG 12

SB=8§ :

IF (ABS(SB—SA)—0.1E—2)13,13,14

GO T8 15

S=SB _
B=1./(ALPHA*(FLOAT(2)**(2.JALPHA —1.)))*S

PSI—ATAN(B/A)

' DIMENSI@N U(35),V(35), THETA (35)

16
17
19
20
21
23

U(I) =SQRT(A*A -+ B*B)**ALPHA*COS(ALPHA*PSI)
V() =SORT(A*A- B*EB)**ALPHA*SIN(ALPHA*PSI)
THETA(I)=TETA

CONTINUE '

WRITE(108,16)ALPHA

FORMAT(/,46X,1H=,F6.3)

WRITE(108,17)

FORMAT(25X,35(1H*))

WRITE(108,19) .

FORMAT(25X,35H* I * * U() * V() *%
WRITE(108,17) .

DY 20 I=1M

WRITE(108,21)I, THETA(L), U(), V(I)

FQ)RMAT(ZSX 2H* ,12,3H * ,F4.2,3H * ,2(F8.5,3H * ))
IF(ALPHA —2)22, 22, 23

1=32

TTHETA=3.14
UU=—(A/COS(3.14/ALPHA))**ALPHA

VV=0.

WRITE(108.21)L, TTHETA, UU,VV
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22 WRITE(108,17)
ALPHA =FLOAT(K)/4.
2 CONTINUE
STOP
END :
FUNCTIION GAMMA(Y)
H=1
45 IF (¥)30,30,31
30 GO TO 40 -
31 IF (Y—2.)32,33,34
33 GO TOY 50
32 H=HJY
V=Y-1.
. GO TO 45
34 IF(Y—3.)35,35,36
36 ¥Y=Y—-1.
H=H*Y
GO TS 45 ‘
35 ¥Y=Y-2. : . ’
H=(((((((0.0016063118*Y—|—0.0051589951)*Y+0.0044511400)*Y+0.072110156
S7)*Y+0.0821117404)*Y+0.4117741955)*Y+0.%227874605)*Y—|—0.9999999758)
S*FH st -
50 GAMMA=H
GO TY 70 .
40 WRITE(108,60) ~ ™™
60 FORMAT(25X,6HERGARE)
70 RETURN
END

4. Numerical tables and grafieal illustraticn.

41

o« = .125 « = .250 o« = .500
1 | | u® v(6) | U(6) vie) | U I v
1 .00 .30641 .00000 34572 .00000 40825 .00000
2 .10 30682 | .00602 34611 .00946 40854 01532
3 .20 .30808 .01203 .34728 01896 40940 03074
4 30 |- .31021 .01804 .34927 02854 41087 .04633
5 40 .31927 .02403 .35211 .03825 41296 06220
6 .50 .31786 .03002 .35589 .04814 41572 07845
7 .60 32259 .03598 .36067 .05825 41920 .09518
.8 .70 32914 .04192 .36660 .06864 42347 ;11253
9 .80 33721 | .04783 .37382 07937 492864 .13064
10 .90 .34709 .05373 -| .38255 .09054 .43482 .14967
11 1.00 .35914 105963 .| .39303 .10222 Ad216 .16981
12 "1.10 37383 .06558 40559 11454 45084 19129
13 1.20 39175 .07168 42068 .12763 46112 21439
14 1.30 41364 07805 | .43882 .14170 47829 .23945
_ 15 1.40 44043 .08489 46075 .15698 48776 .26691 |
16 1.50 47329 .09251 48739 .17380 50502 29729
17 1.60 51376 .10127 51998 .19263 52577 33130
18 1.70 .56381 .11167 56020 21409 .55088 .36987
19 1.80 .62616 12432 |- .61081 - [ .23906 .58158 41421
20 1.90 70464 .14006 67345 .26881 .61956 46603
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@ =750 « = 1.000 a = 1:250

I U(8) v(6) U(0) V() U(o) 40

1 .00 .45828 .00000 .50000 .00000 53554 | ..00000.
2 .10 .45843 .02045 .50000 .02502 .53538 02914
3 .20 .45889 .04101 50000 .| .05017 53491 | © 05840
4 .30 45967 .06180 .50000 07557 | 53410 | 08792
5 .40 .46077 .08294 .50000 .10136 .53296 11783,
6 .50 46221 .10457 .50000 .12767 53147 | ..14828 -
7 .60 .46403 .12682 .50000 .15467 .52960 17941
8 .70 .46626 .14985 | .50000 .18251 52734 | 21139 - -
9 .80 .46893 .17384 .50000 21140 | .52463 | .24440
10 .90 47211 .19899 .50000 .24153 52145 .27866
11 1.00 .47586 .22553 .50000 " | .27315 51773 | ,.31439
12 1.10 .48027 25874 | .50000 .30655 51341 | .35187
13 1.20 .48543 28396 | .50000 .34207- | 50841 | .39141 -
14 1.30 49149 .31657° .50000 |. .38010 | ..50263 -7} .43338
15 1.40 .49861 35208 » | .50000 | ..42114 49595 | 47823
16 1.50 .50702 .39111 .50000 .46580 |. .48820 .52651
17 1.60 51698 43443 .50000 .51482° | ..47919 .57889
18 1.70 .52889 48306 .50000 .56916 .46867 .63620
19 1.80 .54321 .53833 .50000 .63008 145630 - | .69952
20 1.90 .56064 .60201 .50000 69919 |- 44164 |- 77023 |

o« = 1.500 « = 1.750 . 2 2=.2.000 )

1 . U(®) V(6) U(6) v(6) U{8) v (6}

1 .00 .56627 .00000 59314 .00000 61685 .00000
2" .10 56596 .03285 .59267 .03622 .61622 .03929
3 .20 .56500 .06583 59124 .07256 .61434 07867
4 .30 .56339 .09905 .58884 .10912 61118 .11825
5 40 56111 .13264 .58545 .14602 .60671 | .15814
6 .50 .55813 .16675 .58103 | .18339 .60089 .19843-
7 .60 55442 20151 57551 | - .22135 .59365 23924
8- 70 |- 54991 | . .23707 56884 | -.26004 .58492 .28068
9" .80 .54456 .27362 .56094 | .29962 57460 .32289
10 - - 90 53828 31133 .55170 .34025 .56256 236600
11 1.00 .53098 .35042 54100 .38211 54867 | .41017
12 1.10 .52254 .39113 .52869 42541 53274 .45555
13 1.20 .51282 .43374 .51458 47039 51457 .50236
14 1.30 .50165 47858 49845 | 51732 .49390 55079
15 -1.40 .48882 .52604 .48002 56651 .47041 .60111
16 " 1.50 .47406 57658 .45896 .61835' 44372 .65358
17 - 1.60 .45703 63075 | . .43485 .67328 41337 70857
18 - 1.70 43731 | - .68927 | .40716 73186 .37876 76646
19 - 1.80 .41436 .75299 .37521 79473 .33916 .82775
20 - 1.90 .38748 .82302' .33815 .86276 .29363 .89303
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« = 2.250 o = 2.500 o« = 2750
I U(e) 7(6) | U(e) | () l (o) \ 7(6)
C g 00 63794 | 00000 | .6s681 | .00000 | .67382 | .00000
2 .10 63716 | 04208 | 65590 | 04464 | 67277 | .04699"
3 20 ‘63484 | 08425 | 65317 | .08935 | 66964 |  .09403
4 30 63005 | .12658 | 64857 | 13419 | .66438 | .14116
5 40 62545 | 16916 | 64210 | .17922 | 65697 | .18843
6 50 61830 | 21208 | 63367 | 22451 | 64735 | .23588
7 60 60042 | 25543 | 62323 | 27015 | 63644 | 28357
8 70 59872 | 29930 | .61069 | '.31618 | .62114 | .33154
9 80 58611 | 34381 |- 59592 | 36270 | 60435 | .37984
10 90 57144 | 38905 | 57879 | .40078 | 58492 | 42851
1 - 1,00 55457 | 43515 | 55914 | 45751 | 56268 | 47763
12 1.10 53520 | 48228 | 53675 | 50598 | .53742 | 52723
13 1.20 51338 | 53045 | 51141 | 55528 | 50892 | 57737
14 1.30 48856 | 57995 | 48281 |- 60553 | 47688 | .62812
15 1.40 46050 | 63008 | 45062 | 65684 | < 44096 | .67952
16 150 42880 |  .68358 | 41443 | 70034 | 40074 | . .73164
17 1,60 39204 | 73814 | 37373 | 76317 | 35575 | .78453
18 170 35234 | 70489 | 32790 | 81849 | 30587 | .83826
19 1.80 30622 | 85415 | 27620 | 87549 | 24888 | 89289
20 1.90 95362 | 01631 | 21768 | 93436 | .18537 | .94846
21 2.00 o332 | o813 | 15115 | .99535'| 11371 | 1.00503
22 210 ‘12372 | 105129 | 07505 | 1.05873 | .03243 | 1.06262
23 2,20 04269 | 112541 | -.01263 | 1.12482 | -.06034 | 1.12123
24 2,30 05269 | 120512 | -11464 | 1.19398 | -.16712 | 1.18082
25 2,40 16652 | 120165 | -.23476 | 126667 | -20135 | 1.24124
26 2.50 30485 | 138667 | -37849 | 134342 | -43791 | 1.30219
27 2.60 47702 | 149258 | -55415 | 142484 | -61410 | 1.36307
28 270 69849 | 161207 | -77521 | 151164 | -83151 | 1.42265
29 2.80 09754 | 175375 | -1.06565 |. 1.60444 | -1.11016 | 1.47826
30 200 | -1.43404 | 192568 | -147448 | 170318 | -1.48994 | 1.52350
31 300 | -2.17267 | 215293 | 213035 | 1.80326 | -2.07114 | 1.53871
32 3.14 100000 00000 | -7.51967 |  .00000
o = 3.000 o = 3.250 & = 3.500
I U() v(6) U(6) | (6) ' u(6) l (8)
1 00 68922 | 00000 | 70322 |” .00000 71601 | .00000
2 10 68805 | .04916 | 70193 | .05116 71461 | 05301
3 20 68453 | 09834 | .69806 | .10232 71040 | .10600
4 30 67865 | 14758 | .69158 | .15350 70335 | .15897
5 40 167035 | 19689 | 68244 | .20469 69343 | 21189
6 50 65950 | 24631 | .67061 | 25591 68058 | 26476
7 60 64620 | 29586 | 65599 | .30715 66473 | 31754
8 70 63035 | 34556 | .63851 | .35841 ‘64587 | 37023
9 80 61166 | 39544 | 61804 | .40970 ‘62364 | 42278
10 90 59008 | 44552 | 59444 | .46101 59816°| 47518
1 1.00 56543 | 49582 | .56756 | .51232 56019 | 52737
12 1.10 53752 | 54635 | 53710 | -.56363 | 53654 | 57932
13 1.20 50611 | 59714 | 50310 | .61491 49999 | 63095
4 130 47002 | 64819 | 46503 | .66612 45028 | 68221 °
15 1.40 43162 | 169950 | .42266 | 71722 41411 | 73301

"
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o = 3.250

(continuarea tabelului)

.« = 3.000 o == 3.500
1 ve | ve | e | ve | ve | ve
16 1.50 .38780 75108 .37559 .76816 .36412 .78323
17 1.60 .33899 .80292 .32339 .81885 .30888 .83275
18 1.70 .28463 .85497 .26552 .86920 .24790 .88140
19 1.80 22400 90720 20131 91907 .18058 92897
20 1.90 15627 | 95954 .12998 .96828 .10617 .97519
21 2.00 .08036 .1.01187 .05055 1.01659 .02380 1.01972
22 2.10 -.00507 1.06403 -.03821 1.06369 -.06765 1.06212
23 2.20 -.10178 1.11576 -.13786 1.10912 -.16958 1.10180
24 2.30 -.21192 1.16670 -.25044 1.15227 -.28379 1.13796
25 2.40 -.33869 1.21627 -.37866 1.19227 -.41266 § |1.16949
26 2.50 -.48627 1.26359 -.52628 1.22780 -.55946 | 11.19481
27 2.60 -.66126 1.30721 -.69874 1.25687 -.72884 | 11.21153
28 2,70 -.87321 1.34464 -.90438 1.27617 -.92782 1.21589
29 2.80 -1.13893 1.37121 | -1.15707 1.27986 | -1.16793 1.20140
30 2.90 -1.49073 1.37693 | -1.48299 1.25608 | -1.47044 1.15540
31 8.00 -2.00707 1.33480 | -1.94390 1.17479 | -1.88421 1.04713
32 3.14 -5.49854 .00000 | -4.40855 .00000 | -3.73380 .00000
o = 8.750 o = 4.000 o = 4.250
I U(0) V() . U(e) ' V(6) U(e)y V{(0)
£ .
1 .00 72775 .00000 .73857 .00000 74855 .00000
2 .10 72624 .05473 .73695 .05633 .74684 .05782
3 .20 72171 .10942 73211 .11260 74170 .11556
4 .30 71412 .16405 72401 .16877 73313 .17316
5 40 70345 .21857 71264 .22477 .72108 .23055
6 .50 .68964 27295 69792 .28056 .70550 28763
7 .60 .67262 32715 .67980 .33606 .68634 34433
8 .70 .65231 .38113 .65820 39121 66352 .40056
9 .80 .62860 43482 .63301 44594 .63695 45622
10 90 .60136 48818 .60412 .50016 .60651 51121
11 .100 57045 54114 .57139 .55378 .57208 56541
12 1.10 .53567 .59361 .53465 .60669 .53350 .61870
13 1.20 49684 . .64551 49370 .65878 49060 67091
14 1.30 45371 .69674 .44833 70091 .44317 72189
15 1.40 .40598 74716 .39827 75991 .39096 77144
16 1.50 .35334 79663 .34321 .80860 .33371 | . .81934
17 1.60 .29538 .84496 .28281 .85576 .27108 .86533
18 1.70 23165 .89194 21662 .90110 20270 90910
19 1.80 .16159 .98728 14416 94432 .12812 .94029
20 1.90 .08454 .98066 .06483 98501 .04681 98844
21 2.00 -.00030 1.02165 -.02209 1.02268 -.04187 1.02302
22 2.10 -.09393 1.05971 | .,-.11748 1.05673 -~.13869 1.05335
23 2.20 -.19758 1.09413 -.22244 1.08636 -.24461 1.07860
24 2.30 -.31285 | .1.12400 -.33834 1.11054 -.36083 1.09766
25 2.40 T -44181 1.14803 -.46700 1.12792 -.48888 1.10909
26 2.50 -.58728 1.16446 -.61081 1.13657 -.63085 1.11094
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(continuarea tabelului)

o« = 3.750 o = 4.000 o« = 4,250
I U(e) V(6) U(6) V(0) U(0) 7(6)
27 2.60 -.75322 1.17067 -.77314 1.13379 -.78954 1.10040
28 2.70 -.94554 1.16264 -.95897 .1.11540 -.96914 1.07330
29 2.80 -1.17378 1.13358 | -1.17618 1.07457 | -1.17617 1.02289
30 2.90 -1.45529 1.07065 | -1.43895 99865 | -1.42223 :93693
31 3.00 -1.82898 94374 | -1.77847 85883 | -1.73247 78822
32 3.14 -3.27756 .00000 | -2.94954 .00000 | -2.70288 .00000
« = 4.500 o = 4.750
I -U(6) 140)] U(6) 140))
1 .00 75780 .00000 .76639 .00000
2 .10 75600 .05921 .76450 .06052
3 .20 .75059 .11834 .75883 .12093
4 .30 74156 17727 74937 18112
5 40 .72887 .23594 73607 .24098
6 .50 71248 29422 71892 .30039
7 .60 69234 .35203 .69784 35922
8 .70 .66837 +.40926 67279 41736
9 .80° .64049 .46577 .64368 47466
10 90 .60860 .52146 .61042 .53097
11 1.00" .57258 .57617 57291 58613
12 1.10 .53229 .62976 .53101 .63997
13 1.20 48756 .68204 .48459 69229
14 1.30 43822 73284 43348 , 74287
15 1.40 .38404 78192 37748 79147
16 1.50 .32478 .82903 ;.31638 .83780
17 1.60 .26014 .87388 .24991 .88155
18 1.70 .18979 91614 17778 .92234
19 1.80 .11333 .95538 .09964 .95975 -
20 1.90 .03029 99114 .01510 .99326
- 21 2.00 -.05989 1.02284 -.07635 1.02225
22 2.10 -.15787 1.04975 -.17527 1.04599
23 2.20 -.26448 1.07098 -.28238 1.06354
24 2.80 -.38077 1.08540 -.99854 1.07375
25 2.40 -.50804 1.09153 -.52488 1.07511
26 2.50 -.64803 1.08736 -.66287 1.06562
27 2.60 -.80314 1.07010 -.81449 1.04252
28 2.70 -.97684 1.03563: -.98262 1.00176
29 2.80 -1.17451 97736 | -1.17172 .93700
30 2.90 -1.40567 .88358 -1.38956 83711
31 3.00 -1.69069 72883 | -1.65273 .67835
32 3.14 -2.51090 .00000 | -2.35737 .00000
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CALCULUIL NUMERIC AL FUNCTIEI «-CONVEXE A LUI KOEBE

(Rezumat)

In aceasti lucrare se calculeazi valorile functiei «-convexe a lui Koebe pentru mai multe -

valori ale parametrului pozitiv «. Calculele au fost efectuate la calculatorul FELIX C—256.

BBIUKC/IEHUE «-BBIITYKJIOM ®YHKUUU KEBE
( P esoMe)

B pa6oTe BEUHCISIOTCS 3Haqemm a-BRITYKNOR dyuxiyn Ké6e nis HeCKONLKHX 3HAYeHHH

TI0JIOZKHTEJILHOr'O napaMeTpa o. Pacuernt npousae,u,eﬂu npu l'IOMOU.lﬂ SJIEKTPOHHOH BBIYHCIH- -

TEJleOH MamnHel FELIX C—256,



[ ASUPRA TEOREMEI-GRAFICULUI INCHIS
SI A TEOREMEI MARGINIRII UNIFORME

DAMIAN TRIF

J. D. Stein [1], [2] a demonstrat teorema graficului inchis si
teorema mairginirii uniforme pentru aplicatii afine Intre spafii metrice
geodezic convexe. Vom introduce o clasa mai generald de aplicatii pentru
care, in cazul spatiilor normate, teoremele mentionate rdmin valabile.

Fie X si Y spatii normate si 4: X —» Y.

DrrINtTIA 1. Aplicatia 4 se numeste local uniform continud pe drepte
dacad pentru orice ¥ € X, e >0 si 3 > 0 existi o functie ¢ definitd pe
un interval (— &, 4,), unde O0<t<1si 11m o(t) = 9(0) = 0, asa incit

pentru orice ¢ € (— £y, o) $1,pentru orice ¥, z e X, verificind |[x — y]| <3,
e —z2|l < 8, ||dx — Ay|| < e si ||Ax — Az|| <, avem
‘ 4y — 4((1 — 2)y + 22)|l < ().

Se constatd ugsor cd aplicatiile liniare, aplicatiile afine, aplicatiile uni-
form continue sint local uniform continue pe.drepte. Daci X are dimen-
siune infinitd, atunci existd aplicatii continue care nu sint local uniform
continue pe drepte' de exemplu aplicatia 4 : I2 > R definitd prin 4 ((%,);21) =
= ]] (#)52)l:. Daca insi X are dimensiune finitd, atunci orice ap11ca1;1e
continud este local uniform continud pe drepte.

_ TrorEMA 1. Fie X un spatiu normat de categoria a doue, Y un spajiu
Banach ¢ A:X —Y o aplicatie local uwiform continud pe drepte. Dacd
A are gmfwul tnchis, atunci A este continud.

DEFINITIA 2. Familia & de aplicatii din X in YV se numeste egal local
uniform continud pe drepte daci pentru orice ¥ € X, ¢ > 0si 8 > 0 existd
o functie ¢, definitd pe un interval (— #,, £p), tnde 0 < ¢, < 1l hm o(t) =

= @(0) = 0, asa incit pentru orice ¢ < (— £, £) s1 pentru orice y, ze X,
verificind ||x — || < 3, ||¥ — z2]| < 3, ||[dx — Ay|| <esl||dx — Azl| <«
oricare ar fi 4 € §, avem )

14y — A((1 — 8y + #2)I| < (@),
oricare ar fi 4  §, '
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Se constatd ugor ci orice familie de aplicatii liniare sau afine este
egal-local uniform continui pe drepte.

TEOREMA 2. Fie X un spagin normat de categoma a doua, Y un Spatiu
“normat st & o familie de aplicatii continue din X tn Y, egal local uniform
continud pe drepte. Dacd pentru orice x st y din X existd M > 0, asa
incit sup {||Ax — 4y|| |4 € &} < M, atunci § este egal continud.

Vom demonstra teoremele 1 si 2 cu ajutorul urmétoarei leme:

LuMA. Fie X un spatiu normat de categovia a doua $i f o semimetricd
pe X. Dacid

a) pentru orice ¥ € X, e >0 si 8> 0 existd o functie ¢ definiti
pe un interval (—#y, 4,), unde 0 <#, <1 s§i lim ¢(f) = ¢(0) =0, asa

. t—0
Incit pentru orice ¢ € (— 4y, &) si pentru orice y, z< X, verificind
1% — 9l < 8, [|% — 2l] < 8, f(%, ) <esif(x, 2) <e, avem fly,(1—t)y+i2) <
< o).

b) pentru orice x = X, € >0, 8 > 0 si pentru orice sit (%,)n=1 din
X, asa incit ||x, — x|| < 3, 11m %=9 llx —y|| < 3, f(x, %,) < e pentru
orice # §i 11m f=,, %,) = O avem f(x, 9) < e, atunci pentru orice x & X

fixat, funchonala f(x y) este continud in raport cu ¥y in y = .
Demonstratie. Notdm, pentru orice x € X si 7 > 0.

Sx,7)={y < X|||lx —yll <7}, f7'0) ={y = X|f(x,5) <7}.

Fie x € X fixat §i e > 0.
1. Din conditia a), (In care € si 3 se aleg in mod convenabil), rezulti cd

pEEaRE =

X = gl {4+ n(f7'() — 2}
Deoarece X este de categoria a doﬁa, existi we X si 8§ > 0, Incit

S(w, 8) < f7'(e). :
Tot din condij;ia a), existd f = (— to, 0] asa incit x, = (1 — tl)x +
+ tw = fr (—) si o(— &/(1 —¢)) < —; de aici x= (1 — )%, + Lw,
unde £, = — /(1 — &) = [0, £,). Rezulta ci

fw= (1 —12)%, + tw | v = S(w, 3)} = £ '(e)
sl prin urmare, exista 3, > 0 aga ncit
S(x, 30) = 1+ (e)-

. 2. Considerim functia ¢, definitd pe (— £, to'), corespunzitoare lui
x, e 51 8 si fie 8 = 34£o/(2 — £p) < 3p. Fie v e S(x, 8,/2) N fi'(e) si



TEOREMA GRAFICULUI INCHIs $f A MARGINIRI! UNIFORME 49

y < S(v, 8[2). Existd z< S(v, §,/2) asa Incit y = (1 —¢)v + 4z, unde .
t = 2ljv —yl]/(%’ + |lv —‘yll) <t Dar z= lim z, unde z, < fi ' (e) si

7n—0

fie y, =.(1 = #)v + #z,. Avem 11m Yo=2 §i fv,,) < cp(;(t) deci pentru

orice v $i ¥ -ca mai sus si pentru orice 7> 0, existd # = S(v, 3;/2) asa-
Incit ’

2y —

=) =Tl — 1.

e — 9l <4 si flv, ) < ‘P°(s/2+||v

3. Fie s,, = (0, 1), asa inclt pentru [f| < 8, si avem o,(f) < ¢/2". Fie
3" = min (8;/4, ;) si %, = min (3;/2%, Sur1). = -

Fie y = S(x, §') arbitrar. Luim o= x < S(, 3,/2) ) fx Y(e). Din
partea a doua a demonstratiei rezulti existenta unui x, = S(¥, 3;/2), asa
incit :

12, = 911 < m si A5, %) < oalll% — 31

Luim o = %, = S(x, 5,/2) N f; Ye). La fel, punem in evidenfi #, =
e S(x,, 3,/2), aga inecit

1% — yI| < 2 st fl#s, %) < @alll%, — ).

Luim v = %, si continuim, punind astfel in eviden{d un sir (%,)u_1,
care indeplineste cerinfele conditiei b). In concluzie, pentru orice y € S(x, &')
avem f(x, ¥) € € §i lema este demonstratd. "

Demonstragia teovemer 7. Considerim semimetrica f pe X, definitd prin
f(% ») = ||Ax — Ay]|, pentru orice %,y = X. Se constatd imediat ci
f verifici conditia a) din lemi. |Fie x = X, ¢ >0, § > 0 si (¥,)n=1 un sir
din S(x, 8) ca in condifia b) din lem3. Rezulti deci ci (4(%,))s=: este fun-

damental in Y, deci este convergent; fie 4, limifa lui. Deoarece A4 are
graficul inchis, 4, = 4(y). Deci

[[Ay — Ax]| = || lim 4x, — 4zl = 11111 4%, — Ax|| < €

w00

adici f verificd si conditia b) din lemi. In concluzie, 4 este continuu in
orice » = X. , _

. Demonstragia teovemes 2. Considerim semimetrica f pe X, definitd prin
f(% ) = sup il]Ax — Ay|| | 4 € &}, pentru orice x, y & X. Se constatd
imediat cd f indeplineste condifiile a) si b) din lemd, deci § este egal -
continuid In orice.x € X

Observatie. Dacd X este un spafiu Banach de dimensiune finitd i
4 tn operator monoton [3] din X In X, continuu pe drepte, atunci 4
este continuu.

Intr-adevir, 4 este in aceste condifii maximal monoton, deci are
graficul inchis; pe de alti parte, 4 transformi multimile marginite in

4 — Mathematica—Mechanica 1/1974
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mulfimi mérginite. Se obtfine wusor .de aici cd familia de .aplicatit
{Ady — A((1 — t)y + t2) |y, 2 = S(#, 3), Ay, Az = S(dx, ¢)} din (—1, 1) in
X este egal continud in 0, oricare ar fi x= X, e >0 si § >0, deci 4
este local uniform continuu pe drepte. In acest mod, teorema 1 confine
rezultatul cunoscut enuntat mai sus.

(Intrat in redactie la 1 mai 1973 )
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O TEOPEME 3AMKHYTOIO I'PA®HUKA U O TEOPEME PABHOME PHOI
OTPAHHMYEHHOCTH )

(PeswowMme)

PaboTa coliepKHT TeOpeMy 3aMKHYTOrO IpaHka U TeopeMy PaBHOMEDHCH OrpaHHYCHHOCTH
JUIsl JIOKaJIbHO-DaBHOMEPHO HeNPePHIBHLIX OTOOpajKeHHi HAa NMPAMBIX B HODMHPOBAHHEIX NPOC-
TPaHCTBaX. :

ON:THE CLOSED GRAPH AND UNIFORM BOUNDEDNESS TI'iEOREB‘IS
. " (Summary)

The pai)er deals with the closed graph and the uniform boundedness theorem for local,
uniform continuous maps on lines in normed spaces.

!



CONVOLUTII DISCRETE RELATIVE LA FUNCTII DE MAI MULTE
VARTABILE SI OPERATORI LINIARI POZITIVI

GRIGOR MOLDOVAN

In aceasti lucrare extindem, pentru functii de mai multe variabile,
unele rezultate ale noastre continute in lucririle [5] [6]. In prima parte
ne vom ocupa de convolutii multidimensionale, iar in partea a doua vom
indica un procedeu de a construi operatori liniari pozitivi pornind de la
aceste comvolutii.

§1.C onvolu}% discrete in R™. Pentru usurarea scrierii anumitor relatii,
in cele ce urmeaza adesea vom folosi operatiile obisnuite in R” de adunare, in-

mulfire i inmultire cu un scalar, adicd, dacd ¥ = (%, .. ., %,), ¥ = (Y1, - - -, Vm)
atunci v

gty =% FYu - Znt I F Y= (%Y1 o )
si ax = (a%y, ..., ax,), a< R;

precum §i notatiiile : .
n! =n1{ .o.m, ! dacAn = (ny, ...m,), n;, €N, t1=12, ..., m;

(=)

u(u—l)...(u—zk,—}-l)

) wo= (U, ... %) ;
'nm :

=1
w ) = : : , weR;
Ry eees By Ryl By
k. k
uk ull Mmm . _ .
}:]:;1—!...}2";2, k:.(klf"'.vkm)) %t:(ul,...,u,”)
n 7, Py . n n—k k. =k g
IS S S 35 SO 3}
=0  £=0 Em=0 bz = 0k=0 =0

4
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. Notim cu P,, n=(n,, ...,n,) un pohnom in s variabile de grad efectiv
#; In raport cu a i-a vanabﬂa i=1, , m, lar cu P un polinom in m va-

riabile de grad efectiv % in raportcu fiecare dintre variabile. Cu g™(E) no-
tim mulfimea tuturor sirurilor de polinoame in m vanab11e P = (P,)nen™,
P,:E-R, Ech"

Fie §(4) mu1t1mea functiilor reale definite pe 4.

Drpnrria 1. Relatiile

Q,(#, v) =Y, P(u) PP 4(v), k, neNm (1.1)
k=0
w, v E; PV, POG@™E), E<R”
Q”(% v) = ) Pw) P PP iw), neN, ke N™; - (1.2)
E<n

usE, v=G; Phegn(E), PH=g(G); ECR™ G R
determini doui tipuri de operafii -
%, :9™(E) X &"(E) — §(E2), E < R” 1l
+,18%E) x 2(G) » F(EXG), ESR", GeR, = (1.4)
numite convolutii discrete. ‘

"DrrInNrrIa 2. Numim convolufie binomd o convolufie care se bucurd
de proprietatea

(P #; P)(w, v) = P(u + 1) (L5)
sau "’ )
| (P %3 O)(u, 9) = Q@ + 9) (1.6)

pentru anumite siruri de polinoame.

. Vom indica acum doui procedee de a obiine convolutu discrete in
R™, pornind de la convolutiile discrete uridimensionale cons1derate in lu-
crarile [5], [8].

1. Fédcind produsul convoluiilor unidimensionale

Oy lot, 99 = 35 PO) PRy o), by me< N (1.7)

k-O
u, v;<E, PO, PO<cgE,), E,<R, i=1...,m E= X E;-

obtinem conv'olutia m-~dimensionala

il 0,, @, 0) = 3 M PPw) P, @), Bowevm (19

=0 {=1 “
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Vom considera citeva exemple de convolutii discrete care se obtin dupa
acest procedeu.

a) Un caz particular al convolufiilor (1.8) il comstitnie convolutiile
binome care se obtin pentru .

Onlts, ©) = Py(u;, +); PW=P& =P, (1.9)
adica

m

I1 P, (4 + v) zﬂpk Py s(0), k onsN".  (L10)

1=1 =0 i=1
"Ecuajia funcj:ionala astfel obtinutd se verifici, in particular, pentru

Pry(up) = 5 s Pry(u) = (32) (1.11)

care conduc respectiv la generaliziri ale formulei binomului si ale Ini Van -
dermonde [2].
b) In mod analog obtlnem si urmitoarele convolutn m-dimensionale

-

P",-(%i 4+ v;; y. Z HPk (M'l H yl ” i—k; (vi ; yt) (112)

1 =0 ¢{=1

i

L1 0l 005 9 = 20 TPl 2) Qupesfoss 39 (113
' . Typk .
Qi (%5 ) =T?2P 4 (U 5 Vp)s
g

care sint verificate In particular de

7 u, =+ v,k
Py (4, ;) = — (1: » p) :
- ity Vp) - P ', o (1.14)
si ‘
%y (%—i—y,,k)kp

Pkp(up; Vp) = otk hl ;o p=12,...,m. (1.15)

Relatiile considerate sint exemple ale convolutiilor de forma (1.1).
2. a) Din clasa convolutiilor unidimensionale de forma (1.7) conside-
rdm pe cele binomiale (1.9). S4 scriem

Py + s + ...+ Ugy) = P08y + (g 4. ..+ %p11)) (1.16)

si s repetdm de m ori relafia convolutivi (1.7) pentru cazul binomial.
Obtinem

Py uy + oo+ i) =2 IT Pk () Potymoomty, (omar).  (117)

k<” i=1
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Aceastd ecuatie funcfionald este de asemenea verificatd de (1.11).
b) Analog se obtin si urmitoarele relatii convolutive

Po(uy 4o tmrs; 9) = 25 T1 Pois 9) Puchoomty, (s 3), (118)

ke =1

Oulits & - w13 9) = TI Pyl 9) Qoo (e 9) (119)
kgn = R

v

unde Q,(#; y) =

si (1.15). Relatiile care se obtin constituie noi generalizdri ale formulei
binomului $i a lui Vandermonde. :

Evident ci se pot indica §i alte procedee de a generaliza convolutiile
unidimensionale. Asa sint, spre exemplu, cele considerate de S.G. Mo -
hanty ¢i B. R. Handa [4]. Apoi, pentru astfel de generaliziri se
pot folosi si alte relatii convolutive unidimensionale [2]; [5]. '

§ 2. Operatori comvolutivi in R™. Cele doud operatii de convolutie de-
finite In paragraful precedent conduc la' considerarea a doud tipuri de ope- -
ratori convolutivi in R”. :

1. S& ne referim la prima operatie de convolutie , *;".

Fie . ' '

FiXoR XCRsi fie A B[4 = (2, ..., zfm),
k=01 ..., n, n,eN, i=12, ..., m; xS X}

jd J;y B P,(u;y), care sint verificate in particuiar de (1.14)‘

Fie, de asemenea, #:X — E, v:X - E, X,E C R”. Alegem doui
elemente P® si P® din 8"(E) pe care le fixim si si considerim R¥ mul-
fimea functiilor reale definite pe X.

DerinNiTIA 3. Operatorul L,(.; PW, P®; x): RX — RX, » = N™ unde

L,(f;P®, P®; %) = L,(f;%) = .(2 1)

— 4,2) 35, fA) PR (). PELaoz), < N

si A,(%) = [Q,(u(x), v(x))]-1 < 00 se numeste operafor c_om;oluﬁv de
primul tip. . :

_ Operatia de convolufie ,,*,” a condus la definirea operatorilor (2.1).
Fiecare exemplu de convolujie de primul tip genereazi un operator con-
volutiv de primul tip. Natural, operatorii convolutivi definifi de (2.1) sint

opératori liniari. O clasi particulari de operatori convolutivi o constituie
operatorii convolutivi pozitivi.

) DrriNiTIa 4. Operatorul convolutiv L,(f;%) este pozitiv dacd, f > 0
implicA L,(f;x) 20, V f<eRX si YV«  X. .
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Exemple de opemtom’ convolutive pozitivi. a). Si cons1deram relatla
convolutivd (1.13) fmpreund cu (1.14) unde punem

wlm) = — S ofm) = Loy o B
og o . ar , (22)
) %>08200<s(x) <L x=X,CR
1ar ' N
Xi=prX={x, R Ix;esRj=12 ...,i—-17i4+1...m
(%1 ovos Zp) € X} =12 ...,m; X ={(%,...,%,) =R
Ogsi(x,-)gl, 'I:=1,2,...,m}. .

Aceastd relatie convolutivi impreuni cu notatiile date aici ne conduce la
operatorul liniar §i pozitiv

’

LE*)(f3) = '2 f(x‘”’ (2) (2.3)
i=l £
k-1 ni—ki—1
si(#) 1:[1 [si(#s) + Biks + vey] . [1 — si(%3)] p,ll (1 — s (#3) + Bi (5 — ki) + pogl

ng—1
II (1 + 2B + 7 ai)
=1
§=(Spy vy Sp)y & =(0tg, ..., %), p= _((}1, ey B)y nEN™,
care este o generaiizare a operatorului considerat si studiat in [5], [6] re-
lativ la funcfii de o singurd variabild.
La construirea operatorului (2.3) am presupus o, ;é 0,7 =1, m. Acum,
"insd, in expresia lui, putem pune o«; =0, 7 =1, m
- Un prim caz particular al operatorului (2 3) il constituie operatorul
2,

care se obfine pentru x(”) ,'s,.(x,-) =z, =1, Lmsi X = [0,1]"
g

si care-] vom nota cu I,[“'B]

b) De asemenea, se pot considera §i urmitoarele cazuri part1cu1are
Loed pLoBl peedl nrecum si LY, LP® LI care reprezinti operatorii
lui Bernsteln 3] Cheney- Sharma si Stancu (7] relativi
la functii de mai multe variabile.

In mod analog, folosind relatia convolutivi.(1.12) impreund cu (1.14)
si notatiile (2.2) obtinem operatorul

m

LiP (f;2) 2 £y - I (k }- (24)
k-1 ni—k‘—l ' e .
sil#d) i} [se(#:) + k,m +veil I [ = silm) + (0 — R Bi + pes)
R v=1 w=0
n;— 1

I (1 4+ 5B; + Bay)

5=0
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Dacd’ x(n*') =Ei, s(%) =%, i=12,...,msi X =0, 17", atunci notim
acest operator cu L8 Si'de data aceasta’ putem considera cazurile parti-
culare L[ L0 L[s’ %0 précum si L%, I L= 9 care reprezinti
operatorii lui Bernsteln Cheney-Sharma ¢i Stancu.

Solutia (1.15) pentru ecuafiile funcfionale (1.12) si (1.13) ne conduce
la tipuri noi de operatori convolutivi pozitivi.

2. Considerdim acum relatia convolutivi (1.18) impreuni cu solufia
"

. 1= i)

1.14), unde punem #,(x;) = — M, =12, M Uy = — e,
o m+1 o
y=—f, 40,820 0<s) <L Naw) <1 neX, X, =
o . i=1
= pr; X = {%; ER]EIxJER]—l 2, ., t—L1L3i+1, ..., om; (%, ...,
vt € XY i=12 .., om; X ={(%, ..., %,) s R*"|0 < 55(%) < 1,

m .
Ms#) <1, i=12 ..., m}
i=1
In acest caz obtinem operatorul liniar §i pozitiv
. ‘ n—kl—...—-km_

. n n—k 1 ’
g,['s,a.ﬂ](f; x) = 2 2 2 f(x}z,:), cee, xg:’),).

By=0 Egm 0 * Rpy=0

=R (PR Ry k-1
(k,)( ”k,_l) ( ) , I=lls (x1) VI;II [s;(x;) + B&; + av].

I (1+%B+'aoc)

m

n— X k-1
" A i=1 " ”
[1 — ;s;(xe)] , H \ [1 —‘;{fﬁ;{;) + (”—gk,-) @‘—l—wxp.jl.

Daci x(”) = i", s;(x) =%, 1=1,2,...,m atunci notdm acest operator
7
cu £~ B]. Ca exemple de operatori convolutivi pozitivi de aceastd forma
avem: 5" 00 g0l glo@® precym si g% 0P el 0,
Un opera’cor analog cu (2.5) obfinem daca folosnn relajzla convolutivd
(1.19). In general, folosind operatia de convolutie ,,*,”” putem defini opera-
torii comvolutivi de al doilea tip. -

(Intrat in redactic la 30 octombrie 1972)
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JUCKPETHHIE KOHBOJIIOLIMKM OTHOCUTEJBHO @YHKIWM MHOTUX.
TIEPEMEHHBIX W JIMHEMHBIX IIOJIOKUTEJIbHBIX OIIEPATOPOB

(PeswomMe)

ABTOop pacmpocTpaHsdeT Ha cnydai HeCKONBKMX NePeMEHHBIX DesyabTathl pabotel [5].
B§1 onpen,e.nei{m npn TIOMOIILH TIoCJIe JOBATEILHOCTEH MHOTOUJIEHOB B # NEPEMEHHEIX OHepauHur
KXoHBOJIIOIMH ,, %"’ © ,,*,”, sajaHHmle cooTHomennsMu (1.1), (1.2). IdaloTcs ABa Meroxa HOCTPO~
€HHsI #-MEPHBIX KOHBOJIOTHBHEIX COOTHOLIEHHH.

B § 2 omnpepnenensl KOHBOJIOTHBHbBIE ONepaTopEL, HPHCOSXMHEHHEE K KOHBOJNIOTHBHEIM CO-
OTHOINEHHAM, ONpPEeReNeHHEIM ONepaunusMu ,,*y”, ,,*,”’. IIponssens npeoGpasoBamus (2.2), H3

(1.13) Bmecte c (1.14) momyuaeTcst MOJOXHUTENLHEIH KOHBOMIOTHBHEI omepartop (2.3) L[s 81
AwnanornunniM o6pasoM us coorHomenus (1.18) Bmecte ¢ pemennem (1.14), ucronbays nopcra-
HoBKE (2.5), monyuaercs omepartop SE[S' %8l 3tu onepatopr 0GOOWIAIOT HECKONBKO H3-
BECTHHIX JIMHEHHBIX TOJOMKHTEJALHLIX OINEpPaTopOB.

v

DISCREET CONVOLUTIONS RELATING TO FUNCTIONS OF SEVERAL VARIABLES
AND POSITIVE LINEAR OPERATORS

(Summary)

The author extends the results of the paper [5] to several variables. In § 1 are defined
ranges of polynomials in s variables, the operations of convolutions ,,*,” and ,,*,” determined
by.the relations (1.1), 1.2). There are given two methods of building m-dimension convolutive
relations.

In § 2 are defmed convolutwe operators attached to ‘the convolutive relations defined
by the operations ,,*,”,’,,*,”’. Making the transformations (2.2), from (1.13) together with (1.14)

we get the positive convolutive operator (2.3) L[s’ @, B] Analogously, from the relation (1.18).
together with the solution (1.14), by using the subst1tut10ns(2 5)we obtain the operato* QES'“’B J
These operators generalize several known positive linear operators,



BIVARIATE SPLINE APPROXIMATION
GH. COMAN and M. FRENTIU
I. J. Schoenberg [5] had constructed a generalization of the

Bernstein approximating polynomial, which associates to each function f,
defined on [0, 1], the spline approximation of degree %

n—1 - . . ’
SA f(#) = Zkf(i,-) Ni(x), (»>0, k> 0), (1)
= )
where _
A={x}0, wia<# b<i<m (44 =...=2%=0<#%< ... <
< xﬂv‘—-l < Xy = 1= Xn41 = s = xn-}—k). E; = xj+l * k ha xj+k
Nj(x) = %Ml‘(?‘)» My(x) = [%, .- 5 gies s (B + 1) (2 — )% ],
for

j=—Fk ..., n— L

If k=1, then the opera’cor Sk reducesto the operator of linear interpola-

tion on each [§;, §;11], andif » = 1, then Shf, defined by (1), is identical
with the Bernstein polynomial-of. degree k. Also, the operator (1) reproduces
linear functions and has the property of ,,variation-diminishing’’. More

than that, in [2] has}been shown that Skf converges uniformly to f; for
any f= C [0, 1], if and only if ”A” — 0, where ||A]| = max (%j+1 — %5)-

In this paper these results are extended to the functmns of two Vana-
bles. Let = =A, XA, where A, = {x}, A, = {y]}o,

(x—r=' . '=x0=0<x1<- <xm l\l—x = -—xm+r, Xi—y <x,‘, 7<1<m)
(e = Y= 0 K < L === Y 91y, < <)

and the function M(x,v;¢ ) = (r + D(x + 1) (x — % (y — )%
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Let M; be the divided dlfference of order (r, s) of the function M
with regard to ¢ and 7, ie. -

u - Xiy oony Xigrql M( t)] (’i:—?’,...,m—l)
% Y) = . ; %, 9; ¢t , 1. .
3% ) Yis o oo Vits+1 Y E j=—35, ..., n—1)

Levma 1. For all t and ~ and any (x,y) € D, we have
¢+ Ds+DE—2) (r—3) =

m—1 n—

2 E x1,+7+1 - x)(,‘}’1+s+1 y])(t - xi+1) e

i=—7j=—s

(b — %) (s —yj+1) oo (7= i) My(x, )
The proof of this lemma follows immediately-from [2].

Let
xir""x.;‘ Yits —Y; . . .
Nij(x, y) = +y++1 T My, ), (3)
_; ;’VH_1+ +xi'+, ’ '.:'_'_yj_‘_1 ot Y,
Et - v ’ 7]] - s
D FirrFipe T o Ty 1%y,
- 7
(2) (— r <1< m)
@ _ Yi+ire F o Yipedias —s<J <n .'
7 S .
)
From lemma 1 there follows
Levma 2. If v > 2 and s > 2, then
Z > @+ Br) N Nij(%,y) = A + By (4)

i=—r j=—§

Z 2 (4E? 4 Bnf)Ny(%, y) = Aa? 4 By?
i=—r j=—s$ .
for all A, B € R and (%, y) = D.
- Now we shall construct a spline approximation.
Let f be a function defined on D. Then
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a) the spline function ,

(S‘l‘f (x y 2 2 f(gw ”]J i]'(x’ y): (x: y) € D) ‘ (5)

one called the spline approximation of the function f, .
b) the functions Ny are called the fundamental approximation splines

c) the formula
5 9) = (S 9 + R (5 ) s (6)

is called the spline approximation formula of the function - f.
From [5] it follows that the fundamental approximation splines Nj;
.are nonnegative and from}(4) it follows that the S,f reproduces the linear

function.
Lemva 3. If g(x, y) = #° +y and E(x, y) = (Sug — &)(, ¥), then

< i J L, 7B n [ L, Sl
0 < E(%, y) < min {27 -5 }+ = 2 } (7)
for all (%, y) = D, where ||A,]| = ;nax (%ig1 — %) and ”Ayll = max (¥i+1—93)

Proof. From (4) we have E(x, y)= 2 2 [g— (9)+7]12‘—7];'2)]Nijl(x: y)=
1,——-7 j=—s :

_'E E [€1_£1 ]Nﬂ(xy + 2 E[V)]f“’fh y):EI(x’ y)+

Ta(x y). i==r j=—s
-+ Esx(x, 3). .
Using the procedure from [2], one obtains
0< Eyx,9) < m'm,{i, M}
2y -9

L 7llAy))? ®)
0 < < Eux, 9) < mm{zs > }

“Thus the lemma is proved.
TuroreM 1. A necessary and sufficient condition ﬂmt

lim (Sef)(%, 9) = f(% ) o )]
uniformly on the domain D, for all f < C(D), is that

lim (M + Mﬂl) =0 . (10)

Proof. The. lemma 3 and (10) implies¥that Zem E(x, y) = 0. Taking
into account that S, is a linear and positive operator, from [8] follows
(9) and the sufficiency is proved.

Q
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1 Haghi

< max (& — Ei), < max (1 — 1), from ([1],

pp. 43—45) there follows that the cond1t1on (10) is necessary.

Remark. The proof of this theorem can also be given by using theo-
rem 2 from [3].
. Special cases. a) If v = s =1, then the formula (6) reduces to the
formula of piecewise linear interpolation of the function f.

b) M m = n = 1, then S.f is identical with the Bernstein polynormal
of degree (7, s).

Now, we shall study the remainder term of the spline apprommatmn
formula (6)

Because

m—1 n—1

From (4) and (6), we have Ry(x, y>—~ 2020 L% 9)—f(E 1) ING(%, 9),

i=—r j=—s

which permits us to write successively

m—

|Rs(%, 3)] < 2 Z (%, ¥) — f(&, n3)| Ny(x, v)

m—

2 2 o(l% — &, Iy—ml) Ny(x, v)

Cf=—p je=—s

m—

}_, 2 [1 + lx wly by : nfl] - Nyi(%, ¥)o (81, 32)

i=—r j=—s

< [1 + 8_ Ey(%, 9) + 8_ Ey(#, y)J (3, 3).

By a convenient selection of 3,, 8, and by taking into account (8), we have
TaEOREM 2. 1) If 7 and s are finite numbers, then '

IRA = smp [Ritw )1 < (1 4/ 7+ /3 ol s
) Ifr—> o and s oo, then ||Ryl| < (1 +[ («/_7’ f)
3) If - o, s> o and 7]|All <1, s|iAl <1, then IR/ <

(M NN ATNING)
Remark. In the theorem 2 it is possible to consider and other cases,
for example 7 <" 0o and s —» oo, etc.
We shall give now an integral representation of R;. Using the Taylor s
formula with the remainder of the integral form (see [4], [7])
flx 3) = f(0, 0) 4 2490, 0) + yf("'l)(O,. 0) + 7(x, y) where 7(x, y) =
1 o ) . ,
— S“S(x t), yifea(, 0)dt 4 ZSx"(y — 2) f62(0, 7)- de +

0

l
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% — 8 (y'— 1) A0, T)dt d‘l‘, one obtains Rg(x, y) = 7(x, y) —

Oy ™

1
13
0 1 1 1

= (Sl 9) = 35 § ot 97506 0t 33§ bt 9 6200, s+

7=0 h =0

O(x,y; 4,7 foR, D deds, (11}

. 11
+1}
where
o(x, ) = (¥ — #),4 1;, J;s(ﬁ — #)4. Ny(%, ),
: -1 5-1 .
‘lf(y: T) 1_2__”_2_5 ii(x{ y)
and '

O, 95 £,7) = (£ — 8,005 + (¥ — 930 7) — ol® I, 7).

Because the functions ¢ and ¢ are negative on D, it follows that ®@ is
_ also negative. Using the first law of the mean, we obtain

1 11

1 _l .
(%, 9) = Euz yJS (5 + 3wy 00y, D+ | § @0, 9318, )t e
B 0 00
" where . _
inf f®A(x, y) < @, < supj’(k") (%, %), 8,1=0,1, 2.
D D - \ o
Since ' A
1 1 .
1
(e a =~ 2B, (4, 7) dv = — ;Ez(y),
0 ' - 0
- 11 . N
1 2
\ SS(Dx yit, ) dtde = —5 2 Bay) — 2 L Ey() ——El(x) Eq(y),
00 - )
it follows that . )
. | . ‘
Re(%, y) = — %(P-zo + ey + % P-zzyz) E(%) — —;‘(P-oz + X+ Py oo xz) -

CEy9) = - b Ba() Ex().

(Received January 15, 1973)
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SPLINE BIDIMENSIONALE DE APROXIMARE
(Rezumat) .
Tn lucrare sint extinse unele rezultate ale lni I.. J. Schéenberg siM. J. Mats-

den privind aproximarea func’culor contmue de o variabild prin func{ii spline, la cazul a
doud variabile.

,SPLINE” JIBYMEPHBIE ®YHKIIUH AIIITPOKCUMHPOBAHM S
(Peswome)
B pafoTe 0GoGmaioTcsi HeKOTOPHE pesyanTats, modyiennsie M. JK. [léuGeprow

HM. JK. MapcpreHOM OTHOCHTeNIBHO alIPOKCHAMHPOBAHHS HeNPepLIBHBIX (DYHKIHMH OXHOTO
fiepeMeHHOro 4epe3 ,,spline” QyHKIHMH #j8 cJjyyas IBYX IlepeMEHHBIX.



A METHOD FOR GENERATION OF
PSEUDO-—-RANDOM NUMBERS

M. FRENTIU

1. There are many methods¥for obtaining -pseudo-random numbers.
The classical methods (the middle-square method, the additive method, .
the multiplicative method etc. (see [1])) have a finite period, i.e. the
whole sequence of generated numbers or at least some part of it sooner
‘or later 'repeats identically.

In this paper we propose a new random number generator.

Qur aim here is to obtain a sequence (#,) of pseudo-random integers .
with 7 digits. Let us take at random the integers #,, #,, #5 of # digits. To
generatejn, we take » digits from the integer P,(n;) where the polynom1al
P, is given by

Pz(x) = W% + 7.

"After #y, #,, ..., #,, %41 are generated, 7, is obtained by taking r digits
from the integer Pj(#34), where the polynomial Py, is given by

Py( 2 njxh—d = %Py 1(x) + .
. i=1
If 9.1 = 0 we can take the value of the polynom1a1 P, in another arbit-

rary positive integer @, otherwise it is possible that n, =0, 7., =0 and
then all #; = 0 for § > k.

. It is interesting to know if the sequence thus obtained has a finite
penod or not.

2. The disadvantage of this number random generator consists in
the fact that it needs a lot of computation work. It is possible to remove
this disadvantage in many manners. For example, if the numbers %4, #,, . ..
Ngg, M0 are already obtained, then one can take three of them and resume
the same algorithm to obtain another 100 numbers, ete. In this way we
have obtained 10,000 numbers of two digits (’cakmg from P,(n,,,) the
second and the third digit).

5 — Mathgmatica——Mechanica 1/1974
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We shall not give here these numbers but only the program . in
FORTRAN for the computer FELIX C—256 to generate them.

INTEGER N( 100) FREQ(IOO)
DATA N(1);N(2),N(3)/48,37,16/
NR=97 .
DO 1 L=1,100
FREQ(L) =
., DO 10 J=1,100
CALL NUMBER(NR,N,FREQ)
WRITE(108,20) N
20 FORMAT(10X,4013)
N(1)=N(17)
N(2) =N(29)
N(3)=N(71)
10 CONTINUE
HI=0
DO 30 K=1,100
30 HI=HI--(FREQ(K )—100)**2/100
WRITE(108,40) HI
WRITE(108,50) FREQ
40 FORMAT(1H1,39X, SHHI — \E15.7)])
50 FORMAT (20X,1018)
STOP - : _ .
END’ : '
SUBROUTINE NUMBER(NT,M,FREQy ~
INTEGER FREQ(100), (100)
DO 60 K=1,NT
LIM=K4+1 .
CALY, POLYNOM(OIM,M,NPOL)
M(K+3)=NPOL
IND=NPOL+ 1
60 FREQ(IND)=FREQ(IND)+1
"RETURN
END -
SUBROUTINE POLYNOM(NG,M,NSUM)
DIMENSION M(100)
NSUM=M(1)
NX=M(NG+2)
DO 70 J=1,NG
NSUM=NSUM*NX +M( J+1)
NC=NSUM/1000
. NSUM=NSUM-—1000¥NC
70 NSUM=NSUM/10
RETUEN
END

—

‘ For testiﬁg the uniformity of the numbers 0, 1, 2, , 98, 99 in the
sequence of these 10,000 numbers, we applied the test xz The theoretical
frequences m; must be equal to 100 and i

2 (fi —my)®
. =1 m;

where j,1s the frequency of the number ¢ — 1'in the obtained sequence.
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“The computer gave us 2 = 97.44, For the level of signiﬁcaﬁce g=1%
one must have 66.5 << y* < 139 and that is satisfied.

In the following we shall give the frequences f;:

93 105 92 113 99 ‘111 88 8 96 108

96 98 95 98 93 97 101 92 103 97

- 111 101 83 112 108 95. 95 91 99 106
105 115 108 93 102 97 95 -100 89 97

110 94 98 94 71 1100 118 91 87 82

. 99 98 106 105 96 106 123 95 97 93

99 88 102 106 -112 8 99 116 101 93

“'g8s 104 88 97 110 102 102 85 111- 101

108 134 109 110 101 105 89 100 110 104

119 82 102 110 103 102~ 90 102 89 112

\

The rule of uniformity (see [2] pg. 20)

< Y2
VaN

W 1
==

n

'is also checked, where f# = f;/N is the relative frequency of the number

§— 1, n =100 and N = 10,000. Note that in our case J20/%N = 0.0045
and : . :

fr — L1 =0.0034.

n

max
§=1,100

3. Since in order to find the number #;., we calculate all the polyno-
mials P,, Py, Py, ..., P; in the point #;,; we may also use these results
to obtain another sequence (nj) of random numbers. Thus, after finding
500 numbers #,, we shall find another 1+ 2 + 3 4 ... 4 496 = 123,256
numbers #i. : )

It would be useful to find these numbers effectively and also test of
their uniformity.

© (Received March 16, 1973)
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O METODA DE GENERARE DE NUMERE PSEUDOALEATOARE
(Rezumat) ’
In lucrare se d4 o metods de generare de numere pseudoaleatoare. Se di si un program

in FORTRAN pentru generarea a 10 000 numere de doui cifre. Sirul astfel obtinut este
testat cu testul 2. .

METOZ [0/IYYEHMSEICEBIOC/IYUAVHBIX YHCEJ
-(PesouMe)

Jaetcst MeTOA MONYYeHHs NCEBROCHYYafHBIX WMCeJ. Y KasbiBaeTCsl TakxKe IporpamMMa B
GOPTPAH pnst nonyuerns 10000 uncen ¢ asyms nudpame. IonydenHass TaxuM ob6pasoM moc-
JleloBaTeJILHOCTL TIPpOBepeHa TeCTOM x2.

N



_PRINCIPIUL MAJORANTEI IN REZOLVAREA ECUATIILOR
OPERATIONALE NELINIARE

SEVER GROZE.

1. In lucrarea de fafi ne propunem si stabilim condifii de existenfd
si unicitate ale solufiilor unei ecua}ii operationale, precum si conditii de
convergentd, folosind principiul general al majorantei folosit de I. V.
Kantorovici [1]. Astfel, pe lingd ecuatia

Plx) =0 ' (1)
se considerd simultan o ecuafie reald majorantd ' }
o 0@ =0 . ()

iar pe baza conditiilor de convergen}{d folosite pentru ecuatia majorantd
"se stabilesc conditii de existen{d s§i unicitate pentru solutiile ecuatiei (1).

In lucrarea [2] este aplicat acest principiu al majorantei folosind
metoda aproximatiilor succesive in aflarea solufiilor ecuatiei (1), dindu-se
condifii pentru existenta solujiilor si unmicitatea lor. In [3] este aplicat
acest principiu la metoda nemodificatd a coardei, caracterizatd de algo-
ritmul - i

' Xn1 = Xp — AnP(xn)

unde A, = — [P, , 1°', n=0,1,... Presupunindu-se fie existenta
. operatorului invers Ay = [Py, x_, 7t si a diferentelor divizate de ordinui
doi pentru operatorul P(x), fie numai existenta diferentelor divizate de
ordinul intii ale lui P(x) i existenfa Iui A,, dar i mérginirea lui, sint date
condifii pentru existenfa §i unicitatea solutiilor ecuatiei (1).

Prezentind interes pentru cele ce urmeazi, reamintim una din teore-
mele demonstrate in [3]. i

TrorEMA. Dacd pentru aproximagisle inifiale %o, %-, ale ecuapies (1)
vespectiv pentru aproximagisle initiale 2y, z_, ale ecuafiei (2) sint verificate
conditiile . ,

1° Existd Ay = — [P, ._ 1% si pxx(Ao) < By
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1

>0

_
0’ zfl

unde By = —
2% ox(P(%)) < Qz), ¢=0, -1 _
3% pxx(Ps1), 4 — Py, ) < Q0,15 — Q,02), )
pentru ovice triplet x < S, unde S este definitd de
- el — ) <z—2z, =123,

atun_ci din existenfa rvdddcinit z* = [2,2'] a ecualier veale (2), rezultd
ci ecuatia operationald (1) are cel pugin o solugie x* < S si procedenl nemodi-
ficat al coardei este convergent, rapiditatea convergentez precum §i evoarea
fiind caracterizate de velatia .

ox(* — %) < —z. (3)
In lucrarea de fata presupunind existenfa numai a diferenfelor” divi-
zate de ordinul intii ale lui P(x) si existenta 1nversulu1 Ag= — [P 75

vom da conditii suficiente de existentd a solutiilor ecuatiei operatmnale (1).
2. Fie ecuatia operationald (1) unde P(x) este un operator, neliniar
si continuu, care transformi spatiul supermetric X [4] in spatiul de ace1a§1
t1p Y, 0 fiind elementul nut al spatiului Y. Presupunem de asemenea cid
operatorul P(x) admite diferente divizate de ordinul intii.
Pentru rezolvarea ecuatiei (1) se foloseste algoritmul

Xnt1 = %y _A—;;P(xn) (4)

deci metoda nemodificatd a coardei: :

. Considerim 'de asemenea ecuafia reald (2) unde’ Q() este. o functie
monotond definitd pe intervalul I, ecuatie majoranti a ecuat1e1 (1) [1, 21,
pentru rezolvarea care1a se ‘foloseste algoritmul

Bt = 20 — (@2, 1710 6

folosind aceeasi notatie pentru diferentele divizate ale functlel reale Q(z)
ca si pentru operatori, deci - ,

[Q Zn—1 :,- Lol s ’VLZO, 1,
Q(Zn) Q(zn—1) B
Demons’cram atunci

TEOREMA 1. Dacd pentru aproximagiile wwtmle Xo, %_y, respectiv z,,
2oy € 1, 2.1 < 2o, avem tndeplinite conditiile o

1° Existd operatorul Ay = — [Pr + 7t

2° PX(AGP( %)) <:BQ(z), ¢ =0, —1 unde Bo = —'Qz 1~ >0.- -
0 “—1

8% pxx(Ag[Pon), 1) — Py ,]) < Bo(Q.00, ) — Q) )

oricare arfi %9 = S definitd de pp(# — %) < £ — 2, C I i=1,2 3,
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atunci din "existenfa rddicinii 2* = [z,, 2'] a ecuatiei reale (2) rezulta
existenta unei solufii #* = S a ecuatiei operationale (1), procedeul (4)
fiind - convergent, rapiditatea convergentei precum si eroarea fiind carac-
terizate de relatia '

ox(#* — %) < #* — 2, (6)

Demonstratie. ‘Pentru demonstrarea teoremei con51deram ecuatla opera-
tionald . ,

Ply) = AgP(x) = 8 W

_echivalentd cu ecuafia (1), iar ca majorantd ecuatia reald ‘
Q@) = BQ) = ' - (2)
4
Corespunzitor acestor ecua1;1r considerdm algontmunle

- / R . N
xn-!-l/'— X AnP(xn) . ) -(4 )

respectiv 7 '
) =1 = . N
z"""l = & — ‘Q~7l’ 2'”11,—1] . (5 )

Vom arita, folosmd 1nduc1:1a completsd, ci daca xo = %y, Xoy = X_p,

respectiv 2, = 2, Z_; = Z_,, atunci sirurile date de (4) si (8") coincid cu .
cele date de (4) si (5). . -

Intr-adevir, avem :

%y = %o — RoP(%o) = % — AoP(m0) = %o — [AoPsx_ |7 - AoP(%0)
= %y — AyP(%)) = % | |

~ deoarece [Aono,x_;]'l = I, operatorul identic al spatiului.

2

Din presupunerea x, = % deducem

X =%, — A,P(x,) = x, — [AoPs, xﬂ_-ll—l - AyP(x,)

= X, — [P xn—;,] : Ao_lAOP(x,,) = Xpi1.

£
La fel se demonstreazd cd 2,41 = Zn41.

Vom avea atunci

~ 1

e AO = [P”n’x—ll—lz —"[Aopxo,x_ll— =-—1
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deci Ay existd, iar norma lui generalizati este PX,X(‘&O) =1= B,

2° Px(ﬁ(xi)) = px(AoP (%)) < BQ(z) = Q( i) =0, —~1
3° Px.x (13 A, 48 — P #2), z(a)) < PXX(AO [P £, 42 — x(z) x(s)])
< BO (Qz(l),z(z) - Qz(z),z(s) = Qz(l),z(ﬁ) - Qz(a),z(s)

Se observéd ca sint irideplinite condifiile 1°—3° ale teoremei ‘enuntate
‘mai sus §i demonstrate in [3], iar pe baza acesteia rezultd cid ecuatia ;(1’)
admite cel putin o solufie si atunci i echivalenta ei (1) va admite solufii.

3. Metoda nemodificatd a coardei caracterizati de algoritmul (4)
prezintd dezavantajul cd, In practicd, pentru construirea sirului aproxi-
matiilor succesive ale solufiilor ecuatiei la fiecare pas trebuie calculat
inversul operatorului P, .e). Acest dezavanta] poate fi fnlaturat 1n10cu1nd
algoritmul (4) cu

xn-[-—l = Xy — AOP(xa) ‘ (41>

unde A, = [P,, x 1]‘ , care caracterizeazd metoda modificati a coardef.
Se observi céd In cazul acestei metode se calculeazd o singurd data inversul
[Ps,»_]"* pentru aproximatiile initiale date x,, %_;.

Pe marginea acestei metode vom demonstra privind existenta solu-
tiilor unei ecuafii operationale date,

TrorEMA 2. Dacd ecuatia operationald (1) admite *majoranta (2) si
dacd pentru z_i,20< I, 2_; € z¢ §t aproximaiiile zmtmle X_q, xo au loc
velajiile

-1
fp 7]

1° Emsta Ay = — [P
2° pX(AOP(xi)) < BOQ(zi) unde Bo = — >0si7=0—1

. iy
3° Pentru orice triplet x@ respectiv 20, ¢ =1, 2, 3, avem
exex(AoP )52, ) < By Qu).42) 4 unde
ex(¥9 — x0) < 2 —z9 < 2 — 20 C 1
px(2® — o) €& —z < —2,CI, 1=1238

atunci, ecuatia majorantd (2) avind o rdddcind apartinind intervalului I, .
rezultd cid si ecuatia operafionald (1) admite cel putin o solutie x¥, astfel
fncit
px(#* — %) < 2 — 2, C I
solutie citre care converge algoritmul (4,).
Demonstratie. Procedeul modificat al coardei dat de algoritmul (4,)
poate fi pr1v1t ca un procedeu cu aprox1mat11 succeswe pentru ecuatia.

%= U(x) = x 4- A P(%) (7)



PRINCIPIUL MAJORANTE[! LA ECUATII NELINIARE : ’ 73

pentru care 1u§m ca ecuatie Imajoranté. ecuatia reald
2=V =2+ BQE@. o (7
SeIobserva cd in acest caz avem
Ui, = I 4 AP, )
V2 = 1 4 ByQ.m, .

unde am notat cu I operatorul identic al spatiului X.
Tinind seama-de (7) si (7') putem scrie

(A) px(U(#e) — %0) = px(AoP(%0)) < BoQ(20) = V(z0)
(B) U, = I]4- Ao Pat) ;) = Ag( P, 40 — Pxo,x_l)
= Ao(P.m, ) — -Pxo,,x_:l + Px(l), % — P, %)
= Ao[ P, 22, (23 — xg) + Pat)z»_ (20 — 2]
si deci :
L ex U0, ) < Bogx(l;),z(zxzo (2@ — z¢) -+ BoQutt),z, 5, (2 — 24}
= Bo (Q:),:&) — @0,z + Qu)z — Qzz_)
=1 Bongl),z(a) = V.0,
Subliniem ci in‘ cadrul lucrdrii [2] s-a demonstrat
TEOREMA Dacd ecuagia operafionald |
x = Ux)
" este majoratd de ecuapia veald
o 2=V
_adicd avem satisfdcute condifiile
(@) ex(Uxe) — %) K Vizo) — 7o
(b} ex.x(Uam, ,,(2)) < Vw2
un}ze ox(#9 — xS & — 2 < & — 20 =1, 2

st dacd ecuatia majordnti are ca cea mai micd viddcind pe 2% € (z,, 2') atuncs
,sz ecuatm oﬁemtfwnala consideratd admite o solufie x*, care satzsface velatia

PX(x* — %) S — 2K 2 — 2
solufie ce este limita citre care converge §1ru1 aprox1ma1;11lor succesive -
dat de algoritmul x,,; = U(x,).

- -
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Se observd ci relatiile (A) si (B) deduse sint tocmai. conditiile (a) si
(b)-din enuntul teoremei de mai sus si deoarece ecuatia z="V/(z), echivalenti
cu (1), admite o ridicind in intervalul (ze0 2') C I, conchidem asupra con-
vergentei procedeului iterativ pentru ecuatia (7), respectiv asupra proce-
deului modificat al coardei pentru ecuatia (1).

(Intrat in redactie la 25 octombrie 1971)
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TIPUHLAN MAKOPAHTB! IIPM PENIEHWKM HEJWHENHEBIX OHEPAIOPHBIX
YPABHEHUN

(Pesonme)

ABTOD YCTaHOBHJI YCJIOBHsI CYILECTBOBAHHs H eIWHCTBEHHOCTH DeLICHHS OmepaTOpPHOro
. YpaBHeHHs, ONPeJeJIEHHOr0 B CBePXMETPHUECKHX IIPOCTPAHCTBAX, IPHMEHSSI P HHIHII-MaKo-
_ PaHTH! K HeM3MeHeHHOMY METOJY XOpPJH, NaHHOMY ANrOpPHTMOM

nd1 = ¥n — '[P"n’ "7:;1]_1 P(xn)

B npefnondxenHax JOKA3AHHBIX TeOpeM H3GeraeTcst OrpaHHYeHHe HEKOTOPHIX OMEpaTopoB
H CYWECTBOBAHHE DaSHOCTHBIX OTHOIIEHHI BTOPOrO NOPSAKA, NPHYEM YJIYYMIAIOTCA TAKHM OG-
pasoM pesynb'rarbr paGor [2] u [3].

PRINCIPE DE LA MAJORANTE DANS LA RESOLUTION DES #OUATIONS
OPERATIONELLES NON-LINEAIRES

(Résumé)

v

Le travail établit des conditions d’existence et d’unicité de la solution d'une ¢équation -
opérationelle définie dans des espaces supermétriques, en utilisant le’ principe de la majo-
rante 2 la methode non-modifiée de la corde donnée par Ialgorithme

”n+1 = ¥n — [Px”: ”11—1] Plxn) -

Dans les hypothéses des théorémes démontrés on évite la limitation de certains opé-
’ rateurs et ' l'existence des différences divisées de. second ordre, améliorant de la sorte’ les
zcésulta‘cs des travaux [2] et [3]. . :

.



DISTRIBUTIA TEMPERATURII TNTR UN LICHID IN MISCARE PE
UN PLAN TNCLINAT

_PETRE BRADEANU si DAN ‘DUMITRAS

Notatii-

Ox,_ asxi de coordonate dirijatd de-a lungul planului tnclinat
Oy, axi de coordonate perpendiculard pe Ox
u(x, ), viteza fluidului in punctul (¥, y) '
T(x, y), tecuperatura absoluti a fluidului in punctul (%, »)
k, ' groslmea stratului de lichid
2, presiunea in lichid
#g,  viteza fluidului pe suprafata hbera formula (0 1)
¢, p, A, viscozitatea, densitatea, conductibilitatea termlca

. Cp, cildura spec1f1ca a lichidului

G, numdrul lui Prandtl

6, . coeficientul dat de formula (6)

A, k, constante date in formula (14)

e, are valoarea 0 sau 1, vezi (20)

a, b, mirimi date de formulele (20)

& acceleratia gravitationala

a, unghiul planului inclinat cu orizontala

gy,  fluxul de cdlduri pe planul fnclinat

Re, numirul lui Reynolds i

Pos presiunea pe suprafata liberd (atmosferi)

w, indice (indicid valori pe suprafa.ta planului mchnat)

][ntroducere. Se considerd un. strat de lichid viscos greu, de grosime- 7%,
marg1n1t superior de o suprafatd liberd (S) iar-inferior de un plan fix care
este deviat cu unghiul o de la orizontald. Fluidul incompresibil se géseste
In migcare plana 51 stat1onara de-a lungul planulm mclmat Fie Oxy reperul

planulm migcarii.
Ecuai;la continuitatii gi- ecuaj:nle lui Navier- Stokes cu conditiile la limita

u(x; 0) =0, - ‘;y( B) =0, p(x, h) = po (u(x, B) = ug),
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)

au solutiile [4] o .
P = pg(h —y)cos a + p

4(y) = L (2h — y)y sin @, ug= LT Y
: 2p ; 2u . :
Profilul de vitezd are, in planul Oxy, o.formi parabolici.

Ne vom ocupa cu determinarea cimpului de temperaturd si transferul
de cdldurd in regim stafionar pentru scurgerea fluidului viscos incompre-
sibil, cu suprafatd liberd, pe planul inclinat presupunind valabile legile
(0.1).3Intr-tin¥fluid incompresibil, cimpul vitezelor este independent de cim-

" pul temperaturilor. ’
) Vom incadra aceastd problemd in urmitoarea problemi la limiti ter- .
micd : S4 se determine repartifia temperaturii T(x, y) in fluidul in migcare
* pe planul inclinat, stiind cd T'(x, ») este o functie care satisface urmitoarea
ecuafie termodinamicd a energiel cu condifii la limiti

orT du\2 02T 02T :
ool o
O<y<h —o0 <x <+ )
T(%, 0) = T, (%), "a—T (%, B) = 0 _ 2)
; y .

" unde T (%) este temperatura dati a planului inclinat (7, poate fi si o cons-
tantd), iar functia % este datd de formula (0.1). -

7. Plan fnelinat cu temperaturi eonstanti (7,— Const). In acest caz
se observd cd se poate cduta pentru problema.(1)—(2) o solutie de forma
T(x,y) = T(y). Prin urmare, temperatura nu variazi in raport cu » si

. cimpul de temperaturd este determinat de conductibilitatea termici, in
directia y, a fluidului si de disipafia energiei mecanice, prin frecare, In cél-
dura. A :

Functia T(y) este, dupd (1)—(2), solutia problemei la limitd

AN A L )
dy* B A (dy ) (3)
ar ’ .
TO)=Tw (o] =0 *

Integrind ecuatia (3) cu conditiile (4) si folosind solutia (0.1) gisim, pentru
repartitia temperaturii 7'(#, y) in domeniul ocupat de fluidul in migcare,
formula
: _ ) SN
= i “Vdt =
T(y) = T, -+ ASdszt).dt
0 z

SR IR

B o g?sin? « PR
=T, 4 Hetgisintaly 9
Y HEETIVE [1 (1 h)
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unde am introdus parametrii termodinamici adimensionali constanti

— ke —. % '
2 0=2 ©)

_ Suprafaga exterioars (S) izolatd termic, pe care avem y = A, se mcalzegte
dupid (5), la temperatura

T5=Tw(1+ie) : ()

Sa observam acum céd pentru gradientul de temperatura avem expresia
pozitiva

IT_ 4o Ty(; yP g (1) Ao Teg 48

dy . 8 h(l lz) §1(dy) 3 & - ®

care indicd o scurgere a cildurii de la lichidul fn miscare spre planul inclinat.

Fluxul de cilduri’q,, cate stribate in unitatea de timp prin unitatea
de suprafatd a planului inclinat, este dat de L\fo_rmula lui Fourier

Ts — Ty

arT 4
2. Temperatura planului mchnat este variahila T, Tw(ﬂ;). 5S4 facem
transformarea de functie
T(x, y) = To(%)H(%, 3) ‘  (10)

unde H(x, y).este noua funcfie necunoscutd care sat1sface conditiile (12)
scrise mai jos, iar T,(x) este temperatura planului inclinat pe care 0 vom
determina cu conditii suplimentare.

Folosind (10), ecuatia (1) si conditiile (Zj primesc forma

Vi L 0
Pcﬁ%(ﬂH—{——H):

o ry T, OH | '
|dyJ+x[ H+2T,, = +ax2+ } (11)
H(x, 0) =1, ‘;ﬂ(x, B) =0 (12)

’ 'y

Ecuatia (11) poaté fi transformatd intr-o ‘ecuatie diferengiald ordinard,
in raport cu functia H = H(y) dependentd numai de variabila y, dacid
considerdm cd

-

" [d_“,zz 0, L_ const. =% ¢ —comst. . (19)
dy T, g Tow _ ~

Conditiile impuse (13) se verifici in cazul miscirilor nedisipative gi pentru
" o distribufie §particulard a temperaturii planului ‘inclinat reprezentatd



78 ' P. BRADEANU, D, DUMITRAS
prin functia
T, (%) = Aét=, (5,, =‘k2~)', k] =1L (14)
. Ty - ,
- unde 4 > 0sik (numér pozitiv sau'negativ) sint.constante arbitrare. Vom

presupune, deci, ci planul inclinat are temperatura datd de forrula (14).

Determinarea distribufiei temperatunl in fluid se reduce, in aceste
condifii, la determinarea funcfiei H(y) in cadrul problemei la limitd

- %_k(ﬁfﬁu—'k)ﬂ=o - (15)
H(0) =1, .H"(h) =0 | (16)
fmmfz-212 @

Avem, deci, de 1ntegra1; ecuaj;la diferentiali de ordinul do1 cu condifii bilo-
cale, de formi adimensionald : ; -

2 H ’ .
@ - Y)Y —e)H =0 o 1(18)-:

HO) =1, BH'0)=0 . . = (19

b— IRk, a =t g R JB Y =2 o
R,=dopfp, e=0saul o

e = 1 pentru valori obisnuite ale lui % §i ¢ = 0 pentru valori mici sau foarte '
~mici ale lui k. .
Vom cduta pentru problema (18)—(20) o solu‘;ie in forma seriei de pu-
teri

[ee]

HY) =Y oy B

n=0

care este convergenti pentru toate valorile lui Y(Y << 1), deoarece coefi- -
cientul variabil dm (18) este un polinom de gradul doi in raport cu vanablla

independentd Y. o
Verificind cu (21) ecuatia (18) se gasegte relama de recurentid

- (22)

Apio = e (Za a La,|
=___ ] — g — —
n+2 (’}’L T 2)(11 T l). -1 n—2 2 n )

n=01,2...;a_1=a_, =>O)'. -
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Solutia. (21), cu a, = l ‘a, =0 si (22), dupé-efectuérea unor calcule ele~ -
mentare, conduce la. solut1a part1culara S S

: —1_2ye 2 3_M 4 %Ebys
HI(Y} '1‘. 2 +3‘Y 24 v 15Y'+

1602 + eb(14a — £%?), ye a(10a — 3322

7
v 720 - ' 840 Y +
+ 60a% — eb(112a® 4 44ach — £3b%) ) ys + ‘ T ' (23}

40320

Dacd se ia a9 =0, a, = 1, atunci; formula (21) ne di solutia particulari

': _Eﬁ 3 a 4__611——82172 . Bach g
Hy\¥) =Y GY.+6Y« 1_20._Y‘: Twr T

40a? 1 ch(26a — <2b?) yr _ 8@ — P
5040 : 1680

+ Yo ... (24)

Integrﬁila generald a ecuafiei linfard si omogend (15) este
HY) = H,(Y) + BH,(Y) (25)

unde 4 51 B sint cele doui constante de integrare care se deternnna cu con-
ditiile (19). Potrivit cu modul cum au fost deduse’ 1ntegra1e1e particulare
(23) si (24) functiile H, i H, satisfac ‘conditiile .

Faglt et
R

CH(0) =1, H0)=0, H0)=0 &0 =1
Aplicind integralei (25) conditiile (19) gisim

A=1 B=- 30
’ Hj(1)
Solujua probleme1 la -limitd (18)—(19) este y

HI(1) g o
-H<‘) 7,v) - 20 ), (1 =) @

_ Distributia temperaturii in ﬂu1du1 viscos care se migcd pe planul inclinat
este datd de formula

T(x, 9) = To(#)H(x, 5) = 4=H (%)  (27),
dacd T, = Adet ‘
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unde A si & sint constante reale arbitrare (4 > 0), iar H este functia dati
-de (26). Dacid se neglijeazd conductibilitatea termicd longitudinald se va
lua € = 0 In expresiile functiilor H, si H,.

— Fluxul de cildurd g, care stribate in unitatea de timp prin unita-,
tea de suprafatd a planului inclinat este dat de formula (Fourier)

! .
7w ='_)\(£J = _7\_2;,@_(6_1{) =)\‘1Mgkx
9w B \8Y )y B OHL(D)

(Intrat in redactie la 10 masrtie 1973)

(28)
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i GO N

PACI'IPEI[EJIEHI/IE TEMITEPATYPBI B J)KMIOKOCTH, IBWKYHIEHCS [10
. HAKJIOHHOM TIVZIOCKOCTH

(Peswome)

ABTODEI ONPefielisIOT paclpe/ielIeHHe TeMIepaTyPsl H NePeHoC Tema, MpH CTAlHOHAPHOM
PexuMe, B TAKENOH HECKHMAEMOH BASKOH MHIKOCTH CO CBOGOJHON NOBEDXHOCTBIO, ABHIKYIIeil-
€5 B'BHJIe CJIOS KOHEUHOM TOJIMMHEL 10 HAKJIOHHOM MJIOCKOCTH.

Merojom pazosjpemaloTes JiBe rpaHUYEbIE TePMHYECKHE 3aJa4H, KOTOPHE COOTBETCTBYIOT
fIOCTOSIHHLIM H, COOTBETCTBEHHO, IePeMEeHHEIM TeMIeparypaM (B SKCHOHEHUHAJIbHOM BHJE) Ha-
KJIOHHON IJIOCKOCTH.

DISTRIBUTION DE LA TEMPERATURE DANS UN LIQUIDE EN MOUVEMENT SUR
UN PLAN INCLINE

(Resume)

On -détermine la répartition de la température et le transfert de chaleur en régime .
stationnaire, dans un fluide visqueux incompressible lourd, & surface libre, qui est en mou-
- vement, sous forme de couche d’épaisseur finie, sur un plan incliné,

On résout, par la méthode des séries, deux problémes & la limite thermiques qm corres-
pondent aux températures constantes et respectivement vatiables (sous forme exponent1e1— '
le}) du plan incliné,



CONVERGENTA SOLUTIEI ECUATIEI CU DIFERENTE FINITE
A STRATULUI LIMITA IN FORMA LUI MISES

DOINA BRADEANU

1. Eeuatia cu diferente finite a stratului limitd laminar incompresibil
in raport eu variabilele lni Mises. {Fcuatia stratului limita incompresibil
in forma lui Mises a fost studiatd cu ajutorul metodei diferentelor finite
in mai multe lucrari [3], [5], [6].

Astfel, in lucrarea [3] se cerceteazd, prin metoda lui Fourier, stabili-
tatea metodei diferentelor finite pentru ecuafia lui Mises cu referire la mig-
carea de-a lungul unei plici plane cu scurgere exterioard variabili (u, =
=1-—jx

ini 11)J.crarea de fatd, folosind teoria ecuatnlor parabolice neliniare, se
introduce o metodd elementari si relativ simplad in cadrul cireia se dau
condi}ii de convergentd pentru metoda diferentelor finite explicitd cu patru
puncte aphcata ecuatiei neliniare a stratului limitd incompresibil laminar
scrisd fn raport cu variabilele lui Mises (%, ¢).,

Studiul migcirii fluidului viscos in domeniul D al stratului limiti in-
. compresibil, cu vitezd exterioari variabild, care se formeazi pe suprafefe
curbe, se, poate incadra in urmaitoarea problemﬁ la limita [2], [3]

oG G ‘
el Ul — GE'F ‘ (1)

G(x, 0) = U2, G(X, Uy) = 0; [G(Xo §) = Gol¢) futictie dats] (2
nnde . :
S X< X< X, 0<d< b
%= LX, §= v ¥ = fttalv, th10=uUso(X), U3 = V(X) (3)
C we =l = uy ¢U§;{— GX, §), G<Us (4)
(e = const., 0 < U < [V(X)]%, do =YX, y = 3))

$H — Mathematica—Mechanica 1/1974

L e



3

§2 D. [BRADEANU

“unde s-au folosit urmétoarele notatii :

%, 0, coordonatele lui Mises ale-stratului limitd (x se médsoard pe genera-
toarea corpului, ¢ este functia de curent)

v, viscozitatea cinematici a fluidului
%, - viteza constantd a fluidului la infinit (miscarea principald a flui-
dului)

(%), viteza fluidului pe frontiera exterioari a stratului limit#, functie de
3(x), grosimea stratului limitd

wo(%,9), proiectia vitezei fluidului din stratul limitd. pe axa %

L, o lungime caracteristici

Yoo, functia de curent pe frontiera exterioard a stratulul limitd (functie
0 neéunoscutd de x).

D, D, domeniu inchis si respectiv deschis in planunl lui Mises (x, ¢)

Daci derivata 6G/0X se inlocuieste cu o diferentd progresivi, iar deri-
vata 0°G[0¢? printr-o diferen{d centrald de ordinul doi §i se noteazi cu
gi; = g(X;, §;) valorile aproximative ale functiei G(X;, {;) = Gi; in no-
dunle (X, ¥;), atunci problema la limitd (1) — (4) se transformd in urmi-
toarea problemi algebnca : '

AX -
giv1j = &ij + (M \/ gw (&ig+1 — 28i5 + &ij-1) | - (6
Dy = (X, = X, +ibX, = jAg), ax =2=%, A¢=4’§
V;=V(X,), i=0,1,2 ...;I; j=12 ..., J—1; I, J = numere
intregi) cu conditiile la limitd si inifiale _
go="V, g5;=0 11=123,....,1 - (6)
go; = Go; (valori date imifial), §=0,1,2 ..., J- (7)

care inseamnd determinarea functiei de retea g(X, ¢) : se calculeazi valoarea
gi+1,; In raport cu valorile g;;_1, gij, &jy1 cunocscute in sectiunea pre-
cedentd 4. Desigur c& valorile g;; calculate, in acest mod, cu formula de
recurentd algebricd explicitd cu patru puncte (5) trebuie si fie foarte apro-
piate de valorile funciei G. De aceea, apare In mod firesc problema compor-
tarii si evaludrii erorii de aproximatie care' se introduce prin Inlocuirea
ecuatiei cu derivate parfiale neliniare (1)- prin ecuatia cu diferente finite
(5). Studiul acestei erori se face sub titlul convergenfei metodei diferentelor
finite.

2. Convergenta metodei diferenteler finite. Vom mnota cu G(X, )
solufia exactd a ecuafiei cu derivate parfiale (1) si cu g(Xi ¢;) =g
solutia exactd a ecuatiei cu diferente finite (5). Folosind dezvoltarea in serie
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Taylor se pot introduce formule 1mbunatat1te pentru exprimarea deriva-

telor,” pe refeaha D,, .
aG . (0%G
(e, #1158,
0X o2

prin diferenfe finite. Dacad se admite ci func‘;1a G(X, ¢) apartme clasei
C>* care confine func]:nle cu derivate part;lale continue. pma la ordinul 2
in raport cu X si pind la ordinul 4 (inclusiv) In raport cu ¢ in domeniul D,
atunci, ecuatiei (1) i se poate ataga urmatoarea ecuat1e cu diferente finite
exphc1ta .

Gitrj =G ,,+(§j;,,'«/v G,](G1]+1—26»,+Gu )+

+ 8960 (X, ) — VY — GG X ) 0 ®)
(Ge Co; X < X < Xirs U5 < B < Yj)

Se introduce eroarea de aproximatie zi; = Gi; — gi;, -0 functie de refea
definitd pe 'un numéir finit de puncte, si din scaderea ecuatnlor 8) si"(5)
se deduce.urmétoarea ecuatie algebnca pentru zity; -

zi+u = 2 -I- (—i%{«/vi - Gi,j (Gi,j+l — 2Gij + Gij1) — '
— Vi = gij (8iger — 285 + i)} + AXKs by )

unde termenul A4 contlne ultimii doi-termeni din (8). In aceasti ecuatie
avem

NVi—=Gij=[Vi — gi; — 215)% = VVi— &, [1"— T )

2 Vz_gul

©)

Fcuatia cu diferenfe finite (9) se scrie, dacd se negh]eaza putenle
erorii 2z, in forma urmétoare

Zigry = Zijr1 ¥ \/Vi — &ij +

= R
R 12 o

—|-z,, 11\/V —gi+ AX, by, ..l

('—-AX HAYP),

\ i
Se observa c4 suma coef101ent110r i 2544, 25, 2i;-1 este egald cu
1 . g;g+l 2g1.j+g1,j 1
"2 \/ Vi— &~ . . .
unde F este membrul drept al ecuatiei (1), iar derivata este calculatd pen-

tru valori aproximative. In cazul ecuatiei propagirii cildurii aceastd suma
este egald cu unitatea.’ S -

11+( ]AX
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Si vedem, in continuare, in ce condifii coeficientii ecuat1e1 (10) smt
nenegativi. Avem semnul egal corespunde punctelor de pe’ suprafata cor-
pului (§ = 0).

Vi—g; >0, 730
Presupunind <-:é coeficientul lui z;; este nenegativ vom putea scrie conditia
y < 2.V —&; _ 2U,;
4V, = Bgyy+ i + 88U~ (Uipin + Ulyy)
Uij = «/Vi — iy, ¥ = 0)
dacid este Indeplinitd conditia suplimentar#
ijr1 — 285+ 8ij—1 > 0 (12)

S& presupunem ci conditiile (11) — (12) sint 1ndepl1n1te la fiecare pas al
procesutui de calcul.

Sd fixdm indicele 7 (secfiunea X;), sd introducem mirimea K si norma
{lail] a vectorului z; = {2z, z2 .... 2} cu formulele

(11)

o llall= max |z (13)
G=0,1,2,.., ])

K= max {lGX‘(Xu 4’1)] IG¢‘(X1’ 4’])}

(Xpp¥j)=D

In aceste conditii, luind valorile absolute in ecuatia (8), care are coeficientii
nenegativi pe baza realizirii la fiecare pas a conditiilor (11) — (12), avem

& ; —‘Zg,;"f‘g,;,-_
il < (1= r BT ) 4 140G 4y, (19

2,\/V‘-— id

Se \observi, de asemenea, ci avem inegalitifile
14| < | %(AX)2K~ + \ 112 AX (AR T, = G,-,jK\ < RAX[(Ad) + AX]

0<Vi—=G;<V:<1).
Datorité faptului ¢, in baza conditiilor (11) —(12), toti coeficientii din ecua-
fia (10) sint nenegativi, inseamni cd si coeficientul lui ||z|| in (14) este
pozitiv. De aceea, potrivit cu (12), putem majora coeficientul lui |{|2][, in
(14), la unitate.
Vom putea, deci, scrie inegalitatea (14) in forma

leeall < ol +EIAX)? 4+ (APPAX], §=0,1,2, ... (15
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De aici, deoarece ||zo|| = 0 (valorile inifiale nu sint date de aceastd metodﬁ)
deducem

N lfz] = max [Gi; — gl < iK ((Ap)PAX + (AX)]

adica .
zl] < K(X; — Xo)((A)2 + AX],. §=1,2,....1 (16)
unde K este marimea-datd in formulele (13). ' ' )
Coneluzii si observatii. Teoria expusi mai sus conduce la rezultatele
urmitoare :
Daci,
1o funciia G(X, {¢) € C?* si satisface ecuatia -(1)—(2) in D,
2. funcfia g satisface ecuatia cu diferente finite (5) i conditiile (6) —(7)

3,. conditiile (11)—(12) sint verificate in fiecare nod (X;, ¢;) al refelei
DA-—-{.X0<X <XI,0<4’J<¢OG}
4,. coeficientul derivatei Gy in ecuafia (I), este pozitiv, atunci, in
D, metoda diferentelor finite, in formi explicitd, pentru problema la limitd
(1)—(2) este convergenti : soluj:ule ecuatiei cu diferente (5) converg citre
solu}iile ecuatiei cu derivate .parfiale (1), eroarea satisficind inegalitatea
(16) pentru cresterile mici AX i Ad. s B

Inegalitatea (16) aratd cd pasul AX trebuie si fie cu mult mai ‘mic’

decit pasul At,) pentru ca ercarea de aproximatie si fie mica.
Avind in vedere conditiile 1,—4, se pot face trmitoarele observatii:

a) Condifia 4, nu este verificati peste tot in D deoarece pe suprafaja
corpului ( = 0) avem (U3, — G)% = 0.

b) Condma 1, nu este, de asemenea, verificatd in domeniul inchis D
pentru cd pe- corp (U = 0) considerind U;, = const., avem

Gy = 2U3 Ul # 0 pentru § =0 i, deci, %;i — o pt. § >0

Acest rezultat reprezlnta singularitatea ecuatiei lui Mises, sesizatdi de
Géortler.

c) Conditia (12) trebuie pusd in legidturd cu semnul derivateia—%; sau

a derivatei 8G/0X. In regiunea in care 8G/8X < O condifia de convergentd
nu mai este indeplinita.

Din aceste observatii rezultd cd metoda d1ferente10r finite nu este apli-
cabild ecuat1e1 lui Mises in domeniul din imediata aproplere a suprafetei
corpului in jurul cdruia se migcd fluidul. Din aceastd cauzd (prin urmare,
si din punctul de vedere al convergenjei) domeniul de integrare numerica
prin metoda diferentelor In formd explicitd a ecuafiei lui Misse se imparte
in trei regiuni: () regiunea din vecinitatea corpului, Q) regiunea 1nter10ara

[
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stratului limitad si 3 regiunea punctului de la infinit. La aceste regiuni tre-
buie addugatd, de fapt, si sectiunea inifiald in care solufia se presupune
calculati cu alte metode.

- Alte observatii. Tn lucrarea [3] se deduce pentru stabilitatea ecuaj:lej L
(5) conditia :

r < E, = 4Uy/(10U; — Uiy — Uijy)

Dacd notim cu E; expresia din dreapta din (11), atunci, avem

2U, .
E, - E,= N’j (U?,Hl -+ Uiz,j—l - ZU?J): (Ey E, > 0) (17)

unde N este numitoral comun al fractiilor E, sil E,. Avind inegalitdtile
0<Upjur< Uy < Ui <1
rezultd cd avem si ,
Uij + Uijr < 14 2Ui,j+}'Ui,j—1'< 3
Daca admitem ci E, — E, > 0, atunci, din (17) primim inegalitatea
2U7; < Usjyr + Usjo1 < 8 sau U;; < 1,227 (18)

care este satisficuti de U,; < 1 si} care dovede§té cid ipoteza E, > E,
este adeviratd. Acest rezultat poate fi pus in legituri cu teoremele de
echivalen{d relative la. convergenta i stabilitatea ecuatiilor cu diferente
finite de tip parabolic (F. John, Lax si alfii). Se constati ci

pentru ¢ — oo.

avem E;, E, —
10

(Intrat in redactie la 20 nartie 1973)
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CXOOMWMOCTh PEIMEHUS YPABHEHUSA C KOHEUHBIMU PA3HOCTSIMU
) TMOTPAHNYHOIO CJIOF B ®OPME MH3ECA

(Pezome)

'
v

VisyuaeTcss CXORHMOCTb DEIUEHHS ABHOTO YPABHEHUS C KOHEUHHIMH PasHOCTAMH Museca
W3 TEOPHH. MOrPAHUYHOrO Closl. BhMHCHseTCA MOrPeUIHOCTh NPHOAHIKEHHS H BHBOJATCS YCJIO-
BHS M OGJACTb CXOZMMOCTH DelIeHHs.

CONVERGENéE DE LA SOLUTION DE L'EQUATION A DIFFSRENCES FINIES DE
LA COUCHE LIMITE DANS LA FORME DE MISES

(Résumé)
" Le travail “étudie la convergence de la solution de I'équation a différences finies expli-

cite de Mises de lafthéorie de la couche limite. On évalue l'erreur d’approximation et l'on
déduit les conditions et le domaine de convergence de la solution.
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ELLIPSOID-ELLIPSOID MODEL FOR THE INTERPRETATION OF
THE LIGHT CURVES OF THE CLOSE - BINARY SYSTEMS (VII)

Recurrence formulae for the functions Dj(x)*

" VASILE URECHE .

I the previous papers [5] (hereafter these papers will be called ,,Paper
I”, ,,Paper II”, ..., ,Paper VI” respectively), we have elaborated.a
method for the 1n1:erpretation of the light curves of the close binary sys-
tems. By this method the close binary system compouents are approximated
by two nonsimilar ellipsoids. The semiaxes @ > & > ¢ of the ellipsoids are
connected by the relations (Paper I)

. a= 5{1 4 iwm}, c= {1 lvm}, (1)
2 2 :
where (in the case of the Roche model) - .

V=gt o = (14 ¥, @
represent respectively the tidal distortion coefficient' and the rotational
distortion coefficient of the considered component while ¢ = O'[ON is.
the mass ratio.

The projections of the components on the plane perpendicular to the
line of sight represent two ellipses, having the equations (Paper II)

{1 — ngo@} x2 4 2@y 4 {1 4 3Bw® — n3v@} 4% —
— b2 {1 + 3B3w® — (n? + n)o®} =0

— for the primary component (whlch is echpsed in the primary
m1n1mum) and -

{1 — ngov'@}(;, — x)? — 2n1n27)’(2)(l —x)y + {1 + 3w'® — nlv’(z)}y —
— 031 + 38 w'C — (n} + n) '™} =0 (4)

. * The results of this paper hav been presented at the scientific Session of the Uni~
versity in April, 1972.

(3
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— for the secondary component (which eclipses in the pnmary mini-
mum). Here the quantities J;, #;(j = 1, 2, 3) have the s1gn1f1ance of some
direction cosines [2], being functions of phase angle ¢ (that is of time)
and of angle 7 (the inclination of the orbital plane to the celestial’

sphere).
The loss of the light AL({) during an eclipse is given by the equation
AL(Y) = 55 J cos v do, (5)
S :

where X is that- region from the visible ,hemisphere” of the considered
component which is eclipsed at a given moment, [ is the apparent surface
brightening in a point-of the considered star in which the surface normal
forms thé angle y with the line of sight and do is the element of the surface.
Considering that in the distribution of the brightening on the apparent
disk, the limb-darkening is described by the linear cosine law, and' the
gravity-darkening. by von Zeipel’s theorem [3, 4], then we have

]:Ho{l—[—«:g;—og“}('léu—}—ucosy), - (6)

where # is the limb-darkening coefficient, = is the gravity-darkening coeffi-
clent, g is the gravity acceleration in the considered point, g, is the mean
gravity acceleration on the -component surface and H, is the surface bri-
ghtening in the normal direction, in the point where g = g,.

The expressions for (g — go)/go and cos y, depending on the coordinates
of the correspondlng point of the star surface, are given in Paper III.
Using these expressions and the distribution of the bnghtemng (6), the
computation of the integral (5) is reduced to the computation of some double
integrals of the form

SSZkyJ' dedy; j, h=0,1,2 ...; (7)
. D

where the integration domain D is the projection of the region X on the
plane perpendicular to the line of sight (fig. 1; the axes are directed as in
Paper II), and )
= (C10% — Cox* — 2C,xy — Cyy?)%. 8)

: The quatities C;, C,, C, C,, being
functions of time, have the expressions
‘C 1= 1+ 3w®2 — vyl _
62 =1—3w® (2 —1%) 4 v@(n} — n?)
C 5= v(2)n1n2
C,y=1+43w®2— v (n] — nl)
Fig. 1. : - : ()
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Noting T
] k o !
T (% 5) = _bﬁmg 2iyidy a0
and 1ntroduc1ng the ,,dlfference functions” D (x defmed by the author S0
’ Di(x%) = Iilx, 9. (8)] — Iil%, yl(x) (11)

where y,(%), y(%) are the integration limits with respect to y; the computa-
tion of the integrals of the form (7) (that is of the integral (5)) is reduced
to_ the computation of some simple definite integrals from the functions
Dij(x), between certain well determined integration limits x; %,. In Paper
IIT the explicit expressions for AL(Y), ¥.(%), ¥2(%), %1, %, are given. .

In the following we wish to establish some recurrence formulae which
will allow computlng the functions Dj (x) for any pair of the values, j, k=
=0, 1, 2, ... For this purpose we make the substitution

Cly = (C0* — Cyx®)%sin y — Cyn. (12)

The expressions (9) show that the coefficients C,, C, and C, are of the
order of unity, while the coefficient C, is small, (of the order of the distor-
tion coefficients). On the other hand — excepting the integrals from  the

functions DY(x) and D9(x) — the integrals from the functions Di(x).enter
(5) only in‘the small terms, which are proportional to the distortion coeffi-
cients w® and v®. Therefore in the development of 4/ from the integral
(10), we can retain only the main term:

o (Clb2 Cox%)il? sind . L (13)

Then — excepting the integrals I9(x, y), I%(», y) which enter the
functions DY(x), D{(») and which will be computed separately — from (10)
and (12) we obtain

jrhal
'Ik'(x, x) = ——(C b2 — Cox®) 27 Ty (1), - (14)
an+k+ZC 2
where o
%uy=gmyxﬁnﬁdx : (15)

For the computation of the integtral (15) there are different recurrence
formulae [1]. So we can write]

: i1 Bt] . .
i — si’ 7! ycos" oy f—1 -2
i el imlay
k=012 ... : ' (16)*

* This formula allows-diminishing the degree of the sinus. We can also write an analo-
gous formula which allows d1mmlshmg the degree of the cosinus. There are also other equi-
valent recurrence formulae for the integral (15).
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In order to obtain from (16) exp11c1t formulae we shall consider the follo-

, wing cases:
Case I: j = 2p. Applymg successively the formulae (16), the computa- i

tion of the integral J7(y) isreduced to the computation of the integral J 20
which satisfies the well known Tecurrence formula

A

k—
Jk(X)= COS' :51nx+k—15k 2( ) . (17)\

The expression of J3(y) depend on k being even or odd. Therefore we shall
consider the undercases: ,
Undercase 1.1: k = 2q. The formulae (16), ( 7) lead to
2g+1

Iy = —%{Sm” ot

15:,\1 (20 —1)(2p —8) ... (2p =25+ 1) sinzp—zs—l X} +
=1 (20 + 29 — 2)(2p + 29 — 4) <o (2P 29 — 29)

@p — ! sin x }
-+ » cos#—1
2+ 20)(2p + 29 — 2) ... (24 +2) { 2g [ -+ (18}
12— D20 —3)...20 =2 +1) 5 oy ] (24_1)11,}
cos™ + ;
; q~1)(q—2)---(q—8) 29! x>
$,¢=012 ....
" Undercase 1.2: k= 2¢ + 1. From (16) and (17) we obtain
: 20+2
J _ ___Cos x 9p—1:
2g+1 (%) PYSRr I{Sln X+
= @ — 1)@ —9) ... (&p— 2 +1) P
Sin
E @ 2~ 1@ + 24— ... 0+ 2 — 5+ 1 ' X}+
@2 —1) (19)

sin y 2
cos“?
+(2z>+241+1)(2;b+2q—1)---(2q+3)[2q+1[ X

q_ml 2ty — 1) ... (g~ 9 cogi—t— x]}
Sh2g—1)2¢—38)...(2¢ — 25— 1)
2, qi=0,1,2 ...

Case II: j = 2p + 1. Using sutcessively the formula (16), the compu- -
tation of the integral J?*'(y) is reduced to the computation of the inte-
gral J}(y), which has the expression

: ! k41 :
1 __tsTx ) (20)»
x (%) 1
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‘The formulae (16) and (203 give

k
2p+1 cos® 1y o
—_— " sin?%
0= 2p+.k+1,{ X
? _ _.‘ . 21
5 2pp — 1 ... p—s5+1) sin%—2y 21)
H@p+h—1@+E—8) ... @2 +h—2+])

pE=01,2 ...

Having the expressions of the functions J{(y) in accordance with the
formulae (18), (19)f{and (21), from (14) we obtain the functions I3(x, yx).
Coming back from y to y, with equation (12), we obtain the functions I i(% )

Further, with (11) the functions D}(x) will be obtained and with the help
of these functions the theoretical light c¢urve can be computed.

For the integrals I§(x, y) and Iy(x, y) from (10) we have directly

1 .
Iz, 5) = = 5, (22)

Y=, ) =

Vz -
(Cb* — C,2?) arcsin CEY G
2 1,
, (Cp? —~ Car®)

 (Cly + Cy2) (87— Cor® — 2Camy — C4y2)’/2}-

27rb V .
(23)

The computations effected by the author for the eclipsing binary star
AT Draconis (Paper VI) show that the function Di(x) (¢ =0,1,2, ...)
have the main contribution in the theoretical light curve computahon

‘These functions will be computed with the help of the integrals I} (x)
which can be put in the form [1]

gl .
JO — 29 “r2q\ sin(2g — 2s) x 9
() =~ ()x+22ql§;6(s)————2q_25 : (27)
tTespectively
g7 . P
Tt () = 1 2 (%) sin(2g — 2s 4 )y

. 25
P 2¢ — 25+ 1 St i_( )

The formulae obtained in this paper will be useful for the theoretical
light curve computations and for the determinations of the elements of the
close binary systems.

( Received March 10, 1973)
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. MODELUL ELIPSOID-ELIPSOID PENTRU INTERPRETAREA CURBELOR
e DE LUMINA ALE SISTEMELOR BINARE STRINSE (VII)

Formule de vecurentd pentru functiile Di (%)

(Rezumat)

In modelul elipsoid-elipsoid de interpretare a curbelor de lumini ale sistemelor bi-
nare  strinse considerat de autor [5] calculiil curbei teoretice de lumini revine la integra-

rea functiilor D’ (#) definite tn [5. III]. In lucrarea de faf# se daun pentru aceste functii

formulele de recuren‘;a si expresii explicite, valabile pentru orice indici § §i k.
Rezultatele obtinute sint utile pentru caleulul curbei teoretme de lumma §1 pentru
determma:ea elementelor sistemelor binare strinse.

I

MO}IEJII) S.HJII/IHCOI/IL[ SJIJII/II'ICOI/III I I/IHTEPHPETALLHI/I KPI/IBbIX BJIECKA
TECHBIX JBOWHBIX CUCTEM (V1)

Dopmyast petcyppeumuocmu 0an ynxyuil D (x)

(Pesxome)

B paccMaTpuBaemoii aBTOpoM MOzenH SJINKNCOUA-SJUIHICOM, VISl HHTePIPETANME KPHBLIX
+ TeCHBIX JABOHHEIX cHcTeM [B] BHIUHC/IEHHe TeOpeTHYeCKOil XpHBOMH GiiecKa CBOAHTCSA K MHTErpH-
poBannio dyHKuMii D }(#) onpenenennrix B [5.]11]. B Hacrosmei paﬁore JAOTCST JJIST 3THX
GynxuMi GOPMYJHl PEKYPPEHTHOCTH K ABHbIE BHIPAeHHS, cnpaBemmele JUIsT JMOOHIX IOKa-
3areseil 7 H &.

omyuenHble peaysbTaThl TMOMESHHl AN BEYHCIEHHS 'reope'mqecxou KPHBOH 6.nec1<a,
a 'raK)Ke IJis1 onpejeseHust BJIEMEHTOB TeCHbIX IBOMHEIX CHCTEM. °
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Pierre-Jean Lauremnt, Ap.pro-
ximation et optimisation,

1972.

Scopul acestei cér{i este de a face un
studiu unitar al problemelor de optimizare
si aproximare convexi. Fa se adreseazi spe-
cialistilor in matematici aplicate si interesea-
z4 in egald mésuri gi pe inginerii care vor si
se specializeze in domeniul optimizirii.

' Cartea cuprinde doud piarti. Prima parte
{Capitolele I—V) presupune cunoscute notiu-
nile si proprietdtile cele mai elementare ale
spatiilor liniare normate, ale spatiilor Hilbert,
ale aplicatiilor liniare §i continue, precum si
a nofiunilor de bazid ale topologiei (multimi
compacte, complete, etc). Degi obiectivul
principal este de a da rezultatele cele mai
1mportante din teoria aproxlmaru $i optimi-
zirii, aceste prime cinci capitole pot de ase-

menea fi considerate ca o ilustrare a citorva

teoreme de bazi ale analizei functionale,
cum ar fi: teoremele de separatie §i prelungire
ale lui Hahn-Banach, teorema de homomor-
fism a Ini Banach, teorema de mirginire
uniformd a lui Banach-Steinhaus, etc.

_ Capitolul ‘I este consacrat caracteri-
z4rli minimului unei funcfionale definiti pe
o parte a unui spatiu liniar normat. Se folo-
seste pentru aceasta o metodd geometrici
ce utilizeazi notiunea de con de deplasiri
admisibile.

Capitolele II si III furnizeazd doui
exemple 'impoitante de aplicare a acestei
metode: pe de o parte pentru caracteriza-
rea celei mai bune aproximatii intr-un spatiu
Hilbert, pe de alti pafte pentru obtinerea
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pe cale naturald a teoremelor lui Kolmogo-
rov §i Cebisev de aproximare uniformi a
functiilor continue pe un compact.

. Capitolul IV d4 o prezentare generald
si destul de completd a teoriei functiilor spline
a ciror utilizare este in prezent rispinditd
in toate domeniile stiintifice.

In sfirsit,. Capitolul V este consacrat
studinlui convergenfei aproximatiilor de tip
Fourier, interpoldri, extrapoldri sau cuadra-
turi.

In partea a doua a lucrdrii (Capitolele
VI-IX) se studiazii probleme de aproxima-
re si optimizare utilizind sistematic teoria’
functiilor convexe.

Dupé prezentarea in Cap1tolu1 VI a
nofiunilor de bazi (polara. si subdiferentfiala
unei funciionale), se di in Capitolul VII o

2.

teorie generaldy a dualitifii in optimizarea
convexd. Fiecdrei familii de perturbatii a
problemei initiale i se atageazi o problemi
duali. Aceasti noud metodd este extrem
de fecundi si pune intr-o noui lumini studiul
problemelor de optimizare convexi. Ea are

. numeroase aplicatii teoretice §i practice.

Ultimele dou# capitole constituie doui
ilustrdri importante a teoriei dezvoltate in
Capitolul- VII: problemele de cea mai buni .
aproximatie pe un convex, cu o generalizare
a algoritmului lui Rémes i problemele funec-
tiilor spline pe o multime convexi.

Lucrarea se termini cu o bibliografie
completd (545 de referinie) §1 cu un index
terminologic.

GH. MICULA
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Richard 8. Varga, Funetional
Analysis and Approximation Theory in Nu-
merical Analysis (Regional Conference Sevies
in Applied Mathematics 3), SIAM publica-
tions, 1972, 76 pp.

Scopul acestel cirti este de a face o
scurtd sintezd a numeroaselor lucrdri care au
apirut in ultimii ani asupra aproximirii
solutiilor problemelor la limiti eliptice, in-
deosebi prin metode variationale gi metode
ale elementutui finit. Autorul aplici in mod
sistematic metode ale analizei functionale si
ale teoriei aproximirii in domeniul analizei
numerice. ’

Interesul primar al cérfii este studiul
metodelor numerice pentru rezolvarea pro-
blemelor 1a limit4 eliptice, dar contine 'si rezul-
tate cu privire la ecuatii de tip parabolic,
probleme de valori proprii, probleme cu valori
initiale, etc.

’

Cartea contine o prefati §i urmitoarele
capitole: 1. L-spline. 2. Generaliziri pentru
L-spline. 3. Interpolarea si aproximarea cu
functii segmentar polinomiale in mai multe
dimensiuni. 4. Metoda Ritz-Galerkin-Ray-
leigh pentru probleme la limiti neliniare. 5.
Analizd Fourier. 6. Metoda celor mai mici
pitrate. 7. Probleme de valori proprii. 8.
Probleme parabolice. 9. Aproximiri semi-
discrete de tip Cebigev pentru probleme para-
bolice liniare.

Fiecare capitol este succedat de o biblio-
grafie destul de completi.

Cartea este redactati cu multid clarita-
te gi rigurozitate §i este deosebit de utild
celor care doresc si cunoasci acest domeniu
al analizei numerice,

GH. MICULA

=
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In cel de al XIX-lea an de aparitie (1974) Studia Universitatis Babes— Bolyai cuprinde
setifle: -

matematici—mecanici (2 fascicule);
fizici (2 fascicule);

chimie (2 fascicule);

geologie —mineralogie (2 fascicule) ;
geografie (2 fascicule);

biologie (2 fascicule) ;

filozofie ;

sociologie ;

stiinte economice (2 fascicule) ;
psihologie —pedagogie ;

stiinte juridice;

istorie (2 fascicule) ;
lingvistici—literaturd (2 fascicule).

Ha XIX rogy uananus (1974) Studia UniversitatisBabes— Bolyai BHIXORMT CJeLYIOMMUMHA
CepHSIMH :

MaTeMaTHKa—MexaHHKa (2 BRIIycCKa);
¢usnka (2 BHIYCKa);

XHMHs (2 BHITyCKA);

I'e0JIOrHs] —MUHepaNoTHs (2 BHIMYCKa) ;
reorpadpus (2 Boinmycka);

6uostorua (2 BEITYCKa);

drmocobus ;

COLMOJIOTHS ;

3KOHOMHYECKHe HayKH (2 BHITyCKa);
HCHXOJOr'Hs— NeJaroruka ;
IODHIHYECKHE HAYKH ;

HCTOpHs (2 BHITYCKa);

S3LIKO3HAHMe —JInTepaTypoBefieHne (2 BEIMYCKa).

Dans leur XIX-e année de publication (1974) les Studia Universitatis Babeg-Bolyai
comportent les séries suivantes:

mathématiques —mécanique (2 fascicules) ;
physique (2 fascicules) ;

chimie (2 fascicules);
géologie—minéralogie (2 fascicules);
géographie (2 fascicules);

biologie (2 fascicules);

philosophie ;

sociologie ; .

sciences économiques (2 fascicules) ;
psychologie —pédagogie ;

sciences juridiques;

histoire (2 fascicules);

linguistique —littérature (2 fascicules).
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