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PROFESORUIL, GEORGE CALUGAREANU

£ : ~ Universitatea din Cluj cinsteste dupi cuviingd
. un savant si un profesor distins, un slujitor credin-
cios vreme de 50 de ani: academicianul profesor
George Cédlugdreanu. Adoptat in rindurile perso-
nalului didactic in calitate de preparator inci din
vremea studenfiei, matematicianul George Cilugi-
reanu a urcat treaptid de treaptd toate gradele
didactice, temeinicind-o pe fiecare prin activitatea
sa didacticd si stiintificd, prin omenia ce o emana si
oinculca colaboratorilor si ucenicilor. Modest ca fire,
cumpdnit in actiuni, profund in gindire si cerce-
tare, cald in relatiile cu studentii, profesorul Ci-
lugdreanu a reusit, prin toate aceste calitifi si
prin altele, sd continue si s& consolideze o scoald
de matematicd prestigioasd de ecuafii diferentiale si de teoria functiilor,
cucerind alte succese, investigind alte c#i, pe lingi cele de inceput ale
prof. Dimitrie Pompeiu. A reusit astfel si dovedeasci existenta func-
tionalelor analitice, cunoscute in literatura matematici mondiali ca func-
tionalele Calugireanu. A dezvoltat, a confirmat si a imbogétit In acelasi
timp rezultatele cercetirilor unor mari savanti striini, ca Fantappie, Laurent,
Lévy, Pellegrino, Cebisev si a altora. Savantul roman, profesoral Universitatii
clujene si-a inscris astfel numele la lcc de cinste in galeria marilor in-
vatati al vremii. '

Este explicatia cunoasterii §i recunoasterii numelui §i activititii profeso-
rului G. Célugdreanu pretutindeni in lumea stiintificd, sporind, astfel, pres-
tigiul stiinfei romanesti si al institufiei pe care a servit-o si continud s-o
slujeascd cu aceeasi credin{i si constiintd dintotdeauna.

i Alegerea sa ca membru al celui mai inalt for stiintific al $4rii, Academia
Roménd, si al altor numeroase institutii stiintifice striine constituie nu
numai o consacrare pe deplin meritats, ci, in acelasi timp, o recunoastere

a prestigiului international al savantului si al scolii consolidate si dezvoltate
de el vreme de cinci decenii.




Sint suficiente motive ca Universitatea ,,Babes-Bolyai’” din Cluj sa
se asocieze cu toatid prefuirea discipolilor, colaboratorilor si admiratorilor
la sirbitoarea profesorului George Cdlugireanu la implinerea frumoasei
virste de 70 de ani, o virstd frumoasi ca numir de ani §i pe aceeasi misurd
ca roade stiingifice si didactice, care vor fi imbogéfite cu altele, deoarece
sarbitoritul gi-a pastrat deplindtatea forfelor gtiintifice §i spirituale.

Prof. STEFAN PASCU
Rectorul Universit#ii



QUELQUES REMARQUES SUR LA THEORIE DU POINT FIXE (II)

I0AN A. RUS

1. Dans la premiére partie de cet article [6] on a étudié certaines no-
tions de la théorie du point fixe dans des catégories d’ensembles structurés.
Certaines notions définies dans [6] ne sont pas catégoriales. On se propose
ici de chercher le correspondant catégorial de ces notions.

Dermvrrion 2.1. (Holsztynski [2]). Soit € une catégorie et 4 =
& ob @. Le morphisme f & Mor (A, A) a la propriété de point fixe si 3
g: B— A4 tel que fg =g

DrrinitioN 2.2. (Lavwere [5]). Soit @ une catégorie 4 objet final
et A = ob @. Le morphisme f & Mor (4, A) a la propriété du point fixe
sigg:l1—>A tel que fg =g

DEFINITION 2.3. Soit @ une sous-catégorie d’une catégorie ordonnée
@, dont les ensembles de morphismes sont désignés par Mors et telle que
chaque objet de @ soit un objet de €’. Supposons que (€, C, €’) est une
catégorie avec approximation (voir [1]). Le morphisme f & Mor (4, A)
a la propriété du point fixe si 3 g & Mors (B, A) tel que fgC f.

11 est clair que (Déf. 2.2) = (Déf. 2.1). I affirmation reciproque n’est
pas vraie en général. Mentionnons:

ProrosiTioN 2.1. Si @ est une catégorie avec objet final et Mor (1,
A)=' @, YA &ob € alors (def. 2.1) & (déf. 2.2).

Démonstration. Si f & Mor (A, A) est un morphisme avec la propriété

du point fixe dans le sens de la définition 2.1, alors il existe g: B — 4, tel
que .fg = g. Soit 2 = Mor (1, B). Nous avons

flgh) = (fe)h = gh
donc on a la définition 2.2.
Pour illustrer 1a définition 2.3 nous donnons l'exemple suivant:
Exemple. 2.1. Soit € = Ens, ob € = 0bEns, et Mor (4, B) = {f: 4 —
— P(B) fla) =2 o, Ya & A}. Sif, g & Mor (A, B), alors (fC g) & (flaj _
C g(a), Va & A). Dans ce cas la définition 2.8. revient 4 la définition usuelle
d’une application multivoque & point fixe.
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Remarque. 2.1. Si € = Ens les définitions 2.1 et 2.2 reviennent 3 la
définition usuelle d’une application & point fixe. I’exemple suivant montre
qu’il existe quand méme une différence entre la notion catégoriale de ,,mor-
phisme avec la propriété du point fixe” et la notion non-catégoriale de
»morphisme avec point fixe” définie dans une catégorie structurée [6].

Exemple 2.2. Soit € la catégorie formée par un seul objet 4 = {1, 2, 3}
et o0&t Mor (A,A) est 'ensemble des applications bijectives de 4 sur 4. Le
123
132 .
4 savoir 1, mais n’a pas la propriété du point fixe catégorial.

2. Dans ce qui suit, un morphisme ayant la propriété du point fixe sera
compris au sens de la définition 2.1. '

Un objet 4 de la catégorie @ a la propriété de point fixe si tout mor-
phisme f & Mor (4, A) a la propriété de point fixe.

Si @ = Ens et f& Mor (4, A4), alors

Fix (f) = {x & 4 | f(x) = )

On veut définir cette notion dans une catégorie quelconque

. morphisme f =[ } a dans le sens de la définition [6] un point fixe,

DEriNiTION 2.4. Soit € une catégorie et f=Mor (4, A). Par le sous-
objet fixe de f on comprend le noyau de (f, 1 4), noté

Fix (f) = Ker (f, 1)

Une catégorie telle que Fix (f) existe pour tout f ayant la propriété du
point fixe s’appellera catégorie a sous-objets fixes. -
On prouve sans difficulté:

ProrosiTion 2.2. A o )

(i) Tout foncteur covariant conserve la propriété de point fixe' des
morphismes.

(i) Si-f: X - Y, est un morphisme sectionnable et X a la propriété
de point fixe, alors Y a aussi la propriété de point fixe. °
(iif) Tout foncteur cofidéle conserve la propriété de point fixe des ob-
jets. » ‘
: (iv) Soit € une catégorie a sous-objets fixes et F: €— D un foncteur
covariant. Si F est fidéle, cofidéle et surjectif, alors :

F(Fix(f)) = Fix(F(}).

(Manuscrit regu le 15 septembre 1971 )
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CITEVA OBSERVATII ASUPRA TEORIEI PUNCTULUI FIX (II)
(Rezumat)

In aceasti parte a lucririi se definesc intr-o categorie nofiunile de: Motfism cu proprie-
tatea de punct fix si subobiect fix al unui morfism cu proprietatea de punct fix. In propo-
zitia 1 se dau conditii in care definitia lni Holsztynski este echivalenti cu definitia lui
Lavwere In propozitia 2 se stabilesc citeva proprietiti simple ale notiunilor definite.

HEKOTOPBIE 3AMEYAHHMSI O TEOPHUU HEITOABK)KHOM TOUKU (II)
(Pesiome)

B 3Toit yacTH paGoThl OnpejelieHsl B OJHOH KaTerOPHH MOHSATHS : MOPOHIM CO CBOHCTBOM
HeNOJBMIKHOMN TOUKH H HENOJBHIKHBIH CyGOGBEKT OJHOro MOphHU3aMa o CBOACTBOM HENOXBHIKHOK
TouKM. B mnpenioxenuu | JaHm yCJIOBUs, NPH KOTOPHIX- onpefelienne Holsz tynski
SKBHBAJIEHTHO Onpejie/lenyio Laviwere. B npeanoxeHHH 2 YCTAHOBJEHO HECKOJBKO MPOCTHIX
CBOJCTB Onpejen&HHEIX MOHATHI.



SUR UNE FORMULE DE H. W. GOULD

GH. PIC

1. H W. Gould [1] a montré que I'égalité

2n\ 220 1 (0)(25\? h B (27

R G0 = =50

\ )i+ 1N j =0\ J
est une conséquence de 1'égalité

Z(W.—f-l) i1 — x)ivh = f_\/(]) ik (1)
= AWE ! =i \k :

D’autres auteurs ont trouvé des égalités semblables. Ainsi W. C.
Guenther [2] a montré que

LA L) s n o f5—1 -
N1 — 2)rini = ( )(1 — g)ihgh

H. W. Gould a observé que sa méthode a un caractére général et
qu’elle a été utilisée pour sommer une grande varieté de séries. Il a montré
en méme temps que la valabilité de ces égalités est beaucoup plus étendue.
Ainsi par exemple on montre que pour a réel on a

i(t:;i;)(l — A =’_§;:(;:Z)(l — )ikt

i=k
Dans ce qui suit nous nous proposons de montrer que la valabilité
de la méthode et des résultats de H. W. Gould est encore plus étendue
en établissant une égalité qui dans un cas particulier donne 1’égalité de
H. W. Gould. Cette généralisation a un domaine d’applicabilité assez
étendu et peut conduire 3 la généralisation des fonctions étudiées en analy-
se classique. | ’

2. Soit A == 0 un nombre réel et
=R —-—1R"1—-1 .... (A —1)
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et
— n—1 _ #—k+1 __ i
Nﬁ — (A — 1) 1) ... 11 _ [n]! (2)
O — DF1—1) ... (A — 1) k]! [ — B]! _
" Ces nombres ont été introduits, si A est un nombre premier, par P. Hall
[3]. Ils donnent le nombre des sous-groupes des groupes abéliens élémen-
taires. Ils ont été utilisés par nous [4] pour généraliser un théoréme de
P. Turan - :
On montre aisément que
lim N* = (})

A1

La formule (2) nous donne 4
Nk = Nnk (3
et , A
Nii = MN; 4 N~ (4)
Elle nous donne la possibilité de démontrer par induction la généralisation
suivante de la formule de binome

n—1 i i L. # n—i . R

BP(x) =T (1 — ¥x) =2, (—1)ix(2)N;x'= 2 (_1)11—11( 2 i gt
i=0 =0 i=0

(4) est généralisé par

B
iju _ E )\(h—s)(k—s)N.:Nf—s

s=0

et en posant b =k _
k .
NE =D INING T (5)
§=0 - -
De (2) on peut aussi déduire que
" :
Nt = (— 1A (2)1\71’,+,¢_~l ' (6)
. L. - . (1 F41
3. Pour pouvoir généraliser (1) on doit remplacer 1 par Niii
multiplié par un facteur de correction. Puis on substitue & (1 — x)/~* non
pas son expression donnée par la formule du bindéme généralisée, mais par
ik ‘ o

SO (—1)-#~sN:_ ai=#-1 qui devient la formule classique du binéme pour

s=0
A = 1. Ainsi nous nous proposons de calculer

s=0

3 (j)+(k-2n)i i+1 n—'j_k j—k—sATS -
Z}kxz NI 3 (=1 A N 0
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I,a substitution de % -+ s = ¢ donne
NI
27\ +(k n)JNZL-—‘I-_l n—j ;,;( 1); 'N; 1;/1 —t

et en-changeant 1’ordre vde la sommation et utilisant (3)

"

ZZ +(k zn)JNi;i}Nt —~k n‘—t_

t=kj=t
LA it (3) +—2n)

= (_1)3"x( TN NI
t—=hj=

En utilisant (6) on déduit
22 §) +e—2mi+i—mG-o- (73 ) NITN

et mettant § — =z'

nnt

LE 7\ +(k —2n)(¢+1)+ i(iHt— k) — ( )NT_-;‘;-lN;;_t_lxn—t _

t=hi=0

n—i

g 1,+t ) _ s . _
E ( 4 (k—2n)(¢ + 1)y-+i(i +Ht—k) ()Nn ¢ ;N;_‘_Ixn I:

H

n4-1

"
. n—t (n—t—i)*— dkt—-n® o —f—iATi
22 2 A 5 wi1 Ni—i—1
t=%k .

£=0

En utilisant (5) nous aurons

zxn ¢ ( )+kt .n’ Z;;_,

et en utilisant encore une fois (2) nous obtenons la généralisation suivante
de (1) .

-

i—

2)\ )+(k "”)JN_1+1 n—j (__l)j~k—>sN;—kxj—k’—s:

(=18

s=
n "

. _ (s+1 R i _yntk=s _ __
_ 7\—7132 2 ( 9 )+kSNﬁ+k—sxn—s — " 2 A ( 2 )+k("+k ‘)fon s

s=k . s=k

Nous terminons en observant que, ainsi que I’a fait H. W. Gould, on peut

démontrer la valabilité de cette égalité si I’on remplace Nitl par N,Zofl
pour @ quelconque,

( Manuscrit regu le 10 janvier 1972)
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ASUPRA UNEI FORMULE A LUI H. W. GOULD
(Rezumat)

Se arati ci o formuli de combinatorici dati de H. W. Gould in [1] are o valabili-

n
tate mult mailargd i anume subzisti §i daci inlocuim ( ) cu
: m

(7\"’ _ 1)()3;—1 — 1) e (;\u—m+1 — 1)

N —
n (m — (a1 —1) ... (A — 1)

introdusi de autor in (2) unde A este un numir real. Se remarci

n

z "

lim N = ( )
Al m

OB OJIHON ®OPMVJIE H. W. GOULD
(Peswonme)

ITokasano, 4T0 0fHa GopMyJa KOMOHHATOPHKH, JaHHast H. W.Gould B [1], nMeer Gonee

wy .
IIKPOKOEe NPUMEHEHHe, @ HMEHHO OHA BEPHA, H €CJIH NOACTABHTh BMECTO ( ’ BEIpaXKeHHe
7
()\n — 1)(;‘71,—1 _ 1) e [‘;\u—m+1 — 1)
o — ot — 1) ... (A — 1)

BBefieHHoe aBTopoM B [9], roe A — BemlectBeHHoe uncya0. OTMeyaeTcs

n

H m

lim N, = ( )
A—1 m

mo__
Nn -




UNIVERSAL RANGE SPACES AND FUNCTION SPACE TOPOLOGIES

" M. F. FLYNN

Let Y and Z be topological spaces, and let ZY be the space of all con-

tinuous functions from Y into Z. If X is some arbitrary space, consider the
—foltowing functions. R

Let f: X XY - Z and define the associate map f: X - 2Z¥ by

(f(x)(y) = f(x, ¥). We note that, unless f is continuous in y for each fixed

%, the mapping fAmay not exist. A topology on ZY is called conjoining if

whenever f is continuous then f is continuous in both variables; and it is

called splitting if whenever f is continuous in both variables, then f is con-
tinuous.’

Of particular interest are those topologies which are both conjoining
and splitting. It is well known that, if ¥ is Hausdorff and locally compact,
then the compact-open topology fills this role. However, numerous exam-
ples exist which show that, if Y is not regular, the compact-open topology
is not the only such topology ; nor, in general, is local compactness a suffi-
cient condition.

We present in Theorem 1 a necessary and sufficient condition for a
topology #, to be conjoining and splitting on a function space Z¥, where Y
isfixedand Z is any arbitrary member of some class of spaces. In Theorem 2,
restricting ourselves to the set-open topologies of [1],we discover what
properties the space Y must have in order for a conjoining and splitting
topology to exist.

Derinrrion 1: A space U is called the wnmiversal space for a class C
if U is in C and every member of C is obtainable as a subspace of a product

of U.
Let. (3 Z,)¥ be the reduced product described by Cech [2; p. 293].
Lemma 1: If a topology is conjoining and splitting on Z. for each a,
then the product topology is conjoining and splitting on (ZZ,).
Proof.: Corresponding to the projection map p,:%Z, - Z,, there is

a mapping which we will call the functional projection n,.: (Z,)Y — Zy,
defined as. follows.
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. Let #* & (z Z,)Y, then #, (h*) = p, h¥. Define the maps py: Zy »2Z,
by py(h) = h(y) and py: (Z)¥ »5Z, by p% (i*) = i*(3). The maps
pyand py are continuous whenever the function space topologies are finer
than the point-open topology. Also, pyn,= e.Py ; so that #, is continuous
if and only if p, is continuous.

Now let g: X XY -3 Z, and gA: X - GZ,)
define the following maps.

X XY —Z by f,=pg and f,: X »Z¥ by f, = ne

Certainly f, (resp. f,) is continuous if and only if g (resp. ?g) is conti-

Y .
be associates; and

nuous. Furthermore, the fa so defined are in fact the associates of the f,, as
can be easily verified. By assumption, f, is continuous for all « if and only if

A

;A
£, is continuous. Thus g is continuous if and only if g is continuous.

LemMA 2: Let BCZ. Then BY is a subset of ZY. I 'f a topology ts conjoining
and splitting on Z¥, then the subspace topology is conjotning and splitting
on BY. ' - -

Proof: For every function g: X X Y — B, there is a function f: X X
X Y — Z defined by f = i,g, where iy : B — Z i$ the inclusion map. Simi-

larly, Tor g : X — BY, we define f: X — Z¥ by f = i,Yg, where i,Y : BY — Z¥
is the inclusion map. The fAdefined in this way is the associate of f. By assum-
ption, the continuity of f and}’ are equivalent, and thus g is continuous

A

if and only if g is continuous.

Let U be the universal space of some class C. A topology u on UY
gives rise to a family of topologies {f,} in a natural way. For each Z in C,
let £, be the topology obtained by considering ZY as a subspace of a product
of UY, where UY has the topology .

_ Drrinrrion 2: Let {£,} and u be as described above. Then # is called
the representative of the family {Z,}.
" Then, combining the two lemmas, we have the following theorem.

THEOREM 1: Let Y be fixed and let U be the universal space of some class
C. Then the representative u of the family {t,} is conjoining and splitting on
UY if and only if each t,is conjoining and splitting for Z¥, where Z runs through
the class C. . .

In other words, every function space in a class C¥ has a conjoining
and splitting topology if and only if the universal function space UY has
a conjoining and splitting topology. Furthermore, these topologies on the
vatious ZY are obtained in a natural way from the topelogy of UY. We
note that, if « is a set-open topology, then each £, is also a set-open topology-
generated by the same family of subsets of Y. Let us call the set-open topo-
logies on two function spaces ZY and Z¥ analogous if they are obtained from

the same family of subsets of Y. Then, for set-open topologies, the topolo-
gles {f,} and u are analogous.
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It is natural at this point to investigate the space Y. Let C be a class
of spaces and let U be the universal space of that class. We ask for what
conditions on Y there exists a conjoining and splitting topology on UY,
In view of Theorem 1, we then have topologies which are conjoining and
splitting for each Z¥, where Z is in C. For set-open topologies, these are all
analogous.

Let T be the class of all topological spaces and let'S be the Sierpinski
space. ’

TaEOREM 2: For set-open topologies, the following are equivalent:

1. There exist analogous topologies which are comjoining and splitting
on each Z¥, wheve Z is any topological space.

2. There exisis a conjoining and splitting topology on SY.

3. The compact-open topology is comjoining (and hence conjoining and
splitting) on SY. ' ,

4. For each y &Y and V & N(y), there exist sets K, W C V such that
K is compact, W & N(y), and W is a subset of every open set containing K.

5. Y s locally fully compact. (A compact set 1s fully compact if it 1s equal
to the intersection of all its open supersets.)

The proof of each of the implications is either trivial or the straight-
forward application of known theorems. Note that, if a topology is conjoin-
ing and splitting on SY then it is conjoining and splitting on PY, where .P

is the universal space for the class 7 exhibited by Cech [2; Thm.17 C. 18].

Note that if ¥ is a T; — space, then condition 5. becomes Y is locally
compact; and if Y is a T,-space, 5. becomes Y is Hausdorff and locally
compact, which implies regularity. According to [1; Thm 6.25)] in the
case of ¥ regular, the compact-open topology is the only topology which
may be conjoining and splitting, and we may drop our restriction to set-
open topologies. ‘ '

Evidently, the compact-open topology is the only set-open topology
which may be conjoining and splitting on every function space with an
arbitrary range space Z. That there may be other conjoining and splitting
topologies for other classes of range spaces may be seen by examining
[1; Thm. 6.21]. The space Y is not locally fully compact and the space
Z is the unit interval. The compact-open topology is not conjoining and
splitting, but the H-closed-open topology is.

We state a few unanswered questions.

QuestioN 1: For differing conditions on Y, we have seen that either
the compact-open of the H-closed-open topology may be conjoining and
splitting. For each class C¥ range spaces, is there a finest representative
topology on UY¥ which is conjoining and splitting ? :

QuESTION 2. Can theorems -similar to Theorem 2 be formulated for
other classes of range spaces? :

(Received June 2, 1972)
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SPATII UNIVERSALE DE VALORI $I TOPOLOGII DE SPATII DE FUNCTII
(Rezumat) ‘
Fiind date spatiile topologice X, Y, Z si aplicatia f: X x Y = Z, lui f 1 se asociazd
A
transformarea f: X — ZY definiti de

(fy) = f(= 9).

A
fn lucrare se studiazi legitura dintre continuitatea lui f §i a Iui f.

YHUBEPCAJIbHBIE [TPOCTPAHCTBA 3HAUEHUI Y TOIOJIOTWX TIPOCTPAHCTB
OYHKUUK

(Peswowme)

Byay4u jaHe! TONOJOrHUECKHe IPOCTPAHCTBA X, Y, Z u oroBpaxenue f: XX Y >Z,K f
~ :
npucoepunsercs upeofpasoBanne f: X — ZY onpejensemoe

(fN)y) = f(% 9)-

A
B pa6oTe u3yuaeTcsi CBSI3b MEX/ly HENPEPHIBHOCTHIO f | f .



4 :ﬁOMOMORPHICALLY CLOSED SEMISIMPLE CLASSES*.

RICHARD WIEGANDT

\ 1. Preliminaries. In the following all rings considered will be associative.
Following Divinsky [4] a nonempty class & of rings is a radical class in the
sense of Kurosh — A mitsur, if

(A) & is homomorphically closed ; )

(B) Every ring A has an ideal &(4) such that it contains every &
ideal of 4 ; )

(C) The only &-ideal of the factor ring A/R(4) is the zero ideal.

The ideal &(4).is called the &-radical of 4. -

A class 8 of rings is called a semisimple class, if .

(D) Every non-zero ideal of an §-ring has a non-zero homomorphic
image in §; ’ ’ o

(E) If every non-zero ideal of a ring 4 has a non-zero homomorphic
image in § then A4 is an §-ring.

Kurosh [5] has shown that the rings having zero &-radical form a
semisimple class, and the semisimple classes are closed under subdirect
sums. Anderson-Divinsky-Sulinski [1] have proved that the
semisimple classes are hereditary. The rings which cannot be mapped homo-
morphically on any non-zero ring of a semisimple class 8, form a radical

class, the so called upper radical class of 8. For related concepts and results
we refer to Divinsky [4]. :

In [2] Andrunakievic has treated semisimple rings whose ho-
momorphic images are again semisimple, such semisimple rings were called
strongly semisimple rings. Strongly semisimple rings were investigated by
Szasz [7], [8]. Homomorphically closed semisimple classes occurred in
9] and in the papers [3], (6], [10]. Armenderiz, Stewart and
author have dealt with radical semisimple classes, which are homomorphi-
cally closed semisimple classes. In the following we - shall determine all
the homomorphically closed semisimple classes. It turns out that none of

* ‘This paper was written while the author was visiting at the University of Islamabad -
supported by UNESCO—UNDP Special Fund Project PAK—47.
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the semisimple classes belonging to well known concrete radical classes,
is homomorphically closed.

2. Homomorphieally closed semisimple classes. Following Stewart
[6], a class € of rings is called strongly hereditary, if every subring of a
@-ring is again a @-ring, and a ring 4 is said to be a &-ring, is for each »
A the subring [x] generated by the element x satisfies [x#] =  [sx]2
By Corollary 3, 5 of [6] a ring A is a &-ring if and only if for each x = 4
there exists an integer #(x) > 2 such that ¥"*) = »

Let # > 2 be an integer, and define the class &, of rings as follows.
A ring A is & ,-ring if and only if x* = x holds for each element x < 4.
The following theorem shows us that the classes 3, are all the non-trivial
homomorphically closed semisimple classes.

TuroreEM. The homomorphically closed semisimple classes ave the clas-
ses &, for n =2, and the class G consisting of all rings.

CoroLraRY 1. The classes &, (n > 2)and & are all the radical semi-
simple classes.

COROLLARY 2. A semisimple class is a radical class if and only if it is
homomorphically closed.

Cororrary 3. The upper radical class of a homomorphically closed semi-
simple class is hereditary.

In [10] Theorem 2 asserts that the classes &, are semisimple radical
classes..According to Theorem 1 of [10], a semls1mp1e class is a radical class
if and only if it is homomorphically closed and its upper radical is heredi-
tary. Corollary 2 is a sharpening of this result. By Theorem 1 and 2 of [10]
all the corollaries are immediate consequences of the Theorem. It was shown
by F. Szasz {8], that the classes &, are homomorphically closed semisimple
classes. The Theorem sharpens this result.

3. The proof of the Theorem. We shall prove the Theorem by six pro-
positions.

Prorosirion 1. A homormorphlcally closed semisimple class is strongly
hereditary.

Since the semisimple classes are closed under subdirect sums, so the
statement is exactly that of Lemma 4,1 in [6].

ProrosirioN 2. If 8 is a homomorphically closed semisimple class and
§ ¢ % then § contains all the nilpotent rings.

Let us consider a ring 4 &8 with 4 € &. By definition of &-rings,
there exists an element ¥ & A such that [x]=% [x]®.. By Proposition 1
A &8 implies [x] & 8§, further, clearly, [x]? is an ideal of [x]. Since §
is homomomorphically closed, therefore the zero-ring [x]/[#]? on a cyclic
group belongs to 8, moreover by condition (E) also the zero-ring on the
infinite cyclic group is in 8. Since § is homomorphically closed, so also the
zero-rings on all § cyclic groups are contained in §.

Let Z be an arbitrary zero-ring. The additive group Z* of Z is an abe-
lian group, and so it is a subdirect sum of subdirectly irreducible abelian
groups, i.e. of finite cyclic groups. Since the zero-rings on cyclic groups are
in 8 and § is closed under subdlrect sums, therefore 8§ contains all the zero-
rings.
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Let A be a nilpotent ring, and # the minimal natural number with
A” = 0. If n = 2, then 4, as a zero-ring, belongs to 8. Suppose # > 3. By
the minimality of # we have A”"1=¢ 0, so there are elements Ay, ooy S A
such that a4, ... 4, ,4, ;5%0. Consider ¢ =a, ... a,_,520. We_show
that the correspondence ¢(¥) = cx is a non-zero homomorphism of A.

Obviously, for any x, Y &4 we have
o(x + ) = c(x + ) = cx + ¢y = 9(%) + o(y),

moreover

o(vy) =c(xy) =a, ... a,_ 2y =0,
and

p(X)p(y) =cx ey =ay ... BprXy ... 4 1y =10

because every product of at least n factors is 0.
The homomorphism ¢ is not zero, since

(“n—1) =ca, ,=4a; ... a,_ ,a, | =" 0.

Thus 4 can be mapped by a non-zero homomorphism onto a zero-ring, that
is onto a ring belonging to §. Since every ideal of a nilpotent ring is also
nilpotent, so by condition (E) we obtain Ae 8. Thus Proposition 2 is proved.

Prorosrrion 3. If the class § of rings is closed under homomorphisms,
extensions and subdirect sums, and it contains all nilpotent rings, then § -
consists of all rings. : ’

The proof is the same as that of Theorem 4,4 in [3].

ProposiTioN 4. If 8 # & is a homomorphically closed semisimple
class, then 8 consists of all rings.

This statement is an immediate consequence of Propositions 2 and 3.

ProrositioN 5. If 8 C & is a homomorphically closed semisimple
class, then there is a strongly hereditary finite set §(F) of finite fields such
that 4 & 8 if and only if A is isomorphic to a subdirect sum of fields in
8(F).
- The proof is the same as that of the part (1) = (2) of Theorem 4,3
in [6]. :

ProrosiTioN 6. If*§ C & is a homomorphically closed semisimple
class, then 8§ coincides with a class ,.

By Proposition 5 there exists a strongly hereditary finite set §(F)
of finite fields such that the rings of 8 are exactly the subdirect sums of
fields in §(F). The orders of the fields of 8(F) are prime powers

P L oo BT oL, P PR -, DRE
and clearly
’ n=(p%—1) .... (p% — 1) + 1

is the least integer > 2 such that %" = «, for each x & F < §(F) Since the
elements of § are subdirect sums of fields in §(F), so we have 8 &,
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As it was shown by Theorem 2 in [9], &, is a radical semisimple class,
so by [6].Theorem 4, 3 there exists a strongly hereditary finite set &,(F)
of finite fields such that the rings of 3, are exactly the subdirect sums of
fields from &, (F). Hence 8 C ¥, 1mp11es 8(F) C &,(F), but by the construc-
tion -of n also §(F) — &,(F) holds. Thus § = &, is valid, and the asser-

tion is proved.
. The statement of the Theorem follows 1mmed1ate1y from Propositions
and 6.

(Received April 13, 1971)
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CLASE SEMISIMPLE OMOMORFIC INCHISE

(Rezumat)

In acest articol dim in mod explicit toate clasele semisimple omomorfic inchise. Rezultd
ci acestea sint chiar clasele radical semisimple.

TOMOMOPO®HYECKH 3AMKHYTBIE HOJIYI'IPOCTBIE KJTACCBI
(PeswonMe)

B craThe AaHbl ABHO BCe TrOMOMOPQUUECKH 3aMKHYTHle moJynpocThle Kaaccel. Caepyer,
4TO OHH CYTh KaK Pas DaJAHKAJIbHO HMOJYNPOCThle KIacChl.



' APLICATII O-SEMICONTINUE

D. BORSAN

1. Notiunea de semicontinuitate, introdusi de R. Baire [1] pentru
funcfii reale, se generalizeazi imediat la cazul aplicatiilor cu valori intr-o
latice complets. _

In cele ce urmeazi se considers aplicatii definite pe un spatiu topologic
X si cu valori intr-o latice completd Y. In lucrare se studiazi proprietitile
functiilor o-semicontinue (semicontinue in raport cu ordonarea din Y)
si se compard o-continuitatea cu continuitatea in raport cu anumite topolo-
gii de tip special — definite pe Y — cu ajutorul relafiei de ordonare par-
{iald. - :

2. Fief: X —» Y, unde X este un spatiu topologic, iar Y o latice completd
in raport cu o relatie de ordonare parfiald ,, <”

Pentru x, € X, punem
fwo) = inf (sup{fx)}} si flxo) = sup {inf{f(x)}}

VEY,, sV , Ve‘?xo E7=14 : : )
V fiind o vecinidtate a punctului x,, iar °9,, ﬁltrulnvecinétiitilor punctu-
Jui %, _
in general avem f(x,) < f(%o) < f(#o). In acest mod, atagim functiei
f doud aplicatii f si f, definite si ele pe X si cu valori in Y.

Sf(x,) s f(x,4) pot fi reprezentate gi ca o — limite (limite in raport cu con-
_vergenta ordondrii [8]) a unor siruri generalizate de elemente din Y. Notind °
Fo(xo) = sup {f(2)}] s1 Sl = inf {f(x)}, (F(x0) si (fl%) _ sint

€V eV VG"?% - Veby,
siruri generalizate de elemente dinY, deoarece mulfimea °?,, este filtranti
superior in raport cu relatia ,, -, definitd prin: V- U & U C V unde
. def -
V, U&ae%¥,. Mai mult, avem

VU= folwe) <Fpla) st fol®e) < folxo)

deci cele doui siruri sint monotone : primul necrescitor si al doilea nedes-
crescitor.
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Se cunoagte atunci, in teoria o-convergentei, ci

Folwd) = in fF(x} 5t folx0) — sup {fylwe)}
vevy, ve®

o
Putem scrie, prin urmare:

flxo) = o-lim .7V(x0) si flxo) = o-lim J(%0)

DrriNITIA 2.1. Aplicatia f: X — Y este supetior (inferior) o-semicon-
tinud, in punctul x, & X, dacd f(x,) = f(x,) (f(#0) = f(,))-

f este superior (1nfer10r) o-semicontinud in X dacd este superior (in-
ferior) o-semicontinud in orice punct » g X.

Folosind notatiile de prescurtare o-SCS pentru o-semicontinuitate
superioard si 0-SCI, pentru o-semicontinuitate inferioard, putem scrie:

f o-SCS ‘m xg-)ff( %) = f(x)
f 0-SCI in é<=>j(x) = f(x)
Observatii : ™

1. In definifiile date pentra f(xo) si f(#o), in locul sistemului °9,,,"
tuturor vecinititilor punctului x,, ne putem servi de un sistem fundamental
oarecare °S?x, de vecinititi ale punctulul %o

Intr-adevir, notind cu 4 = {f,(x,)|V &9, } si cu 4, = {(Frlx)|V s
& V%), din 9. C ¢, urmeazi ci wmnf A <inf A,

Pe de alts parte 9}, fiind un sistem fundamental de vecinitifi ale
punctulul %o, pentru orice V &Y, existd V' g 9., astfel ca V1 C V;
rezult cii, oricare ar fi ¢ & A4, existd a; & 4,, astfel incit a,  a; urmeazi -
cd nf A1 L wmf A. B

In definitiv am aritat ci f(x,) = inf {sup {f0n

1 2V
Ve,
O demonstra’me analoagd stabileste cid S(xo) = sup{enf{ f(x)}}
Vel 2V

2. Pentru o functie reals, de una sau mai multe variabile reale, o-semi-
continuitatea (supenoara si 1nfer10ara) revine la semicontinuitatea (supe-
rioard, respectiv 1n£enoara) in sensul lui Baire.

3. Daci f(x,) este cel mai mare (cel mai mic) element din Y, atunci f
este 0-SCS (0-SCI) in punctul x,.

Exemplu. Fie X un spatm topologic, iar €(X) mulfimea p#rtilor lui
X. 8(X) este o latice completd in raport cu incluziunea. Definim o aplicatie
f X - 2(X) punind f(x) = {«}, pentru orice ¥ & X. Pentru x, g X si

Va&<¥, avem:
Jolxe) = sup {f(x)} =U =7 de
zeV

flzd =0V

vev,,
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Dacd X este un spatiu T, atunci () V = {x,}, deci
Ve,

f(#0) = f(o)-

In acest caz f este 0-SCS in x,.

ole) = inf f(x) = ‘

zeV

@ daci V =¢ {xo}
%, dacd V == {x,}
Sixg) = {Q dacév Axo} & Y.,

{#o} dacd {x,} &V,

Prin urmare, dacd {x,} & ¥,,, f(%) = f(#,), deci f este 0-SCI in x:

DerFiniTIA 2.2. Aplicatia f: X - Y este o-continui in punctul z, &
e X, daci este in acelasi timp, o-semicontinui superior si o-semicontinud
inferior in x,, deci daci :

deci

f(x0) :I(xo) = f(%0)

f este o-continud in X daci este o-continud in fiecare punct x & X.

3. In vederea enuntirii teoremelor care urmeazd facem urmatoarele
notatii [3]:

[, 2] ={y €Y|e <y}
[- al={yEYly<

TEOREMA 3.1. f: X - Y este 0-SCS in %y= [a L f(%o) = AV &9, :
fVe) O [&, = 1=0]

Demonstragie. Notind cu (a) propozitia f este 0-SCS in %, si cu (b) pro-
pozitia {a <L f(%g) 23 Vo, &9, (V) N [0, »] =] vom dovedi im-
plicatia (4) = (b), demonstrind ci dacd conditia (b) nu are loc dtunci nici
(@) nu este satisfdcutd. Admitem ci (b) nu este satisficutd. Existd deci in
Y un element o, astfel Incit o <{ f(x,) si orice vecindtate V & Y, contine
cel putin un punct z, astfel ca o < f(2). Atunci o« < su;b {f(#)} pentru orice

cv

V&%, Urmeazi ci a < f(x,) = 'mf {sup {f(%)} } Cum am admis cid

a < f(x,), urmeazd cd f(x,) ;éf(xo), dec1 f nu este 0-SCS 1n %, ((a) nu
are loc).

Observagie. Conditia (b) din enuntul teoremei 3.1 nu este in general su-
ficientd, pentru ca aplicatia f sd fie 0-SCS in punctul x,, cum se vede din
exemplul care urmeazi.

Exemplu. Fie X axa reala, dotatd cu topologia naturali si Y C 2(X),
formatd din intervalele deschise, Inchise si semifnchise, de lungime cel putin
2 (mérginite sau nu) de pe axa reald si partea vidd a axei reale. Y este o
atice completd in raport cu relatia de incluziune. Definim o aplicafie.

: X — Y prin f(x) = (x — 1, x + 1) pentru orice # & X. Pentru un punct,
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%o & X, considerdm vecinititile V, = (xo 1 , %o+ 1 , n & N, care
n n

formeazd, cum se gtie, un sistem fundamental de veciniti{i ale punctului
%, Atunci sg;b {f(x)} = ("xo —1 — l, %9+ 1 —{——1) , lar
x ” n

n

Hxo) = N (xo_ l_l: xo"r“l‘l"l):*[xo—l: %o + 1]
nchN n 7
Prin urmare f(xo) < f(x,), deci f nu este 0-SCS in x, Condifia (b) este
insi satisficutd, cum se vede cu ugurintd, deci conditia (b) nu caracteri-
zeazd o-semicontinuitatea superioari a aplicatiei f in punctul x,.
Daci Y este un lant (total ordonat prin relafia ,, <,,) complet, dens
“in sine (oricare ar fi x, y €Y cu x < y, existd z € Y, astfel ca ¥ <2 < y)
[2], conditia (b) din enunjul teoremei 3.1 este si suficientd pentru ca apli-
catia f sd fie 0-SCS in x,. ' i
Mai precis, avem
TrOREMA 3.2. Dacd f:X — Y, unde X este un spatin topologic, iar Y
un lang, complet, dens in sine atunce :

f este 0-SCS in %,@ [f(x)) <=3V, Y, f(V) N [a, = ] =9]

Demonstratie. Notind din nou cu (a) si (b) cele doud condifii din enunf
si ‘tinind seama ci implicatia (a)=)(b) are lcc conform teoremei 3.1, rimine
si demonstrim ci (b) = (a). Pentru aceasta vom ardta cd, dacd (4) nu are
loc, atunci nici condifia (b) nu este satisfacutd.

Presupunem, prin urmare, cd f(x) < f(%,). Multimea Y fiind densd in
sine (in raport cu ordonarea), existd o &Y, astfel Incit

f(x0) < o < flzg) ®

Oticare ar fi V & "%",ﬂ,‘exis’cé cel pujin un punct z € V, astfel ca a <
< f(z). Intr-adevir, in caz contrar, sup {f(x)} < « pentru orice V & %Y.,
) r'1=4
si dect -

flxe) = inf {sup {f(x)}} < o, in contradictie cu (¥).
VeEY,y *€V

Prin urmare, am aritat ci existi un « &Y, pentru care a > f(x,) astfel
incit oricare ar fi V & ¥,,, f(V) ) [, — ]=¢ @, deci condifia () nu are
loc. )
TEOREMA 3.3. f: X Y este 0-SCS in  xy= [a<Lf(%) =
S/HY — [a—>]) &°9,,] o |
Demonstragie. Notind cu (¢) propozitia [ <( f(%o) = f7H(Y — [, -
&9, va trebui si demonstrim implicatia (a) = (¢) ((@) avind aceeasi
semnificatie ca si mai sus). Deoarece, conform teoremei 3.1. (a) = (b), va
fi suficient si demonstrim ci (b) = (c). Admitem deci cd (b) este satisfd-
cuti si fie « Y, astfel ca «<{ f(%,). Existd atunci, conform condifiei
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(6), o vecindtate V., a punctului x, astfel incit (V) N[, = =&
urmeazd ci f(V,) CY — [¢, =], deci f~YY — [a, =»]) D[ (AV)) DV,.
) Ca supramulfime a unei vecindtdfi a punctului x,, f~(Y — [«, — ))
este de asemenea o vecindtate a acestui punct, deci condifia (c) este in- -
deplinita. : , T

TeOREMA 3.4. Dacd Y este un lant ccmplet, dems in sine, atunci
[ X =Y este 0-SCS in %, [flxg)) < a=f~1(Y — [a, »]) &%,

Demonstratie. Tinird seama de teorema 3.3, rimine si demonstrim
implicafia (c) = (4). Decarece, conform teoremei 3.2, (6) = (a), va fi sufi-
cient s ardtim ci (¢) = (b). Presupunem deci cenditia (¢) indeplinitd si
fie o €Y, astfel ca f(x,) < a. Atunci f~1 (Y — [«, —]) este o vecinitate
a punctului x, Facem notatia V, = f~1 (Y — [a, » ]). Avem f(V,) =
=AY — o, > ) CY — [0, = 1; prin urmare f(V,) N [0, »]=
= @, deci conditia (b) are loc. ' -

TEOREMA 3.5. f:X > Y este 0-SCS pe X =5 [VaasY:f1 ([a, »])
este o mulfime inckisd din X. : _

Demonstratie. Presupunem ci aplicatia f este 0-SCS in X, deci ci in
orice punct ¥ &€ X, f(x) = f(x). Vom demonstra cd f~Y[e, »]) C Y[, —
~ ). Intr-adevir zy € ([0, > ) SV V &%, : V e, = ) =2 T >
=>VVe®. 3:zeV: « <[ SAV ¥, : asup f(¥) = a<< inf

eV

B VeETs,
sup U0} = Tlwa) = flare) = #0 € 3 ([, — )

COROLAR. [ X =Y este ¢-SCS pe X = [Va &Y :f-1(Y—[a, —>])
este o mullime deschisd din X).

Demonstratie. Implicafia: rezultd imediat din teorema 3.5 si din faptut
cd mulfimile /-2 ([«, —7]) si f~1 (Y — [a, —1]) sint complementare.

Dacd Y este un lanf complet, dens in sine, ddm urmitoarea caracteri-
zare globald a o-semicontinuititii superioare.

TorrEMmA 3.6. Fie Y un lant complet, dens tn sine. Atunci: f: X—Y
este 0-SCS in X & [V e €Y ifY[«, - )) € &, unde &, este familia mulfi-
miloy tnchise din X. :

. Demonstratie. Notind cu (d) condifia [Va &Y : [« —»]) &§&F,] si
finind seama de teorema 3.5, rimine si demonstrim cd, pentru orice punct
%y &€ X, avem (@) = (a). Daci f(x,) este cel mai mare element din ¥, con-
difia (a) este satisficutd. Fie acum « < Y, astfel ca fxy) < . Urmeazi ci.
e EX|flH) <a}=X— (xS X0 <A%)} =X — fY[a, >]) =
= Y — [, —1]). Conform conditiei (d), mulfimea f-1 ({a, —]) este
Inchisd, deci f~1(Y — [«, —]) este-deschisi. (Y — [a, =]) fiind o mulfi~
me deschisd care contine punctul x,, este o vecinitate a acestui punct. Prin
urmare, am demonstrat ci (d) = (). Cum (¢) = (a) conform teoremei 3.4,
teorema este complet demonstrati.

TrEOREMA 8.7. Dacd Y este un lang complet dens in sine, atunci pentru ovice
aplicatie f: X — Y, aplicatia f: X —»Y este o-semicontinud superior pe

X(f=5- .
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Demonstratie. Vom demonstra ci in orice punct x, & X funcfia £ este
0-SCS. Cum am mai observat este nevoie si facem demonstratia numai

pentru cazul cind f(x,) nu este cel mai mare element al laticii complete Y.

Pentru o << f(x,), existd, conform definitiei lui f(%,) o vecindtate des-

chisi V, a punctului x,, astfel incit sup {f(x)} < . V, fiind o multime
er‘x
deschis#, este vecinitate pentru oricare dintre punctele sale. Urmeazd ca,

daci z & V,, atunci f{z) = inf {sup {f(#)}} <sup {f(%)} < « (deoarece
VE"’\?Z eV er‘z .

V. &%) _ _ :

Am aritat deci ci a> f(xg) =2 AV, €Y, AV) N [o, =] = I]
de unde, conform. teoremei 3.2, rezulti ci aplicatia f este 0-SCS in x,,
ceea ce trebuia demonstrat.

TrorEMA 3.8. Fie Y un lant complet, dens in sine, X un spatiu topologic
si (fe: X = Y)gea 0 familie de aplicatii o-semicontinue superior pe X. Atunci
aplicatia h: X — Y definitdé prin h(x) = inf{fz (%)} este o-semicontinud

- - red ‘
superior pe X.
Demonstraie.
([ ) = (x & XIh(x) > o = 0 (5 € X1 fel0) > o =
€

= N/ (e =)
Ec4 -

Conform teoremei 3.6 f;! ([« —]) &, pentru orice £ & 4 ; deci
Y[, =»]) €&, (intersectie de mulfimi inchise), de unde, in baza teo-
remei 3.6, rezulti ci aplicatia % este 0-SCS pe X.

Teoremele 3.1—3.8 se referd la funcfii o-semicontinue superior. Pentru
fiecare dintre aceste teoreme existi insi o teoremd corespunzitoare, privind
functii o-semicontinue inferior. Ne mérginim si enuntim doar aceste teore-
me, demonstratiile lor fiind intru totul analoage celor date mai sus, pentru
cazul functiilor o-semicontinue superior.

/ TrorREMA 3.1'. f: X = Y este 0-SCIin %y = [flxg) sta=23V, &%,
V) A e, o] =]
TrorREMA 3.2'. Y fitnd un lant complet, dens in sine, avem
f: X > Y este o-SCIin %, [f(x) > =23V, &%9,,: (V)N [«, «]=9].
TroREMA 3.3". f: X — Y este 0-SCI in x4 = [f(%o) L o=
=>f_1(Y - [‘—: Oc]) S osc)xn]'

TEOREMA 3.4'.Y frind un lant complet, dens in sine, avem.:
f: X > Yeste 0-SCI in %, [f(e) > a=> [FUY — [ «, 2] &%F,,).
TroreEMA 3.5." f:X - Yesteo-SCI pe X = [VagY : fY[«, «] &=F,].

TrOREMA 3.6". Dacd Y este un lant complet, dens tn sine, atunci f: X—>Y
este 0-SCI pe X @ [V a &Y 1 f Y[, x] E&F,].
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TrorEMA 3.7". Y fitnd un lang complet, dens in sine, pentru orice apli-
cajie f» X - Y, Juncfia f: X —Y este 0-SCI pe X(f=/)

TroREMA 3.8". Y fiind un lant complet, dens in sine, 5t (fg: X > YV)ecu
o familie de functii 0-SCI pe X, funcia g(x) = sup { f; (x)} este 0-SCI pe X.
=i

In sfirsit, dim o teoremi care se referi la functii o-continue pe X.

TrorEMA 3.9. Dacd f: X — Y este o-continud pe X, atunci pentru orice
o &Y, {x & X| f(x) = a} este inchisd si {x = X|f(x) || «} este deschisd
(unde f(%) || o insemneazd cd f(x) nu este comparabil cu o).

Demonstratie. Dacd f este o-continui pe X, ea este atit 0-SCS cit si
0-SCI. Conform teoremelor 3.5 si 3.5, avem

fHle, =) €8x i f [« o) &Fy decd fY[x, =]) N[~ «) &5y
deci FeX|a<fAINEFEX|f(N)<G={reX|f(9) =0 c &,
Dacid f este o-continud pe X, avem de asemenea ‘

reXlaelfA7)} U {xr s X|flx) <o} SFy Urmeazi ci {x & X| f(%)]] o}
este deschisd, fiind complementara unei mulf{imi inchise.

4. In laticea completd Y, ordonarea permite definirea unor topologii
de tip special (asa-numite topologii intrinseci). Ne fntrebim daci existi
vreo legaturd intre o-continuitatea unei aplicatii f: X — Y, privitd ca apli-
catie a spatiului topologic X in laticea completi Y si continuitatea aplicatiei
J, privita ca aplicatie a spatiului topologic X in spatiul topologic Y. Intre-
barea este legitima, deoarece avem in vedere topologii definite cu ajutorul
ordonirii din Y. .

Dgrinrria 4.1. Topologia care are ca subbazi a mulfimilor inchise sis-
temul’S al intervalelor inchise [, b] din Y, se numegte interval-topologia
pe Y _((2], [4]). ,

Vom mnota aceastd topologie cu «,.

TrOREMA 4.1. Orice aplicatie f: X — Y, o-continud pe X este continud
pe X tn raport cu interval-topologia din' Y (adicd continud, ca aplicaie intre
spapiile topologice X §i Y, Y fiind dotat cu topologie «,).

Demonstragie. Va fi suficient si arfitdm ci contraimaginea prin fa
oricdrui element al unei subbaze pentru familia mulfimilor inchise ‘din
Y este o mdl{ime Inchisi din X. Elementele subbazei interval-topologiei
din Y, sint intervalele [a, 0] ={yaYje <y <b}, cu @, baY. Avem
Insd g, 0] ={y sYla<y{ N{reYly<b = [«, d]N [a —]. Prin
urmare, f~([a, 0]) = f~Y[a, —]) () f~*([«, b]). Aplicatia f fiind 0—SCS
pe X, f7Y[a, »]) & &y (teorema 3,5); fiind insi si o SCI pe X, avem
de asemenea f~I([«, b]) & &, (teorema 3.5"). Urmeazi ci S [a, b)) s
& &y, ceea ce demonstreazi teorema. .

Mentiondm ci teorema 4.1 nu afirmi ci daci f este o-continui intr-un
punct %, & X, atunci este continui in %, si in raport cu topologia =, din Y.

'TEOREMA- 4.2. Fie Y un lant complet, dens in sine. Atunci o aplicatie
J: X =Y este o-continud pe X, dacd si numai daci ea este comtinud pe X
% rap ort cu topologia ~, din Y. ' :
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Demonstratie. Tt ebuie s3 ardtdm ci daci f este continud pe X, ea este
si o-continui pe X . Pentru orice o« €Y, multimile [«, «] si [a, =] sint
fnchise in raport cu interval topologia din Y. Dacd aplicatia f este continud,
atunci, conform unui cunoscut criteriu de continuitate, multimile
FY[«, «]) si f~Y([e, —]) sint inchise in spatiul X. Conform teoremelor 3.7
si 3.7 urmeazd cid f este atlt o—SCS pe X, cit si 0—SCI pe X, deci este
o-continud pe X. , :

DepinrTia 4.2. O mulfime M C Y este inchisd in topologia ordondrii
pe V, dacd si numai dach o-limita oricdrui gir generalizat o-convergent de
clemente din M aparfine de asemenea mulfimii M([2], [8]).

Vom nota topologia ordonirii cu 7,.-

TroreMA 4.3. Dacd aplicatia f: X —Y este o-continud in x, & X,
atunci ea este conbinud in x, tn raport cu topologia ordondric din Y. -

Demonstragie. Conform unui cunoscut criteriu de continuitate a unei
functii intr-un punct x, ([6]) va fi suficient si ardtim cd (%)eca C X si
%y —> %y implicd f(x,) — f(%,). Fie deci (%,)oa un sir generalizat de elemente
din X, convergent (in sensul topolegiei din X) cétre un punct %, & X.
fnsemneazd cA VV &9, Ja, @ 4: (x> op = % & V). Urmeazd cd

%> oy = f(%) & f(V) decl inf {f{x)} < flx) < sup {f(#)}-
reV freVv

Folosim din nou notatiile f,(x,) = sup {f(%)} si fu(x,) = inf {f(x)}.
sV - zcV

Sirurile (}”-,,(;1«50));;.5,,%o si (fr(%0))ve,, sint, aga cum am observat si cu altd ccazie,
monotone : primul necrescitor, al doilea nedescrescétor. In plus, oricare
ar fi V&9, existi o, €4, astfel incit o > o = fr (%) < f(%) < fy(%o)-

Functia f fiind, prin ipotezd, o-continud in punctul %, avem de ase-
menea

sup {fy(ro)) = flxo) = flxo) = Flag) = inf (o)

Vev,, - VeV,

. . . . . w e 0
Conform definifiei o-convergenfei [8] urmeazd ca f(xa) = f(x0).
Se cunoaste insi ci convergenfa in raport cu topologia ordondrii este

mai generali decit c-convergenta. Prin urmare f(x,) > flxg) = f(xa):'i Sz}

(unde notatie f(x,) 3 f(x,) are semnificatia ci f(x,) tinde cdtre flxg) In
raport cu topologia 7,). Cu aceasta, teorema este demonstratd.

COROLAR.. Daci atlicatia f: X —»'Y este o-continud in gunctul x, eX
atunci ea este conlinud in %y in raport cu topologia =; din Y. :

Demonstragie. Conform teoremei 4.3, o-continuitatea aplicatiei f in
punctul %,, implicd continuitatea lui f in x,, in raport cu topologia.t, pe
Y. Topologia ordonirii pe o mulfime partial ordonatd este insd mai find
decit interval-topologia pe mulfimea. respectivd ([2], [7]). Urmeaza ci
continuitatea aplicafiei f in punctul x, in raport cu topologia T, implicd
continuitatea lui f, fati de topologia 7, ceea ce demonstreazd afirmatia
din enung. . '
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Intr-un lan{ topologiile t; si 7, sint echivalente. Rémine deschisi pro-
blema dacd o-continuitatea unei aplicatii f: X — Y implicd continuitatea
in raport cu topologia idealelor pe Y, introdusi de Frink ([5]).

(Intrat in redactie la 2 martie 1971)
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O-TIOJIVHEITPEPBLIBHBIE OTOBPAKEHHU S
(Peswome)

B cratbe BBeJIeHEl IOHSTHS O-[IOJNYHeNPEPEIBHOCTH (BEICIIEH H HH3IIH) H O-HETPePHIBHOCTH
Jutst oToOpaKeHHH, ONpefleNéHHEIX Ha TOMOJOIHYECKOM NPOCTPAHCTBE H CO 3HAYEHHSIMH B HOJ-
Holi cTpyKType. Hayuens! cBOiCTBA 0-NOAYHENPePHIBHBIX 0TOGPAKeHHIl H CPaBHEHA O-HelPePH-
BHOCTb C HENPePHBHOCTHIO B OTHOIUEHHH C ONpPEAEeJEHHEBIME TOMOJNOTHAMH CHEelHaJdbHOrO THIA,
onupefeN8HHEIX HA Y C IIOMOLIbIO YIOPSMOYEHHS.

APPLICATIONS O-SEMICONTINUES
(Résumé)

Dans le présent travail on introduit les notions de o-semicontinuité (supétieure et infé-
rieure) et de o-continuité, en vue d’applications définies sur un espace topologique et avec
des valeuts dans un treillis complet (lattice). On étudie les propriétés des applications o-semi-
continues et I'on compare la o-continuité avec la continuité en rapport avec certaines topo-
logies de type spécial définies sur Y A I'aide d’ordonnées.



CORRESPONDANCES PARTIELLEMENT PROJECTIVES ET
TENSEURS AFFINES ASSOCIES

MARIAN TZARINA

Dans cet article nous étudions une classe de correspondances définies
entre les espaces affines ou projectifs, qui généralisent d’une certaine maniére
les homographies. Ces transformations appartiennent 2 la classe des corres-
pondances a tenseur affine de la forme sous-projective.

Solent 4,(#%, ..., 2") et E,(u, ..., u") deux espaces affines n-dimen-
sionels rapportés 4 deux systémes de variables cartésiennes. Une corres-
pondance localement bijective de classe C! entre ces espaces sera définie
par des équations de la forme
2117

- 1 n A
u = (%, ..., x") A= o

=0 W

o # sont des fonctions différentiables.

S'il existe dans 'espace E, un sous-espace E,,(u, ..., ") de sorte que
les hyperplans paralléles a E, soient correspondants i des hyperplans de
4,, nous dirons que la correspondance est partiellement projective de type
n—m—1, ou n —m — 1 fois sous-projective.

Les homographies possédent cette propriété pour tous les hyperplans,
donc pour 7 = 0. Ainsi, de ce point de vue elles sont des correspondances
# — 1 fois sous-projectives.

Etablissons la forme genérale des équations d’ume correspondance
#n — m — 1 fois sous-projective. Afin qu'une équation linéaire de la forme

Au® + A4 =0 c=m -+ 1,

soit correspondante & une équation linéaire quelconque dans les variables
x;, il faut et il suffit que les fonctions u° soient des fonctions rationelles
linéaires, avec le méme dénominateur. Il existe ainsi un hyperplan = de 4,,
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H

dont les points ont l'image dans I'’hyperplan a linfini de I'espace E,. Du
point de vue analytique une correspondance # — m — 1 fois sous-projec-
tive est définie par des équations de la forme

w = wi(xl, 2%, ..., %") i=1,m

axs a* — (2) :
u“=5T—+— a=m+ 1, n

alxs+ a®

ou a%, a* a%, a®, sont des constantes données.
Nous présentons quelques propriétés des correspondances introduites
ci-dessus. ) _
ProrosiTioN 1. Les droites de l'espace E, # > 2 correspondent a
des courbes contenues dans des variétés linéaires 4 # 4 1 dimensions.
En effet, considérons les équations

wt = ul + pit u* = uy + p% . (3)

avec p, u constantes quelconques. On fait la substitution des expressions
(2) dans les équations (3)-et par U'élimination du parameétre ¢ on obtient

PER + @) — P@E7 + @) = (wop” — wp')(@lx’ + @)
(A=m + 1,n — 1) (4)

Ainsi, parmi les équations obtenues il y a # — m — 1 équations linéaires
dans les variables x?, ce qui démontre 1’énoncé.

PROPOSITION 2. Une correspondance sous-projective de type 'k est
en méme temps sous-projective de type &' <k

Cela résulte immédiatement de la définition.

PROPOSITION 3. Soit une correspondance sous-projective domnnée,
de'type n — m — 1 (n > 2), et soit E,, le sous-espace respectif. Les variétés
linéaires H,_, paralléles & E,, correspondent & des variétés linéaires.

. En effet, les hyperplans paralléles a4 E,, qui déterminent ces variétés,
correspondent & des hyperplans, dont I'intersection fournit les variétés H, _,.

On pose le probléme de I'inverse d’une correspondance sous-projective
donnée par les formules (2). Les relations qui donnent les variables "
peuvent &tre considérées comme définissant une homographie

aazxﬂ J &
ut = (5)

0.6 0
‘ ) aﬂx + [
ot les z sont considérés comme des paramétres dans les expressions
. N N 0
& =ax 4+ a* Co = @;i% + a°

Pour tésoudre les formules (5) par des formules de la méme forme il faut
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que cette homographie soit non dégénérée. En explicitant son déterminant
on obtient

YK, x + K ==

i=1

K, =), &B*+ a!B K =3%a"B, + a°B

B, et B étant des constantes qui s’expriment en fonction de 4§, a§. 1l faut
donc avoir K; = 0 car autrement il existe un hyperplan dont les points
n’admettent pas d’inverse. Cela dit, en considérant une famille quelconque
de transformations ‘sous-projectives, il résulte qu’il faut avoir af = a? = 0
pour que la famille soit un groupe. - :

.2. Tenseurs affines associés. D’aprés G. Vrinceanu [3]la théorie
des correspondances entre deux espaces affines est étroitement liée a celle

des connexions affines localement euclidiennes. Ainsi 4 une correspondance
donnée entre les espaces affines 4, et E, on associe un systéme de fonctions

I'}, définies par les équations
02ut s Out
——+TIH—=0 6
Oxj0xk + L xS ( )
qui fournissent les composantes d'un tenseur symétrique en j, %, invariant
pour les transformations linéaires % = o + o et qui vérifient le systéme
d’équations ‘ '
Ty, ory
oxt - Oxk

Les formules (7) expriment les conditions d’'intégrabilité des équations (6).
Réciproquement, & une solution des équations (2.3) on associe une corres-
pondance entre les espaces affines 4, et E,. Par conséquent I’étude des
- correspondances entre deux espaces affines revient a celle des tenmseurs
symétriques affines I'j;, dont les composantes vérifient les relations (7).
Dans le cas des formules (2), si ¢, =% 0 on peut supposer @, = 1. Dans

le voisinage de l'origine de 4, nous avons les développements

+ FikP;l —THl =0 (7

i
Liry =

A

W = 1w + gixj — ;q:sx'x‘ + ...
u* = a* + (af — a*a)x, + (a%a — aDalx'x® + ... (8)

Nous supposons aussi que, par suite de la correspondance donnée, les origines
et les axes des coordonnées de 4, et E, se correspondent, ce qui revient a

H=0. g—3§ £=0 &=3 O

3 — Mathematica—Mechanica 2/1972
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Les formules (8) deviennent alors

i i L i args
U = x Zq,sxx—i—...
.w*:x“—% (5% + Sfal)x's® + ... (10)

Ainsi les valeurs des composantes du tenseur Ffs a lorigine sont
Mo =q (8= +&di=0Lm o=m+1Ln (11)

Nous disons dans ce cas que le tenseur %, est de la forme sous-projective,
3 savoir # — m — 1 fois sous-projectif. La raison en. est dans le fait que
les expressions (11) peuvent étre interprétées comme les coefficients d’une
connexion # — m — 1 sous-projective, réduite & la forme canonique de
G. Vranceanu ([3] vol II. Ch. 1 ). On a donc le

TaeorREME 1. Le tenseur affine associé & une correspondance - 'sous-
projective donnée par les formules (2).est # —m — 1 fois sous-projectif
et ses composantes a l'origine sont domnées par les formules (11).

Il résulte que le vecteur de la connexion a4; est nul dans le cas des
correspondances partiellement affines, données par les formules

w=ua, ..., 5" ut=alx+a* 1=1m a=m-+1,n

3. Correspondances 3 tenseur sous-projectif. Nous envisageons une
propriété concernant les directions -caractéristiques des correspondances
3 tenseur de la forme locale sous-projective.

Etant donné le tenseur affine Ty, nous pouvons considérer aussi les
transformations quadratiques

o't = Thviv* (12)

Les directions fixes de celles-ci sont les directions caractéristiques de ta
correspondance associée a4 I'. Leurs équations sont ‘

P — T’ = 0 (138)

Nous considérons aussi les symboles de la connexion projective

N N : :
0=Th— ——T0I———TI, TI,=I; (14)
_ +1 - on+ 1 '
ainsi que les équations (13) deviennent
) ' /s — v =0 ()

V'On a-le'

THEOREME 2. Une condition nécessaire et suffisante pour que les
projections des courbes- caractéristiques sut les variétés complémentaires
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a E(,, ...,v") m='n — 1 solent indéterminées est que le tenseur de
la correspondance. soit de la forme # — m — 1 sous-projectif.
En effet, pour I'indétermination de ces projections il faut avoir

v IIB v'v° — of II20's° = 0
donc pour tout o*
(& 1% — - TI%)v v'o! =0
et par conséquent '
8 I0f, — S Iy, =
" De ces relations il résulte en contractant

m—m—11 =0

dongc

N&=0carn —m—1=0 q.e.d.

La condition est aussi suffisante.

En particulier, pour le cas m = 0 on retrouve le résultat connu:

TuarorREME 3. Une condition nécessaire et suffisante pour que les
courbes caractéristiques d’une correspondance soient indétermineées est
que le tenseur de la correspondance soit projectif euclidien.

Pour les correspondances sous-projectives le théoréme 2 est valable
a cause du fait que le tenseur associé est localement sous-projectif.

Comme exemple de correspondances & tenseur sous-projectif nous
citons les transformations de E. Cech [1], [3], pour lesquelles nous
avons

F  rqa S 5
Oly=-%L =0 r,s=1,n; =2, n
aB ax“axﬁ rs 2 2 a:B

(Manuscrit regu le 5 janvier 1972)
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CORESPONDENTE SUBPROIECTIVE $I TENSORI AFINT ASOCIATI
(Rezumat) ‘ ' ’

fn lucrare se introduce o clasi de transformiri punctuale intre doud spatii afine 4, si
E,, care generalizeazi omografiile. Se arati ci temsorul afin asociat acestor transformiri este
local de forma subproiectivi. Se di o caracterizare a corespondentelor care au tensor afin de

aceasti form# cu ajutorul directiilor caracteristice.

CYBITPOEKTHBHLIE [MPEOBPA3OBAHUSI W TIPUCOEIMHEHHBIE
. AQOUHHBIE TEH3OPLI

(Peswome)

B paboTe BBOJMTCS KNacC TOUEUHHIX NPeoGpA3oBaHHil Mexay ABYMA apUHHBEIMH IPOCT-
pasctsamu 4, # E,, KoTOpble 0Go6waroT romorpapuu. Ilokasano, 4To adbUHHBIA TEH30p, NPHU-
COeMMHEHHELI K 3THM IIpeoGpasOBAHMAM HMEET JOKAJIbHO CYCIPOeKTHBHYIO QopMy. XapakTepH-
3yloTcst TpeoGpasoBanus, uMelomKe abdHHHEIE TeH3Op ¢ 3TOH (GOPMOM, IPK NOMOIH XapaxTepuc-

THYECKHX HanpaBJIEHPIﬁ.



ASUPRA STRUCTURILOR DE INCIDENTA SPATIALE

VICTORIA GROZE

Planul proiectiv general nu are o teorie corespunzitoare in spatii de
dimensiune mai mare decit doi, deoarece in aceste spatii proprietdtile
obisnuite de incidentd implicd teorema lui Desargues si dispare varietatea
bogatd de structuri nedesarguesiene existente in plan.

Generalizdrile prezentate in lucrarea [1] permit insd o extindere la
spatii cu mai multe dimensiuni. Ne vom opri la cazul spatiului 3-dimeén-
sional.

Fie € o multime si doul sisteme de submul’;lml ale ei ® si II. Elemen-
tele multimii € le vom numi puncte, iar cele ale sistemelor de mulfimi
D si II drepte, respectiv plane. Relatia de apartenent{i a unui punct la o
dreaptd sau un plan o vom mai numi relatie de incidenti.

DrrinITiA 1. Se numeste structurd de incidentd. 3-dimensionald sis-
temul (€, 9, H) care satisface proprietitile:

1° Existd in mulfimea & punctele 04, 0,, 04, 04, E 1n poz¢1e generald
(nicicare patru din ele nu sint in acelasi plan);

2° Dacd doud puncte distincte ale unei drepte sint incidente cu un
plan, atunci dreapta apartine planului;

3° Punctele O,, 0;, 0, (indici ¢, 4, & diferiti) sint incidente cu un singur
plan. Notim cu « planul 010203,

4° Punctele O, si E sint incidente exact cu o dreaptd;

5° Orice punct P & €\ o ¢ doud dintre punctele O,, 0,, O; sint inci-
dente exact cu un plan, numit plan de coordonate;

6° Un plan de coordonate intersecteazd dreapta O,E exact intr-un
punct ;

7° Trei plane de coordonate, de 1:1pun distincte, se intersecteazd exact
intr-un punct;

8° Trei puncte situate respectiv pe dreptele 0,0,, 050,, 0;0,, distincte
de O,, sint incidente exact cu un plan;

9° Pe dreptele 040,, 040,, 0,0, existd exact cite un punct incident
cu orice plan neincident cu O,;
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10° Un plan oarecare neincident cu O, un plan incident cu 0,0, si
un plan incident cu 0,0, sint incidente cu un singur punct;

11° Intersectia planelor 0,0,0, §1 0,050, cu orice plan este o dreapta
si multimea acestor drepte const1tu1e in fiecare din aceste plane, impreuni
cu punctele din aceste plane, cite o structurd de incidentd pland [1].

Prin analogie cu cele tratate in cazul structurilor de incidentd bi-dimen-
sionale [1], vom coordonatiza structura de incidentd 3-dimensionald datd
prin definifia 1.

Fie M multimea punctelor 1nc1dente cu dreapta O,FE, diferite de punctul
de intersectie E' al dreptei O,F cu planul «; Q, o mul’;lme echivalentd cu
M, iar ¢: M - Q o ‘aplicatie bijectiva. Notim ¢(0,) =0, ¢(E) = 1. Fie.
acum N € 2\ «.

Planele 0,0,N, O,0.N si 0,0,N intersecteazi dreapta O,E in punctele
A, B si C.

Tripletul ordonat (x,y,2), unde % = ¢(4), vy = ¢(B), z = ¢(C), se
numesc coordonatele punctului N.

Astfel avem cd punctele dreptei O,E au coordonate de forma (x, x, #),
in particular 040, 0, 0) si E(1, 1, 1) deci putem scrie

., O X X0

unde ¥ = &\ a.

Un punct P I 0,0, considerat in planul 0,0,0, are o singur coordonati
! si notam P(l). Aceea§1 coordonatd va fi asoc1a1:a punctului P i in cazul
© cind se considerd structura spatiali. In mod analog vom proceda cu punc-
tele P’I0,0,, folosind notatia P'[m].

In baza proprietitii 8° din definitia 1 rezultd ci fiind ‘date punctele
P(), P'[m] si P”(0, 0, n), existd un singur plan incident cu ele. Planelor
w diferite de planele. incidente cu O, le asociem tripletul ordonat [Z, m, %],
coordonatele nenule ale punctelor de intersectie a planului = cu dreptele
050,, 0,0,, 0,0,.

DErINITIA 2. In multimea Q definim o operatie cvinari ca fiind aph-
catia prin care asociem fiecdrui cvintet ordonat de elemente (x, y, I, m, n)
elementul

z2=V(x,9; 1 m, n) (1)

I, m,n, x,y &Q, egal cu a treia coordonatd a punctului situat in planul
(2, m, n] avind primele coordonate x, Y-
Obsewatw Din definitie rezultd ci z este unic determinat. Relatia (1)
exprima 1nc1denta dintre planul [/, m, »] si punctul (x, y, 2).
In baza coordonatizirii ficute, se verifici ugor urmédtoarele propr1etat1
ale operatiei cvinare:
1° V(x, O, 1, m, n) = T4(x, I, n), In baza proprietdtii 11°- din deﬁ-
nitia 1, Ty(x, l, n) fund ternarul asociat planului 0,0,0,;
2° V(O, 9,1, m, n) = Ty(y, m, n), Ty(y, m, n) fiind ternarul asociat
planului 0,040, ;
3°V(0,0,1,m n) = T40,1, n) = T,(0, m, n) =n;
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4° 7(0, 1, I, m, 0) = Ty(1, m, 0) = m;
5° V(1,0,1,m, 0) = Ty(1, },0) =;
6° V(x, 0,0, m, n) = Ty(x, 0, n) =mn,
7° V(0,5,1,0,n) = Ty(y,0,n) =n;
8° V(x,0,1,m, 0) = Ty(x,1,0) =x;
9° V(0,5,7,1,0)=Tyy, 1,0) =y;

DerFINITIA 3. Multimea Q si operafia cvinard se numeste cvinar si se
noteazd prin (Q, V).

Introducem acum urmitoarele operatii:

a) Adunirile, definite de relatiile

x+n="V(%0,1m n) =T 1,n)
y@n="V(01y11n) = Tyy, 1, n).
Aceste operatii au urmitoarele proprietiti:
1°2=x+4+n2=9@n

admit solujie unicd in raport cu x, respectiv y, pentru orice z si n dat, si
in raport cu #», pentru orice z §i x respectiv z gi y dat;

2°04n=T,0,1,n)=n
0@ n="T,01%) =n;
3° x4+ 0="Tyx,1,0 =«
y @0 =Ty, 1,0)=y.

- Demonstratiile acestor proprietifi rezultd imediat din definifie. Din
proprietigile 2° si 3° reiese ci 0 este element neutru pentru operafiile de
adunare, deci (Q, +) si (Q, ®) sint cvasigrupuri cu unitate, adicd fiecare
este un loop.

b) Inmultirile, definite prin

%-1="V(x,0,1m, 0 = Tyx,1,0)
yom=V(0,y,1,m,0) = Tyy, m,0)
Aceste operafii au urmitoarele proprietdfi evidente:

1° -1=V(x,0,1,m,0) = Tyx,1,0) = x;

1° yol = V(0,9,5,1,0) = Ty(y, 1,0) =y

2° 1-1=V(,0,1,m,0) = T,1,7,0) =1{;

2'° lom = V(0, 1,1, m,0) = To(l, m, 0) = m;

3°z=2x-1lgi z=1x0l pentru x =<0 si z S Q are solufie unicd in
raport cu / si pentru I =£ 0 §i z & Q are solufie unici in raport cu x.

Daci notim cu Q¥ = Q\ {0}, atunci fiecare dintre structurile (Q%, -)
si (0%, o) este un loop cu elementul neutru 1.

DEFINITIA 4. Structura algebrici (Q, 4+, @, -, o) asociatd structurii
de incideni 38-dimensionale se numeste cvasicorpul asociat ei.



40 V. GROZE

DErFiNITIA 5. Doud puncte P gi P’ se numesc centrate in raport cu
0; (+ =1, 2, 8, 4), dacd punctele P, P', 0;; 0;si P, P’, O,, 0, sint coplanare,
(¢, 7, k) fiind o permutare oarecare a numerelor 1, 2,3 si P, P’ neinci-
dente cu «. ' :

DrFINITIA 6. Printr-o O; — o perspectivitate (i = 1,2, 3, 4) infelegem
o aplicatie injectivd a spafiului, cu péstrarea incidentelor si a‘ punctelor
din «, astfel ca doud puncte corespondente si fie mereu centrate fatd de O,.

Derinrr1a 7. O structurd de incidentd se numegte O, — « tranzitivi
(f=1,2,38,4) dacd pentru doud puncte oarecare P si P’ centrate in
raport cu O; si neincidente cu « existi o perspectivitate 0, — a.

n'cele ce urmeazd, admifind ci structura de incidentd este 0, — «
tranzitivi (z = 1, 2, 3), ne propunem si studiem comportarea cvinarului
asociat.

TrorEMA 1. Dacd o structurd de incidentd este Oy — o tranzitivd, atuncs
in cvinarul asociat ei au loc proprietitile : '

1°Vi(x,y;Lmn) =Vx,y;l,m 0 +un;
2° (Q, +) este un grup.

Demonstragie. O perspectivitate O3 — o va fi caracterizati prin relatiile

x = x
Y=y : (2)
# = f) |

fapt ce rezultd usor din definifiile date. (P, P’ sint centrate in raport cu
0,). Intrucit printr-o perspectivitate incidentele se pdstreazi, putem scrie

2=V, y;L,mmn) =2 =V, U, wm, «)

unde (2, y',2") si [/, m', n'] sint imaginile prin perspectivitatea considerats
a punctului (%, ¥, 2) si a planului [7, m, #]. Tinind seama de (2) si de I’ = I,
m’ = m, n' = f(n), avem .

A& = Vi y; L m, fn)]

si deci
V(% ;0L mn)]=Vxy;Lmfn)] . (3)
Luind in aceastd relatie y =0 si I = 1, gdsim
fIV(%0,1,mn)]=VI[x0;1,m, fln)] (3"
care devine - _ .
& +n) = x + f(n) 4
iar pentru # =0
f(2) =x+a A 4"

unde a = £(0).”
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Atunci relatia (3) se poate scrie
Vi, y;lLmn) +a=V(xy;l,mn+ a),

din care, pentru # = 0, ob{inem

V(z,y;6,m,0) + a=V(x,y;1,m,a). (5)
In baza lui (4) relatia (4) devine : :
(x+n) +a=x+ (n+ a. (6)

Tinind seama de Oy — « tranzitivitate, & poate lua orice valoare din
Q, rezultd ci relatia (6) demonstreazi asociativitatea operatiei de adunare,
care impreund cu proprietatea de loop, aratd ci (Q, +) este grup.

Un rafionament analog poate fi ficut si in cazul operatiei de adunare
@ ; rezultd atunci cd §i (Q, @) este grup si ci

Vieg,y;0,m0) @a= Viz,y;1, m, a).
Atunci putem scrie
Vi, y;l,m0) +n= Viz,y;l,m0 @n

oricare ar i x, 3;, I, m,n &Q si deci cele doud operatii de adunare coincid.
TrOREMA 2. Dacd o structurd de. incidentd Oy — o tranzitivd admite
st tranzitivitatea O, — o, atunci tn cvinarul asociat ei avem
a) (x40 - l=x2-14b-1;
b) Vix,y;l,mn) =yom+x -1+ n.

Demonstragie. O perspectivitate O, — « este reprezentatd prin ecuatiile

%' = f(x)
y=y
2=z

Din conditiile de incidentid se deduce ci

2=V(x,y;l,mn) =z= VIfix),y;1 m, »'(, 'm,, n)], x,y,L,mnasQ

sau
Viz,y; L m,n)=V[fx),y;L m, n({ m n)] “(7)

In baza relafiei (5), relajia (7) devine '
Vix,y;%m,0) 4+ n = VIifix),y;1 m, 0] + n'(, m, n) (7")

de unde, punind y = 0, deducem
Ti(x,2,0) +n=T,[f(x),1,0] + #n'(l, m, n)

sau

%-l+n=flx) 1+ n({ mn). ' (8)
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Daci in (8) luim x = 0 i notam f(0) = b, avem
_ 7 n==0-1+n'(l, m n
si (7') devine

Vix,y;3m,0) +b-l=V[flx),y!m0] (7"
iar (8) se poate scrie '

x-14+b-1+a'(,mn) =flx) -1+ 2l mn)

sau
x-l+b-l=fx)-1 Vx,l&0Q. 9)
Pentru I — 1 aceastd relatie devine
% + b = f(x)
si deéi avem .
¥ 1l4+b-l=(x+0b- -1 Vx,lsQ - 9)

relatie care exprimi proprietatea de distributivitate de dreapta a operatiei
de inmultire fatd de adunare.
Rezulti de asemenea pentru (77):

Vix,y;bm0 +b-1=V(x+40by;lm0) (10)
In aceasti relatie, luind x = 0 avem
- Toly, m,0) +b-1=V(b,y;l,mO0)
sau
yom—+b-1=V(0y;Im0),
relatie valabild pentru orice b Q. Pentru b =« avem
yom+x-l=V(xy;l,mD0), (11)
 Adunind in ambii membri ai acestei relatii pe # si {inind seama de relatia
(5), avem
Vizg,y;l,mmn =yom+x-1+mn (12)
si cu aceasta teorema este demonstratd. '
' TgorEMA 3. Dacd structura de incidentd O,— o tranzitivd (i = 1, 3) este
si 0y — a tramzitivd, atunci in cvinarul asociat ei avem

a) (Q, +) este un grup abelian ;
b)(y+a)em=yom+ aom.
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Demonstratie. '
x =x
¥y =1y
2=z

fiind relatiile ce caracterizeazd o perspectivitate O, — a, putem scrie
z=V(xy;l,mn) =z="V[(x f(y)lmolm, n)]
VY 9,21L,mnmnesQ
sau_
Viz,y;8m,n) = V[ fAy) ;L m, ol m, n)l.
Tinind seama de relatia (5), avem
V(%,y:8m0) +n=Vixf);Lm0l+el,mn. (13
relatie care pentru ¥ = y = 0 ne conduce la
' n =V, a1l m0) + ol m, n),
unde a = f(0). Substituind atunci pe # in relatia (18), gdsim
Vix,y; l,\ m,0) + V(0,a,1,m,0) + o, m, n) =
Vix fy) ;L m, 0] + o(, m, n)

sau
V(ix,y;l,m,0) 4+ V(0,a,l m 0 = Vx, f(v);1, m,0] (14)
sau |
V(x,y ;1 m, 0) + Tola, m, 0) = Vx, fly); 1, m, 0],
adici
Viz,y;0,m,0) + aom=Vx, f(y); !, m, 0] (15)
si dect '
V(x,y;lLm,0) = Vx f(y):1,m 0] —aom. (15)

In aceasti relatie lulnd » = 0 si m = 1, gisim
Ty(y, 1,0) = T,[f(5), 1,0)] — a
sau
y=fy) —a
adicd

) =y+a (16)
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Substituind pe f(y) in (15) objinem
Viz,y;L,m,0)+aom= Vix,y +a;l m,0),
sau, avind in vedere cid
aom="V(0,a;l, m,0),
putem scrie
Vix,y +a; 1, m0) =V(xy;im, 0) + V(0, a;1l,m,0). (17)
Aceast} relafie pentru y = 0, devine '
Vix,a;1,m, 0) = V(x,0;7m,0) + V0, a;l m,0)
sau
V(x,a;l, m, 0) = Ty(x,1,0) + Tya, m,0),

adevirati pentru orice a din Q.
Pentru a = y, avem

Vix,y;1,m,0) = Ty(x,1,0) + Toy, m, 0)
si deci
Vizg,y;l,mO0) =x-1+yom, (18)
Daci adunim in ambii membrii pe # si tinem seama de relatia (5),
obtinem
Vie,y;L,m,n)=x-1l+yom-+mn : (19)
Din relatiile (11) si (18) rezultd ci (Q, +) este grup abelian.
Pe de alti parte, considerind relajia (17), putem scrie, {inind seama
de (19)
x-l4+(y+a)om=x-l+yom-+aocm,

care ne conduce la -

t

(y+a)om=yom+ aom,

relatie ce exprimi proprietatea de distributivitate din dreapta a operatiei
o fatd de adunare.

(Intrat in redactie a 12 noiembric 1970)
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O IIPOCTPAHCTBEHHBIX CTPYKTYPAX TIAILEHUY
(Pesonme) ’

B cratee pacnpocrpansercst Meton oGo6uenHs IPOEKTHBHOH IJIOCKOCTH, Raummlit B [1],
Ha TPEXMepHOe NPOCTPanCTBO. ONpefiensieTcst CTPYKTYPa TPEXMEPHOTO NAMEHHA AHANOLHUHO
¢ [1] » BBOnMTCA KOOpRMHATHAA CHCTEMa, 3aTeM H3YY4AeTCA NOBeJeHHE NPHCOeTHHEHHOH K Hel
aire6panyeckoil CTPYKTYPHl B CayYae TPaHSHTHBHOCTeH 0; —a(i=12 3).

ON SPATIAL STRUCTURES OF INCIDENCE

(Summary)

The method of generalizing the projective plan given in [1] is extended to the 3-dimen-
sional space.

Defining the structure of 3—D incidence by analogy with [1]it is co-ordinated, the
algebraic structure associated to it beirig studied in the case of 0; —a (1=1, 2, 3) transiti-
vities.



SUR DES ESPACES A, A CONNEXION AFFINE

P. ENGHIS$

Dans son livre [1] M. Gh. Vrinceanu considére les espaces 4
connexion affine A4,, définis par #® fonctions 1} comme -les composants
de la connexion affine. Pour I'étude de ces espaces, il associe au tenseur
de torsion Tj, = I — Ik, n formes alternées F' — 7 A% 34" qui se trans-
forment, par un changenent de variables, comme les composants d'un
vecteur contrevariant. Au vecteur de torsicn T,= T% il associe la forme
de Pfaff invariante ¢ = T,dx" et au tenseur quadratique de torsion T =
= ,’fk TY la forme quadratique © = Ty dx*dx’ et il considére le cas dans
lequel o et m ne sont pas identiquement nulles. Pour le cas des espaces A,
il envisage aussi le cas dans lequel ¢ et 7 sont identiquement nulles. -

Dans un travail antérieur [3] je me suis occupé de certains espa-
ces a connexion affine 4, avec les formes ¢ et = identiquement nulles.

Dans ce travail je me propose d’étudier deux classes d’espaces 4,.

1. Parmi les espaces A4, je comsidére d’abord ceux pour Iuesquels la
différentielle extérieure de la forme ¢ vérifie 1a relation:

Do = % T,Tiy [d%" dx*] (1,1)
c’est-a-dire
(—"i - iﬂ) [dx' dd’') = T, T5[dx' dx] (1,2)
0xJ ox®
ou
LLLINE O (1,3)
Oxd (2%

espaces que je désigne par 4.
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_ En introduisant la dérivée covariante de T; par rapport au T, donnée

par T;; = aaT_ ¢ Ty et en permutant les indices ¢ et j, puis en faisant
1a différence des deux relations, on obtient:
oT; oT;

T, — T, =22+ 21 __ T Ty 14

1] It axi ax,; 7] ( J )

On déduit des relations (1,3) et (1,4)
T,,—T;;,=0 (1,5)

relation qui caractérise les espaces A,. Donc:

TatortME 1.1. Les espaces A, sont des espaces A, pour lesquels le
vecteur de torsion vérifie la velation (1 5).

Si nous désignons par

7

_ory, 9T},
ikh = — =

S+ TaTh — TuTh - (16)

les composants du tenseur de courbure de la connexion [j, on sait, [1],
[2] que dans le cas d'un espace A, avec torsion on peut écrire le tenseur
(1,6) comme suit: :

2 %
Lo = Sjrn + = Qi (1,7)
o Sjk;, est le tenseur de courbure de la connexion symétrique. Sh =
=~ [T% I‘ associée 4 la connexion T, - Sk est donné par une formule
J 7 7

analogue a (1,6), dans laquelle I "» est remplacé par S,k, et Q,k,, est le tenseur
donné par .

. oTh,  oT:
jh k- 1
;'kh = _x_ - sh_,ﬁk + Tsk Th +

St Tow+ Sin Th — Sh T;‘,,,— Sin Th (1,8)
En contractant dans (1,8) par rapport a i et j nous obtenons
i oT, T i s 2
ikh':_‘_h_u_—‘ Tk‘l“ Tsk %+ Sh Ton +
+ Sjak T — ST — S;)h T4
par un changement convenable des indices de sommation; il en résulte

i —9Tn_ 0Tk :
Qi = Quy = Py Py » - ”(1,9)
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i
La relation (1,9) montre que la différentielle extérieure de la forme o dans

un 4, coincide avec la forme antisymétrique associée au tenseur Qj,. Il
résulte de (1,3) et (1,9)

.  Qu=T,- T (1,10)

La relation (1,10) donne une interprétation du tenseur du second membre
de la relation (1,1). On peut aussi énoncer le résultat sous la forme:

Ti;EOREME 1.2. Les espaces A, sont les espaces A, pour lesquels

: Qu = T.T5
Soz;t maintenant
" , 9L, ar ;
4 Ry = Tipp = —£ — =% (T =T&)
] . axk 6x" N—— e’
u Foo (L1
1] +
E L

Ty = Dy =

7i $ T8 3 5
Py 4+ Dl — D T

s

les tenseurs comtractés duw-tenseur de courbure Tjws. Nous montrons :

i . S
TuasorBME 1.3. Les tenseurs contractés du tenseur de couvbure dans un A,
satisfont la relation

\ ‘ Ly — Ty = Ry + T_;:h,i + T:Tj (1,12)

i
En effet, si'dans la relation connue [1], qui existe entre le tenseur de courbure
et le tenseur de torsion: ‘

P;kh + I;;;hj + I ;;jk = T],:h_,k + Tiin + T;;k,j + T Tis + T T;:s + T3 Th,

nous contractons en i et k, nous obtiendrons:

!
i

Cip + Ry — Ty =Thy — Toy + Tip + Ts Thi

De cette relation et de (1,5) on déduit (1, 12)

On sait& [2], que dans un espace riemannien il existe une connexion
asymétrique, que les géodésiques sont les courbes autoparalléles, qu’il
existe n champs de vecteurs paralléles linéairement indépendants et que
les angles entre deux directions dans un point et les directions paralléles
dans un autre point arbitraire sont égaux. Pour un tel espace on sait [2]
que l'on a la relation:

Tibn— Ths — Ty + = (Ts Th— Ta T — T Th) =0 (1,13)
2

|
4 — Mathematica—Mechanica 2/1972

'
A
1
3
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|
Désignons maintenant par ¥, un espace riemannien doué d’une tellé con-
nexion et qui vérifie la relation (1,1), c’est-a-dire que ¥V, est un espace 4,.

~

Contractant (1,13) par rapport & ¢ et j nous obtenons
i 1 ;
Towp— Top— T + Py Tul,=0

. En tenant compte de (1,5) il résulte
Tini = T: T (1,14)

Donc: ;

T mioREME 1.4. Dans un espace viemannien V, a lien la relation (1,14)
En tenant compte que dans un 4, (1,10) est vérifiée, le théoréme 1.4
peut étre énoncé ainsi: . |

~ )
TutorBME 1.5. Dans un espace viemannien V, a liew la 7el.ation

i

Q= — 2T © (L,15)
e (1,9), (1,12) et (1,14) il résulte
TuEOREME 1.6. Dans un espace V, nous avons la relation |
. 3
Pip — Thj = Rjp + - th ; (1,16)
entre les tenseurs contmctes an tensem' de courbure. ‘ "
2. Nous considérons maintenant les espaces A, pour lesquels

Do = E R, [dx*dx") ,f (2,1)
olt Ry, est donné par la premieére relation (1,11). On note ces ‘espaces par

A Si 'on tient compte de 'expression de R,, donnée par (1 11) 1a rela-
tion (2,1) est équivalente a ‘

o _ oty _ori ot @22
oxf oxt oxf oxi ’
de laquelle il résulte :
ATi —Ty) _ ATj—Tj) : : 23)
oxi ox’ ’

En tenant compte de T, =T — I — I, — T4, (2,3) devient

¢
b

ors ot )
s = g8 (2,4)

2% 0%t
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relation qui caractérise la connexion de ces espaces. On peut écrire aussi
la relation (2,4) sous la forme:

s d
m=ﬁ (2,5)

oit ¢ est une fonction arbitraire de x*. Donc:
TarorEME 2.1. La connexion des espaces A, satisfait la relation (2,4)

ou (2,5).
Des relations (1,9) et (2.2) il résulte
R; = Qy (2,6)
Donc:

TutorEME 2.2. Les espaces Z-” sont les espaces A, pour lesquels R;=0Q;;.
Si dans la relation (2,2) nous introduisons la dérivée covariante par
rapport aux Ij, il résulte

Q5 = Ry = Tj; — Ti; + T.T5 (2,7)

Pour le deuxiéme tenseur contracté du tenseur de courbure de (2,4)
on obtient: .

T; — Ty = Tha (2.8)

PDonc:

THEOREME 2.3. Dans un espace A, les tenseurs contractés du temseur
de courbure somt domnés par (2,7) et (2,8). :

Si I'espace {1:, est un espace riemannien doué d’une connexion asymé-
trique, doncun V,, de (1,18), (2,7) et (2,8) on déduit par contraction par
rapport 4 ¢ et j

e — T = Ry + %.Tsﬁk (2,9)

Donc:
THEOREME 2.4. Un espace riemannien V, vérifie la velation (2,9).

Remarques : 1. Un exemple d’espaces A4, et 4, est constitué par cer-
taines catégories d’espaces A, 4 connexion semi-symétrique.

Il est connu [2] que, si I'espace A, est doué d’une connexion semi-
symétrique, la connexion peut é&tre écrite
i i i
T = Sip 4 3,

oit A, est un vecteur covariant et Sj; est une connexion symétrique.
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.

Un espace 4, a connexion semi-symétrique est un espace 4, si le vec-
teur A; satisfait a la condition

Nj— Ne=10
Un espdce 4, 4 connexion semi-symétrique est un espace A, si
05: _ 351 _ (1 _y) (ax, _ ax,]

O o Oxt Oxd axf

2. Si P'espace. 4, est simultanément 4, et A” nous avons
T, T = Q= Ry et Ty — Ty = Ty,
3. Si l'espace 4, est un V, et ¥V, nous avons

1
Fhk - th = E Rkk

* et la relation (1,12) est une identité.

Le but de ce travail a été de donner les relations vérifiées par les espaces
considérés en partant de leur définition. Les autres propriétés de ces espaces
seront étudides ultérieurement, de méme que l'extension a des espaces
récurrents et 4 des espaces avec structure complexe et presque-complexe.

- La suggestion de considérer ces espaces et leur extension m’a été
donnée par M. le Prof. Gh. Th. Gheorghiu, a4 qui j'exprime mes

remierciements.
(Manuscrit regu le 12 novembre 1971)
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ASUPRA UNOR SPATII 4, CU CONEXIUNE AFINA

(Rezumat)

In lucrare se consideri dous categorii de spatii 4, cu conexiune afini, spatiile A, date

e (1,1) si 4, date de (2,1), pentru care se dau relatiile (1,5), (1,10), (1,12) respectiv (2,4),
(2 6), (2,7), (2 8) ce le verificd pommd de la deflm’;le
Se consideri de asemeni si spatiile riemanniene dotate cu connexiune asimetricid ce
intri in aceasti categorie si se dau relatiile (1,14), (1,15), (1,16) si (2,9).

Se d4 §i un exemplu de spatii 4, si A, in remarca 1, iar in 2 si 3 se dau relatiile ce
existd in spatiile ce verificd simultan (1,1) si (2,1).
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O HEKOTOPBIX A, TTIPOCTPAHCTBAX C A®®HMHHON CBS3bIO
(Peawome)

Pacemarpusaiorcst nBe xateropnu A,, npocrpancTs-c adduHHON cBssbio, A, npocrpancTea

Zaunsle dopmyioit (1,1) u A, npoctpanctea, fauusle GopMysiof (2,1), A KOTOPBIX HAKTCS CO-
otxowenus (1,5), (1,10) (1,12), cooretctBenno (2,4), (2.6), (2,7), (2.8), koTopHe yIOBIETROPSIOT
Csl Ha OCHOBE ONpeJeNieHHs.

. PaccMaTpHBaloTCs TaKKe PHMaHOBble NPOCTPAHCTBA, 06JIajalOlHe aCHMMETPHYECKOH CBsi-
3bi0, KOTOPEIe MPHHAJJIEXAT K STOH KaTeropuy, H jpaworcs cootHomerns (1,14), (1,15), (1,16) u

2,9).
Iaércs Takxe npuMep A, B A, IPOCTPAHCTB B NpHMedanuu |, a B NpuMeuanuax 2 u 3

LaloTCst COOTHOWIEHHS, CYUIeCTBYIOUHE B IPOCTPAHCTBAX, OXHOBPEMEHHO YJOBJETBOP SIOMHX
ccotrcmennam (1,1) u (2,1).
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SUR UNE PROPRIETE D’ETOILEMENT DANS LA THEORIE DE LA
REPRESENTATION CONFORME

PETRU T. MOCANU

1. Lebut de cette note est de mettre en évidence une notion géométrique
dans la théorie de la représentation conforme, en unifiant les deux notions
de convexité généralisée que nous avons introduites dans quelques travaux
antérieurs, [1], [2], [3], chacune des ces notions constituant un ,,passage
continu” de 'étoilement par rapport & l'origine 4 la convexité. Avant de
:donner la notion plus générale en question, nous allons rappeler les défini-
-tions de ces deux notions.

! 2. Soit f une fonction holomorphe et univalente dans un domaine D

. qui contient l'origine et f(0) = 0. Désignons par C une courbe de Jordan

. de classe C? entourant l'origine, qui est contenue avec son intérieur dans

. D et d’équation z = ¢(f), ¢ & [t t1], ¢(to) = @(fy). Soit I' = f(C) l'image

! 'de C par la fonction f, et désignons par w(f) I'angle fait par la tangente

t 4 la courbe I' au point f(z) avec le vecteur de position de ce point.

i DEFINITION 1. On dit que la courbe I' = f(C) est «-convexe pour
un o réel donné; si I'angle ®(f) fait avec I'axe réel positif par le vecteur
dont l'origine est le point f(z) & I' et qui divise dans le rapport « l'angle

| fait avec le vecteur de position par la tangente & I" au point f(2), z = ¢(¥),

. croit avec ¢, £, <t 4, cest 4 dire que

ad d
Fri (arg fle(®) + «w(®)] =0, t & [to, t].
Faisons la remarque que dans le travail [2] a été considérée la
normale extérieure au lieu de la tangente et que 0 L a L 1.

TurioriME 1. [2]. La condition nécessaire et suffisante pouwr que la
courbe T' = f(C) soit a-comvexe est que pour tout t G [ty t,] soi vérifiée
Uinégalité , : _ _

Im [(1 — ) L 4 o T i)]>0. 1
[( e T T W

Pour « = 0, respectivement « = 1, on obtient la condition respective
d’étoilement (par rapport 4 l'origine) ou de convexité.
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3. Soit C :z = 9(t, 7) t & [ty 6],

7 & [0, + o0}, ¢4, 0) =0, &ne
famille de courbes de Jordan de classe C? isotopes qui se contractent a
Porigine. Considérons deux fonctions f et g holomorphes et univalentes
dans un domaine qui contient ces courbes et notons I =

A(C)), T¢ = g(C).
Supposons f(O) = g(0) = 0 et que pour p <7 la courbe I’ soit située a
lintérieur de IY. Supposons encore que la courbe T'§ soit convexe. Du point
f(2) & T, 2= o(t, #), menons une tangente quelconque T, & la courbe I'.

-
DirinrrioN 2. On dit que la courbe TY est étoilée par rapport a la

courbe I, o <7, si 'angle W'(¢) fait avec I'axe réel positif par toute tan-
gente T, croit avec le parametre 7 & [£,, ¢,], cest & dire

D%

> 0. |
. !
THEOREME 2 [8]. La comhtwn nécessaive et suffzsante pour que la

courbe T soit étoilée par rapport @ la courbe T§ est que

i
dz ’ ) é“‘
7@ _ l\
Im >0, (2)
fle) — &() watu |
pour tout z = o(t,7) et tout T = (v, p), ot v vérifie I'équation ' |
d : i
= e S
Im—— =0. 3
flz) — (%) @ \l

4. Fn utilisant les notations précédentes, on désigne par Q =Q

!
@ |

I'angle fait par la tangente & la courbe I} au point f(z) =3 I/ avec la tan-
gente 7,. Nous allons introduire la définition suivante:

t
DEFINITION 3. On dit que la courbe IV est a-étoilée par rapport a |
la courbe ', p < #, pour un « réel donné si, quelle soit la tangente T, "angle
-y = x(t) fait avec I’axe réel positif par le vecteur dont Iorigine est le point
f( 7) & I et qui divise dans le rapport « I'angle Q(f), crolt avec t, t, < ¢ < £y,

DI

\
d d . i
% — L () + 2 Q)] > 0. - (4
dt dt .
TarorREME 3. La condition nécessaive_ et sufﬂsante pour que la courbe 3
I soit «-étoilée par vapport a T% est que

m (1 — Zf'(l) . (2]’”(:,) z ]2 0, 5 .'
[( et il el z) S ©)
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(z‘*: z—:, = %J, pour tout z = o(t,7) e tout ¢ = Cp(’r,'p), o T vérifie

I’ équation

~e(0) .
m-T_ —o. 6)
f(z) — :

Démonstration. Désignons par f( ), z = o(t, #)§ un? point quelconque
de la courbe I et considérons la tangente T, a la courbe I'f passant par
le point f(z). Soit'g(¥), € = ¢(r, p), le point de tangence sur I'¥. La condition
pour que 7, soit tangente a la courbe I'f au point g({) peut étre écrite sous
la forme (6) On a

¥ = arg [/z) — g(7)]

et
Q — #f'(2) .
argf(z) — &(%)
Donc
x = (1 — o) arg [f(z) — g(¥)] + «arg #'(2). (7)

En vertu de l’égalité

Log [fl2) — &(8)] = In | flz) — g(E)| + 7 arg [flz) — g(Y)]
on déduit, en tenant compte de (6) '

d #'(2)
— ar, 2) — g(0)] = Im—=* .
. = 28 [fl) — &(7)] 0= 2
Puisque
d o " (2)
ad = Im
«™'8 e [ @) 5 }
de (4) et (7) h obtient (5) ce qui achéve la démonstration.
Pour « = 0, de (5) t (6) on obtient (2) et (3). Pour g(z) = 0, I'inégalité
(5) devient (1), Clest a dire qu’on obtient la condition de o-Convexité.
5. Si les courbes C, sont des cercles centrés & 'origine, c’est & dire
2=ret, 0 Lt < 2, le théoréme 3 devient:
La cond1t1on nécessaire et suffisante pour que la coutbe I¥ soit «-

étoilée par rapport a I‘g, p <7, est

rel(1 — o T () ]
A= o T 7 +)

pour tout z, |z| = 7, et tout { = {(z) qui vérifie le 'systéme

Re 60 __ 0 |7 =o.

fla) — &(t)
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Pour « = 0 et f= g on obtient la condition donnée dans [1].

Dans le cas particulier g(z) = 2z, on obtient le résultat suivant:

Supposons que pour [z| =7 on a |f(z)] > p, ot p <. Alors la con-
dition nécessaire et suffisante pour que 'image du cercle {z; |z| = 7} soit
a-étoilée par rapport au cercle {z; |2| = p} est que

' 1 2@ (T % . . 2f"(2)
1— R DR R, Re(Z2 +1i> 0,
( & Vif@)E — o2 e[f(z) (\/lf(z)l a P)H * e(f’(Z) + )

pour tout z, |z} =7,

(Manuscrit regu le 12 janvier 1972)
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ASUPRA UNEI PROPRIETATI DE STELARITATE
N TEORIA REPREZENTARII CONFORME

(Rezumat)

n aceastd notd se pune in evidenti o notiune geometrici in teoria reprezentirii conforme,
care unifici doud notiuni de convexitate generalizati introduse de autor in lucrérile anterioare
[1], [2], [8], fiecare dintre aceste notiuni comstituind o ,trecere continui” de la stelaritate

in raport cu originea la convexitate.

OB OJHOM CBOWCTBE 3BE3JJOOBPA3HOCTH B TEOPUM KOH®OPMHOTO
) OTOBPA)XEHUA

(PesmomMme)

B cTaTbe JA&TCH TeOMETPHUECKOE NOHSITHE B TEOPHH KOH(DOPMHOro OTOGpaiKeHHs, -KOTOpoe
OoGBefiMHSET [Ba NMOHATHA OGOGIIEHHOH BBHITYKJIOCTH, BBeJEHHHIX ABTOPOM B NPEABIAYIIHX pa-
Gorax [11, [2] u [3]. Kaxnoe u3 STHX NOHSTHH SIBJSETCH , HEMPEPHIBHLIM NEPEXOLOM™ OT 3BE3-
1006pa3HOCTH, B OTHOIUIEHHH C HAYaJoM, K BLINYKJOCTH.



CL-PRODUCTS OF C-AND L-SPACES!

CHRIS C. BRAUNSCHWEIGER?

1. Preliminaries. If (X, [|-||x) d4nd (Y, ]| |ly) are normed vector spaces
and z = (%, y) is any element of the product space Z =X X Y define.
llzllc = max (||#]ly, ||¥lly) and |fz]|l. = |[#[|x + l|lylly. The normed vector

space (Z, ||-]| ) is called the C-product of X and Y and is denoted by (X XY).
Likewise, (Z, ||:||y) = (X X Y). is the L-product of X and Y.

If and Y are partially ordered vector spaces with positive cones
K, and K,, respectively, then the product space Z = X X Y has a natural
partial order, the product order, whose positive cone is K, = Ky X K.
If X and Y are vector lattices so is Z in the product order.

For each element x of a vector lattice, [x| = sup (¥, — x). A vector
lattice (X, K) which is also a Banach space (X, || [|) is a Banach lattice
if |ly|| > [12]] whenever [y — || & K.

The folowing result can be verified by a straightforward application
of the definitions.

(1.1) TueorEM. The C-product (vesp. L-product) of Banach lattices is
a Banach lattice in its product order.

2. C-and L-produets of C-and L-spaees. A Banach lattice (X, K, ||-{|)
satisfying the condition
(L) llx + 1l = ll=l] + Iyl if v,y €K
is called an abstract (L)-space. It is an abstract (M)-space if it satisfies

(M) : ||sup (%, )| = max (||#]], [|3]]) if »y & K.

Suppose that (X, Ky, ]|-|iX) and (Y, K,, ||-'|}y) are Banach lattices both
satisfying condition (L). Let w = (#,v) and z = (x,y) be any elements
in the positive cone K, = Ky X Ky, of Z=X X Y. Since #, ¥ G Ky and

, Y E Ky, ||l 42l = |l + xllx + 1o + ylly = (|l + |1%]lx) + (||2llx+

+ [171ly), = (llellx + Holly) + (I|x[|x+ IIylly) = ]l + ||2||z. Thus (XXY)r
also satisfies condition (L). In an analogous way one shows that if

both X and Y satisfy (M) then so does (X X Y);,. On the other hand,

1 Presented to the American Mathematical Society, January 25, 1969.
2 Research supported by National Science Foundation under Grant No. NSF— G —6861.
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if either X or Y, say X, fails to satisfy (L) there is a pair x4, 2, & Ky
such that ||%; + %allx =% ||#1llx + ||#2llx- But then, for the pair z; = (x,, 8y),
72 — (%, By) in Ky, Jlza + 74l =% ||]lr + ||zl and the product (X x ¥),
fails to satisfy condition (L). A similar argument shows that if (X X Y).
satisfies condition (M) then both X and ¥ must satisfy (). The following
theorem now follows from the definitions and Theorem (1.1).

(2.1) TueorEM. If X and Y are Banach lattices then, in the product
order,

a) (X X Y) is an abstract (M)-space if and only if both X and Y are
abstract (M)-spaces;

b) (X X Y). is an abstract (L)-spaces if and only if both X and Y are
abstract (L)-spaces.

An element # of a Banach lattice (X, K, [|-|) is a wnit element if
we K, |ju|=1 and v — x & K for all x with [[z]] < 1. An element v
of a vector lattice (X, K)isan F-unitifv & K ~ {6} andinf (x, v) & K.~{0}
foreach ¥ & K ~ {0}..An abstract (L)-space with F-unit is called an L-space.
An abstract (M)-space with unit element is a C-space. (S.Kakutani
showed in [2] that a C-space is linear isometric and lattice isomorphic to
the space C(H) of all continuous real valued functions over a suitable
compact Hausdorff space H, and in [3] that an L-space is linear isometric
and lattice isomorphic to a space L(M, F, m) of equivalence classes of real
valued - functions defined over a (totally disconnected Hausdorff) space
M and integrable with respect to a countably additive measure s defined
on a field F of Borel sets in M with m(M) = 1.)

(2.2) Lemma. If X and Y ave Banach laitices then w = (u, v) is]a unit
element of (X X Y) 4n the product ovder if and only if w is a unit element
of X and v is a unit element of Y.

Proof: Suppose that w = (u, v) is a unit element of Z = (X X Y).
Then 1 = |||y = max (||u|ly, |1o]}y) so either |ju]l, = 1 and |jol, < 1 or
l|||x < 1 and ||o]ly = 1. Without loss of generality assume that [l#]|y = 1.
If 0 < |jv]ly<1 let y= v where 1 < B < |[v]|y* and define z = (u, »).
Then ‘||z||c = max (||#|lx, ||¥|ly) = max (1, B|v]ly) =1 and, since ® is a
anit element of Z, w — 2 S K,. But w — 2z = (0, v — ) = (04, (1 — B)v)
so (1 —pPweaK, Sincel —p<0andveEkKy, (1—pBpr&— K, This
contradicts that K, N (— Ky) = {08y}. If v = 6, choose z = (u, y) where
y&K, and 0<|lly <1 Then |lzl; = max ([ully, lI7ly) <1 and
w—z= (8, —y) & K,. Since y & Ky 1 (— K,) and y == 8, we again
have a contradiction. The conclusion is that |[w|lc = [|u|lx = [lv[ly = 1.
If x & X with ||[#][y <1 let 2= (%, v). Then [z] <1 s0o w—2&K,
and, therefore, # — x & K. Thus % is a unit element of X. Similarly, if
1I7lly << 1 setting z = (u, y) gives v — y & Ky so v is a unit element of Y.
The verification of the converse is straightforward. -

(2.8) Lemma. If X and Y are vectoy lattices then w = (u, v) is an F-unit
in the product order for Z = X XY if and only if u is an F-unit for X and
v ¢s an F-unit for Y. ,
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Proof: Let w = (%, v) where # is an F-unit for X and v is an F-unit
for V. If 2= (x9) K, and z=% 0, = (04, 6,) then xeKX, y s Ky,
and at least one of x =% 0 or y = 6, holds. Suppose x == 0,. It follows
that infy(x, v) & Ky ~ {OX} inf, (y, ) &g K, and, consequently, inf,(w, z)
= (infx(x, ), infy(y, v) & Kz ~ {BZ}. Thus w is an F-unit for Z. Conver-
sely, suppose w = (%, v) is an F-unit for Z = X X Y in the product order.
Since w s K, ~ {0,}, » & Ky, v & K, and either u =% 0y or v £ 0.
Suppose # =~ 0. Set z = (04, y) for some y & K, ~ {0,}. Then z e K,
~ {0,) soinf (w z) = (infy (%, 04), inf, (v, y))eK ~ {0,}. Butinf,(s, 6 )
= 0Oy so infy (v, y) g K, ~ {OY} and, in particular, v = 6,. If x € K,
~ {OX} then z = (%, 0 ) sK, ~ {62} and inf,(w, 2) = (1nf (u, %), Oy) e
s K, ~ {0,} soinfy (%, x) KX ~ {6y} and » is an F-unit for X. Similarly
v is an F-unit for Y.

(2.4) TaroreM. If X and Y are Banach lattices then in the product
order,

a) (X XY), is a C-space if and only if both X and Y are C-spaces;

b) (X X Y), s an L-space if and only if X and Y are L-spaces.

Proof: This follows directly from Theorem (2.1), Lemma (2.2) and
Lemma (2.3).

(2.5) THEOREM. If X and Y arve Banach lattices then, in the product
order,

a) (X X Y), is not an abstract (M)-space, and

b) (X X Y). is not an abstract (L)-space. :

Proof: Choose # s Ky with ||u)|y = 1 and y g K, with |[|y|l, = 2.
Let w=(», 6,) and 2z = (BX y). Then w, z g K, but ||supz (w, z)[]Lz
= |[supy (#, Og)llx + lIsupy (9y, ¥)ily = [lullx + Iy p =1+2=58-23—

= max (||u|lx, ||y|ly) = max ((Il%llx + 19 lly) + + (110l + Ilylly)) =
= max (]|w||, ||z||y)- Thus (M) is not satisfied and @) holds. Now choose

u & Ky with [[u]ly =1, y & K, with [|y|ly = 1 and let v = 2y, x = 2,
w = (u,v) and z = (%, y). Then wae kK, 2K, and ||lw + 2|/ = max
(Il + #ly, 1o + ylly) = max (Blully, lylly) =3 == 4 = [[oly + ||zl =
— max (|[ully, |[o]],) + max (I|7llx, [3]ly) = @llc + llelle. (X X ¥)o does
not satisfy (L) and &) holds.
_ 3. CL-product of C-and L-spaces. If X, and X, are normed spaces
then each of the products (X; X X,)c and (X; X X,). is a CL-product of
two factors. By convention, any normed space is itself a CL-product of one
factor. In general, the space Z is a CL-product of x factors X;, X,, ..., X,,
written Z = (X; X Xy, X ... X X))oz if Z=(U X V)¢, where U is a
CL-product of p factors from among the X, and V is a CL-product of the
remaining # — p spaces, p =1, 2, ,n— 1. If X, X,, ..., X, are par-
tially ordered with positive cones Kl, K g -y K, respectively, the product
order on (X, X, X ... X X)) is that determined by the conme K; X
X K, X ... X K,.

If Z=(X; X X; X ... X X,)or then Z is called a pure C-product
if no L-products are used ; that is, if the norm on Z is ||2||; = max {||x,]] :
i=1,2, ..., n} for each 2z = (%, %5, ..., %,) in Z. Similarly, when no
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C-product is used in forming Z = (X; X Xp X ... X X,)cr the norm is

2|l = D l1x]l; and Z is called a pure L-product.
t=1

If an L-product is involved in the formation of the CL-product Z then,
according to Theorem (2.5) that product is not an abstract (M)-space.
Thus only C-products are allowed if the CL-product is to be an abstract
(M)-space. Furthermore, each factor space must be an abstract (M)-space
according to Theorem (2.1). Similar comments hold for abstract (L)-spaces.
The following theorem-is an immediate consequence when simple induction
is applied to the theorems of the preceding section.

(8.1) TuEOREM. For each i =1,2, ..., n let X, be a Banach lattice
and let 7 = (X; X Xo X ... X X, )er. In the product ovder

a) Z is an abstract (M)-space (vesp. C-space) if and only if each X 1is
an abstract (M)-space (resp. C-space) and Z 1s the pure C-product of the X;

b) Z is an abstract (L)-space (resp. L-space) if and only if each X, is
an abstract (L)-space (resp. L-space) and Z is the L-product of the X,.

4. l-and m-produets. It is not clear how one might extend the defi-
nition of (mixed) CL-product to infinitely many factors. However, the
pure L-products and pure C-products are, in fact, special cases for finitely
many factors of the more general /-products and m-products discussed in
[1]. Let {(X,, ||-|l,) : « €4} be any family of normed spaces. The space
Z, = (X _x,), of all choice functions z = {%,} with x, & X, such that [|x,[[, =
= 0 except for countably many indices « and the nonzero norms form a
convergent series is called the l-product of the X, when provided with the

norm defined for each z={x,} in Z, by ||z||, = > |i%gll. The space Z,, =

(X, %), of all choice functions z = {x,} with %, & X, such that {|[x.||,>
: o & A} is bounded is called the m-product of the X, with the norm ||z||,, =
— sup {||%,ll,: « € @},

If each X, is partially ordered with positive cone K, the product order
on Z, (resp. Z,,) has as its positive cone K, (resp. K,) the set of all z = {%,}
in Z, (resp. Z,) with z, € K, for each « 4.

With only minor modifications in the proofs, Theorem (2.1) and
Lemma (2.2) can be extended to the case of possibly infinite families of
Banach lattices.

_ (41) TaeoreM. If {X,: « €4} is any family of Banach lattices then,
in the product order, ' )
a) Z,, is an abstract (M)-space if and only if each factor X, is an abstract
(M)-space; _
" b) Z,is an abstract (L)-space if and only if each factor X, is an abstract
(L)-space. )

(4.2) Lemma. If {X,: e €48} is any family of Bamnach lattices then
w = {u,} s a umit element of Z,, in the product ovder if and only if u, st a
unit element of X, for each o & &.
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Lemma (2.3) cannot be extended to Il-oducts with such complete
generality. An F-unit is, by definition, anon-zero element and at most
countably many components %, of an element z = {x,} of an Il-product
are non-zero. These observations lead to the following extensions of Lemma
(2.3) and Theorem (2.4).

(4.3) Lemma.. The l-product of uncountably many Banach lattices has
n0 F-unit. If Z is the I-product of countably many Banach lattices X, i =
=1,2,3, ..., then an element w = {w,} is an F-unit of Z, if and only if
each w; 1s an F-unit of the corvesponding factor space X,.

3

(4.4) TaEoREM. Lot {X,: 0=} be a family of Banach lattices. In-
the product order

a) Z,, is a C-space if and only if each factor X is a C-space;

b) Z, is an L-space if and only +f & is countable and each factor X, s
an L-space. '

An argument analagous to that used for Theorem (2.5) gives the final
extension to infinite products.

(4.5) TeEOREM. Let {X,: o A} be any family of two or more Banach
lattices. In the product ovder its l-product Z, is not an abstract (M)-space

and its m-product Z, is not an abstract -(L)-space.
. . (Received November 2, 1971)
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CL-PRODUSE ALE C-$I L-SPATIILOR
(Rezumat)
Se definesc C-produsele, L-produsele si CL-produsele a unui .numir finit de

latici Banach. Se dau caracteriziri ale acestor produse ca C-spatii i L-spatii in ordo-
narea produs. Se fac generalizdri la m §i J-produse de familii infinite,

CL — NPOU3BENEHHS C-HU L-TIPOCTPAHCTB
(Peswome)

Onpegensioress C-npoussefienns, L-npousseienuss 1 CL - NPOH3BeIeHHs KOHEYHOTO YHCJa
faHaxoBHIX CTPYK:yp. JlaloTcst XapaKTepPUCTHKHM ITHX Npon3BefeHull kax C upocTpaHcTs # L-
NPOCTPAHCTB B YNOPSJOYEHHH NpoH3BeleHuit. [lenaloTcss 060OLeHHs A5 GECKOHEWHBIX m H
l-nipoH3BeleHH# ceMeliCTB.



ON THE DEFINITION OF LINEAR RESTRICTED
INFRAPOLVYNOMIALS

I. MARUSCIAC

1. Let K be a compact point-set in the complex plane, containing at
least # — 7 points and let €,(«") be the class of polynomials

PR =a” +ag” 14+ ... +a, (1)
with coefficients a,, a,, ..., @, satisfying the conditions
%oy + @ty + o Foa, =0, =01, ...,7v<mn, @
where
(ocoo e Oy, oco)
o =
Oyp «o. O, O

is a given matrix of complex numbers with
rank (o) =7+ 1, 2 |ay = 0.
.. A polynomial ¢ &@,(«’) is called underpolynomial to p & &,(«’
(=~ p) on K, and we will use the notation ¢ g U(K ; p; o), if
Ip(2)=026K=49(2)=0;
II p(2) =20, 2 & K = |g(2)] < [p(2)]-

DerINITION 1. We say that p & 2,(«”) is a r-restricted infrapoly-
nomial on K (p & 9,(K; «)) if p hasno underpolynomial in £€,(«’), i.e. if
UK ; p; o) = .

The polynomial ¢ & &,(o) is a weak polynomial to p < (o) [5], if

Vz & K = |9(9)] < [£(2)].

Obviously a  polynomial p & £,(«") which has no weak polynomial
on K is a #-restricted infrapolynomial on K. But the inverse is not always
true, i.e. there is r-restricted polynomials which has weak polynomials
on K (see [9], p. 252).

5 — Mathematica—Mechanica 2/1972
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In the case of the unrestricted infrapolynomials T. S. Motzkin
and J. I. Walsh [5] have shown that unrestricted infrapolynomials
on K have no weak polynomials on K. This property is true,asM. Zedek
has shown-[9], also in the case of the restricted 1nfrapolynom1als of the form

plz) = 2" —|—Az”“1+. .+ A a 2 L a,

where Ay, 4, - , 4, are prescnbed coefficients.
- It is the purpose of this note to extend this result over to some class
of #-restricted infrapolynomials on K.

2. DerFINTTION 2. The matrix (o), ¢ —0,1,...,7;k=0,1,...,n, o
is called interpolatory on K if
Xogg %or --- oy,
%o Hpp - &,y .
EE o SO B 0, (3)
A |
for all distinct pointé 2y, gy + oo 2,y Of K.
TuEorEM. Leét (a,),2=0,1,...,7; k=0,1, ..., n be an interpolatory

on K matrix. The polynomml P e ®,(a") is a r-vestricted infrapolynomial
on K if and only if there is no other polynomml v & 8, («") which satisfies
the condition

@) < 1p()] for all z € K. . (4)
Proof. Obviously, if p & &,(«") has no weak polynomial » & &,(«’)
satisfying (4), then p & J (K ; «).
Now we assume that p & J,(K; o). If there exists a weak polynomial
r & g,(a") ' ‘
7(z) = b2" + 02" 1 4 ...+ b,
satisfying (4) on K, then it is clear that the polynomial-
__ A m(z) — moz" + m_lzn_l . mt — 7(2) ';P(z) s

belongs to £,(«’) because we have

Z%kmk——zam by, +“k = E“mb + Z“m“k

=%+E=a¢—01
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On the other hand we have on K ether |m(z)| <|p(2)| or m(z) = p(z).
The latter equality can hold in at most # — » — [ points of K, since other-
wise, if . :
m(Z) =j)(2), z EZZ = {2’;‘}i, CK: Z> " —7,

then by (3) it follows that the system of linear equations

Z“ik(mk—ak)zo: i=20,1, ...,7,
k=0

24 Hm, —a) =0, =12 ...1
k=0
has only the trivial solution, ie. m(z) = p(2) = 7(2).
Some of the points z € Z;,, may be common zeros. Assume

Zl = UsU Vt: Us = {ui}i: Vt = {vj}tl:
so that -

miz) =p() =0, 2 U,
m(z) = p(2) =20, z&7V,
Then we have
2(2) = p{2)u(z)
m(z) = m,(2)u(2),
where

u(z) = IS'I (v —u;)) = + Byl .+ B..
- -1 '
If
my(z) = A" 4+ di2" T 4 L ds

Pi(z) = ¢ 0T L e
then, since the coefficients Bj, B,, ..., B, must satisfy the equations

Mo = d,
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(where B,= 0 for k > s), the coefficients dg, d, ..., d,_, satisfy the con-

H—s

ditions -
BiOdO + Bildl + see + Bi, n—sdn—s- = &, 1= O, l, cee, ¥, (5)
By = wyj + oja Br+ .o 4 o4 B (6)
Because m, p &9,(«"), it is clear that the coefficients ¢o, ¢y, ..., ¢,y
satisfy the same conditions (5), i.e.
Bioto + Balr 4+ -+ F Bines Cps =5, 2 =0,1, ..., 7 (5)

Now if £ =0, then clearly m UK ; p; «), and therefore p & ’
% Y,(K; of), is a contradiction.
Assume ¢ > 0, then we have

mi(z) = pi(2) =0, z@ 'V,

lmi(z)] < |p.(2)l, z €K —Z,

We denote by &,_(p") the class of polynomials of degree # — s with
coefficients satisfying the homogenous conditions (5) (i.e. «, =0, 7=
=0,1,...,7). Let I 2,_(p) be an interpolatory polynomial satisfying
the conditions '

Wop) = my(vg) = p1(v;), 7 =1,2, ..., ¢4 A ®

Such a polynomial exists, because by (3) and s+t <<n —v7 — 1
it follows that there exists a polynomial '

of degree <, satisfying the homogenous conditions (2) (i.e. ;=0
1=20,1,...,7) and

ho;) = my(vj)u(v;), =12, ..., ¢

Then by (5)—(B) it is clear that ! &%, (") and [ satisfes the condi-
tions (8).
It is clear that my(2) — I(2) &¢,_, (B") and

0-= my(z) — U2)| < |ps(A)], 2 &V,

From continuity it follows that the same inequality would hold for
an open neighbourhood ¢ of V,. Hence we have for all ¢ & ]0, 1[ and
all 259

|ma(2) — el(z)] = lelma(z) — i(2)] + (1 — e)ma(2)] < [Pa(2)]- 9

On the set K —°¢ |J U, we have iml(z)l'< |p1(2)|. But obviously
if z g U, is not an isolated point of K, then |m,(2)] < |p.(2)|. Therefore
we can have |m,(2)| > [p4(2)| only for z & V, U U,, where U, C U, is the



DEFINITION OF LINEAR RESTRICTED INFRAPOLYNOMIALS 69

subset of U, of isolated points of K. Hence on the compact set K — U, — ¢
we have |my(2)| < [p1(2)], therefore if e, is sufficiently small, then

|my(2) — egl(2)| < |p1(2)] for z & K — U, — . (10)
From (9) and (10) we obtain
lmy(z) — edl(2)] < [pa(2)], for z & K — U,. (11)
But clearly m;(z) — l(2) € 8,_,(p’), hence

q(2) = [maz) — edl(2)] u(z) & 8, ().

The polynomial g & U(K ; p; «f), because |g(z)| < [p(2)] everywhere
in K except at their common zeros 2y, 2, . .., z,. Therefore p & %,(K; ),
l.e. a contradiction. This completes the proof of theorem.

This theorem permits us to give an alternate definition, more satis-
factory, to #-restricted infrapolinomials, when the matrix (oc,-k) is an inter-
polatory matrix on K.

DeriNiTION 3. Let (ay), ¢ =0,1,...,7;k=0,1, ..., n be an inter-
polatory matrix on K. The polynomlal p =¥ (af) is called a r-restricted
infrapolynomial on K, if for each other polynomial q &%, («) there
exists a point z,& K so that

1g(zg)| > 1P(zq)1-
Remark 1. If

1
Ay

000...1..4,)

then the class Z,() coincides with the subclass 2,(4,, 4,, ..., 4,) of

polynomials of degree # with prescribed first # 4- 1 coefficients 4, = 1,
Ay, ..., 4, Because the matrix «f is obviously an interpolatory matrix,

the theorem rests true in this case too. This is the result of M. Zedek [9].
' Remark 2. If

CSCO_I 1. Wy

' 1" wn—1
a':OL;—: Cll ...1w1

1
¢ ... 1 w,

where o, &y, ..., {, are » 4+ 1 distinct points in the z-plane, the class
Z,(oj) coincides with the class of polynomials of degree < satisfying the
interpolatory conditions

PGy =w, 7=0,1,...,7
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If {3} K = @, then it is clear that «f is an i'nterp({latory matrix
on K and, therefore the Theorem rests true in this case too.
When 7 = #», then the class 2,(o) contains a single polynomial — the

interpolatory polynomial of the degree <{# on the knots ¢, &, ..., g,.
(Received December 1. 1971}
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ASUPRA DEFINITIEI INFRAPOLINOAMELOR LINIAR-RESTRINSE

(Reiumat)

Fie K o mnultime compacti din planul complex ce- contine cel putin #» — » puncte si

3

fie €,(a’) clasa polinoamelor de forma

&) = apz™ + a1+ ... - ay (1
al cdror coeficienti verificd conditiile liniare
. Cio@o + %58y F o F apan =5, 1=0,1, ...,7r<m, . (2)
in care matricea of = (o, «;) formati din flumere complexe este datd si de rang (o) =7 4 1,
Z o] #£ 0. .
1Un polinom p & 8,(«’) se numeste infrapolinom r-restrins pe multimea K dacid nu
existd nici un polinom adjunct lui p pe multimea K (care verifici conditiile I—1II).
Un politom g € &,(«’) se numegte polinom atenuant lni p & €,(«") daci

Vze K= lq()] < 1)

Evident ci un polinom p care nu admite nici un polilom atenuant pe K este un infra-
polinom pe XK. Reciproca insi nu este adevirati, adici existi polinoame care nu admit
nici un polinom adjunct pe K (adici sint infrapolinoame pe K) si totusi admit polinoame
atenuante pe K. In prezenta noti se arati ci daci matricea of este interpolatoare pe K (Defi-
nitia 2), atunci un polinom p & §,(a’) este un infrapolinom z-restrins pe K daci gi numai
dacd nu admite nici un polinom atenuant pe K.
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OB OINPENEJEHUH JIMHEMHO OBYCJIOBJIEHHBIX UHOPAIIONTMHOMOB
(Peswome)

Tlyers K — KOMIAKTHOE MHOMECTBO KOMIIIEKCHOM IIOCKOCTH, CONEP Kalell He MeHee n—¥
TOueK ¥ NycTh &,(«f) — Kjacc NOJHHOMOB BHJA:

ple) =ag @+ L Ay 1),
KO3((UIEEHTE KOTOPHIX YAOBJETBOPSIOT JIMHEHHEIM YC/IOBHAM
Giol -+ indy + o ooy =ay =01 .., v <n (2),

rie MaTpuua of = (o;p, o;), COCTaBJeHHas M3 KOMIIEKCHBIX YHCEN, lana A rang () =7+ 1,
Z o] # 0.

[lonuuoM p & €,(af) HA3LIBAETCS #-OGYCJIOBJIEHHEIM HMH(PATOJHHOMOM HA MHOKeCTBe K,
€CJIM P He HMeeT afbIOHKTA Ha MHOXKecTBe K (T.e. IOJIMHOM, KOTOPHIL yJOBJIETBOPSET YCIOBHAM
I-1D).

ToanroM ¢ €. 8,,(¢f) Ha3bBaeTCA CMATYAIOLAM NOJIHHOMOM VIS p € 8,(af), ecu

Vz e K=l < P

OueBHIHO, UTO TONHHOM P, KOTOPHIHl He HMeeT HHKAKOrO CMSTHAIOLIEro MOJHHOMA HA K,
siBasercs undpanomusomom Ha K. Oxmaxo o6paTHOe yTBepKAeHHe HecnpaBeJyIHBO, T.e. CYIHec-
TBYIOT TIOJHHOMEI, KOTOPblE He IONYCKAlOT HHKAKOrO a{bIOHKTAa Ha K (1. e. sBasiorcs undparo-
quHoMaMu Ha K) M BCE 3Ke HMeIOT CMsAryalollke NOJHHOMBI HA K. B HacTosimelt 3aMeTKe oKasa-
HO, UTO €CJIK MATPHIA of ABjsiercst HHTepronupyomeit na K (Onpepenenue 2), TO TOJHHOM
p € 2,(af) sBNSETCS r-06yC/IOBAeHHEM HHbpanoauHoMoM Ha K, Torja M TOJNLKO TOrAa, Korza
OH He UMeeT HHKAaKOFO cMsrdaiomero nosunnoma Ha K.



FORMULE DE CUADRATURA DE TIP SARD

GH. COMAN

Fie W{ (M,; 0,m) clasa functiilor f:[0, m] — R si care au pe inter-
valul [0, m] derivata de ordinul » — 1 absolut continui iar derivata de
ordinul 7, f, satisficind condifia ||f")|, < M,.

Se considerd formula de cuadraturi

”

| f9dx =32 4, f(B) + R, L1, M
) = :
unde 4,, (=0,1, ..., m) sint parametri nedeterminati.
Se pune problema determindrii parametrilor 4,, (¢ =0,1, ..., m)

astfel incit formula de cuadraturd (1) si ‘aibid gradul de exactitate » — 1
si
E,(WO(M,;0,m); 4) =  sup  |R,[f]

fGW(L',), (M'; O,m)

sd ia valoarea minimi. Formula de cudraturi corespunzitoare se numeste
optimald pentru clasa de functii: W(L'z(M,; 0, m), iar coeficientii ei, coefi-
cienti optimali.

A. Sard §i L. S.Meyers ([8], [5]) au stabilit formulele de

" cuadraturd de tipul (1) optimale pentru clasele de functii WM, ; 0, m)

In urmétoarele cazuri: » = 1, m oarecare; r = 2, m < 20; m = 3, » < 12;
r=4, m < 9.

In aceasti noti se trateazi cazul » — 2 si m oarecare si se dd o for-
muld de recuren{i pentru calculul coeficientilor optimali.
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Procedind ca in [1] se obtine

E(WE(M,; 0, m); 4,) = M, ( S @2(x)d%)%, (2)
0
unde
m—1
o) =2 =¥ A=),

lar #, = x dacd ¥ >0 si x, =0 dacid x» <O0.

In felul acesta problema considerati s-a redus la determinarea mini-
mului integralei ‘

J= S@z(x)dx
0
in raport cu parametrii 4,, (=0, 1, ..., m), cu legiturile
oAy =m, X kA=,
k=0 k=0 2

impuse de faptul cd formula de cuadraturd are gradul de exactitate egal
cu unu. :

Folosind metoda multiplicatorilor lui Lagrange, sintem condusi, in
urma unor calcule simple, la sistemul de ecuatii

64,+ 4, =7
44, + 4, =
A; + 44, + 4, =6
Am—3 + 4Am—-2 + Am-—-l . = 6 (3)
Aps+ 44, + 24, — 62, =6
A0+A1+ ' +Am =m
: Al + + 7”Am = %2'
' =0

7\1 + m 7\'2

Determinantul acestui sistem fiind diferit de zero, rezulti cd el admite.
solufie unici. Prin urmare formula optimald existd si este unicd. Folosind
proprietatea ci coeficientii optimali sint simetrici (vezi [6]), adicd 4, = 4,
Ay = A, _,, ... sistemul (3) devine '
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{64,+ 4, -7
44, + 4, = u

’ s @

) 4, + 44, + 4, =6

. Apg + 44, 1 4 4, =1
\ 24,_, + 44, =.6
dacd m este un numir par, adici m = 2p si

(64, + 4, =21
44, + 4, =151

/- : :

'y Ay + 44, + A, —g

. Ajz_z -+ 4Ap_1 'f‘A Ap =6 -

dacd m este impar, adici m = 2p + 1. :
Acest sistem se rezolvd relativ usor folosind formula de recurenti

Ao =6—44,, — 4, (k=1,2,...,p—92), - (6)

unde
- 7 17
A, = 7 64, A4, = 24A0— ?'

Cu ajutorul acestei formule de recurenti se determini parametrii 4 o
{k=1,2, ..., p) in functie de A,. Pentru determinarea lui A, se folosesc
ultimele ecuatii ale sistemelor -(4) sau (5) dupd cum m este par sau impar.

Formula (6) se aplicd cu succes pentru m > 4. Pentru m — 2 sim=3
se foloseste sistemul (3) si se obfine A, = A,= —Zi , A= %’ respectiv

Ag= A, — % A, = 4, =i_; . Pentru m = 1, coeficientii A, = A, — %
se determind din condiiile ca gradul de exactitate al formulei si fie unu.
Deasemenea, introducind valorile coeficientilor optimali in (2) se obtine
Testul formulei optimale corespunzitoare. - :

Cu ajutorul formulei ‘de recurenti stabilite se regisesc rezultatele lui
A. Sard si L. S. Meyers [5] pentru m < 20. Ea permite insi cal-
culul, relativ ugor, al coeficientilor optimali pentru orice m. In tabelul
ce urmeazd sint datfi acesti coeficienfi pentru 20 < m < 30.
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m 21 22 23 24 25
1/p 1432070 3912488 5344558 14601604 19946162
Agp 564719 1542841 2107560 5757961 7865521
Agp 1623931 4436662 6060593 16557848 22618441
A0 1380661 3772036 5152697 14077430 19230127
Asp 1445845 3950122 5395967 14742056 20138023.
A0 1428379 3902404 5330783 14563970 19894753
Agp 1433059 3915190 5348249 14611688 19959937
dgp 1431805 3911764 5343569 14598902 19942471
Aqp 1432141 3912682 5344823 14602328 19947151
Agp 1432051 3912436 5344487 14601410 19945897
Agp 1432075 3912502 5344577 14601656 19946233
Asep 1432069 3912484 5344553 14601590 19946143
Aap 3912490 5344559 14601608 19946167
Asgp 14601602 19946161
m 26 27 28 29 30
1/e 54493928 74440090 203374108 277814198 759002504
Ao 21489003 20354524 80198051 109552575 209303201
Asp 61794730 84413171 295221072 315034243 860689558
Ao 52537684 71767811 196073306 267841117 731755540
Agp 55018102 75156125 205330352 280486477 766303306
Ao 54353476 74248229 202849934 277098163 757046266
Agp 54531562 74491499 203514560 278006059 759526678
Agp 54483844 74426315 203336474 277762789 758862052
Aqp 54496630 74443781 203354192 277827973 759040137
Agp 54493204 74439101 203371406 277810507 758992420
Agp 54494122 74440355 203374832 277815187 759005206
Aggp 54493876 74440019 203373914 277813933 759001780
Aup 54493942 74440109 203374160 277814269 759002698
Agp 54493924 74440085 203374094 277814179 759002452
Agp 54493930 74440091 203874112 277814203 759002518
Ayp 203374106 277814197 759002500
Assp 759002506

(Intrat in redactie la 16 tunie 1971)
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KBAIIPATYPHBIE ®OPMYJIbl THUIIA CAPI

(Peswowme)

B [3] u [5] 6bun ycranoBaenn KpanparypHbie ¢dopmynrr THnA (1), HMelOIMe CTEleHb TOY-
HOCTH 7 1 ABJSIOUHECS ONTHMAJbHBLIMHA B KJacce QyHKIHI W(L’: {M,; 0, m) nastcnywast v = 1,
¥ — NPOUSBOJIBHBIE; 7 =2, m << 20; r =8, m <<12; » = 4, m=<<9.

B nacroawe#t paGore paccmarpuaetcs cayya#l ¥ = 2'M m — NPOMSBONBEBIE M gadTca
OpMyJia PeKYPPEHTHOCTH JJIsi BBIUHCAEGHHS ONTHMAJIBHDIX Ko3hhHIHEHTOB.

SARD TYPE QUADRATURE FORMULAE

(Summazry)

Quadrature formulae of type (1) have been established in [3] and [5], having # exacti-
tude degree, optimal on Wg: (M,; 0, m) class of functions in cases v = 1, m optional ; » = 2,
m<<20; 7y =38 m<<12; r=4, m<<9.

The case » = 2 and m optional is discussed in this paper, a formula of recutrence being
given for the calculation of optimal coefficients.



ASUPRA DETERMINARII TEMPERATURII IN JETURI VISCOASE
SEMIMARGINITE : '

P. BRADEANU si $T. MAKSAY

1. Introducere. Problema dinamicd a propagirii jetului incompresibil
semimérginit¥,pe una din fetele unei plici semi infinite care are in bordul
de atac o sursd, este studiati in lucrarea {1] cu ajutorul variabilelor si

ecuafiei lui Mises din teoria stratului limitJ.
Pentru repartifia vitezei » in jet se obtine formula:

_1/% (/2 5
=\ Ee . ot = (|2 -2 (x)
(n = Y(Ewx),” V0, = 2,515, 7% /6 = 1,054), (b
ca urmare a integririi ecuatiei diferentiale ordinare: ‘
26" + m9" + 29 =0 (3)
e .
#(0) = 0, o(1s) = 0, {ujdy = E, (dat @)
: 0
* Notatii: . :
% 4, variabilele lui Mises din stratul limiti -
¢, functia de curent
%, viteza locald a jetului in directia plicii

variabild de automodelare dati de (2)
E, 8, ;. constante date (conditii integrale de conservare)
P, functia vitezei », dati de (1 . .
.V, p, cp, coeficientii de viscozitate dinamici si cinematici, densitatea si cildura

specificd (v = p/p)
A, . coeficientul de conductibilitate termici
6 = pcp{d, numirul lni Prandtl -
T, © temperatura absolutd in fluid . o
4 =cpT, entalpia unititii de masi a fluidulni
k, 1 ~ functii ‘introduse in formula (3)

71 . . : ol
w, 0. * ' (ifidici) indicd valori pe placi gi, respectiv, pe frontiera exterioari -a stra-
_ . tilni 1imit - : - y o
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fn lucrarea de fatd, folosind aceste rezultate, vom studia unele probleme
termice care se pun in legiturd cu propagarea, dupd modelul de scurgere
cu strat limitd, a unti jet de fluid viscos incompresibil de-a lungul plécii
plane. Aceste probleme se referd la determinarea analiticd a temperaturii
cu ajutorul variabilelor si ecuafiilor lui Mises.

2. Formularea si ecuatiile problemeclor. Se considerd o placi semi
infinita, asezatd pe partea pozitivd a axei Ox(x > 0), si se presupune ci
spatiul inconjuritor este umplut cu un fluid viscos incompresibil in repaos.
Tn virful plicii (» = 0) se géseste o sursd punctuald din care igneste un fluid,
de aceeasi naturd cu cel din spatiul inconjuritor, care se miscd, sub forma.
de jet, pe una din fefele. plicii (de exemplu y > 0). Vom presupune, de
asemenea, c4, in condifii care urmeazi sd fie precizate, temperatura jetului
este diferitd de aceea a fluidului inconjurdtor.

Vom admite ci miscarea jetului satisface ecuatiile stratului limitd
termic care, in raport cu variabilele lui Mises (%, ¢), au urmitoarea formi

(3].

?ﬁ=vi(u9ﬁ) (1)
ox ad oy .

18  {ouye 1 @ & '

1o _ o, 9

) % “(a¢)+ca¢(“a¢) )
(u=£, Y = —ﬂ, v=2 = const.)

dy 0% p

unde u(x, ) si i(x, J) reprezintd necunosctitele principale ale problemei.
Aici, ecuafia dinamici (1) este independentd de ecua}ia energiei (2). Studiul
ecuafiei energiei (2) este dependent de rezolvarea ecuatiei (1).

Problema fundamentald, in aceastd lucrare, este determinarea ental-
piei (%, §), sau a temperaturii T(x, {), in interiorul jetului. De aceea, ne

vom indrepta atenfia asupra ecuatiei energiei (2) pentru care ciutdm o
solutie de forma )

i(x, §) = i1(W)h(x, 1) + ie, 0= G(Eyx)H )
unde A(x, 7) este noua funcfie necunoscutd principald iar 4,(x) este o functie
arbitrari care urmeazd si fie determinati (¢ = comst.).

Tolosind formula (8), calcule elementare transformd ecuafia energiei
(2) in urmitoarea ecuatie, necesard pentru determinarea functiei A(x, 7):

1 0 ( 0k n Ok on diyldx Ey, 19
— —|e= 2P _ gy B2 =~ — 4).
c O ((Pan) 4 0n ox %y V¥l *e ( )

care contine funclia ¢(4) datd de formula (1') si functia necunoscutd ¢; (%).

Pentru a determina functia 4,(%) se vor folosi condifii suplimentare,
conditiile integrale termice de conservare (invarianfi -integrali termici)
care reprezinti constanja anumitor mirimi exprimate prin integrale. Prin
urmare, la ecuafia (4) sé vor ataga, pe lingd conditiile la limitd, si conditii
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integrale termice de conservare. In timp ce conditiile la limitd exprimi
concordanta fenomenului studiat cu comportarea sa exterioard cunoscuti,
conditiile integrale asigurd solufii nebanale, permit indeplinirea unor con-
ditii de automodelare (obfinerea unor ecuatii diferenfiale ordinare) si deter-
minarea diferitelor constante. In raport cu conditiile la limitd particulare
date si conditii de conservare corespunzitoare vom studia determinarea
temperaturii in cadrul a doud probleme.

3. Placa are temperatura egali eu a fluidului exterior (miscare nedisi-
pativd cu ¢ = 1). In acest caz, la ecuatia energiei (4) asociem condiiile
la limitd

i(x, 0) = 1,, 1%, Vo) = tn, Iy =1l (5)
(debitul ¢, =¢ o0, u(x, 0) =0, u(x, $) = 0)

In aceastd problem# termicd o conditie integrali de conservare se deduce
astfel : se inmulteste ecuatia energiei (2) cu ¢d¢, se integreaza ecuafia pri-
mitd, intfi in raport cu ¢, dela ¢ = 01la ¢ = ¢, si apoi in raport cu x de la
x=01a x = x.

Conditia integrald de conservare se poate pune in urmitoarea formi
(¥ este o mérime data):

q’oo x wm ‘pm

%S)(im — 1)ddd +§dx§u[§_:)2¢d¢ ——i—de§ ({e — %)du = conmst. E:(j |
6
.("’;‘Pd[u%‘ = ug_fw_|_¢‘§%d (o — 1) = _Q'S" 6. _‘1')‘1%)
0 o 0

Condifia integrald termici de conservare (6'), dacd se folosesc (1') si (3),
se scrie in forma :

Neo Ny z o —

Vx4 (%) S Tondy +%(?) S ¢ 9" ndn — %S%(S @'hdn)dx=— g EL
0 0 0 0 ¢

(6)

Ne vom mdirgini la cdutarea solufiilor automodelate (similare) de forma
h = h(v), care pot exista, dupi conditia integrald (6), numai dacd miscarea
este nedisipativd (ceea ce este admis in fluidul incompresibil) i dacd ludm

21(%) = ¢x~12 (¢ = const.) A (7)

Se cere, deci, si se determine functia &(x, %), in domeniul ¥ > 0510 < n <
< Mo, definitd In modul urmétor:

h =0 pentru x =0 i & = h(xn) pentru x>0 (¢ > 0)

6 — Mathematica—Mechanica 2/1972
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care satisface, dupd (4), (3), (5) si (6) cu o = 1, ecuatia si conditiile

4(oh') + 7l + 2 =0 ®)

B0) = h(nw) = 0; (¢(0) = ¢(1.) = 0) _ (9)
< ((dx e 137 _ _ N ‘

¢ (Shndn _{S;) §<p/uzq - J_ = (10)

Integrala generald a ecuafiei (8), luind in considerare si (3), are forma
h(n) = o(4 + BF) (11)

unde 4 §i B sint constante de integrare iar F(f), ¢ = \/9/n., are expresia

F(¢)=S<P‘3[1—(l)3/2]dn=ss L— 0 ZT)wtdt:z'sag a = 

Mo 7, Bl — ) 7%, Ve — o
2.6 1 # 2, 1—8# 4 2 4+ 1
= _— A+ Zin — ——arct, — ] const.
% [ ¢ +3(1 —8) T 9 (1—g 3Y3 € V3 T

- Se poate arita usor cd: T
a) Wronskianul W (¢, ¢F) al solutiilor particulare ¢ si oF este diferit
de zero (neidentic nul) pentru ¢ & [0, 1], deoarece :

’ 7 7 6
W(o, oF) = @[(¢F) — ¢'F] = ¢?F' = —

co]

In c'onsecinj:é, functiile ¢ si @F formeazi un sistem fundamental de
solutii. ’ '

b) lim (oF) = — 228 i (oF) = 2-&

0 'Ijﬂo t—1 377?0

Pentru a satisface conditiile la limitd va trebui, deci, ca B = 0. Deoarece
2;(%) confine constanta ¢ in forma entalpiei (3), se va putea lua 4 = 1.
Prin urmare, solutia care s corespundd conditiilor la limitd este, dupid (11)

’

b= g(n) (12)

unde functia o(y) este datd de formula (1').

Conditia integrald termici de consrevare (10), care urmeazi si fie veri-
ficatd cu solutia (12), permite determinarea constantei ¢ in forma
| - o
EoZ_JV‘m:_J v - 13)
N | E,

T

¢ndn

O Ly
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Repartifia entalpiei (temperaturii), folosind (3), (7), (12) si (18) va fi
datd de formula ,

— ) =14, — I\ = l—_"i) 14
(x N) = 1y J\/on 1, — 1,054 \/on( by (14)

1¢ == CPT 'l CpTw, g = 1)

Observatie. Daci miscarea este nedisipativd gi numdérul lui Prandtl
¢ = 1, ecuatiile (1) si (2), ca si conditiile la limitd (5)—(5’), primesc forma
identicd

[_6_ — vi(u—a—)]Z =0, unde Z=wu gifsau ¢ —1,
ox ol ay

Z(x, 0) =0, Z(x, o) =0, (¢, = const.)

care arati ci profilul de temperaturd este asemenea cu profilul de vitezi.
Avem, deci, solutia ¢ = Ku + 7,(K = const.). Pentru a obtine solutia
nebanald (K =¢ 0) vom folosi conditia integrala (6’) care, in acest caz, se
reduce la '

_— |
1 - I
_TSKu¢dq}—J=>K_ . -
° : S'm};dqj
J.

Distributia éntalpiei (temperaturii) va fi datd de formula

=1, ——J——u—ﬁ —J\/
on

care coincide cu (14). In acest procedeu de rezolvare a problemei nu s-a
‘facut nici o referire la solutii automodelate prin intermediul ecua];nlor m1§-
carii sau a conditiei integrale de conservare (6')."

-4. Plaea este izolatd termic (m1§care nedisipativd cu o= 1. 84 pre-
supunem cé jetul incompresibil semiméarginit pe placa plani satisface urmi-
toarele conditii: 1. placa este neconducitoare de cilduri, 2. fluidul din ex-
teriorul jetului este in repaos la temperatura constants, dats T4, 3. stratul
limitd este nedisipativ si 4. o= 1.

Pentru determinarea temperaturii in jet folosim expresia (3) in care
functia necunoscuti % satisface, dupd (4), ecuatia si conditiile

19 o l gl_L _ L Oh  dijdw g
¢ O ( ] + ()'q % Ox o iy h 0 (15)
% (%, 00 =0, k(% 1.,) =0 (16)

071

,
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La aceste ecuafii vom adiuga o condifie integrald termici de conservare.
Integrind ecuatia energiei (2) in raport cu ¢ dela ¢ = 0la ¢ = ¢, se giseste
imediat, neglijind disipatia, urmdtorul invariant integral termic

. va

S (6 — i) db = 0

0

d
dx

< |~

sat
. g
o(E )i, S (%, v) dn = const. = J, (17)
0
care exprimi conservarea diferenfei de entalpie de-a lungul jetului.

Problema admite, dacd 4; = cx~'#, solujia automodelati % = A(y)
care satisface, dupd (15), (16) si (17), ecuatia §i conditiile urmétoare

(oh')' + = (ah) =0 | (18)

| W(O0) =0, hine) =0 : (19)

o (M an=—2 (20)
° p(Ew)

Integrind ecuatia (18) cu conditia h(n.) = 0 [existd si condifia A'(7e.) = 0]
gasim ecuatfia :

oh' + —;1 nh = const. = 0 (21)

Integrarea acestei ecuatii, daci se convine ca pentru constanta de integrare
sd se ia valoarea K = 1 (in formula entalpiei (3) constantele apar in forma
produsului ¢K), conduce la solutia

) = [1— (=] (22

Moo

Pentru a determina constanta ¢ din eipresia functiei 7;(x) folosim condii:ia
integrald (20). Avem valoarea

c = ‘71 1 = .71 1 = —

1)

(o) " o(E) g, o Mo
{ par jo—ma
0 0
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Distributia entalpiei (temperaturii) ¢ = ¢, T este dati, dupi ('3),. de formula

. . 1 AL
i o)) = —t— [1 - ] +i, (23)
P S (1 — P2)% )

0

Temperatura T, a plicii se obtine din (23), in care se face 4 = 0, in forma

T, (%; o) = —21 o ! + T, (24)
POy Mg (Eqv#)
S (1 — 22

0

Aceastd formuld evalueazd Incilzirea adiabatici a plicii.
Aplicarea formulelor (23)— (24) presupune evaluarea integralei binoame

A(s) = S(I — ) gt

pentru diferite valori ale parametrului 6. Avem

A1) =060, A(2) =045 A(1/3)=2(_= g, —
(1) () (1/3) §u+ﬂy

-]

2 dz 47
= — —_ —— 0,81 ; t = 1 z3 —2/3
3§1+ﬁ v (= (1 +2)72)

In alte cazuri integrala 4 (o) se poate calcula cu ajutorul desvoltdrii in serie
de puteri. Se gisesc valorile

> no',c—l...cr—- 2
Afe) =1+ (~1) ( ’nf ”*’3”2

21 21.85...2n—3) 2
A(12) =1 -1 — ~ 0.7
(1/2) “5 ,; 2% . g 3n 4+ 2 0.75

_q_afl S 159...@n-7 2 |
A@B/4) =1 3(10 22 ey .3n+2)~0,67

(Intrat in redactie la 16 iunie 1971)
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OB OIIPEAEJIEHHMM TEMIIEPATYPBI B BSA3KHUX IIOJYOTPAHUYEHHBLIX
CTPYX

(Peswowme)

B cratbe onpepiesisieTcst B AHANMTHYECKOM BHJE, C TIOMOLUBIO NepeMeHHEIX Mu3eca H3 TeOpHU
NIOTPAHHYHOIO CJIOSI, pacnpefiesieHHe TeMNepaTypPH B CTPYe, PACHPOCTPAHSIOWENCS BAOND IJIOC-
kol nnactuukM. Ilpeanonaraercs, 4To CTPYs SIBISIETCS BS3KOH W HECIKUMAEMOH ¥ YTO OKDPYIKA
IoWwast KHAKOCT: HAXORUTCSI B COCTOSIHMH ITOKOS NPH MOCTOSIHHOH TeMmepatype.

- SUR LA DETERMINATION DE LA TEMPERATURE DANS LES JETS
VISQUEUX SEMI-LIMITES

(Résumé)

Les auteuts de P'article déterminent sous une forme analytique, & l'aide des variables
de Mises, dans la théorie de la couche limite, la répartition de la température dans un jet
qui se propage le long d'une plaque plane. On suppose que le jet est visqueux et incompres-
sible et que le fluide environnant est en repos & une température constante.
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ALMOST COQUATERNION STRUCTURES

Abstract of the doctor thesis of Mathematical Sciences, prepaved by CONSTANTIN
N. UDRISTE, maintained at the Cluj University, om September 28, 1971.

The paper defines and studies a structure for some (4n 4 3)-dimensional manifolds
which is named almost coquaternion (metric) structure. This structure is composed of three
almost cocomplex (metric) structures which satisfy some relations and may be considered
as analogue to the almost quaternion (Hermitian) structute for (4n + 4)-dimensional manifolds.

The results are included in seven chapters whose contents are given shortly. Chapter I
gives some necessary and sufficient conditions for the existence of an almost coquaternion
(metric) structure. In Chapter II the author constructs and studies almost quaternion (Her-
mitian) structures on some product manifolds in which one of the factors is an almost coqua-
ternion (Riemannian) manifold. Chapter IIT describes those affine conmections which are
compatible with an almost coquaternion (metric) structure. In Chapter IV it is shown that
an orientable hypersurface of an almost quaternion (Hermitian) manifold has a mnaturally
induced almost coquaternion: (metric) structure and that an almost coquaternion Riemannian
manifold can be imbedded in a certain almost quaternion Hermitian manifold as a totally
umbilical or geodesic hypersurface. Chapter V gives some conditions under which an almost
coquaternion (Riemannian) manifold is the bundle space of a principal fiber bundle and investi-
gates some’ properties of this fibering. In Chapter VI it is shown that a certain subset of
all ®-transformations over an almost cocomplex compact manifold is a Lie group and some
implications of this fact are studied. Also one proves that every (4# -- 8)-dimensional Lie
group admits a left invariant almiost coquaternion structure. In Chapter VII the author gives
explicitly almost coquaternion (metric) structures on some manifolds.

President: Prof. PETRE MOCANU
Scientific leader: Prof. GHEORGHE TH. GHEORGHIU
Reviewers: Acad. Prof. GHEORGHE CALUGAREANU
Prof. FRANCISC RADO
Prof. CORNEL, SIMIONESCU.

CONTRIBUTII LA STUDIUL STRUCTURILOR DE INCIDENTA
BI- SI TRI-DIMENSIONALE

Rezumatul tezei de doctovat sustinutd la 13 martie 1971, la Universitatea ,, Babes-Bolyai” din Cluj,
de V. GROZE, pentru obfinerca tittului de doctor tn matematics.

In primul capitol se extindé metoda de coordonatizare datd de M. Hall pentru struc-
turi de incidentd care generalizeazi planul projectiv. Se generalizeazi insigi notiunea de struc-
turd de incidents, cerind unicitatea dreptei prin doui puncte numai pentru perechile de puncte
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agezate pe dreptele a doud {esuturi. Se introduc in acest fel prestructurile de incidentd i
prestructurile de incidenti slabe. Acestora le corespund structuri algebrice cu o operatie ternari
partiald. Tranzitivitdtile se definesc cu ajutorul unor aplicatii, numite perspectivititi slabe i
omologii, care pistreazi coliniaritatea numai a anumitor puncte. Ca si in cazul clasic, tran-
zivititile implicd in structura algebrici asociati proprietiti de reprezentare prin dou# operatii,
proprietiti de asociativitate §i distributivitate. In ipoteza umnor tranzitivititi, o'prestructuri
de incidentd slabd este scufundabili intr-o prestructurd de incidenti. ’

In capitolul II se studiazi structurile de incidentd de translaie, care generalizeazi planele
proiective de translatie. Tn timp ce acestora din urmi le corespund sistemele Veblen-Wedderburn
avind ca operatie aditivi un grup comutativ, la structurile de incidentd de translatie corespund
sisteme Veblen-Wedderburn generalizate, in care operatia de adunare inci formeazd un grup,
dar in general necomutativ. Se arati c# centrul acestui grup sau se reduce la elementul neutru
sau este egal cu grupul intreg. Se dau conditiile in care o structurd de incidentd de translatie
poate fi scufundati intr-un plan projectiv de translatie. Acestea se exprimi prin inchiderea
unor configuratii care se deduc din teorema mic3 a Iui Desargues. Se extind pentru structurile
de incidents de translafie rezultatele cu privire la nucleu i la structura de spatiu vectorial
peste nucleu al grupului translatiilor. Caracterizarea lui André a planelor de translatie prin
congruente se extinde cu ajutorul cvazicongruentelor. :

In literaturi teoria planelor proiective nu s-a gemeralizat la spatiul tridimensional, ciici
din axiomele de incidentd proiective rezulti deja teorema lui Desargues si se pierd analoagele
tuturor situatiilor in care aceasti teoremd nu este valabili.

in capitolul III, utilizindu-se generalizdrile notiunii de structurd de incidentd bidimen-
sionals, se definegte structura de incidenti tridimensionald ca o multime impreuni cu doui
sisteme de submultimi, numite drepte si plane care satisfac 11 axiome. Se introduc coordo-
nate si o operatie cvinard pe mul{imea de coordonate. In ipoteze d_e tranzitivitate operatia cu
5 argumente poate fi compusi cu ajutorul unei operatii aditive §i doui multiplicative, care
se reduc la una singuri in cazul unor ipoteze mai tari de tranzitivitate. Se extinde studiul
translatiilor §i a sistemelor Veblen-Wedderburn generalizate. Lucrarea se incheie cu o noud
caracterizare a spatiului proiectiv tridimensional.

COMISIA DE DOCTORAT
Presedinte: Prof. Dr. P. MOCANU .
Conducitor stiinpific: Acad. G. CALUGAREANU
Membyi: Prof. Dr. doc. D. V. IONESCU
Prof. Dr. doc. LASCU L. BAL
Prof. Dr. F. RADO.

CONTRIBUTII LA STUDIUL REZOLVARII ECUATIILOR
OPERATIONALE N SPATII SUPERMETRICE

Rezumatul tezei de doctorat susfinutd la 6 februarie 1971, la Universilatea ,,Babe.,s'—..Bolyai” din Cluj,
de S. GROZE, pentru obfinerea titlului de doctor tn matematici.

n lucrare se face un studiu privind rezolvarea ecuatiilor operationale neliniare 'i.n spatii
supermettice, continuind §i extinzind in acest spatiu rezultatele obtinute de citre unii autori,
Se aduc contributii la elucidarea unor probleme importante in studiul rezolvdrii acestor ecuatii,
prin metode iterative gi anume: construirea de metode iterative, stud}}ll conver_gentm broce-
deului utilizat, stabilirea conditiilor de existentd i de unicitate a solutiilor, studiul rapiditatii
convergentei, a ordinului de convergenti precum si delimitarea efectivd a eroril. .

Capitolul I este dedicat stabilirii notiunilor fundamentale care creeaza cadrul de studin
al lucrddi, fiind expuse rezultatele necesare din teoria operatorilor liniari §i a c?.lcululul (yfe—
rential in spatiile supermetrice. Se utilizeazi §i se precizeazd unele rezultate obtmutg de cétre
I. Collatz gi B. Janké. . R

Capitolul II prezinti rezultate privind metodele convergente de orldmul R, g?:t_u}zmd-u-se
notiunea de ordin de convergentd datd- pentru spatii liniar normate, in conditiile ‘spatiuluj
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supermetric. Studiul acesta se face — spre deosebire de I.. Collatz — in spatii supermetrice
nesupuse conditiei suplimentare de , L-supermetricitate’.

In capitolul IIT se studiazi rezolvarea ecuatiilor operationale cu ajutorul diferentelor
divizate generalizate, evitindu-se astfel utilizarea derivatelor in sens Fréchet. Se continui
studiul asupra diferentelor divizate efectuate de citre unii autori: B. Janké si Balazs
=~ Goldner, trecind apoi la studiul metodei coardei (si a variantei de tip Steffensen a ei)
gi a metodelor iterative de ordinul superior construite cu ajutorul diferentelor divizate (metoda
analogd metodei parabolelor tangente, respectiv analoga metodei hiperbolelor tangente.)

Capitolul IV este consacrat rezultatelor privind conditiile de existents a solutiei, respectiv
de convergentd a metodei folosite, utilizindu-se principiul general al majorantei formulat de
citre L. V. Kantorovici Astfel, pe lingd ecuatia operationald se consideri o ecuatie
reald majorantd si pe baza conditiilor de convergentd folosite pentru ecuatia majorantd se
stabilesc conditil de exigentd i convergenti pentru ecuatia operationali studiati. Dupi stu-
dierea din aceastd perspectivi a metodei aproximatiilor succesive, se cerceteazi in acelasi mod
si metodele expuse in capitolul IIT,

In capitolul V se utilizeazi rezultatele capitolelor precedente la gisirea solutiilor unor
clase de ecuatii diferentiale ordinare, ecuatii cu derivate partiale si sisteme de ecuatii algebrice,
spatiul supermetric in care au fost expuse rezultatele precedente facilitind, prin posibilititile
de alegere a normei, rezolvarea problemelor concrete propuse.

COMISIA DE DOCTORAT
Presedinte: Prof. Dr. P. MOCANU .
Conducitor, stiingific: Acad. G. CALUGAREANU .
Membri: Prof. emerit Dr. doc. D. V. IONESCU
Prof. Dr. doc. GH. PIC
B " Prof. Dr. B. JANKO.

CONTRIBUTII LA INTEGRAREA APROXIMATIVA A ECUATIILOR
DIFERENTIALE CU AJUTORUL FUNCTIILOR SPLINE

" Rezumatul tezei de dociovat suspinutd la 3 aprilie 1971, la Universitatea ,,Babes-Bolyai” din Cluj,

de GHEORGHE MICULA, pentru obfinerea titlului de doctor tn matematici.

In Iucrare sint aduse unele contributii la integrarea aproximativi a ecuatiilor diferentiale
cu conditii (initiale san polilocale) date, utilizind teoria functiilor spline. Solutiile aproximative
construite sint functii spline polinomiale care se arati ci converg citre solutia exacts, iar
derivatele lor pind la un anumit ordin, citre derivatele solutiei exacte.

Lucrarea contine o introducere gi cinci capitole.

Capitolul I este consacrat unei succinte sinteze a teoriei functiilor spline, enumerind dintre
numeroasele proprietiti remarcabile ale acestor functii numai pe acelea care sint utilizate
in capitolele urmitoare. Relatiile de consistenti ce caracterizeazi functiile spline permit stabi-
lirea legiturii intre metodele discrete ale multipagilor si cele date de autor.

Capitolul II contine metoda de constructie a solutiei aproximative spline pentri1 solutia
problemei lui Cauchy relativ la ecuatia diferentiali nelinjari de ordinul #. Se dau teoreme de
existentd si de convergenti a solutiei aproximative spline.

Capitolul III contine metode de aproximare prin functii spline a solutiilor sistemelor
neliniare de ecuatii diferentiale cu conditii inifiale studiindu-se §i convergenta acestor metode.

In Capitolul IV se dau noi metode de aproximare in care aproximatiile spline construite -
sint de grad 2m si de clasi C,,. Renuntindu-se la ordinul inalt de netezime a solutiei aproxi-
mative se obtin metode convergente oricare ar fi m.

In Capitolul V se dau metode de aproximare ale solutiilor uttor probleme bilocale pentru
ecuatii diferentiale neliniare de ordinul doi, cu ajutorul functiilor spline cubice. Se arati ci
solutia aproximativd construitd cu ajutorul functiilor B-spline existd in mod umic si converge
cétre. solufia exactd. - -
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Rezultatele cuprinse in tezi evidentiazi eficacitatea functiilor spline ca instrument de
aproximare a solutiilor ecuatiilor diferentiale prin faptul ¢ aproximeazi global solutiile exacte,
sint continue, derivabile si au remarcabile proprietiti de convergenti.

Rezultatele originale ale autorului, cuprinse in aceasts tezd au fost publicate in revistele;
Z.AMM., 52—3, (1972), pp. 189—190; Anal. St. Univ. ,,Al. I. Cuza” did Tagi, 17, (1971),
pp. 1839—155; Studia Univ. ,,Babeg-Bolyai” Cluj; Ser. Math.-mec. Fasc. 2, 1971, pp. 25—39;
Fasc. 1, 1972, pp. 21—31; iar o parte se afl§ sub tipar la revistele : Revue Roumaine de Math. :
Pures et Applig. Bucarest, si Journal of Approx. Theory.
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TEOREME DE CARACTERIZARE A SOLUTIILOR ANUMITOR PROBLEME
DY, OPTIMIZARE

Rezumatul tezei de doctovat sustinuid la 24 iunie 1971, la Universitatea ,, Babes-Bolyai” din Cluj.
de WOLFGANG WERNER BRECKNER, pentru obfinerea titlului de doctor in matematics,

Problemele de optimizare studiate in matematici pot fi incadrate intr-una din urmé-
toarele formuldri: - ’

Fie F o multime nevid} in care s-a introdus o relatie binara notatd cu < si &, @’ doud
submul{imi nevide ale lui F. :

Problema I: Si se determine un element a, al multimii & in aga fel incit in multimea
@ si nu existe nici un element ¢ cu proprietatea a < a,.

Orice problemi de acest fel se numeste problems de minimizare, iar solutiile i, elemente
minimale ale mul{imii &. ’ ’

Problema II: Si se determine un element aj al multimii @’in aga fel incit in multimea
@' si nu existe nici un element a’ cu proprietatea af <'a’.

Problemele de acest fel se numesc probleme de maximizare, jar solutiile lor elemente
maximale ale multimii &’.

Daci < este o .relatie binard in F si unei probleme de mirimizare i se poate ataga o
problems de maximizare in aga fel incit multimile @, @’ corespunzitoare si s€ bucure de
proprietitile :

1° un element a, & @ este atunci §i numai atunci minimal, dacj existd un element maxi-
mal a} & &’ pentru care are loc relatia a, <€ a;;

2° un element g} € @’ este atunci §i numai atunci maximal, daci existi un element
minimal @, € @ pentru care are loc relatia e, <€ a;;
atunci cele doud probleme de optimizare se numesc duale fatd de relatia binard <.

Scopul principal al lucririi de fat, care contine o introducere §i patru capitole, este de
a arita ci anumite clase foarte generale de probleme de optimizare din spatii vectoriale (res-
pectiv vectoriale topologice) ordonate sint duale fatd de o anumitd relatie binard.

fn introducere se prezinti un scurt istoric al teoriei dualitd{ii problemelor de optimizare,
iar in capitolul I aparatul matematic necesar in capitolele urmitoare. Capitolul IT este con-
sacrat expunerii unei teorii genmerale a dualititii, ale ciirei rezultate principale sint cuprinse
in doui teoreme de dualitate. Una dintre aceste teoreme este prezentati si sub forma unor
_ teoreme de punct-ga. ’

Capitolul IIT cuprinde particularizarea teoremelor din capitolul precedent pentru pro-
blema programirii convexe §i o generalizare a teoriei functiilor conjugate elaborati de W.
Fenchel Tot ca aplicatii ale teoremelor generale, stabilite in lucrare, se demonstreazd
criterii de caracterizare a elementelor minimale cu ajutorul subgradientilor, criterii care genera-
lizeaz} teoreme cumoscute din teoria celei mai bune aproximatii din spatii vectoriale normate.
Capitolul III se incheie cu o sectiune consacrati studiului sorilor fatd de functionale subliniare
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In capitolul IV se studiazi o generalizare a problemei celei mai bune aproximatii, consi-
derindu-se in locul normei o functionali de forma IIT()l], unde T este o aplicatie continui
a unui spatiu vectorial normat (Y, [|||) in el insugi. Ideea de bazd consti in definirea unei
proprietifi de regularitate fati de o multime de conuri si in demonstrarea wnui eriteriu de tip
Markov-Kolmogorov pentru multimi care an aceasts proprietate.

Bibliografia cuprinde 97 de titluri,

COMISIA DE DOCTORAT
Presedinte: Prof. Dr. PETRU MOCANU
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Membri: Prof. Dr. ELENA POPOVICIU (Cluj)
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PRELUNGIREA COLINIATIILOR DEFINITE PE O PARTE A
SPATIULUI PROIECTIV

Rezumatul tezei de doctorat sus’,tinutd la 6 martic 1971, la Universitaiea ,, Babes-Bolyai” din Cluj,
de ADALBERT ORBAN, pentru obfinerea titlului de doctor in matematici.

Problema principald studiati in aceasti tezd este urmitoarea :

Fie € i € multimile de puncte a doui spatii proiective generale, iar € o submultime
a lui 8. Se cere caracterizarea multimii @, astfel ca pentru orice coliniatie @ : € —» &’ si existe
o coliniatie f: P —» P’ cu proprietatea f|{C = @, cu alte cuvinte se cauts condifii cu privire la
* multimea € care si asigure prelungibilitatea coliniatiei @ pe spatiul intreg.

Se gtie ci dacd @ este format4 din trei drepte ale planutui proiectiv, o coliniatie ®, datd
pe ea, in general nu este prelungibili pe intregul plan. J. Aczél, W. Benz 5i M. A.-Mec. -
Kiernan an demonstrat in 1969 ci orice coliniatie dati pe patru drepte (nu toate concu-
rente) se poate prelungi pe intregul plan, iar ¥. Rado a aritat ci prelungibilitatea are loc
§i atunci cind € este formats din trei drepte si un punct nesituat pe ele.

Lucrarea generalizeazi aceste rezultate in mai multe privinte. In cazul planului proiectiv
desarguesian, in capitolul I al tezei se arati c3 daci @ este formatd din drepte concurente,
o coliniaie dati pe €, in general nu se poate prelungi, iar daci € este formati din punctele
unei conice, o dreapts si un punct, orice coliniafie datd pe @ se poate prelungi pe intregul plan.

Tot in cazul planului proiectiv desarguesian, in capitolul II, aplicind o metod# noud,
bazati pe proprietitile corpului de endomorfisme al translatiilor planului proiectiv se deter-
mind proprietiti generale de naturi geometrici ale unei multimi € de puncte oarecare care
asigurd prelungibilitatea oricirei coliniatii date pe ea. Particularizind aceste conditii, se gisesc
o serie de teoreme, fiecare reprezentind cite o generalizare a rezultatelor cunoscute. Deosebit
de simplu este rezultatul gisit in cazul unui plan projectiv ordonat.

In capitolul III se studiazi problema de mai sus in cazul unui spatiu proiectiv tridimen-
sional, respectiv gemeral.

Capitolul IV trateazi problema coliniatiilor neinjective (omomorfismele) definite pe o
.multime @ a planului proiectiv, precum si prelungibilitatea lor. .

Tinind seami de strinsa legiturd ce existi intre coliniatiile planului definite pe o mul-
time € i transformarea nomogramelor in puncte aliniate, capitolul V, cu caracter aplicativ,
trateazd mai multe rezultate ale autorului in privinta optimizirii nomogramelor cu ajutorul
coliniatiilor diferite pe scirile nomogratme;i.
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Sedinte de comunieiri

La sedintele de comunicidri organizate
in anul 1971 la Facultatea de Matematica-
Mecanici s-au prezentat urmitoarele refe-
rate:

8 ianuarie

Acad. prof. Gh. Cilugéireanu, In-
varianti de contractie in grupuri II.

Prof. dr. D. D. Stancu, Cercetiri rela-
tive la aproximarea uniformi a functiilor.

12 februavie

Prof. dr. A. Pal, Mecanica' cereascd i
modelul atmosferei terestre.

Lect. dr. M. I. Pop, Despre stratul li-
mitd nestationar tridimensional.

29 octombrie

Prof. dr. doc. Gh. Pic, Despre o teore-
mi a lui J. Thompson.

3 decembrie :

Conf. dr. M. T arini, Cercetarea mate-
matici la Universitatea din Pisa (Italia).

Lect. dr. Gh. Com an, Monospline bi-
dimensionale i formule optimale de cuba-
turd.

Participiiri la manifestiri gtiintifice inter-
nationale 4

11 noiembrie 1970—31 octombrie 1971.
Conf. dr. M. Tarini a beneficiat de o
bursd datd de statul italian fiind la Scuola
Normale Superiore din Pisa. In aceastd
perioadi a tinut conferinte din urmdtoarele
teme: ,,Cimpuri de vectori pe suprafete
compacte” §i ,,Fibrate vectoriale omogene
-pe spatil simetrice”.

18—31 martie. Conferinta de geometrie,
Waterloo (Canada). A participat Prof. dr.
Fr. Radésia tinut comunicarea ,, Prelun-
girea coliniatiilor”.

17—23 mai. Simpozionul international
. Variafia parametrilor atmosferei inalte
cauzati de activitatea solari”, Kazimierz
. (Polonia) A participatlect. dr. V. Ureche.

24—29 wmai. Simpozionul LU.T.AM. de
strat limitd nestationar, Qucbec (Canada).
A patticipat lect. dr. I. P o p.

27 mai — 11 junie. Prof. dr. A. Pal a
ficut o vizitd de documentare §i conferinfe
in U.R.S.S, in cadrul céreia a vizitat:
Moscova, Institutul Astronomic ,,P. XK.
Sternberg” de pe lingd Universitatea din
Moscova §i Consiliul Astronomic al Acade-
miei de Stiinte’a U.R.S.S., unde a iinut
conferinta ,,Despre lucrdrile Observatorului

Astronomic din Cluj” §i comunicarea ,,0
orbitd intermediari a satelitului Pédmintului,
construiti cu ajutorul metodei de mediere
a ecuatiilor migcirii”; Leningrad, Univer-
sitatea ;,Jdanov”’ — catedra de Astrono-
mie si Institutul de Astronomie Teoreticd
al Academiei de Stiinte a U.R.S8.8. §i Tul-
kovo, Observatorul Astronomic Central al
Academiei de Stiinte a U.R.S.S.

2—172 junie. Scoala de vari CIM.E. de
stereodinamici, Bressanome (Italia). Au
participat Conf. dr. A. Turcu si Lect. dr.
T. Petrild.

16 iunie. Colocviul , Metode numerice ale
teoriei aproximirii”, Oberwolfach (R.F.G.)
Au participat:

1. Prof. dr. I. Marugciac, Carac- '
terizarea matriciald a justapolinoamelor.

2. Acad. Prof. T. Popoviciu, Uber
die Approximation der Funktionen und
der Losungen einer Gleichung durch gua-
dratische Interpolation.

3. Prof. dr. E. Popoviciu, Asupra
unui procedeu de rezolvare aproximativid
a ecuatiilor.

4. Prof. dr. D. D. Stancu, Approxi-
mation of functions by means of a new
class of positive linear operators.

271 iunie. Acad. Prof. T. Popoviciu
si Prof. dr. E. Popoviciu au vizitat
Universitatea din Stuttgart (R.F.G) unde
au tinut respectiv conferintele ,,Uber die
Invarianz der Gestalt einer Funktion bei
Interpolation”” si ,,Einige Bemerkungen
bezuglich der besten Approximation mit
Nebenbedingungen”.

iunie. Congresul A IM.E.T.A., Udine
(Italia). A participat Lect. dr. I. Stan
care a tinut comunicarea ,Sulla strato li-
mito di diffusia”.

7—13 iumie. Conferinta anuald de fizicd
cosmici din cadrul programului INTER- .
KOSMOS, Praga (Cehoslovacia). A partici-
pat Prof. dr. doc. Gh. Chis.

15 august — 15 septembrie. $coala de vard
de matematici organizatd de WUNESCO,
Universitatea din Perugia (Italia). A parti-
cipat Lect. dr. Gh. Micula care a
tinut doui conferinte cu tema ,Integrarea
numericd a ecuatiilor diferentiale cu aju-
torul functiilor spline”.

13—17 septembrie. Scoala de vard , Ana
liza spectrali a operatorilor neliniari”’-
Babylon (Cehoslovacia). Aun participat Conf.
dr M. Balazs gi Lect. dr. I. Kolum-
ban. Lo -

12—18 septembyie. A IV-a Conferintd de
Teotia Probabilititilor, Bragov. A partici-
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pat Lect. dr. E. Fradtild care a tinut
comunicarea: ,.La méthode Monte Carlo
pour déterminer la solution des quelques
équations différentielles d’ordre superieur’..

19—21 semptembrie. Sesiunea stiintificd
a.Tineretului Matematic Balcanic, Bucuresti.
Au participat :

1. Asist. Gr. Cdlugédreannu gi asist.
H. Wiesler, V-triple in V—categorii.

2. Asist. Ro.d i ca Neagoe, Contri-
butii la studiul grupurilor cu multioperatori.

3. Asist. D. Trif, Teoreme de continui-
tate pentru functii subaditive gi citeva apli-
catii ale lor.

4. Asist. M. Frentiu, Asupra aproximi-
rii functiilor prin combinatii liniare de
operatori liniari pozitivi.

15 septembrie — 15 decembrie. Lector, dr.
T. Petrild a fost la o specializare in
Cehoslovacia la Universitatea din Praga,
Catedra de Analizi Aplicati, unde a tinut
comunicarea ,,A new method for computing
the influence of the walls on the ideal flows”.

20 octombrie — 20 decembrie : Conf. dr. I.
A. Rus a fost la o specializare in U.R.S.S.
la Universitatea din Moscova.

decembrie. Prof. dr. C. Kalik a vizitat
Universititile din Praga i Brno (Cehoslo-
vacia) unde a tinut conferinta: ,,Rezolva-
rea problemei lui Neumann cu metoda lui
Schwarz”.

Participiiri la manifestiri stiintifiee din
taria

- 2—3 aprilie. SESIUNEA DE COMUNI-
CARI A INSTITUTULUI POLITEHNIC,
Cluj. Au participat:

1. Prof. emerit Dumitru V. Iones-
cu, Citeva formule simple de cuadraturi.

2. Lect. dr. Paraschiva Pavel,
Asupra unei clase de formule de derivare
numerici.

3. Lect. dr. Gheorghe Coman,
Functii , monospline” generalizate si for-
mule optimale de cuadraturi.

4. Lect. dr. Gh. Micula, Integrarea
sistemelor de ecuatii diferentiale cu ajutorul
functiilor ,,spline”.

5. Conf. dr Ioan A. Rus, Teoreme de
punct fix de tip Banach-Kannan-Perov.

16—17 aprilie. SESIUNEA STIINTI-
FICA A ACADEMIEI, Cluj. Au participat :
"~ 1. Acad. Prof. dr. T. Popoviciu,
Despre comservarea alurii girurilor prin
operatia de convolutie.

2. Prof. dr. E. Popoviciu, Asupra
problemei celei mai bune aproximatii cu
restrictii.

2—3 aprilie. SEMINARUL DE TEORIA
ECUATIILOR FUNCTIONALE CLUJ. A
participat :

Conf. dr. A. N ey, Caracterizatea func-
tionald a elementelor spatiului I#(p > 1).

9—10 aprilie. SESIUNEA -DE COMUNI-
CARI A UNIVERSITATII ,BABES-
BOLYAI”, CLUJ. Au participat:

1. Yect. Dorina Borgsan, Aplicatii
o — continue.

2. Asist. Nicolae Both, Teorii de-
ductive i alegebre universale.

3. Acad. Prof. Gheorghe CHlu-
gireanu, Invarianti de conjugare in
grupuri. :

4. L,ect. dr. Gheorghe Coman,
Functii ,,monospline’”” de cea mai buns apro-
ximatie §i formule’ optimale de cuadraturi.

5. Lect. dr. Pavel Enghig, Asupra
spatiilor Ricci recurente.

6. Lect. dr. Elena Fritils, Evalua-
rea mdsurii de informatie pe baza wunei
selectii, &=

7. Asist. Militon Frentiu, Studiul
unor combinatii liniare de operatori liniari
pozitivi.

8. Lector dr. Victoria Groze, Ge-
neralizarea planelor de translatie.

9. Prof. dr. Toan Marugciac si
conf. dr. Marcel Ridulescu, Curbe
de eficientd pentru o problems de progra-
mare matematicid generali.

10. Prof. dr. Petru Mocaunu, Asupra
unei proprietiti geometrice in teoria re-
prezentdrilor conforme.

11. Asist.dr. Grigore Moldovan,
Asupra operatorilor convolutivi relativ la
functii de mai multe variabile.

12. Lect. dr. Béla Orban, Prelungi-
rea unei coliniatii definite pe o parte a spa-
tiului proiectiv #-dimensional.

13. Prof. dr. doc. Gheorghe Pic si
lect. dr. Toan Purdea, Ideale in inele
n-are.

14. Prof. dr. Francise R4ido, Izo-
morfismele grupului- de translatie asociat
unui plan de translatie.

15. Asist. Maria Schechter, Asu-
pra unor rezultate ale lui R. C. Lyndon.-

16. Prof. dr. Dimitrie Stancu,
Cercetdiri relative la aproximarea functiilor
cu ajutorul unor clase de operatori liniari
pozitivi.

17. Asist. Felicia Stancu, Asupra
aproximirii functiilor cu ajutorul unor clase
de operatori liniari pozitivi.
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18. Lect. Cormnel Tarti a, Asupra
grupului automorfismelor unui graf.

19. Asist. Angela Vasiu, Spatii me-
trice generalizate. ]

20. Lect. dr. Emetric Virag, Despre
o clasi de grupuri finite.

- 21, Conf. dr. Violeta Zelmer Un
analog al algebrei booleene.

22. Conf. dr. Martin Baldzs si
asist. Gavrild
existentei diferentelor divizate in spatii ab-
stracte.

23. Asistent dr. Wolfgang Breck-
ner, Asupra criteriului lui Markov-Kolmo-
gorov.

24, Tect. dr. Margatreta Frenkel,
Aplicarea metodei de mediere pentru stu-
diul sistemelor de ecuatii diferentiale cu
un parametru unic.

95. Prof. emerit Dumitru V. Io-
nescu, Extinderea la o formuld de cuba-
turi a unei formule de cuadraturi de tip
Gauss.

26. Gonf. dr. Carol Xalik, Despre
rezolvarea aproximativi a unor probleme
la limitd. i ’

97. Tector dr. Tosif Kolumban,
Asupra unor probleme de optimizare neli-
niard.

28. Asistent Luciana Lupas, Asu-
pra generaliziirii notiunii de functie stelarii.

29. Tect. dr. Gheorghe Micula,
Integrarea aproximativii a ecuatiilor dife-
rentiale .neliniare de ordinul doi cu ajutorul
functiilor. spline. '

30. Conf. dr. Toan Muntean, So- .

lutii aproape periodice pentru ecuatia osci-
latiilor neliniare.

31. Conf. dr. Andrei Ney, Unnoun
studin structural in multimea sirurilor nu-
merice. '

32. Lect. dr. Paraschiva Pavel,
'O generalizare a unei formule de derivare a
Iui Schwarz.

33. Prof. dr. Elena Popovicinu,
Teoreme de medie legate de cea mai bund
aproximatie cu restrictii.

34. Acad. prof. Tiberiu Popoviciu,
Asupra poligoanelor inscrise si circumscrise
unui arc convex. .

35. Conf. dr. Toan A. Rus, Teorem
de punct fix in spatii metrice.

36. Conf. dr. Ervin Schechter,
Evaludri interioare in integrarea numerici a
ecuatiilor diferentiale.

Goldner, Asupra’

37. Lector dr. Paul Szilagyi, Va-
riabile proprii ale unei clase de operatori
eliptici.

38. Conf.dr. Petre Briddeanu, Con-
sideratii asupra integriril- ecuatiilor stratu-
lui limita.

39, Prof.dr.doc.gt. Gheorghe Chig,
Variatia masei binarei ¥ Leonis.

40. Fizician Dorin Gh. Chig, De-
terminarea elementelor fotometrice ale va-
riabilei UX Ceti. o

41, Matematician Paul Horedt, Stu-
diul obiectivului cametei UFISZ—25—2 de
la Observatorul Astronmomic — Cluj.

42, Cercet. gt. Tiberiu-Oproiu
Influenta rezistentei atmosferei asupra peri-
oadei modale a satelitilor artificiali cu ex-
centricitdti mici.

43. Prof. dr. Arpad Pal, O noud
orbiti intermediari a satelitului artificial
al Pamintului (cazul rezistentei atmosferei),
construiti prin metoda medierii ecuatiilor
migedrii.

44. Lector dr. Toan Pop, Solutii ale
ecuatiilor stratului limiti nestationar tri-
dimensional.

45, Cercet. st. Vasile Pop, Varia-
bila scurt periodici BK Eridani.

46. Lect. dr. Titus Petriléi, Asupra
unor formule legate de influenta perefilor
in migcarea fluidelor ideale.

47. Tect. dr. Yoan Stamn, Unele pro-
bleme ale scurgerilor cu reactii chimice.

48. Cercet. st. princ. Ioan Todoranm,
Consideratii asupra determinirii migcérii
apsidjale lung periodice.

49, Lector dr. Vasile Ureche, Asu-
pra metodei lui Napier pentru reflexia
luminii in sistemele binare strinse.

15 mai. SESIUNEA DE COMUNICARI
A INST. PEDAGOGIC DIN TG. MURES.
Au participat :

1. Prof. dr. A. P &1, O orbitd intermediard
a satelitilor artificiali ai Pdmintului ce se
miged sub influenta presiunii luminii.

2. Lect. dr. Gh. Comamn, Monospline
generalizate de abatere minimi in L2 [a, b].

8. Lector dr. Elena Friatila O
metod} statistici ‘de derivare numericd.

4. Conf. dr. M. Baléazs, Asupra apli-
cabilitatii metodei coardei la rezolvarea
unor ecuatii integrale. .

5. Lect. dr. Gh. Micula, Functii spli-

_ne de aproximare a solutiilor unor proble-

me bilocale.
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6. Conf. dr. A. Ney, Rezolvarea unor

ecuatii functionale ce caracterizeazi suma-
bilitatea simpld si integrabilitatea impro-
Prie.

7. Lector dr. P. Szilagyi, Operato-
rul diferential al Ini Bitadze. '

8. Lect. dr. V. Ureche, Despre pier-
derea de lumini in cursul eclipselor stele-
lor binare strinse pentru o lege pitraticd
de intunecare spre margine.

9. Cercet. st. T. Oproiu, Asupra pe-
rioadei anomalistice a satelitilor artificiali
ai Pémintului.

10. Asistent. G. Goldner, Aproxima-
tii succesive pentru transformiri multivoce
in spatii uniforme. - .

11. Lect. dr. E. Virag, O generalizare a
sumei directe in grupuri en multioperatori.

12, Asist. Tleana Rus, Asupra poli-
noamelor prime intre ele. -

13. Conf. dr. . I. Maurer,
riilor dintr-un grup topologic.

14. Lect. dr. I. Purdea, Despre o
teoremd a lui Poincaré. :

15. Asist. Lucia Negrea, Observa-
Hi asupra unor probleme de teoria mumere-
lor.

28—-30 mai. SESIUNEA DE COMUNI-
CARI A INSITTUTULUI PEDAGOGIC
DIN ORADEA. Au participat :

1. Prof. dr. I. Marugciac, Asupra

Asupra se-

. unor multimi extremale in teoria aproxi-

mérii. . .
2. Conf. dr. A. Ney, O integral§ boolea-
ni -

3. Conf. dr. A. Ney, Asupra sirului

generalizat de "sume integrale.

4. Conf. dr. M. Ridulescu, Cons-
truirea unei baze pentru o functie integrals
M*,

37 mai — 1 jumie. CONSFATUIREA
~INTRODUCEREA ELEMENTELOR DE
CALCUL NUMERIC SI PROGRAMARE
MATEMATICA IN LICEU”, ORADEA.

- -Au “patticipat :

1. Conf. dr. I. Muntean, Introducere
in teoria controlului optimal.

2. Acad. Prof. Tiberiu Popovi-
ciu, Problema reprezentirii numerelor
naturale si intregi intr-o bazi prin regula
de pozitie.

noiembrie. COLOCVIUIL DE TEORIA
JETURILOR, CLUJ. Au participat :

1. Conf. dr. P. Brideannu, Asupra
jeturilor viscoase semimirginite,

2. Prof. dr. A. P al, Noul model al at-
mosferei terestrc construit cu ajutorul obser-
vatiilor satelifilor artificiali ai Pimintului.

3. Lect. dr. I. Pop, Migcarea nestatio-
nard in jurul unui corp de rotatie.

4. Lect. dr. I. Stamn, Reactii chimice in
stratul limita. ’

13—15 noiembrie. CONFERINTA NA-
TIONALA DE ASTRONOMIE, CLUJ.
Au participat :

1. Prof. dr. doc. st. Gh. Chis, a) Pier-
derea de masi la unele sisteme binare strinse.
b) 50 de ani de existenti a Observatorului
Astronomic din Cluj.

2. Prof. dr. doc. Gh. Chis, Matemati-
cian V. Mioc, Determinarea perioadei de
rotatie a satelitilor artificiali din observatii
fotometrice.

3. Cercet. G. P. Horedt, Determina-
rea erorilor globale ale teodolitului de tip
TZK.

4. Cercet. T. Oproiu, Consideratii asu-

pra functiei de rezistenti a lui Persen din
Teoria miscdrii satelitilor artificiali ai Pi-
mintului.

5. Prof. dr. A. P41, Asupra unei meto-
de de integrare a ecuatiilor migcirii sateli-
tului artificial al Pimintului.

6. Cercet. V. P o p, Determiniri de viteze
radiale la variabila § Cephei,

7. Cercet. princ. I. Todoran, Consi-
deratii asupra perioadei stelei T. W. Dra-
conis,

8. Cercet. princ. I. Todoran, cercet.
V. Pop, Variatia perioadel binarei strinse
V. W. Cephei.

9. Cercet. princ. I. Todor amn, lect. dr.
V.Ureche, cercet. V. Po p,- cercet.
Dorin Chig, Fotometrul fotoelectric al
Observatorului Astronomic din Cluj. Deter-
minarea constantelor de extinctie si de tre-
cere la sistemul U.B.V.

10— 11 decembrie. SEMINARUI, DE TEO-
RIA ECUATIILOR FUNCTIONALE, SU-
CEAVA. A participat:

Conf. dr. I. Muntean, Asupra conver-
genfei solutiilor sistemelor de ecuatii -dife-

_rentiale.

20—22 ‘decembrie. CONFERINTA NA-
TIONALA DE GEOMETRIE SI TOPOLO-
GIE, IA$I. Au participat:

1. B. Orbdn, Despre prelungibilitatea
coliniatiilor definite pe o multime de puncte
a planului profectiv desarguesian.

2. M. Tarinsi, Varietdti ‘riemanniene
‘W-eliptice.
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Vizite

1. Prof. Z. Opial, Universitatea din
Cracovia.

9. Prof. M. Kuczma, Universitatea
din Katovice.

3 Prof. K4alméan L 4dszléné Insti-
tutul ,,Bolyai”, Szeged.

s

4, Prof. Ph. Holgate, Universitatea
din Londra.

5. Prof. J. Ferrand, Universitatea
Paris IV.

6. Prof. V. Skado v, Universitatea din
Moscova.

7. Prof. . Maksudin, Inst. Mat.
Acad. Baku.

8. Prof. V. Trnkova, Universitatea
din Praga. :

i@ Intreprinderea Poligrafici Cluj 288/1972



?n cel de al XVII-lea an de aparitie (1972) Studia Universitatis Babes— Bolyai cuprinde
seriile :

matematici—mecanic3 (2 fascicule);
fizicd (2 fascicule) ;

chimie (2 fascicule);

geologie —mineralogie (2 fascicule) ;
geografie (2 fascicule) ;

biologie (2 fascicule);

filozofie ;

sociologie ;

stiinte economice (2 fascicule);
psihologie —pedagogie ;

stiinte juridice;

istorie (2 fascicule) ;

lingvisticd —literaturd (2 fascicule).

Ha XVII ropy usnanusa (1972) Studia Universitatis Bai)e_s—Bolym' BLIXOJHT CJeRy-
IOIHMH CEPHSIMH ¢

MaTeMaTHKa—MeXaHHKa (2 BHITYCKa);
¢u3nka (2 BHTYCKa);

xumug (2 BHIOYCKa);

TeoJIOTHA —MHHepalorusa (2 BeINyCKa);
reorpadusi (2 BEIMyCKa);

Guonorust (2 BHITYCKa) ;

dunocodus ;

COLLHOJIOTHS ; .
S5KOHOMHYECKHe HAYKH (2 BLIMYCKa);
TICHXOJIOTHSl — NeJIaror1uKa ;
IOPHJHYECKHE HAYKH ;

HCTOpPHS (2 BBINYCKA);

A3LIKO3HaHHe —JIUTepaTypoBejieRHe (2 BhINycKa).

Dans leur XVII-me année de publication (1972) les Studia Universitatis Babes— Bolyai
comportent les séries suivantes:

mathématiques—mécanique (2 fascicules) ;
physique (2 fascicules) ;

chimie (2 fascicules);

géologie —minéralogie (2 fascicules) :
géographie (2 fascicules);

biologie (2 fascicules);

philosophie ;

sociologie ;

sciences économiques (2 fascicules) ;
psychologie —pédagogie ;

sciences juridiques;

histoire (2 fascicules);

linguistique —littérature (2 fascicules).
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