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SYSTEMES REGULIERS DE Q-SOUS-GROUPES D'UN Q-GROUPE. I.

par
L VIRAG

Dans ce travail un Q-groupe représente un groupe ayant Q pour domaine
des multi-opérateurs (groupe a multi-opérateurs [37]2).

On introduit la notion de systéme régulier de Q-sous-groupes et de Q-endo-.
morphismes d'un Q-groupe et on en donne quelques exemples. Ces notions re-
présentent une généralisation de la décomposition d’un Q-groupe respectivement
en somme directe et en somme libre d’'une famille de Q-sous-groupes. On. étudie la
relation entre les systémes réguliers de Q-sous-groupes et les systémes de Q-endo-
morphismes d’'un Q-groupe et le probléme de la possibilité des raffinements des
systémes réguliers de Q-sous-groupes.

DfrmNITION 1. La famille (4;; & 1)? de Q-sous-groupes du Q-groupe G est un
systéme régulier de G si les conditions suivantes sont vérifides :

(I) G posséde une famille (B;; i & I) d’idéaux, telle que
(i) G = 4; + B; pour chaque i< I;
(ii) O = 4; N B,;, pour chaque 1 I;
(i) 4; € B; pour chaque couple 4, j& I, {54 7.

" (II) Le systéme (4;; i I) est complet par rapport 4 la condition (I), c’est-a-
dire, s’il existe un systéme (4;; j& J), I C J de Q-sous-groupes de G, vérifiant 1a
condition (I), alors 4; = O pour chaque j& J\ .

Observations. 1°. Si (4;; i & I) est un systéme régulier de Q-sous-groupes de
G et 4;,= 0 (4, = I) alors nous avons — conformément 2 la condition (I) — B;,=
= G(1, & I). Dans ce cas (4;; 1 & I\ {¢,}) est un systéme régulier de G. '

2°. §i (4;; i & I) est un systéme régulier de G et 4;, = A, (o a1, 1052 1y),
alors 4;,= A4; C B;, et, conformément a la condition (I), nous avons G = A4, -
+ B,'n= B,-n et 0 = A,'on B,‘o == A','o .

- * Pour la terminologie de la théorie des groupes i multi-opérateurs nous renvoyons le lecteur
a[5]. :

2 I # @ désigne un ensemble arbitraire d’indices.
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3°. Si (4;; i I) est un systéme régulier de Q-sous-groupes de G et A;, =
= G(i,& I), alors B;, = 0. En tenant compte du fait que 4; C B;, 15214y, 1S I,
i1 résulte que A; =0, ig I\ {7}

En vertu de ces observations nous supposons que dans un systéme régulier (4, ;

i & I) de Q-sous-groupes de G on a A4; 7 0 pour chaque ¢ & [.

Soit (4;; ¢ & I) une famille de Q-sous-groupes du Q-groupe G. On désigne par
A} le Q-sous-groupe de G engendré par les Q-sous-groupes 4;, j & I\{7}.

TemMme 1. Les tnclusions A; C By, 4, j& 1, i =7 dans la definition 1. sont
équivalentes anx inclusions .

(iii") 4f C B;, pour chaque 1 I.

Exemples. 1. Soit G la somme directe de ses Q-sous-groupes 4,,! i & I désig-
née par G = Y & A;. Alors la famille (4;; ¢ I) est un systéme régulier de G.
el . .
Ia famille des idéaux tels que les conditions de la définition 1. soient vérifiées est
(4f; ieI).
9. Soit G la somme libre de ses Q-sous-groupes 4,, + < I désignée par G =

=D 0d; Alors la famille (4;; i< I) est un systéme régulier de G. La famille
=

des idéaux de G tels que les conditions de la définition 1. soient vérifiées est
(43¢; isI), ou A7¢ est Uidéal minimal de G qui contient le Q-sous-groupe Af
(,,fermeture normale” de Ay en G).

3. Soit G un groupe (additif) résoluble fini et H un sous-groupe maximal de
G qui vérifie les conditions:

a) H est nilpotent,

b) N(—g+H+g =0

€6

Alors il existe un seul sous-groupe N normal minimal de G, qui vérifie les conditions

¢) N est un groupe abélien élémentaire,
d G=H+ N,0O=HQ[N.

Soit (S;;4=1,2, ..., n) la famille des sous-groupes Sylow de H. Alors (S;;
=1, 2, ..., n) est un systéme régulier de G. La famille des sous-groupes normaux
e G telle que les conditions de la définition 1. soient vérifiées est (S¥+N;i=
1,2, ..., n).

DrrinrrionN 2. La famille («;; ¢ & I) de Q-endomorphismes du Q-groupe G est
un systéme régulier de G lorsque les conditions suivantes sont vérifides:

e

(1) () o¥ = «; pour chaque 1 & I, -

(ii’) «;u;= 6 pour chaque couple ¢, j & I, ¢ = j (0 est le Q-endomorphisme
zero de G)

II') Le systéme (o, ; & I) est complet par rapport a la condition (I) c est-a-
dire, s'il existe un systéme («j; 7 C J), I C J de Q-endomorphismes de &, avec
la condition (I’), alors &; = ¢ pour chaque j & J\ I (ou ¢ est le Q-endomorphisme
unité de G).
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LeEMME 23 Soit A un Q-sous-groupe du Q-groupe G. S'il existe un idéal B de
G tel que

G=A4A4+4+B,0=A40N B,
alors il existe un Q-endomorphisme o de G avec les propriétés
o = a, Ga = A, ker « = B.
St a est un Q-endomorphisme de G avec la propriété «* = «, alors '
G = Ga + ker o, 0 = Ga [ ker «.

TatorEME 1. Soit la famille (A,; i< I) de Q-sous-groupes du Q-groupe G un
systeme régulier de G et soit (B;; i < I) une famille didéaux de G telle que les condi-
tions de la définition 1. soient vérifiées. Alors il existe une Jamille unique («;; 15 I)
de Q-endomorphismes de G telle que (o;; 15 I ) Sott un systéme végulier de G et

Go; = 4;, ker a; = B; pour chaque i < I.

St (w; ; < & I) est un systéme régulier de Q-endomorphismes de G, alors (G, ; i < I)
est un sysiéme végulier de Q-sous-groupes de G et (ker o; i I ) est une famille d’idé-
aux de G lelle que les conditions de la définition 1 sojent vérifiées.

Démonstration. Supposons que (4;; i I ) est un systéme régulier de G et que
(B;; i< I) est une famille d’idéaux de G satisfaisant aux conditions de la définition.
1. I1 résulte de (i) et (ii) — conformément au lemme 2 — qu’il existe un systéme de
Q-endomorphismes (a;; i< I) de G tel que &f = a; Ga; = A;etkera, = B,, i s I.
De (iii) il résulte que Geyo; = (Go) o = A;u; = O donc ooy = 6, 735£ 4. Il s’ensuit
que la condition (I') de la définition 2. est vérifide par la famille («;; 1< I) de
Q-endomorphismes de G. En tenant compte du fait que la famille (4;; ¢ & I) satis-
fait la condition (II) de la définition 1, il résulte que («;; ¢ & I) satisfait la condi-
tion (II') de la définition 2.

Supposons maintenant que («;; 1 I ) est un systéme régulier de Q-endomor-
phismes de G. Il résulte de (i’) -conformément au lemme 2 — les relations

G =Guo; 4 kera;, 0 =Go; N ker o, 1 ]

De (ii’) il résulte que Ga; C ker %, 4, & I, i 52 4. Il sensuit que la famille (G, ;
1 & I) de Q-sous-groupes de G et la famille (ker a;; ¢ I) d’idéaux de G satisfont
la condition (I) de la définition 1. La famille (o;; 7 I) satisfait la condition (IT')
de la définition 2, il en résulte que (Go,; 1 & [ ) satisfait la condition (IT) de la défi-
nition 1. ' ' : i

TutorEME 2. Soit (4;;is I) un systéme régulier de Q-sous-groupes de G et,
(By;; j: < J.) un systéme végulier de Q-sous-groupes de A;, i3 I. Alors (By;; i 1,
7: € J) est un systéme végulier de Q-sous-groupes de G.

D émonstration. Désignons par («;; 1< I ) le systéme régulier de Q-endomorphis-
mes de G associé — conformément au théoréme 1 — an systéme régulier (4,;7& I)
de O-sous-groupes de G et par (Bi; 5 4. = J.) le systeme régulier de Q-endomorphis-
mes de A4; associé au systéme régulier (By;; jie Ji;) de Q-sous-groupes de 4,
ie 1.

8 Ce lemme a été démontré par M. Benado [1] pour une structure S compléte, avec ume -
normalité modulaire unitaire.



1. VIRAG

- Nous considérons les Q-endomorphismes de G
Yij; = %; ﬂﬁi’ rael, j;e Ji

Nous montrerons que (i1 S [, 7 & J .) est un systéme régulier de Q-endomorphis-

mes de G.

Nous avons
Gy, = A, 2 =0y, oy =0,14, j&1I, 127

ABy, = By, BY, = Bup Bii; By = 0 g0 ji G Ju 5 7
Il s’ensuit que ' ’
a0; = a; er a;0; = O pour chaque o, 4;, %, j&1, 1]

bijBy, = b, et by, By = O pour chaque by, & Ay, §i 7 & Jir J: 7 i

Soit g < G. 11 résulte que g «; By S B, C 4
g 1Y, = (g By oy B, = g B, = gvap 1S 1, i & J;

Soient vy et yuy, deux Q-endomorphismes’ différents du systéme (v4;; 1€ 1, J; &
& Ji) '
Si on a 723z& k&, alors

gvi; i, = (0Bi) oy Bry, = O

-Si on a 7 = &, alors j; 2 7, et
gvi; Yi; = (8% B, o) By = (o) Bj; Biy; = O

Il s’ensuit que la condition (I') de la définition 2. est vérifiée par la famille
(yiriel, ;& ;) de Q-endomorphismes de G. En tenant compte du fait que la
condition (IT’) de la définition 2 est vérifiée par les familles («;; 7& I) et (B3] =
e J,), 11, il résulte que cette condition est vérifiée aussi par la famille (yy; ;

el 5,6 ) .
(Manuscrit regu le 22 octobre 1969)
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SISTEME REGULARE DE Q-SUBGRUPURI ALE UNUI Q-GRUP. I.
(Rezumat) :
In lucrare se introduc notiunile de sistem regular de Q-subgrupuri, respectiv de Q-endomorfisme

ale unui Q-grup (grup cu multi-operatori). Se stabilete legitura intre cele dond notiuni §i se aratd
posibilitatea rafinirii unui sistem regular de Q-subgrupuri ale unui Q-grup.

PETYJ/IAPHBIE CUCTEMBI Q-TIOATPYIIIT OOHON Q-T'PVIIIEL. 1.
) (Peswowme)
B cratbe BBOAATCST moHATHS pery'nﬂpnoﬁ CHCTeMbl Q-TIOATPYIIN, COOTBETCTBEHHO Q-3HIAOMOP(pH3MOB

OAHOH Q-rpynmel (fpynna ¢ MyJbTHONEPAaTOPaMHU). YCTAHABIMBAETCA CBA3L MEXJy STHMH ABYMS TOHSITH-
AIMH H NIOKA3bIBAETCST BOSMOMHOCTb NPOJIONKEHHS OHOM PerysisipHoil CHCTEMB Q-TIOArPYIIN O HOMH Q-TP YIIIILL.



ON THE CONVERGENCE OF SOLUTIONS
OF THE NONLINEAR DIFFERENTIAIL SYSTEMS

by
I0AN MUNTEAN

I. Convergence of solutions. In this paper we consider the system of two
ordinary differential equations

xl =X1(t, xl, xz), 9'62 =X2(t, xl, xz), (1)’

where the functions X;: J¢y, + o[ X R2 - R (}g > — o, 72 = 1,2) and their par-
tial derivatives X,; = 0X;/0x%; (¢, = 1,2) are continuous. Here R and R? are real
axis and real plane, respectively, endowed with euclidean vector topology. The

solutions of (1) are said to be convergent if for each pair of solutions x = (fcl) and
2

= ( z 1) of (1), which are defined on a neighbourhood of the point 4 co, we have
2 ' .
%) —y;() >0 as t > + o0 (2= 1,2). (2)

'We remark that the convergence of solutions implies, among other things,
uniqueness of periodic or almost periodic solutions of (1). Indeed, if # and v are two
almost periodic functions with #(f) — v(f) > 0 as ¢ » 40, and ¢& R, then for
any ¢ > 0 there is a common e-almost period for both the functions # and v, i.e.,
there exists a number / >0 such that for every natural number # one may find
L, [n, n+ 1] with -

(e + 4,) — w(t)] <= and ot + 1,) — o(9)] <=
According to convergence hypothesis, one has
. |M’(t + tn) - 'I)(t + tn)l <e
if # is large enough. From the last inequalities we derive
lu(t) — o(@)| < |u( + t,) — w(@)] + 0@ +£,) — o@)] + |u(t +8,) — v+ t)| < 3e,
whence u(f) = v(f) for any ts R.

P. Waltman and T. F. Bridgland Jr. [6], Theorem 1, have estab-
lished a practical criterion for the convergence of solutions of the system

#1= %5 — F(%,), %y = — g(xl + e(f) (3)
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This system, obviously of the form (1), is equivalent.to the well known I;iénard
equation with a forcing term

% + flx)x + g(%) = (),
if we take x; = x and F(x,) = S f(x)dx. Besides, the system
0

%y = M%) — F(x;) + e(t), %2 = — 2y, (4)
is equivalent to the forced Rayleigh equation '

2+ F(2) + H(z) = e(t)

if we take x, = — 2z, %, = — %, and A(x,) = — H(—x,), and it is of the form (1)
without being included among the systems (3). It is our object in the present paper
to exjiend the above mentioned criterion to the system (4) and, generally, to the
system~ (1). We shall use the obtained result to study the uniqueness of periodic
or almost periodic solutions of (1), to research the stability for certain systems,
and to establish the convergence to zero of the solutions of an autonomous system |,
which is of peculiar interest in the theory of automatic regulation.

II. A theorem of convergence of solutions.

TuEOREM 1. If there exist positive numbers q,, g, and v, g5 < gy, such that

a) gaX1s — X = 0, ’ _

b) (— g2X11 — ¢:X12 + Xog + §X00)? < 4q1 — B) (X 11X — XXy —7),

¢) the fumction — ¢, X3 + qoXyo + qoXoy — X,y s upper bounded, then the
‘solutions of (1) are comvergent. '

Proof. Let x = (;‘1} ;Y = {z 1] be a pair of solutions of (1) defined on a neigh-
2

2

bourhood of the point 4 co. Then the function z = (il) ,withz, = x;, — vy, 1 =1,2),
) 2
is a solution of the linear system

2y = Zut)2y + Z12(0)2s, 22 =Zu1(t)21 + Zao(t)2s, : )
where the functions Z;;: J¢, + [ - R are given by

Xilt, 200), %) — Xilt, 0 3®)
7 - , of x(¢ t),
) - il f 5009,
Za® =Y ax0 10, 50 :
T 4 1’f xl(t) = yl(t)x
and (
X,-(t, yl(t): #,(t)) — X;(2, y1(8), ys(’)) .
» f x(E t),
) ll) — yz(l) f 2() -}éyz()
2l =\ o5, 5400, 920) ,
T ) =0,
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By a direct computation, we see the functions Z;; admit the- following 'integrai
representations :

(t — S X5, s21(8) 4 31(8), #.(8)) ds
ﬂ 0¥, !

)

1
S 0Xi(t, y.(8), 332(‘) + 2(8)) ds.

0
To verify (2), that is z(f) — 0 as ¢ —» + oo (¢ = 1,2), it suffices to show that

the solution 0= (8' of (5) is asymptotically globally stable. But for linear systems
the aéymptotic global stability of trivial solution and the asymptotic stability of
this solution are equivalent. Further, the last stability is implied by the existence
of a Liapunov function which is positive definite, uniformly little and with negative
definite derivative by virtue of (5). Such a function may be the scalar product
V(zy, 25) = <z, Q-2>, where @ is the matrix
] 91 _92) .
¢ (_92 1

Thus V(zy, 25) = ¢,125 — 2q,2,2, + 2%, hence V is uniformly little and, by ¢5 < g4,
it is positive definite. We set

Yils, ) = Xl szi(f) + 310), #.())
Yiols, ) = X, 31(8), s22(8) + 32(0))
Yiu(s, ) Yiafs, t))
Y(s, ¢ ( 11 12
(5. 8) = Yals, t) Yaufs, 2)
Using (6) we have the following expression for the derivative ¥ of ¥ by virtue of (5) :

(7)

and

Viz(), z() = S <alt), Wis, 1)-2(t)>ds @8)

‘with W(s, §) =Y7(s, £)-Q + Q-Y(s, £) and YT the transposed matrix of Y. The
eigenvalues -of the symmetric matnx W(s, f) are real and equal to the roots
%y, 2(s t) of its characteristic equation

— 21 Y11 — 9210 — 92Y 01 + Yoo)ut + 4(¢1Y 11 — g2Y 1) ( — g2¥ 15 + YY) —
— (— g¥Y11 + Y10 + Yo — g2Y30)2 = 0.
The condition b) implies :
4(q:Y 11 — 9oY o) (— g2Y 12 + Yoo) — (— @2Y 11 + 1Y 10 + Yo — ¢2Y00)?

therefore, by a), it is necessary that
- — 1Y+ Y1+ @Y — Y > 2((91 — g7, (10)
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hence we obtain the formula
y,5(5,8) = ( — 1Y+ Y1+ Y — You){ — 14

+ [1 _ Y — gV (— gaVae + Yoo) — (— @Y1y -+ ¢1V22 + Vo — %Yzz)z]”z}
(— @1¥1 + Y12 + q2Yoy — Yo)?

~ The inequalities (9) and (10) imply
waa(58) < 2@ — P — 1+ [ 1 — 4g; — )y M]3, (1)
where the positive number M was chosen such that, by c), we had
(— 0¥ + §:Y1e + Yo — Yau)* < M.

Consequently, if we denote by — u, the right hand of (11), we obtain u,,(s, {) <
— 1y < 0 for any s [0, 1] and ¢t J¢,, + ©[.

- Finally, from (8) we have

o0 =) G (e Zal = -

1

= Bnls, 9-50) + wals, 950010 < — wal2(0) + 0]

0

that is ¥ is negative definite and we obtain the required result.
Remark 1. In the particular case X (f, %1, %,) =Y, (%1, %,) + ¢(¢), Theorem 1
is given in [4]. .
Remark 2. Unlike the known requirements of T. Yoshizawa [7], our
conditions are expressed directly on the right hands of (1), what is more useful
in applications.

III. Some apphcatlons of the convergence theorem. 1. Theorem 1 implies
the criterion of P. Waltman and T. F.Bridgland Jr. mentioned in
Section I:

The solutions of (3) are convergent if theve exist positive numbers q,, q,, v with
g2 < ¢y, ‘such that

b) (gof — &' — q)* < Mo — B)E — 7),
c’) the function q,f — q.g’ 1s upper bounded.

2. Moreover, the same Theorem includes the following new jresult concerning
the convergence of solutions of (1): :

The solutions of (4) are convergent if theve exist positive numbers q,, qs, v with
g% < q,, such that

bY) (gF — gib" — 1)2 < 4{gy — @)W — 7).
Indeed, b) follows from b”) and implies a) and c).

3. As a simple corollary of the preceding remark, we shall deduce .an interes-

ting result of N. P. Bhatia [1], Satz (3.2), concerning the extreme stabi-
lity, that is convergence and boundedness of solutions, for the Rayleigh equation :
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Suppose that the function e is continuous and bounded. Then for each triple of
positive numbers a, as, a,, with a; < a,, there is a positive m such that. for every a, &
€ 10, a, + m[ and every functions F and h with . '

a < W (%) < @y, a3 < F'(1y) < ay, (%, % E R), (12)

the solutions of (4) ave extremely stable.
From (12) we derive

mg; + 1 — ayg < ¢l + 1 — @F < qi(ay +m) + 1 — azg,. (13)
Now we shall choose positive numbers ¢y, ¢,, 7, m, with ¢§ < ¢,, such that
(q2(as £ m) + 1 — asg,)* < 4(g1 — g3) (a1 — 7). (14)

Putting ¢, = (2, + m)~1, the last inequality is equivalent to
(4 + da, — 492 — dagg, + 210 0,

a; +m
If we decrease 7, and in case of need m, we may admit that the number
gs = {2% . [4a§ _ Alm 4 7)(a} + 44, — 49) ]1/2}(a§ 1+ da, — 47,)—1‘

a, + m

s real and verifies ¢} < ¢, and ¢, < (a4, + 1)azl. After this choosing of the above
numbers, (14) is satisfied. From (12), (13) and (14) we conclude the accomplishment
of 4”), thus the solutions of (4) are convergent. The boundedness of solutions follows
from a theorem of G/ H. Reuter [5]. Thereby, the result of N. P. Bhatia
is proved.

4. Using the machinery developed in the proof of Theorem 1, we shall estab-
lish some properties of solutions in certain special cases.

%
THEOREM 2. If x = (xl) and y = (yl) are bounded solutions of (1) and if there

2 2
exist poSitive numbers qy, q,, 7, such that g3 << q, and the inequalities a) and b) of Theo-
vem 1 hold, then : :

%) —y;) >0 as t > 4oc. (E=1, 2).

Indeed, we may apply Theorem 1 since the requirement c) we may derive from
the continuity of X;; and from the boundedness of solutions x and y.

Corollary 1. If the functions X, do not depend on t and there exist positive numbers
91, 92, 7, With g3 < q,, such that the inequalities a) and b) of Theorem 1 are fulfiled,
then the automomous system

C %y = X%y %), %o = Xy(%5, %) (1)

cannot have monconstant periodic solutions.

% ,
For that, let x = (xl‘ be a nonconstant periodic solution of (1’). Then, in

2
virtue of well known theorem of Bendixon, the limited by corresponding to %
trajectory internal region contains at the least onme point (%, #9) in which
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. xO
Xy(#, #9) == X,(3, %) = 0. By Theorem 2, for the solution x° = (x‘l’j of (1) we
have #,(f) = x° and x,(f) = #3. Thisis a contradiction. *

5. In the conditions of Theorem 1, with X,(0, 0) X,(0, 0) = 0, all prolon~
gable to + oo solutions of the autonomotns system (1’) tend to trivial solution when
{ > +oc. Applying this to the following system, which is of interest in the theory
of automatic regulation, .

%1 = f(%1) + 0%y, %5 = g(%) + dx,, (15)

with f(0) = g(0) =0 and b and 4 real numbers, we obtain :
Corollary 2. If there exist positive numbers q,, q,, ¥, with g2 << q,, such that
a"’) g0 —d =0, ’

b™) (= gof — @b + &' + 047 < 4g — B @ — B¢’ — ),

') the function — qlf’—{—gzg' is upper bounded, then all prolongable fo +oo
solutions of (15) tend to zero when t — +-oc.

6. Covollary 3. If: o) the functions X, and X, arve periodic with respect to the
first argument with- a comimon period T, B) there exist positive numbers qy, q,, 7, with
g2 < g, for which the assumptions a) and b) of Theovem 1 are fulfiled, v) all solutions
of. (1) are prolongable to -+oc, and 3) the system (1) possesses a bounded solution, then
system (1) has a unique T-periodic solution.

Indeed, by a theorem of J. I, Massera [2] and by the conditions o),

v) and 3), it follows the ex1stence of a T-periodic solution. Its uniqueness is a con-
sequence of Theorem 2.

Corollary 4. Suppose that the functions X, and X, ave almost periodic with res-
pect to the first avgument. If the condition B) of Corollm'y 3 holds and (1) has at the
least one almost periodic solution, then that solution is unique.

~ o prove this Corollary we take account of boundedness of an almost periodic
function, of Theorem 2 and of the remark in Section I.

7. THEOREM 3. Supposethat the functions Xi and X, ave periodic with vespect
to the first argument. If the system (1 ) has at the least one periodic solution x% and there
exist positive numbers qy, g, with g5 < q,, such that q,X;, — X5 >0 and (— g.X;; —

— g1 X1 + X + ¢:X00)% < 4(qy — 98) (X1 X2s — X12Xsy), then x s the single perio-
dic solution of (1) and all other prolongable fo +oo solutions tend to % as ¢ - -oc.

Let y be another periodic solution of (1) and T the common period of x and y.
We observe that the function #, (s, #) from the left side of (11), with the functions
Y;; written for x, y and z = x — ¥, is negative and T—penodlc with respect to ¢,
hence for any s & [0, 1J and ¢ R we have u,,(s, t) << — #,, where

—uy = ‘max  #(s, £) <O.
(s, H€I0, 11%[0, T]

Using the~afguments from the proof of Theorems 1 and 2, and the remark of Sec-
tion I, we obtain x =y.
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Example. Consider the system
%1 = h(x,) — F(x:) + eit), %2 = —g(%,) + ea(d), (16)

where the functions ¢,: R - R, (i = 1,2), are continuous and T-periodic, and
the functions F, g, 2: R — R are given by the equalities :

Flr) =2 (20 + 2), o) =20+ 2, M) = w1 +22].

According to a theorem of W. Miiller [3] and to the well known Brouwer fixed
point theorem, the system (16) possesses at the lest one T-periodic solution. Taking
g, = 3 and ¢, = 1/2, we see that all requirements of Theorem 3 are fulfiled, hence
(16) has exactly one T-periodic solutiomn.

(Received September 15, 1969)
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ASUPRA CONVERGENTEI SOLUTIILOR SISTEMELOR DIFERENTIALE NELINIARE

(Rezumat)

Pentru convergenta solutiilor sistemului diferential
# = Xyt %, %), #y = Xyt %y, %) (1)

se dan conditii explicite exprimate prin’ inegalititi asupra derivatelor partiale ale membrilor drepii.
Ca aplicatii, se recapiti criterinl lui P. Waltm an si T. F. Bridgland Jr. de convergenti
a solutiilor ecuatiei lni Liénard, se stabileste un rezultat nou privind convergenta solutiilor ecuatiei
lui Rayleigh, se studiazi unicitatea solutiei periodice (sau aproape periodice) pentru (1) si se deduc
criterii de stabilitate globald pentru sisteme (1) autonome.
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-

O CXOJIMMOCTH PEIIEHWI HEJIMHENHBIX IUGOEPEHIIHAJIBHBIX CUCTEM
(PesoMe)

Ias cXOMMMOCTH pelreHuit AucbQepeHIuasbHOf CHCTEMBI
# o= Xt %, 2), Ba = Xolt, 7y, %) (1)

JAIOTCA SIBHBIE 'YCJIOBHS, BbIpaXKeHHbIE IOCDPEICTBOM HEPABEHCTB, COACPXKAINMX HEKOTOpHE YaCTHbE NPOH3-
BOZHBIE NPaBLIX yacTeil. B kauecrBe npumenenni nonyuaercs kpurepuit [l. Yoamrmena n T. ®. bpu-
ATJdeHJa MIAAUEro JUIS CXOAUMOCTH DelleHMH ypaBHeHMs JIHMenapa, yCTaHABJIHBAETCS HOBBIH pesyJib-
TaT, KacamuMics CXOJHMOCTH peIlleHHil ypaBHeHHs Peiefis, H3yyaeTcsl e AHHCTBEHHOCTb NePHOJHYECKOro

(MM NOUTH NMEpHOJHYECKOro) pelleHHs AJIs (1) H BHIBORATCA HEKOTOPHE KDHTEPHH YCTOHYMBOCTH B L(@IOM
IJs1 aBTOHOMHBIX cHcTeM (1). .



NONLINEAR FUNCTIONAIL EQUATIONS IN BANACH SPACES

by
E. KOLOZSI

Let E be a Banach space and E his dual. In this paper we shall study the non-
linear equation

Aw) = f 1)
where A is an operator mapping ®(4) into E*. In the sequel we assume that. the
subset @(4) is a linear manifold dense in E. '

Denote by DA (%, &) the Gateaux-Differential [13] of A in the point .

DeriNTION 1. Ais called J-potential if there is a linear operator J: E —» E
with @(]) C 9(4) and R(J) dense in E, and a functional ¢: E - R such that

Do(u, h) =(A@), JR) u, hed(4)

If J = I'we have the notion of I -pofential (or simply potential) operator wiiich
was studied by M. M. Vainberg [13] and others. -

DeriNiTION 2. 4 is called J-monoton if there is an operator J:E — E, with
D(J) C 9(4) such that S .

(A) — A@), Jo — o) >0 wu, v = 9(A)

If the equality holds if and only if =, 4 is strictly J-monoton.

This notion is an extension of monoton operators introduced by P I.
Kaciurovski [7] and developed by G. I Minty [12], F. E. Browder
and others,

A similar notion is that of duality mapping which was used byF.E.Browder
2], [3], [4), FEBrowder—D.G. Figueiredo [5] in problems of fixed
points, also by P.I. Kaciurovski [8].

If the operator 4 is differentiable and DA (#, k) is linear, we have the following
theorem.

TrrorREM 1. If the following conditions hold

i) There exists a linear differential AD(u, k) in all poinis of the sphere
S:illu—u || <7

2 — Mathematica — Mecanica 2/1970.
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ii) There is a linear operator J : E — E with 9(]) C D(4) such that
iii) The functional (DA (u, hy), J(hs)) is continuous forallues S

(DA, 1), Ty — DA, k), Il by Ty €S
Then A is a J-potential operator.

Proor. We shall prove that the functional
1

o) = § (Ao + o — w), T — wo) dt+ 905 9(w0) = @0

. 0.
satisfies condition
Dcp(u, h) = (A(u), J(B)).
Indeed, let #, v + h& S, then
ol -+ ) — o) =

[(A (o + 2w — o + h))',l J (e — g+ Ry — (Ao + tlu — %), J(u —uo))]dt =

Il

(A (260 -+ tlu — uo) +th), J(h))dt +

(At — 1) -+ t8) — Alwg + 5o — ), T — w9t =

+

D Qe = ot’?- S Ly c!’l»—- O!’lu Oty

24 (0t — 140) + 5H), J (6 — sy ds =

(A (o -+ (s —mo) + th), J(B)yat -+ at

1

dt\ (DA (wo+ t(u—ue)+sh, u—u,), J(k))ds=

I
Ctwm o otmy =
Sl v Ol ™

(A (so -+ bt — we) +th), J ()Yt +

ds\ (DA (ot t(w—uo)+sh, u—u,), J(h)) dt =

I

(Aot (u—1q) +h), J()) dt-+

Oty —
© Gy =

=\ 4o + t(u — “o) + th), J(R)) dt +

og,,_

+ §<A(uo b= ) + ) — At -+ s{ — wp) + sh), JO) ds =

0

= (At + sh), J) .

0
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Since (A(u + sh), J(k)) is continuous,
o + ) — o(u) = (A(w + h), J(h)) 0<r<Ll
Hence
Pl + th) — o(u) = (4 (% + <th), J(th)).
Then

= To( + th) — 9()] = (A + <th), J(H).
Iet t ~» 0; we have’
tim 1 fo(u + t) — o)1 = (4 @), J0)

This theorem is an extension of Vainbergs theorem [13] for poten’ual
operators.

Remark. This theorem holds true when we replace S by an arbitrary convex
set wCE.

DErINITION 3. The operator 4 is called hemi-continuous in ®(4) if for all #,
v& 9(4) the mapping

0,1]5t > A% + tlv — »)) s E*
is weakly continuous. '

Lexma 1. If the following conditions hold
i) A is hemi-continuous
ii) A 4s J-potential on D(A) /
Then for. all u,, u, s 9(A), we have - ;
1
S(A (w1 + t(uy — uy)), J(“z — ) dt = o(us) — @(uy).

0

Proor. Since 4 is ]—;;otential we have
! Deo(u, h) = {9’ (u), k) = (A (), J(h))

where ¢’(u) is the Gateaux derivative of ¢(#). Using this equality
1 1 .
§<an + tlus — ), Jtn — w)> @t = (o0 + 0y — ), 00 — 1) dt =
0 ' 0 .
1

Sa%q’(“l + (s — uy)) dv = o(u, + (0, — u))ly = e(us) — (uy).-

Il

This proves ‘the lemma.
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Remark. If A is strictly J-monoton the equation (1) has at most one solution.
Indeed, if there are two solutions #, and u,, then

Auy) — A(ug) = 0.
Hence '
(Ay) — Aus), J(oy — )y = 0.
This equality in the case of strictly ] -monoton operators hold if and only if %, = #,.

TurorEM 2. If the operator A : @(A) — E* 15 hemi- contmuous and if theve exists
a linear operator J: E — E such that

i) D) D 9(A); R(J) dense in E .
i) A s J-potential and A(0) =0 : ;
iii) A4 s J-monoton

then, the jwoblem of solving the equation (1) and the problem of finding the MANTIUIN
of the functwmzl _

O(w) = ((Atw), Ty at —(f, J) @
are equivalent. _ |
Proo¥. Let %, 4 + h& D(4). We have
D(u -+ 1) — () = {(Altlu + 1) Jlu + WY at — (A, Tt —(f, )=

0

S<A(t(u + ), T at + {<AQu + 8) — Atw), J@) dt — (S, T0)

From the lemma 1 it follows

If u, is a solution of the equa‘aon ), then

O + h) — O(u) = S(A(u+th Jm)yat — (f, J(h) SN
(1
@(%o + h) — O(uy) = S(A@o 4+ th) — Au,), J(B)y dt =

O t

.\ }(A(uo ) — Al J(5H) v 20

0

This last inequality follows from the J- monotommty of the A. Therefore #, mini-
mizes the functional (2).
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Conversely, if we assume that"for %, the functional (2) has minimum, then

S Oy +th)| = DO, B) =0
dt t=0

We have

DD, 1) = Tim | (A (tfu+-51), J(u+ <h)yat — (A, Jmyat—(s, 76 »
Again by lemma 1
DO, ) = lim { A+ toh) —, Ty dt={ (40 £, J)ydt= () — £, T

Therefore

. (A(uo) — f, J(W)y=0
Using condition (i) :
_ A —f=0
This proves the theorem.

. Wé shall study how the existence of the mifimum of the functional (2). We
have the following theorem. ' '

THEOREM 3. Let operator A be hemi-continuous and J-potential. If there exists
a real positive and strictly monotonic function Y(r) which is defined for v S [0, o) with
v(0) = 0 and

At =ty k>
such that c -
(A{) — A@), Ju — v) Z (1] — v)|]), and
@Iz Clipll ke (),

.then :
1) There is a lower bound of the functional 2).
2. Every minimizing sequence is convergent in E.

Remark. Take for exemple y(r) = c#2, ¢ > 0. In this case F. E. Browde r-
W.V.Petryschyn [6] call the operator A strongly mionoton. This case was
disscussed by the author in [9].

Pf'oof.ipf theovem 3. We shall prove the first assertion. We have
1 e e " 1 P .

20 = (A (w0, Jaydt — ¢, J0) = { LA, ey dt—(f, )=

= (L v(1 e lhat — 1) - (1761 = Cy(I7@)1) — 171 - el

0 .

Therefore ®(u) is bounded if the difference in the right hand side of inequafitg;"lis'
bounded. o L S
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Since from definition of y follows that M), o0; 7 = oo we have
7

Cy(IITE)) — AL - 1T =0 i |IJe)i >R
"For ||J(#)|| < R we have
Cy(I1T @) — 1A - 1T el = Cx(IT @)D — RIAI
Hence
Ow) < — RI||fll for every u & D(4)
_ To prove the second assertion let {#,} a minimizing sequence
O(u,) —d+s,, e, >0 and 3, »0; n > oo; d=inf ®(u) ; ue@(A)
" Let ' ‘ .
o, 1) = 2 ®(w) + 2 O[) — (I)‘(“ . ”) = %[(D(u) —o|* ‘2*)] 4o [CI)(v) —® (’“;)]

or

o= o —0fus 2]+ o+ 5 - 3fu+ 3]

where we put v = u .—I— h.

Using (3)

oo = 5§ afure(5) (> e I (> +
iAo e} sG>
st i-ap ) I
=4 {1 = (5 e - e -

This implies
-1
W — w)ll = 2y 2e(%, )

From definition of m1mm1z1ng sequence for every g, >0 there is a number Ny
such that .

Omn,) <d+e Ou,)<dte n m=mng
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Then _
oy, uy,) < % @+ ¢) + %(d,—}— ¢) —d) =e,

‘Since

(1T @A) = CliAll,

[t — ] < K| J (@0, — )] = 2 Ky 20(the, ) < &

when %, m = N,. In this way, we proved that the constructed sequence is funda-’
mental and because E is a Banach space, {u,} is convergent t.c. {#,} > uo s E.
If uy & D(4) then in wiev of theorem 1. Au, = f. If u, & D(4) we have a solution
in the sense of the distribution theory. These solutions define an extension of A.
Now we shall prove a suficient condition of J-monotonicity in the case of diffe-
rentiable operators. :

Lemua 2. If A s differentiable on ©(A) and
| DA, B, J#)= v ()
where y(r) denotes a real positive function which is defined for 0 < <= +oo then
(Al + B) — A(w), J(R)) = (1Al)).
Proor. Let u,, u,&D(4), t=0 and let
J) = (Alus + by — ws), J(uy — uy)).
Then :
(A) — Alws), J(a — w)y = f(1) — f(0).
For 0 < £ <1 we have '

(i) = Al Tl — o0y = 21| = LAl + o — ), Tl — || =

4
d:
= lim LAy + E(uy — u,) + As(uy — ug)), J(1e, — uy) > =<K Al + Eluy, — %s), J(ty — ug) ) —

Ns—0 . As

= (A1) = ([l — )

where # = u, + E(u, — u,) and b = Uy, — U,

Remark. In particular when the Gateaux differential DA(u, k) of the A4 is
positive 4 is monoton. This property was proved by G.I. Minty [12].
By.lemmas 1 and 2 we have the following theorem. - -
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TrEOREM 4. If the following conditions hold
i) For every u & D(A) there exists a linear differential DA (u,h) »
ii) There is a Linear operator J:E — E such that D(A) C D(]) and R(]) s
dense in E :
iti) (DA(w, k), J(ha)y = (DA(mihs), J(b1)) 9, hy, by & D(A)
iiti) (DA(w, h), J())= BLT()I[F = v?lIAl*
then theovems 2 and 3 hold.
Note that this theorem was proved by A. D. Liasko [11].in the case of
Hilbert space. - ' - o o o ) h

(Received Oktober 3, 1969):
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ECUATII FUNCTIONALE NELINIARE IN.SPATII BANACH
- e "Rezuma't) ’ ' T
In lucrare se studiazi rezolvabilitatea ecuatiei. functionale.

- unde 4 este un operator definit pe o varietate liniari D(4) densd in spatiul Banach E §i cu, imaginea
in spatiul E*, folosind metoda variationald, Se dau condifii care asigurd existenta gi unicitatéa’ solu-
tiei. Rezultatele.. obtinute” constituie o generalizare a. rezultatelor lui. M.- M. Veinberg '[13],-
A.D. Liasko [l1]§i G I Minty+—[12]:.. ' . Lot I T
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HEJIMHEWHKBIE ®YH KUUOHAJIbHBIE YPABHEHUS B BAHAXOBBIX
’ MMPCCTPAHCTBAX

(Pe3swowme)

B crathe H3yuaercst paspelIMMOCT: (YHKIHOHAJNBLHOTO YpPABHEHHMS
Am=1

rae A — oneparop, onpefenéHueiil Ha MHoxecTBe D(A), JHHeiHOM H MJIOTHOM B BaHaxoBOM IpOCTpaHCTBe:
E u co 3navennsiMu B npoctpaHcrtBe E¥, npHMeHAst BapHaUMOHHBIN Merol. JlawoTcsi ycaoBusi, ofecne-
YHBaIOLHe CYLIECTBOBAHHE M €AHHCTBEHHOCTDb peuleHHsl. [losyyeHHEle Pe3yJbTaThl ABJISIOTCA 0GOGUIEHHEM
peayarraTroB M.M. BeiinGepra [13], A. [. JIawko [11] u I'. M. Muntu [12].



METODA MONTE-CARLO IN EVALUAREA FUNCIIEI DENSITATE DE
' PROBABILITATE A UNEI VARIABILE ALEATOARE

de_
ELENA FRATILA

Problema evaludrii funcfiei densitate de probabilitate a unei variabile alea-
.toare a preocupat, mai ales in wultima vreme, o serie de autori: E. Parzen
(1962), M.S. Bartlett (1963), I. Viduva (1963), J. Chambers (1967) si
alfii, aceasta fiind una din problemele capitale ale statisticii matematice.

E.Parzen [5], I. Viduva [6], M.S. Bartlett [1], folosesc de fapt
un procedeu Monte-Carlo pentru evaluarea functiei de densitate. J. Chambers
[2], construieste un algoritm pentru. evaluarea funcfiei de densitate folosind
functia - caracteristicd §i transformata Fourier.

In acest articol vom ciuta si evaluim funcfia de densitate prin aproximarea
functiei caracteristice cu ajutorul unei selecfii §i apoi aplicarea transformatei
Fourier. Toate procedeele prezentate sint de tip Monte-Carlo. ‘

1. Estimarea functiei caracteristice. Fie & o variabili aleatoare a cirei densi-
tate de probabilitate p(x), x € I, I interval finit, dorim si o evaluim sixy, ..., %,
. o selecfie asupra acestela, x; € I, 1 < ¢ < #. Funcfia caractristici a lui § este

olt) = Ee"® = | o dF (x)

F fiind functia de repartijie.
O funcfie de aproximare a.lui ¢(f) evaluati cu ajutorul selectiei date este

: o~ (it) '
o nl) =2 4 M

definitd pentru orice { finit, @; fiind momentul de selectie de ordin j.
Media de selectie

ol = L 336 @

a variabilei aleatoare et5 4
~ este de asemenea o funcfie de aproximare pentru ¢(f), rezultind din definirea lui
¢ ca o valoare medie,
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TeorEMA 1. a) Funcia o, ,(f) este un estimator asimptotic nedeplasat
pentru m — o, a functiei cavacteristice @(t), in ipoteza cd variabila aleatoare coves- -
punzdtoare admite momente finite de orice ordin.

b) Funcfra ¢,(t) este un estimator nedeplasat si consistent al i o(f).

" Demonstrarea teoremei este imediatd, aplicind lui (1), (2), operatorul E si
tinind cont de proprietitile acestuia. Consistenta lui ¢,(¢) rezultd din calculul
dispersiei D2, (2).

O altad functie de aproximare a lui ¢(f) obtinutd pe baza selectiei date este:
alt) = [e=ar,(m) | 3)
3 :

F,(x) fiind functia de repartifie de selectie. Integrala din (3) se calculeazd astfel:
Se ordoneazd crescitor valorile de selectie #;, 1 <27, %, ..., %, i fle I =
= [a, 8], a = %y, b = %,,. Deoarece F,(x) este o functie in scard, constantd pe
intervalele [a, %), (%1, %), ..., (%,, 0] avem:

9u(0) = ¢ [F,(a + 0) — Fy(0)] +,§€"ﬁm<x,~ +0) — Py — 0)T 4
| R ERE) —F6 -0 |
v(x) l

tinde F,,(a&) =22 y(%) fiind numirul valorilor de seléctie mai mici decit x.
n

o TrorREMA 2. Functia o,(f) converge uwiform velativ la ¢, cu pmbabmmte 1,
pentru n — oo, la <p(), cu condifia F(x) > F,(» ) Dentru orice xe R.

Demonstmtw ; , _
"|ép'(t>¥¢,,(t>|‘<( () — Fo(2) |—§d|F — Fy(a).

ltima egalitate rezultd din faptul cd F si F sint :Eunctu de repartl];1e F —F,
>0 si F — F, derivabild pe intervalele (x,, %iiq)

Atunci S .
o lo(t) — 3,(8)| < {|F(»)-— F,(x)[}.—; pentru orice ¢ real.
Dar
(%) — Fa(#)ser < supt |F(%) — F, (%)

prin urmare :

— supr [F(x) — F,(x)] < ¢(f) — o(f) < supr [F(x) — F,()].

zZER 2ER

Iar la limitd

" Limi (— $upt |F(#) = Fy(%)]) < lim (9(t) — $,(¢)) < lim supr |F(#) - —F (9]

w—>0 #ER n—w n—e zER
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Conform Teoremei lui Glivenko [4]:
' P (lim supr |F(x) — F,(x)] = 0) = 1
n—oe xER
. si de asemenea
P(lim (— supr |[F(%) — F,(x)]) = 0) = 1

n—o 2ER

evenimentele considerate in cele d(_ﬁué probabilitati fiind echivalente.
Pe de altd parte rezulti din teoria sirurilor, ci:

lim (p(0) — %,() = 0

in sensul convergentei considerate. De fapt evenimentele
- Ay = lim (— supr |[F(x) — F,(x)])'= 0
2ER

B = lim (¢() — %,(4) = 0
. 4, = lim supr |F(x) — F,(x)| =0
n—w 2ER

se gésesc in ordonarea 4, C B C 4, Cum P(4,) = P(4,) = 1, rezulti P(B) =1
Adica : A
P(lim (o) — Fuft) = 0) = 1
si teorema este demonstrati. : , . . .
Eroarea estimatorului (1) se poate evalua in medie patratici, in conditiile
teoremei 1, si se obtine: X E

1 2mte2
E{I(P(t) = P, m(t)lz} <= QZm(t) +— am+2
. - . § n o (m + 1)! .
unde
m 2 s m el
Qun(®) = 2522 (M — My + 35 W Dy g,
i=1 7! Hi=1711!

. e

In cazul estimatorului o, (f) pentru care Do, (f) = 1Dze"“E, rezulti conform proce-
(Pn p CP” p

e
deului Monte-Carlo [3], ci eroarea cu probabilitate mai mare ca 1 — ¢, ¢ >0 si
arbitrar de mic, nu depdseste Deiti(em) =112, .

2. Estimarea functiei de densitate o(x) cu ajutorul estimatorilor (1), (2) sau (3)
se face prin formula de inversare [4]:

elw) =5 (oot at

i

care are sens, dacd |p(f)] este integrabild pe R. Din (1) se obtine:

Ji

22 G e an ’ (4)

Pr,m, o(x) = 27 {4 ]'—

—c

unde ¢ esté suficient de mare, dar finit.
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TroreEMA 3. Functia p,, . (%) este o estimafie asimptotic nedeplasati pentru
m, ¢ —> o0, a lui p(x) In orice punct x in care aceasta existd, cu conditia ca varia-
bila aleatoare corespunzitoare lui p(x) si admitd momente finite de orice ordin.

Demonstratie.

Epm. n, c(x i 2 S it) i Mj dt
TC 1 =0 e
" Tar la limitd

fn—rwo
[ 4]

lim Epm i c(x) o (e_nxq’(t) at = p(x)

deoarece in ipoteza cd M; existd si este finit pentru orice j intreg, pozitiv:

lim EMM—NQ

m—y §=0

Estlmatorul (2) prin aplicarea formulei de inversiune nu permite evaluarea
lui ¢(x), deoarece integrala

S —it(x—x, )dt
. R
nu existi.

Din (3), cu conditia |g,(?)] integrabilé_pe R, se obtine:
a — l —itxes
) Paln) =5 | ) dt
R - ‘
TEOREMA 4. Functia 5,(x) converge cu probabilitate 1, la p(x) in orice punct

xcl.

Demonstratie. Se observid ci
lo(#) ~ Bal#)] < gwa—%Wﬁ
adicd

—iSM”—%Wﬂ<M@—am<iﬁMﬂ—mww

R

Din teorema 2 rezultd ci [¢(}) — ,(f)] converge cu probabilitate 1, la zero, pentru
m — oo, prin urmare p(x) — p,(x) converge cu probabilitate 1 la zero, §i teorema
mste demonstrati.

3. Un proceden Monte-Carlo pentru evaluarea lui p,,(x) Din faptul ci |g,(f)]
este integrabilda pe R, adici: eI

| Ba@1d= 2, » finit,
R
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presupunind A £ 0, functia %]a,,(t)[ se poate comsidera ca o densitate de probabi-

litate a unei variabile aleatoare § definitd pe R. Iar

- A e B(l)
w (%) = = N e~ 2" |5 ()| dL.
P (%) 2g e e o )]

este valoarea medie a variabilei aleatoare

vz 1 3(E)
%, = e—#E .
s 9 @n(®)
Prin urmare p,(x) poate fi evaluat de media de selecfie a variabilei aleatoare
7(%, E). Pentru calculul' mediei de selectie, folosind un sir de numere aleatoare
%y, ... #, uniforme’pe [0, 1], prin formula [3]:

i
w={lm0la 1<j<r

care se rezolvd fafd de VY, se obfine o selectie asupra variabilei aleatoare £. Cu
acestea, valoarea medie de selectie este

() = 2 33 5,(¥)) - (7T

Evident aceasti medie de selectie 7(x) coﬂverge pentru 7 - oo, in probabili-
tate la p,(x).

(Intrat in redacjic la 21 iunie 1969)
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o o ome P

METOJl MOHTE-KAPJIO B OLEHKE ®YHKUMUM IIJIOTHOCTH BEPOSITHOCTH
' OOHOro CJIYYAWHOIO NMEPEMEHHOIO

(Pesiowume)

ABTOD NPHBOZHT HECKOJIBKO NPHEMOB THIA Monte-Kapiio 1S ONeNKH (QyHKIMH NJIOTHOCTH BEPOSIT-
HOCTH OZHOTO CNYYaHOTO NEPEMEHHOrO IIyTEM NPHOIMIKEHHS XapaKTepHOH (GYHKIHH Ha OCHOBE CeJleKUHH
A npHMeHeBHs TpaHchopMant dypre. Mcenmenyercs omm6xa npHéEMOB H CXOXHMOCTb TPHBEJSHHHIX
OLIEHOK. .
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LA METHODE MONTE-CARLO DANS L'EVALUATION DE LA FONCTIOI\i' DENSITE DE
PROBABILITE D'UNE VARIABLE ALEATOIRE

(Résumé)

1’article a pour but de présenter quelques procédés de type Monte-Carlo pour I'évaluation de la
densité de probabilité d’une variable al€atoire par approximation de la fonction caractéristique sur la
base d’une sélection et par application de la transformée Fourier. On recherche l'erreur des procédés
et la convergence des estimations présentées.



APPROXIMATION PROPERTIES OF A CLASS
OF LINEAR POSITIVE OPERATORS

by
D. D. STANCU

1. In our previous paper [6] we introduced and studied a new linear operator-

Py >(m = 1,2, ...), depending on a parameter «, mapping the linear space of
functions defined and bounded on [0, 1] into the linear space of polynomials L,

of degree m, namely for any f defined and bounded on [0, 1] this operator was
defined in the following way

. m . 3 .
(PN = wihf () o
where’ : . :
. WEfk(x) _ (%)x(x+ oc) (x+k‘—'loc)(1 ——x)-(l —sv4+ 0.l —-x4+m—k— loz)’
'(1+oc)(1+2u)»...(lfl—m—la)' '
o being a real parameter which may depend only on m, so that we have :

(1+ @)l +20) ... (1 +7m — 1) 0. ,.

. . We.remarked that if « = — 1/m theh this opefator becomes the Lagrange
interpolation operator corresponding to the equally spaced nodes k[m, while if
a = 0 it reduces, obviously, to the Bernstein operator B,,, defined by

(2)

m

Bne= 35 ) @~ amar (). | @

k=0

It is a surprising fact that these quite different operators belong to the same
class of operators.

2. Now, at first, we shall make the remark that the fundamental polynomials
(2) can be expressed in a more convenient form by means of the notion of gene-
ralized, factorial. . _ _ . .

The generalized factorial of degree # (a positive integer) -and increment.’ (a
real number) of # is defined by 4" = u(u — h) ... (u — n — 12).Ifn =0.and # == 0

we set #(%* =1, while if 2 = 1 we shall write, for brevity, #, in place of #(/)..
Note that for # = 0 we have #»0 = y», ; ' ‘

3 — Mathematica — Mechanica 2/1970.

e
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We mention the usual rules for operating with the generalized factorial:
wl—mh) — 1/u(n,h), wl=n—h — llu(n,——h) — 1/(% + w — lk)(n,h), w0 — 4—n (% == 0)

After these preliminaries it is readily seen that we can give the following
representation for the polynomials (2):

0%, (x) = 1(—m,—a)‘”]:) alt=a) (1 — g)m—h—a),

It should be observed that in the same way that the Bernstein polynomial
B, f can be constructed by starting from the identity .

m

(x + 1 — )" =-1 = 2(’;:) 2 (1 — x)n—t,

our polynomial pH f can be obtained with the aid of the following identity

(x +1— x)(m,—a) = 1 m—a) — i(’}’:J x(k,-—a)(l - x)(m‘—-k,—iz),

k=0

baAsed upon the ,Véndermoride formul'a .

(@ + b (m,h) Z ( ) alkh) m—kp) - 4)

" In our paper [6] we studied in detall these linear operators in the very impor-
tant case: ¢ = a, =0(m =1,2, ...), when they are of positive type. The prin-
cipal theorem proved in "that’ paper is

" TuroreM 1. IffeC [0,1] and 0 Soa=a,»>0asm— + o, then the seqmmce-
(P% mf) converges to f uniformly on [0, 71.

3. In a recent paper [8] we obtained the operator P by a probab1hstlc
method. In essence it involves the Markov-Pélya -distribution, at which one can
easily arrive by using the following urn model.

An urn contains & white and b black balls: One-draws one ball at random.
Then it is ‘replaced and oné adds ¢ balls of the same color. This procedure is
repeated s times. Assuming that X is the random variable which takes on the
value 2 (0 << & < m) if dunng m tnals one obtains exactly % times a white ball,
then

P(sz) =(7g,a(a+c)...(u.—}—k—lo)b(b-{-c)...(b+m-—k—lc) : (5)
(@a+btja+b+c)...(@a+b+m— 1

gives the probability function of X.

This scheme has been encountered by A. A. Markov (4], F. Eggen-
berger-G. P6lya [2]and G. Pélya [5]. If, in particular, one chooses
¢ =0 then we have the classic case of Bernoulli scheme

- If ¢ is an.integer less than zero,.then in the preceding urn scheme after each
drawing we do not replace the ball ‘drawn and moreover we shall eliminate from
the urn — (¢ 4 1) balls of the same color as the- ball just drawn. Consequently
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we make the remark that if ¢ is a negative integer, then in order that we can
perform all the m trials in the Markov-Pélya scheme, we should assume that

a+me=0, b+ mc=0." . 6)

= «. Since = 1 — g,

’a-}-b a

Now let us introduce the notations : 3 "
. a
we see that the probability (5) is expressible in the following form: P(X = k) =

. X
= wff,‘fk (%). Considering the random variable Y,,= f ( ) , wWe observe that the mean

m
value of it is just (P f)(%). . .
In accordance with (6) we assume that x + ma =0, 1 — 5 + ma =0, that is

—me< x <1+ ma. ) . (7)

One bbserves that this interval, on which the linear operator P,[f,‘] is positive,
has a positive length :if —ina < —;— '

Since above x and « appear as rational numbers, we should notice that we
can arrive at (1) if we consider that, more generally, the Markov-Pélya probability
function of X is defined by P(X =%) = wh} (%),# and « being real numbers
satisfying the foregoing inequalities. ’

. In[8] we proved, by using'the Vandermonde formula (4), that we have the
- following expansion by means of finite differences of f: '

(P (@) = fO) -+ ( ;”) 175 =2 56 ~9A%, £(0), 8)
which in the case’a = D it is well known (see,eg., G. G. Lorentz [3]). -

In the case a:> 0 this has been .established by us in [6], by taking into.
account that when x & (0, 1) we can give the representation

T, !

(P (=) =—18 =0 (B0

¥ l—=xn
5(2 =4
o [ S

0 -

: 7

where B,,is the mth Bernstein operator and B(a, b) denotes the beta function, while
for x =0 and x = 1 Wwe have respectively :

(P1) 0 = £0), (PE)(1) = 1).
Formula (8) enables us to find immediately that for the functions fi» where
i) =4(j =0, 1, 2) for all { in the basic¢ interval [0, 1], we obtain
(BER@ =2 (=00, (PERE = [t atx 0] @)

Consequently, according to the well known theorem of Bohinan-Korovkin we can
state the following theorem. - o
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THEOREM 2. Assumi'ng that « = «,, 1S @ non-positive number depending on
m’so that —mo, <¢ (m=1,2, ...), where 0=<e < % , then if f& C[0, 7] the

sequence (PBY) converges uniformly to f on the interval [e, 1 —c], when m tends
to plus infinity.

Since for the function g,, defined as follows: g,(f) = (f — #)? for all ¢ in the
basic interval, x being any fixed point in [¢, 1 — €], we obtain®

P’[:] x____l—l—um.x(l—x)gl-l-am
( gx)() 14« m 4l 4 )m

we see that the rapidity of convergence of (PEIf) to f can be expressed by the
following inequalities established in our paper [6]:

I~ Pl =2 olf; 8, 17— PRAIS 2 8p0(f'; 3.,

corresponding respectively to the cases f & C[0, 1], f& C[0, 1], where |[-]| stands
for the uniform norm, w is the modulus of continuity and 3,,=[(1 + om)/(m -+ am) V2.

It should be noticed that the remainder .R,[,‘f]f of the approximation formula
f= Pf + Rf has the same expression as in the case when « is a positive
parameter and the method used in [6] for deducing it, is also vaild when « is
negative. i .

In [6] we have also stated and proved a theorem concerning an asymptotic
estimate, of Voromovskaja type, for this remainder. It is easily seen that this
theorem is also valid if « = a, is non-positive and x & [, 1 —¢].

We have ,

THEOREM 3. If a = a, 15 a noh—positive number depending on m so that
— ma, =< &, where 0 = e < %, for m any mnatural number, then assuming

that f is bounded on [0, 1] and that f exists at a point x of [g,-1 — €], we have

()

(R9) () = () — (PEf) () = — 222 =T p(ny 22, (10)

14«

where cx(x) tends to O when m tends fo 4 oc.

The proof is completely analogous to that of Theorem 7.1 from [6]. The
key lies in showing that according to the Taylor formula and to the relations
(9) we obtain immediately '

) A o A 1 + l — ” -
— (R () = 22 K= () o (),
14+ a 2m
where - :
~ k 2 [k
95?'](7‘) =k=20"?£.»,]k (%) (;l - x) P (;),
@ being a function defined on [0, 1] so that if y tends to x then:g(y) tends to
zero. - o )

" * More general formulas of this type have been given in [9].
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Further it is convenient to take into account the fact that equivalent to the
conditions of having uniformly on [c, 1 — €]:

Hm (P (x) =4 (j=0,1,2),
+oo

m—>

for the convergence of (P f) to f, are the following relations (see, e.g., [1]):

lim P =1 Jfm 5 el =0

m—>+m m—+ o
I__x <8 |——x|>6

for each & > 0, uniformly with respect to % in [¢, 1 — ¢].
Employing the procedure described in [6] and the foregoing relat1ons -one
finds that for' any n >0 we have m|pld (x)| < n whenever m is greater than a

certain positive integer N(n), and therefore & () from (10) tends to zero as m
tends to plus infinity. :

If we assume further that me, - a (a > — %), then (10) permits us to write

the relation -

lim m[f(x) — (PEf)(@)] = — (1 + a) L2 ().

m—r+w

( Received May 5, 1969)
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PROPRIETATI DE APROXIMARE ALE UNEI CLASE DE OPERATORI LINIARI POZITIVI
' (Rezumat)

Operatorul PE:], ihtrodus_ anterior in [6], se reprezinti cu ajutorul factorialului generalizat si se
studiazi proprietitile de bazi de aproximare a functiilor continue cu ajutorul acestui operator in cazul
cind parametrul o depinde de m si ia valori megative. Astfel se completeazi rezultatele obtinute in
[6] si [8] relative la studiul acestui operator. : ’

CBOMCTBA MPUBJIV)KEHUS OJHOTO KJIACCA TTOJIOKUTEJIBHBIX
JIMHEVHbBIX OINEPATOPOB

(Pesome)

Onepatop PE,‘:‘], BBeJIeHHBI! paHbie B [6] mpelcTaBasfeTcsl ¢ NOMOWILI0 06OOWEHHOTO daKTOpHaNa B

M3y4al0TCs] OCHOBHEIE CBONCTBA MPHGMAMIKENUs HENPEPEIBHBIX QYHKUME C IOMOLIBIO STOTO ONEPaTopa, B CIy-
Yyae KOrjla NapaMerp « 3aBHCHT OT #¢ ¥ NPHHUMAET OTPHIATENbHbIE 3HaYeHHs. TaKuM 06Pa3oM NONCAHSIOTCS
pesyJbTaTsl, nojyyenssie B [6] u [8] oTHOCHTE/NBHO M3yYEHHS 3TOTO ONEpaTopa.



ASUPRA UNOR FORMULE OPTIMALE DE CUADRATURA

de
GH. COMAN

Fie H o clasi de functii definite pe segmentul [0, 1] si » un numir natural
" Se considerd formula- de cuadraturi : ‘

1

freaan = 3¢5 + R o
0 v )

unde f ¢ H iar abscisele nodurilor satisfac conditiile 0 < %y < 2, < ... < %, < L.

Dacd x4 = 0 si %,, = 1, atunci formula de cuadraturs (1) se numegte de tip inchis.

Se pune problema ca dintre toate formulele de cuadaraturi de tipul (1) s3
se determine aceea pentru care marginea superioard ‘

E,..(H, C; x)=sup | Ryny-1(f)] 2
feH .

extinsi la toate functiile f din clasa H, are valoarea cea mai mici. Se noteazi
aceastd valoare cu E,,,(H), adici :

Epya(H) = min (H, C;, x) (3)
‘Formula de cuadraturd de tipul (1) ai cirei coeficienti C; si noduri x; sint
astfel alese incit E,,,,(H) si fie atins, se numeste optimal3 pentru clasa de func-
tii H. _ ‘ :
Se pot obfine diverse variante ale problemei propuse, daci se cauti formula
de cuadraturd optimali printre formulele ale ciror coeficieni si noduri nu sint
arbitrare, ci sint supuse unor legituri dinainte date.
Astfel de probleme au fost studiate de A. Sard [10], S. M. Nikolski

[8], G.Ia.Doronin [3]. T. A. Saidaeva [11]si al{ii, pentru anumite clase
de functii. '

In Jucrarea de fafd se studiazd formula de cuadraturi de tip inchis optimald
pentru clasa W{ (M,, ;0,1), a functiilor definite pe segmentul [0, 1], avind derivata

de ordinul »—1 absolut continui si derivata de ordinul 7, f(x) cu proprietatea
1 :

(17900 a2)" < M, | )

0
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pentru p =1, 2; =1, 2, in cazul in care formula de cuadraturd are gradul
de e exactitate egal cu 7—1.

= Studiul formulelor optimale in cazurile amintite se va face folosmd metoda
Prof. D. V. Ionescu descrisd in lucrarea [5]

Pentru p = 1, se va sctie W¢)(M,,; 0,1) in loc de W) (M,,; 0,1), iar con-
ditia (4) se 1nlocu1e§te cu condifia |f¥] << M,,.

1. Cazul p =1, » = 1. S& considerdim integrala
1

:M@m o (L.1)
0
unde fe WO(My,; 0,1). Fie 0 = x, < #, < ... < %, = 1 o diviziune a intervalu-
lui [0,1]. Fiecdrei subdiviziuni [#;,_,, %] ¢ =1, 1, ..., m) i se atageazd o functie
o; integrald a ecuatfiei diferentiale corespunzitoare
' pi(x) =1 (=1,2, ..., m). (1.2)

Integrala (1.1) se va scrie

1

V1w ar = (e f ds + %, { eitr@an+ § e fends

0 xﬁl —1

sl :aplicind formula de integrare prin pirfi, avem

| fy ax = 0+ 2 ) — a1 765) + 2 1) —
0
] :
—(er@as, (L3)
0
unde functia ¢ coincide pe rind cu functiile ¢;(%), @a(%), ..., 9,(%) In intervalele
10, %1, [#y, %2], , [#m—y 11. Dar, conform lui (1.2), functiile 9;(%) trebuie si

aibd forma

i—1

%W=x—;Q,G=L2“”m,. (1.4)

unde C sint constante  arbitrare. :
Se observd cd formula (1. 3) este de tipul formu1e1 (1), unde

Co= — 0100), C; = 0y() — 0ssa(®) G=T, 2.0, m—1), Cpy=a,(1) (L5)
iar

Rya(f) = — [ oln) £ (a)dx. (L6)
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Din (1.6) rezultd cid
1

sup [ Rpsa(f)] < M { 19(#)] d. (L7)

" rewn,;0,1) o

Daci se alege funcgia f astfel incit f'(x) = My, sign (%), atunci fe WO (Myy;
0,1) iar in (1.7) are loc semnul egal. Prin urmare, avind in vedere (2), se obtine

1
Epi (WO(Myy; 0,1), C;, %) = Musl‘P(dex- : (1-8)
0

fn felul acesta, problema obtinerii formulei de cuadraturi optimald pentru

clasa de funcfii Wi (M4 ; 0,1) s-aredus la determinarea nodurilor x; si a parametri-
lor C,, astfel Incit integrala

Ja={letalar - (1.9)

si ia valoarea cea mai mici.

Avind in vedere definifia functiei ¢ se obtine

£ *; . 1 .
]n=§]x—— Coldx—}—’gxs x—;g:(,‘k dx+x51 x—:;_:ck iz,
sau - i
T = 21,., (1.10)
unde

Lema 1. Minimul integrales
ath

6= |lv—ajax (10

a—h

printre polinoamele de gradul tntii cu coeficientul lui x egal cu unu st A arbitvar,
este atins pentru polinomul unic T(x) = x — a $1

a--h

Slx — aldx = k.

a—h
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Demonstratie. Avem g% =2(4 —a) =0, de unde rezults i A = q, Cum
' atk
. ,
Z—; =2 > 0, iar efectuind calculul, —g |* — a|dx = h?, lema este demonstrati.
‘a—h

Conform lemei, int‘egrala- I, ia valoarea minimi in.raport'cu C;(+:=0, 1, ...
m — 1) atunci §i numai atunci cind : .
i1 .
C,=2mt% 1,9 ... m (1.11)
k=0 2

Substituind valorile obfinute pentru C; in (1.10) si efectuind calculele se
obtine '

- - N m -
- . 1 \o©
Ju = n(l:l_n Ju = ;E(x, — %)%

1

Determindm acum minimul funcfiei J;, in raport cu #,(6 = 1,2, ..., m — 1).
Se obtine ' ’

0.711 . _i_ x_% (% — x,)? (% — x;_4)? (’Vi—{—l — %)? (1 — %py_q)® .
L ax,-{4+ R '+ . '+...A+ — —
=x,~—x,-_1___x,-+1—x,-='0 .
-2 2
sau : .
‘xi—xi_lzxi_'_l—xi (i=1,2,...,m—1).

Rezultd cd functia J,, f5i atinge valoarea minimi, in raport cu parametrii x;
(t=1,2, ...,m — 1), in cazul unic in care subdiviziunile (%_nL%] =12, ...,m)
au aceeasi lungime.

 Avem, deci

=1 (=12 ..., m—1), (1.12)
iar "
min J; = - : (1.13)
% - 4m -
Din (l.ll)mg,i din faptul ci formula de cuadraturi care gradul de exactitate
egal cu zero (EO C;,= 1) se obtine -

Co=Ch=—,Ci=2 (i=12 ..., m—1) (1.14)
2m m

In sfisit, din (3) si (113) resultd o5
Epia WMy 0, 1) = =My~ (L15)
m - - o

In felul aceasta s-a demonstrat urmitoarea teorema4 :
TrorEMA 1. Formula de cuadvatuwrd de tipul (1), optimald pentru clasa o
functic WMy 5 0,1), este Jormula trapezului cu restul dat de e/wesia (1. 5).
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Revenind la funcfia ¢ se observd cd functiile ¢; corespunzitoare formulei
de cuadraturid optimald au expresiile

2 —1

2m

oi(%) = % — =12 ..., m.

iar graficul ei este dat de fig. 1.

, .
A

quo? / y ' T 1 X
7 4
Fig. I
Observatie. Functia ¢ corespunzitoare formulei de cuadraturd optimald se

bucurd de propnetatea ca aria domeniului hasurat situat deasupra axei ox este
egald cu aria domeniului hagurat situat sub axa ox.

2, Cazul p =1, » = 2. Se considerd integrala

1= d=. @

unde fe W¢ )(Mm, 0,1) si o diviziune 0 =%, <%, < ... < %, =1 a segmen-

tului [0, 1]. Fiecirei subdiviziuni i se atageazd o functle P, 1ntegrala a ecua-
tiei diferenfiale corespunzitoare

=1 (=12 ..., m). (2,2)
Scriind integrala (2.1) sub forma

> 1
[rmar =3 5 #/'(4) fi) 4
° 1=
si aplicind formula generalizatdi de integrare prin pirfi, se obfine

[ fdr = — OL0) + 3 [oi(w) — shalm)1 ) + wh(D) D) +

00 S0) — 25 o) — Furalm1F(5) — oalD) /(D) +S<P %) d.
unde functia ¢ coincide pe rinii cu functiile @;, @, ..., 9, in intervalele [0, x,]
[#1 %3], «ovy [y 11 :
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Punind conditiile

@0 =0, (%) = @a(®), (=12 ..., m— 1), ou(1) =0 (23)
se obfine

m—1

f@ds = — 20 A0) + 3, [4i(%) — obaa(sd 1 /05) + 0w SN +

£2

OV,

+ { o) £(2) 24)

care este o formuld de cuadraturd de tipul (1), unde

]

Co=—91(0), C; = 9i(x;) — oina(%) (E=1,2, ..., m—1),C,=o0.) (25
iar restul

1

Rupa(f) = | o(%) 17/(x) dx. @8

0

Pentru a fi satisficute conditiile (2.2) si (2.3) este suficient si luim functiile
¢; sub urmatoarea formi ‘

<P1(x) = % - Cox:

Po(%) = = — Cox — Cy(x — 2,),
........................................ (2.7)

Om—1(%) = “;‘2 _.Cox — G — %) — .. - — Cpa(% — %,_),

Pm(%) = % —Cox—Cy(¥ — %) — ... — Coneal® — %y o) — Cp_y (% — %,,_y).

Avind in vedere ci formula are gradul- de exactitate egal cu unu, adici

n m

>5C, =1, Z_/: Cix, = l, functia ¢, (x) se mai poate scrie

i=0
1 — )2
on(x) ==L — C,(1—x).
Cu aceastd observatie, condifiile (2.2) si (2.3) se verifici firi nici-o greutate.
Din (2.6) se obtine
. 1

sup ,Rm+1(f),<M12S,(P(x)l dx,

o rew®arg;on 5
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unde, pentru funcfia f astfel aleasd incit f”’(x) = M,, sign ¢(x), are loc semnul
egal. Cum functia f,” astfel definiti, aparfine clasei W®(M,,; 0,1), rezulti ci

1

Epa(WO(My 5 01), C,y 3) = My, | o(®)lex. 238)

0

Problema s-a redus in felul acesta la minimizarea integralei

Ju={10(x) s

in.raport cu parametrii C; si %;.
© Avem

2y
? Jiz= _g
0

unde

2 it ! 2 A
2 —Coxldx+ LI + 5 ’¥—cm(1—x) dz,  (29)

=2

1

I, = }’ dx.

2 i—1
22 Gl — )

a—h

LeMmA 2. Minimul integrales §

a—h

%z — Ax — B de gradul al doilea, cu coeficientul lui x* egal cu % st coeficienfit A §i

%z —A4x — B | ax (h > 0) printre polinoamele

B arbitrars, este atins pentru polinomul unic T,(x) = f —ax — (—Z—z — -‘f). Acest mi-
a+b
k3
nim este S | To(x) | dx =7
a—b
Demonstratia acestei leme este dati in [8]. :
Conform lemei 2, pentru ca integralele I;(1 =1,.2, 3, ..., m — 1) si ia
valoarea minimd este necesar ca '
i—1 P
>2,C, =0T G=1, ...,m—1). (2.10)
=0 2

Parametrii C, §i C,,, care minimizeazd prima, respectiv ultima din integralele (2.9),
se determinid din ecuatiile

. 2 ) . 1 ’
e - e —=p _ _
dco{ Og dx} 0, dc,,,{ | S l - C,(1 — %) ‘dx] 0.

’m-—1
si se obfine

xz
— —Cyx
2 0

=5 = 1=, '
CO_—'2_\/2-—-)‘ Cm 2\/-2— T , . (211)
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Introducind valonle i C; d1n (2 10) si (2. 11) in (2.9) se obfine:

Ji= 1116131 Jiz = \/62\/—21 H +312;2 (xz i . \/:\};—1 (1 — x,_4)%

Folosind notatia
m—1
u =E (% — %i)%

se determind in primul rind, minimul funcfiei U in raport cu parametrii x,, %, ...
ves Xp_o Se obfine

:_Z 6_,{(x2 — )t o (= P F — %P (Bl — X))

_3(x—x, 2= 3%y —%)P=0  (i=238 ..., m—1).

De aici rezultd ci funct1a U ia valoarea minimi in unicul caz in cdre:

Bo—m =T 98, m— ), 2.12)

m— 2

adicd subdiviziunile [x;, %], %2, %3], ..., [#m_s — %s_y] au aceeasi lungime.
Avem de asemenea

§1 in consecmta

. : T _"\/2—.—1 3 (xm—l—xl) '\/2—1 L 13 -
]12— zg.r.r.l’lilm_zjlz— 2,\/2 # + 32(m — 22 + 2_\/2 (1 xm—-'l) |

Vom determJna acum minimul lui J;, in raport cu- %, si %, _,. Avem

0w _NZ—1 5 B —m)
on  .2V2 »14 . 320m — 2 .

© 0w : 3(xm—1 — x)° '\/2 —1 (1 ) = 0
0%y 32(m — 2)* 2'\/5

"..Rezolvind acest: sistem.se objine ca unici solujie posibild

1

o Vat m—2 Vi—2val

n=1-x,,= p,\/g, unde p =

iar

mm]m'—\/’i‘lpéﬁ | it 213

1 ﬂi VE

Din (2.12) se obtfin pentru absmsele nodunlor opt1ma1e expresiile

-~

5=TVB+ 26— DVE—2ValuG = 12, it — 1), 0= 0, 1, , =1 (2.14)
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m

iar din (2.10) si (2.11) si conditia EC,- =1, se obtin pentru coeficientii optima:ii.

i=0
expresiile o R - .
Com Co=Y8 ¢, =, =4V3-Ve+eVa—2v3
2 | 4 2.15)
C;=2V4—2\2 (=283 ..., m—2).
- In sfirsit, din (2.8) §i<(2.13) rezultd ca'
BP0 0, ) = e, T (216)

242
Avind in vedere faptul ci nodurile optimale si coeficientii optimali sint unic
determinaji §i cd pentru valorile lor date de (2.14), respectiv (2.15) polinomul
L i1 N
T,.=’§—2ck(x—xk) 6=23 ..., m—2)
k=0
reprezintd pe segmentul corespunzitor [%_ 5, %] 6=2 8, ..., m —2), poliﬁo-
mul care se abate in medie cel mai putin de la zero, are loc urmitoarea teorems :

TEOREMA 2. Formula de cuadraturd de tipul (1), avind gradul de exactitate egal -
cu unw, optimald pentru clasa de functis W (M, ; 0, 1), este aceea a cdrer noduri
$t coeficients sint dai de (2.14) vespectiv (2.15), iar vestul formules este dat de (2.16).

41 -
\ s /J£\
2 N\ Tt

X,

b ——

ol

2 Im=1

- |

Fig. 2.

Functia ¢ corespunzitoare formulei de cuadraturi optimali are graficul din
fig. 2 si se bucurd de proprietatea ci aria domeniului hagurat deasupra axei
ox este egald cu de doud ori aria domeniului hasurat sub axa ox.

8. Cazul p =2, » = 1. In mod analog cazului 1, daci se consideri integrala

. ,

I= g f(=) dx‘

unde fe Wi (My;01), 0=%, <%, < ...<%, ,<4%,=1 o subdiviziune a
intervalului [0,1]¢i dacd fiecirel subdiviziuni [, ,, x;] i se atageazi o functie o,
integrald a ecuatiei diferentiale corespunzétoare_

i) =1 G=1,2"..., m), (3.1)
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se obfine

—1

Sf(x) dx = — ¢,(0) f(0) +':Z_;' [pi(%:) — Para(%) 1S (%) + @a(1) f(1) —

1
f o(%) f'(x) d (3.2)
0
unde functia ¢ comc1de pe rind cu functiile @;, @, - .., @, pe intervalele [0, x,],
(%1, %5], - - -» [#m—, 1]. Functiile ¢; datoritd conditiilor (3. 1), sint polinoame de

gradul Intii cu coef1c1entu1 lui x egal cu unu si termenul liber arbitrar, adicd

f : o) =2 —33C =12 .. m). (3.3)
¢ ' k=0"
" in felul acesta formula (3.2) este o formuli de cuadraturd de tipul (1), unds

. Co= —91(0), C; = (%) — @ia(®) G =1,2, ..., m — 1), C,, = o,(1) (3.4)
iar

1

Ro(f) = — { ol#) 7/(2) dx. - (3.5)

0

Aplicind lui (3 5) 1negal1tatea lui Cauchy-Bumakovskl se obtine

1/2
wp Rpal)] < M 5 #(x) dx}. (36)
rewPor,,; 0,0 : .

Daci se ia funcfia f astfel incit f'(x) 21{ S <P2(x } " o(x), atunci
fe WE(M,,; 0,1) iar in (3.6) are loc semnul egal. Rezulta ca

. _‘ : "
By (WM 0,1), €, %) = Ma] [ 02 d} )
. 0

;i"probfema se reduce la minimizarea integralei
1

Ju = {6(x) dx
0

Integrala J,, se mai poate scrie -

Tu= ;n;L-, _ (3.8)

unde
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. - ST . S
LEMA 3. Mmmml mtegmlez 5 (x - )2 ax (h > O) “printre polmoamele de gm—

dul intii, cu coeficientul lui x egal cu unu'si A arbztmr este atms ;bentm polmomul
a+h

283
unic Ty(x) = x — a, tar S (x —a)pdx =—-
’ a—h 3
Demonstratia acestei leme se face in mod analog cu demonstratia lemei 1.
. Conform lemei 3, rezultd ci integrala I; ia valoarea minimi in cazul dnic
in care '

Co=Tit % 1,9 . m), L (89

iar 1n acest caz

Coey

~"Caleulind acum miinimul lui J,; fn raport cu %, set obfine ' i*. o
0Jn

5;‘_07{("1 —FS G P (G — 2P %, — %)=
o =8(% — %P = 3(%y, — %) =0,
de unde rezulti _ce‘i Ju ia valoarea minim4 in cazul unic in’ care, X — %y = L
! i m
(¢t=1,2 ..., m), sau '
X = G=1,2 ..., m—1), (3.10)
iar ' ‘
. 1
nilin Ju=—- (3.11)
Din (3.10) si 33C; — 1, de obtine
. 3=0
Co=C,=L, ¢, =L (=12 ..,m—1 (312
2m m ’
Avind in vedere (3.7) si ‘-;(3.11) se obtine
1
m+1(W (M21: O 1)) _\/?—’le' ) (313)

Are loc

TrorEMA 3. Formula de cuadraturd de tipul (1), optimald pentru clasa de
Junctis WM, ; 0, 1) este formula trapezulur cu vestul dat de expresia (3.13).

4 — M'athematica ~— Mechanica 2{1970.
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Funcfia ¢ corespunzitoare formulei optimale are aceeasi expresie ca si in cazul
1, deci aceeasi reprezentare graficd (fig. 1) si se bucurd’ de aceeasi proprietate.

4 Cazul p=2, 7y =2 Fle fe WE(Mp; 01)5i0=2 <% < ... <%, =1
o subdiviziune a segmentului [0,1]. In mod cu totul analog cazului 2 se' obfine
o formuld de tipul (1) si anume

m—1

[ fd = — 9300) FO) + 2 [9i(%) — () 1103) + b1 A) + § #(2)f (i,
0] . - , 0 .

4.1)
unde

Co = 91(0), C;= ¢i(x;) — (Pf-{-l(xi) =12, .. m—1), C,=en(l)

iar
14 . .
Ryalf) = { o(0) f7(5) dx. (42)
0
Funcfia ¢ coincide pe fiecare din intervalele [x, ,, %;] cu ¢, care satisfac

conditiile _
oi'(%) =1 (=12 ..., m (4.3)

?1(0) =0, cPi(xi)'= Cpi—l(xi) (’L =12 ...,m— 1): (Pm(l) =0,

adici sint de forma (2.7). :
Aplicind lui (4.2) inegalitatea lui Cauchy-Buniakovski se obtine

12

sup | |Rpa(f)] < Mo, ! S @*(%) dx] ’

rei P a0
—1/2

1
inegalitate care pentru functia f astfel aleasd incit f''(x) = My, { s ?(x) dx} p(x) se
. P :

transformi in egalitate §i in plus f € W&(M,,; 0,1). Rezultd ci

" _ 12
Em+1(W(L23(M22 ;0,1), G,y %) = My { S @?(%) dx} . (4.4)
0

Urmeazi si calculim minimul integralei

1

Je2 = S ¢*(x) dx.

0
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in raport cu parametrii C; §i #;. Se obfine

%
2 m—1

]zz=5(———-Cox)dx+2 S [ ECk(x——xk)] dx_|_

=2

+ j [‘1 = » (1 — x)]z_dx,

X,
m—1

sau

Jog = i("; — cox)2 dx+ g I+ S [“ q-9_ C,,,(l — x)J (4.5)
unde ‘ . »

I, = S [%2 —g()k(x — xk)]zdx.

Fia

a+h ’ :
Lema 4. Minimul integrales S (x—; — Ax — B)zdx (h>0), printre polinoamele
a—h
de gradul al_doilea ® _ Ax— B, cu coeficientul lui x egal cu — si coeficientii A
2 . g 2 r »
si B arbitrari, este atins pentru polinomul unic To(x) = %2 — ax — (% — 3‘;—3) st
ath
2
T3(x%) dx = = }5,
f ;, o) dn = — b
Demonstratia este datd in [3].

Din aceasti lemd rezulti ci integrala I ia valoarea minimd in cazul unic
in. care

1 .
S, =Himt (=238, ..., m—1). (48

k=0 2

Pentru determinarea parametrilor C, si C,, avem

‘%B (%ﬁ _ C;,F)zdx} —0, é[ ; [(l;zx)f e x)]zdx o
xm—l

de unde

Co=—n, C,= % (=%, ). (4.7)
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Introducind valorile obfinute pentru C; in (4.5), se 6b‘1:ine

7 = min] = ﬁ_{_.._l_mz_l(x — x. )5 +(1 "'xm—l)s.
A c; 227 320 ' 720 = -1 320

m—1
Folosind notatia U =D, (%, — %;_,)%, avem
i=2 R

ZZ =ax, {( - x1)5 + E 'l' + (x" - xi—-l)s + (xi+1'— xi)s + ... + (1 — xm—l)s} =

= 5(x; — %_)% — 5%, — %)t =0 (=238 ...,m—1).

De ‘aici rezilti ci func1;1a U ia valoarea minimé in ra.port cu x; (1=2, ...
.., m —2), in cazul unic in care

e =238, ..., m—]1), (4.8)
iar -
= . - (xm y — xl) s
= min = M — % )5
2 E AT xm_2]22 320 % + 720 (m — 2)* + ( m 1)

" Se calculeazs -acum minimul lui J,, in raport'cd %, §i %,_;. Se obfine

.f 9\61 = 1— ")"m;ll'= 2("': ® = 4+ (m— 2) V‘T (49)

si | AR |
1 ' o
mm ]22 = —y. B - (4.10)

Din_(4.8) si (4..9):;sle obtin pentru abscisele nodurilor opt'imgle'%expr._esijl‘e
%,=0, 5, =2+ (E—DV6lp G=1,2,....,.m—1), , =1, (411

m

far din (4.6), (47) si 3¢ —1, 'se obtine

3+=0

3 o speye T
Co_cm_‘—p': C1_‘Cm1 +4\/ &, (412)

! ¢ = M[é (=28, ...,m—2).
Din (4.4) si (4.10) se obfine

Eppy (WE(May ; 0.1) = \,_Mzz . (4.13)
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Cum nodurile (4.11) §i coeficientii (4.12) sint unic determinati, iar polinomul

2 i—1 R .
Ty(x) = % — k=20 Colx —x) 6=2,3,...,m — 1) coincide, pentru aceste valori

ale lui x; §i C;, cu polinomul care se abate cel mai putin de la zero in metrica
Iui L, pe intervalul corespunzitor (% _y %] (6=2,8, ..., m'— 1), are loc
TEOREMA 4. Formula de cuadraturd de tipul (1), avind gradul’ de exactitate

egal cu unu, optimald pentru clasa de functii WE (M, ; 0,1) este "aceea a cdrve

‘noduri §i coeficients sint dati de expresiile (4.11) 51 (4.12), 1ar restul formulei est
dat de (4.1). ~ 4

Graficul functiei ¢, corespunzitoare formulei de cuadraturi -optimale are forma
-din fig: 2 si se bucurd de proprietatea ci aria domenjului hagurat situat deasupra
axel ox este egali cu aria domeniului hagurat situat sub axa.ox. -

(Intrat in redactic la 10 iulic 1969)
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O HEKOTOPBIX OTITUMAJIBHBEIX KBAJIPATYPHBIX ®OPMYJIAX
(Pesmome)

B paGore usyuaercs ksagparyphas ¢opMyna sina (1), saMkuyToro THNa, omTHMAaNbHAS I Kjacea
Wg; (Mp,; 0,1) yHKUHH, OnpefesSHHLIX B npomexytke [0,1] umes TNpOH3BOJHYIO nOpsiika »—I1, aGco-

JIOTHO HETPEPHIBHYIO, H NPOU3BOAHYIO NOPAAKA 7, f(N)(%) co cBOHCTBOM IF® (%)) JFRS Mp,, B caywasix 1.
p=1 =52 p=1,r=23.p=2,7=I4 p=2, r=238 LIPEJTOJIOKEHHH, YTO CTEelleHb TOUHOCTH
¢dopMyJsEt paBHa 7 — 1. :

Hokasupaercs, uto B caydasx 1. u 3. ontumanbuas KBalpatypHast (opMysia siBisiercst dopmysa
Tpanemui ¢ ocratkoM, AammuM B (1.15), coorsercrsenno B (3.13). B Clydae 2. onTHMandbHas (opMy.a
HMEET y3IH 1 Kosdduuuents], faHEe B (2.14), coorsercrsenno B (2.15)  ocratox B (2.16), a B cryuae 4.
V3Bl M KOS(OUIMEHTH ONTHMANBHON (GOPMYH! fank B (4. 11), cOOTBeTCTBeHHO B (4-12) 1 ocrarok B (4.13).
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SUR CERTAINES FORMULES OPTIMALES DE QUADRATURE .,
(Résumé)

Dans le présent travail on étudie la formule de quadrature de forme (1), de type ferm¢, opti-
male pour la classe W(I") (Mp,; 0,1) des fonctions définies sur le segment [0, 1], ayant la dérivée
d’ordre »—1 absolument continue et la dérivée d’ordre #, f()(%) avec la propriété || FO@, » < My,
dansles cas 1. p=Lr=1;2.p=1Lr1r=2;8. p=2, r=1;4.p=2 1r=2; et dans I'hypo-
these oit le degré d’exactitnde de la formule est égal & r — 1.

On démontre que dans les cas 1. et 3. la formule de quadrature optimale est la formule du
trapéze avec le reste donné respectivement par (1.15) et (3. 13). Dans le cas 2. la formule optimale
2 les noeuds et les coefficients donnés respectivement par (2.14) et (2.15) et le reste par (2.16) ; enfin,
dans le cas 4. les noeuds-et les coefficients de la formmle optimale sont donnés respectivement par
(4.11) et (4.12), et le reste par (4.13).

U



' UN PROBLEME GENERAL DE LA PROGRAMMATION
LINEAIRE A PLUSIEURS FONCTIONS ECONOMIQUES

par
I. MARUSCIAC et M. RADULESCU

Y

1. Dans les problémes économiques dans lesquels nous sommes conduits a.
maximiser simultanément plusieurs fonctions économiques soumises aux restrictions
linéaires, on peut poser le probléme de ’efficacité économique sous divers points
de vue. Ainsi, par exemple, on peut demander que la plus petite parmi les fonctions
économiques soit, sous les restrictions données, la plus grande possible. Un tel
probléme a été abordé par S. I. Zuhovitzi [6] e¢ E. I. Remez,
A. 8. Steinberg [5], qui ont donné de méme un algorithme fini pour ce pro-
bléme, basé sur la méthode simplexe. ,

Mais cette maniére de poser le probléme de 1a programmation mathématique
n’a pas toujours une justification économique, parce que les fonctions économiques
ne peuvent pas étre toujours comparables, comme on le voit, par exemple, dans
le probléme de la programmation lindaire, dans lequel il faut maximiser le volume
de la production et minimiser le prix de revient, simultanément. On voit qu’ici
les deux fonctions économiques (le volume de la production et le prix de revient)
ne peuvent pas étre comparées directement. Mais on peut trouver certains indicateurs
grice auxquels les deux fonctions économiques peuvent étre comparées et par
conséquent on peut utiliser I'algorithme de Zuhovitzki. Cependant cette méthode
-comporte d’autres difficultés pratiques; voild pourquoi elle devient parfois difficile
a appliquer effectivement.

Dans certaines conditions, on peut établir une relation entre les fonctions écono-
miques, et alors le probléme de la programmation mathématique revient au probléme
d’optimisation de la fonction ainsi obtenue, soumise aux restrictions données.

Une autre manitre de poser le probléme, qui parait la plus naturelle, a été
formulée pour la premitre fois par A. Charnes et W.. Co oper [2 8]:-
elle consiste dans la détermination d’un tel appel & des programmes efficients.
Le probléme consiste dans la détermination des points du domaine des solutions
des restrictions, qui ont certaines propriétés d’efficacité. Plus tard, en 1963 ce
probléme a été repris par P. Bod [1] qui donne de méme un algorithme pour
la détermination des programmes efficients. ,

Dans cette note nous donnons un nouvel algorithme pour la détérmination
des ,,points efficients’” des inégalités auxquelles les variables indépendantes sont
soumises. Cet algorithme part' d'un point arbitraire de ce domaine et permet
d’obtenir toujours un ensemble de. points efficients.

’
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. 2. Considérons les vecteurs-fonctions
y = Cx, ' (1)

olt ¥ = (y1, Y2 .-, ¥p) €t x = (%1, %5, ..., %,) sont des vecteurs-colonnes de R?
et R” respectivement, et C est une matrice numérique donnée d’ordre p X n. Les.
vecteurs (points) sont soumis aux restrictions :

\ Az < b, Q)

oit A est une matrice numérique donnée d’ordre m X n, et b = (by, by, ..., b}
— un vecteur colonne donné de R,,.

Soit
Q = {x|dx < b}
et .
Y ={yly=Cx; x&0Q}.
On -introduit dans Uensemble Y la relation d’ordre naturel, c’est a dire,

’ rr

y <y
si
) Ve Es{l,2 ...,5} i < 9.
On ay <y sy < ¥y et A _
3, je{lL2 ....p} ¥, <9
. — L2 -
. Drrmnirion 1. Un point 2° & Q s'appelle efficient par rapport @'Y, st pouy
chaque point xS Q, de , R
y=y(x) =y =y(*),
ot
_ Y= Cx, | ¥ = Ca®,
il résulle ‘
y=3.. A
Par conséquent, %0 & Q est un point efficient s’il n’existe aucun point x =e}
dans lequel toutes les fonctions (%), # = (1, 2, ..., p), sont au moins égales. a
vi(#0), (¢ = 1,2, ..., ), au moins I'une d’elles y;, () étant strictement plus grande
que Yy, (%) : . ‘ o ,

a) Considérons maintenant le probléme suivant: trouver un point 2° & Q
tel que ' ' : : :

Vi x&d, f0) > f1), B
oft’ _ :_ v - |

%) = miz y,():
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DEFINITION 2. Un point a0 e Q dans lequel (3) a lien s appelle optimal par
rapport 4 Y.

.. THEOREME 1. Cha(_me pomt “optimal par rvapport & Y :x & Q est AuUSSt un
point efficient par rapport a Y.

En effet, si 4° est un point optimal, alors de la définition 2. il resulte que
(3) est satisfaite. Si #° n’est pas un point efficient, alors il résulte de la deflmtlon 1,
qu’il existe un point x tel que y(x) > y(x9), c’est-a-dire

VE k(1,2 ..., 5}, yi(%) = y,(x°)
et
' 37’; ie{l’ 2: s ey 15}: yz(x) >y1(x0)
Mais alors, on a

f(®) = min y,(x) > min y,(x°) = f(x°),
1<h<p <p .

ce qui contredit-le fait que x° est un point optimal par rapport & Y.
~ b) Considérons maintenant une application
F: R > R,

continue et monotone-croissante par rapport a la relation d’ordre partlel 1ntrodu1te
dans Y, c’est-a-dire, si

Y <y SF) <F(y").
DErFINITION 3. Un point 20 = Q s'appelle extrémal pour la fonction F, s
V#,5€ Q2 F(y) < F(yo)- @
THEOREME 2. Chaque point extrémal x° < Q pour une fonction F continue et

monotone — croissante dans Y- est aussi un point efficient.

En effet, si 4° < Q est un point extrémal pour la fonction F monotone dans
Y, alors (4) est vérifiée. Si nous supposons que’ x%, n’est pas efficient, alors il résulte
qu’il existe x < Q tel que on a y(x) > y(x°). Mais du fait que F est monotone
— croissante dans Y, il résulte qu’'on a F(y) > F(y°) ce qui contredit le fait que
29 est un point extrémal pour F. "

Remarque 7. La fonction du point a)

fx) = min y,(x)

1<k

est évidemment monotone—crmssante De méme la fonction- moyenne pondérée

de I'ordre 2q +1:

Py 1
g(y) = ( 2 yz““)ﬁ
=1
ot g est un entier non négatif et p, >0, avec

IR TR SR +Hp=1,

est aussi monotone-croissante, comme on peut immédiatement le. vérifier. -

!
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On voit parles Théorémes 1 et 2 que le probléme de la détermination des points
efficients est un probléme trés général qui englobe la majorité des problémes extré-
maux rencontrés dans la programmation mathématique appliquée a 1’économie.
Voila pourquoi nous nous proposons dans cette note de donner un algorithme fini

qui permette la détermination de l'ensemble des points efficients de Q.
D’abord nous donnons deux théorémes qui constituent les critéres d’efficience
pour les programmes économiques et sur lesquels est basé notre algorithme.

TagorEME 3. Un point x & Q est efficient par vapport & Y si et seulement si
le systéme des inégalités
ugb—e >0, k=12 ...,p (5)

est incompatible, quel que soit € >0, o
& = (Ch1s Char + - 5 Cpn)s R=1,2 ...,p
el w = (uy, uy, ..., u,) S R",
Nécessité. Soit x* g Q un point efficient par rapport & Y. Alors il résulte
que pour chaque point x5 Q, de )

y >y0=>y =y0)

c’est-a-dire dans la direction # = [49, #] au moins une fonction économique y,(%)
décroit. Par conséquent, il existe £,& {1, 2, ..., p}, tel que

ugh < 0. (6)

Parce que (6) a lieu quel que soit x g Q, c’est-a-dire, quel que soit # = [x°, %],
il résulte que le systéme (5) est incompatible si ¢ > 0.
Suffisance. Supposons que le systéme (5) soit incompatible quel que soit e > 0.

Soit 2° < Q et ¥ § Q deux points arbitraires. On considére la direction # = [x,, x].
Parce que le systéme (5) est incompatible, quelque soit € > 0, il résulte qu’il existe
kos{1,2, ..., p}, de sorte que la relation (6) a’lieu, c’est-a-dire

Vi (%) < Yr, (2°).
Par conséquent, de
' y(®) = y(x°) = y(x) = y(=°).
Donc #* § Q est un point efficient.
Soit
Ty{=xlaix=0b,:1=1,2,...,q9; aix <b;, §j >q}
Il est évident que T, C Q. Nous avons pour les points ¥ & I', le critére suivant.

TaforEME 4. Un point x° & T, est efficient par rapport a Y si et seulement si
le systéme des inégalités

B gt —e>0, k=12 ...,p (7)
wa,; <0,:=12,...,¢q 8)
on
@ = (ay a, ...,a,), 1=12 ...,q

est incompatible quel que soit € > 0.
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Nécessité. Si x* & I, est efficient par rapport 4 Y, alors d'un raisonnement
analogue & celui de la demonstratmn du Théoréme 3, il resulte que le systéme
(7)—(8) est incompatible quel que soit &> 0.

Suffisance. Supposons que le systéme (7)—(8) correspondant pour le point
% & Iy est incompatible quel que soit € > 0. Alors x étant un point arbitraire
de Q, cons1derons la direction # = [°, x]. Parce que’'2°&S I, et x & Q, il résulte
que le systéme (7) est incompatible quel que soit € > 0. Mais alors du Théoreme 3
il résulte que x, est un point efficient.

Remargue 1. Des Théorémes 3 et 4 il résulte que si un point x & Q (strictement
" intérieur de Q) est efficient, alors tout le domaine fermé O est formé des points
efficients. Si 20 I, est efficient alors chaque point x & I, est aussi efficient.
Ceci parce que le systeme (7)—(8) ne dépend pas du point x° e I, mais seulement
de I'aréte T, sur laquelle est situé le point 20, De cette remarque il résulte de méme
que si un pomt intérieur x&Q, n’est pas efficient, alors I'ensemble des points
d’efficience est situé sur la frontiére de Q.

Soit '=fr(Q) et =T, Y T, oit I} est I'ensemble des .points efficients
par rapport 4 Y et T, ’ensemble des points non efficients. Evidemment

Pl n P2 = (D
et nous avons le

TuforREME 5. L’ensemble des pomts efficients Ty est un ensemble simplement
connexe.

En effet, on peut évidemment supposer que I'y %@, car autrement la pro-
priété est évidente. Mais si T, 2 @, alors il résulte que les points intérieurs de Q
ne sont pas efficients et par consequent le systéme des inégalités '

ug* >e>0 E=1,2,...,p
a au moins une solution #° c’est-a-dire
Wgt>e, k=12...,p.

Soit U® I'ensemble des dro1tes orientées paralellement au vecteur #° Un
point x & T' s’appelle point d’appui pour la famille U°® ’il existe une droite u& e

telle que r&u N Q et #u(Q=@. Désignons par I["=T(U?) l'ensemble de
points d’appui pour U°. Si « & U° pour lequel » () Q = @, alors la droite #, parce

que Q est un domaine convexe, pique la frontiére I en deux points x~ et x+, ol le
vecteur [x7, ¥7] a la méme orientation que #°.

Soient I'—= I'- (U? et T'+ =TI+ (U?) les ensembles des points x~ et x*, res-
pectivement correspondants aux vecteurs # & U°. Evidemment que

'=T-yryr- .
et les ensembles I'-, I'°. I't sont disjoints deux par deux. Nous allons mon-
trer que T't est un ensemble simplement connexe. En effet, soit ;*’,;F al'+,
A ces deux points correspondent deux points E—,—;—‘e ['~. Si nous prenons %’ &
[+~ 271 N Q, xS [, xT]N Q, alors, quand le point z parcourt le segment

[#’,2""] le point z* décrit une courbe plane sur I'* entre les points x+ et xt Ce
qui montre que 'ensemble I'*" est simplement connexe.
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Maintenant, étant donné un nombre ¢ > 0 suffisamment petit, désignons par
U Tensemble des solutions du systéme des inégalités :

ug’i; e, k=12 ..., p,
et par
I'y= M I(w).

(=1

Il est évident que T';, étant une intersection des ensembles simplement connexes,
est un ensemble simplement connexe. Nous ‘allons montrer encore que I'; coincide
avec l'ensemble des points efficients par rapport a Y. .

En effet, si x & I'; alors il résulte que x & I'*(u) quel que soit # pour lequel
ug® —e>0,k=1,2, ..., p. Mais parce que le domaine Q est convexe, il résulte
qu’il existe au moins un hyperplan P; = x tel que

uaie >0,

Par conséquent le systéme :
ugb>¢e, k=12, ...,p

ua;, < 0

est incompatible, donc x est un point efficient par rapport 2 ¥. On peut vérifier
aussi que chaque point efficient par rapport 2 .Y est contenu dans T’} et ainsi le
théoréme 5 est” démontré. '

3. Dans ce qui suit nous allons donner un algorithme fini, basé sur les Théorémes
3 et 4, qui permette toujours la détermination d’un ensemble de points efficients
par rapport a Y. : ’ .

1°. 11 faut d’abord vérifier la compatibilité du systéme (5). Si ce systeme est
incompatible quel que soit € > 0, alors tous les points x & Q sont efficients. Si le
systéme (5) est compatible, .alors on procéde comme au point 2°.

2°. Soit xo& 1y, ¢ {0, 1, ..., p}, un point arbitraire. On considére le systéme
(7)—(8) correspondant au point 9. Si ce systéme est incompatible quel que soit
e >0, alors chaque point x de 'aréte T, est efficient.. Il est évident que si Ty est
un sommet de Q et si le systéme_ (7)—(8) est incompatible, alors l’ensemble des
points efficients se réduit a4 un seul point. ' *

Si le systéme (7)—(8) est compatible, alors on résoud le probléme de la.pro-
- grammation linéaire : :

max z, 2 =c¢

olt % = (1ty, %, ..., u,) vérifie les inégalités (7)—(8) et
|ukl<M: k=1’ 2: <., 1, ' (9)

M étant un nombre réel donné.

Siowd = (ul, u, ..., ul) est une solution du probléme de la programmation
linéaire considérée, soit .

X =0 +id, £ >0,



\
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Puis on calcule les valeurs #; des égalités
. aix® + tai® =0b;;  § >q.
Soit
7 = min tj.
(t;>0)
Le nouveau point d’approximation sera x' = 2° -} t#®. Dans ce cas, puisque
Vi, ia{l,2, ..., p}:ugt>¢ >0,
on a _
y(x) > y(x).

On remarque aussi que x* appartient a la frontiére de Q, c’est pourquoi Ialgo-
rithme consiste en un nombre fini de pas, comme dans le cas de la méthode de
simplexe. I’algorithme consiste dans la détermination des points d’approximation
successive indiquée dans le point 2°. Aprés un nombre fini de pas on peut toujoirrs
obtenir un point efficient et, simultanément, en conformité avec la Remarque 1,

un ensemble de points eff1c1en1:s

Pour I'application effective de la méthode de s1mp1exe on ajoute aux restrictions
(7), (8) et (9) Vinégalité

'82 Eg»

- AY
oit £ >0 est un nombre suffisamment petit, qui dépend de la précision du calcul.
4. Pour illustrer la méthode proposée nous allons donner deux exemples.

Exemple 1. Trouver le maximum des fonctions [1]
Yi= %+ % ‘

. Ya=2% + 5%, s (10) '

/ : Y3 = % + 3x,

ol ¥ = (%, x,) vérifie les 1nega11tes

10x1 + 5%, < 800
10x, + 25x, < 1200
% — 50 = 0 (11)
%, — 20 > 0.
Ces restrictions peuvent étre écrites encore sous la forme
— 10%, — 5%, + 800> 0
. 10x, — 25x, + 1200 > O (12)
%y — 50>=0
‘ % — 20=0.
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Soit %° = (50,20) un point de Q. On a’
g=(L1), g£=(25), g=(3).
Les restrictions supplémentaires que' nous ajoutons seront :
1
> >1_05’ [, < 100, £=1,2,3

Alors, parce que
[y = {#]%, = 50, %, = 20; 10%x; + 5x, < 800, 10x; + 25x, < 1200},

il faut résoudre le probléme de la programmation linéaire :

max z, z =g,
dans les conditions

' uy+ #y— e >0
2,4+ BSuy— e =0
#,+ 3uy— e >0

—, + 100> 0 (13):
—u, + 100 > 0
100c — 10
%y >0
g >0

Avec la méthode de simplexe, on trouve que ce probléme a une solution:

e = 200, u = (100, 100).

Si on calcule les valeurs des #;, on a respectivement
2 2

Tyt P gs” POV
ou
2
T=—
35
et par conséquent
40 390
=504 ===
! T~ 7
0 0
=202 _ 1%
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En écrivant le systéme (7)—(8) correspondant a !, on a

“, + #,— >0
2, +5u, — =0
“uy +3uy,— =0
— 2%, — 5u, >0
— +100>0
— #,+100>0
100e — 1 >0

%y >0
s > 0.

Mais ce systéme est incompatible parce que I'inégalité 2u, -+ 5u; — € > 0 contredit
les inégalités — 2u; — 5u, > 0, 100 — 1 > 0. Par conséquent x* est un point
efficient et simultanément le segment de droite ‘

de Q, sur lequel se trouve: 2. Puisque z’ =-(50,28), 4" = (70,20) sont les extrémités
de ce segment, il résulte que 1’ensemble des points efficients est

x=n"+ (1 —2nx", 0O<2rg]).

Exemple 2. Maximiser les fonctions

= 2%, — %,
Yo = — 2%, — %,
Y = %, + 3z,

sous les restrictions

X >0
X >0

% +2x— 2>=0
% — %+ 11>0
— % + 30
—2%, 4+ %+ 8=0

Nous avons
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Donc (7) devient

U = . 1003—120
v, = 2w, — sy — € 20
2 1 2 (14)
Vg="— 20y — Uy — € >0
UV = %y + 3u, — € = 0.

En écrivant le tableau de simplexe

—u, —U, —e 1
n=| 0 0 —100| —1
vo=| —2 1 1] o
=] 2 1 1| ol
' vg=| —1 —3 1| o

et en effectuant trois pas d’élimina_’ci‘on‘ Jordan, _0111 obtient

—vg .~V —U. . I

o © vy = 7007600 1600 | —64|

ty — 1 12 16| 0
#, = 1 —4 0 0|
e =| 7 2 16| o0f "

ce qui montre quede vy, > 0,93 > 0,0, > > 0il résulte toujours, v, < 0. Par conséquent
le systéme (14) est 1ncompat1b1e Donc chaque- pomt xS Q est efficient.

(Manuscrit regu le 9 mai 1969
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O PROBLEMA GENERALA DE PROGRAMARE LINIAR‘A
CU MAI MULTE FUNCTII DE SCOP

(Rezumat)

Se di un .algoritm pentrn gisitea umei mulfimi de puncte eficiente pentru o problemi generali
de programare liniari cu mai multe functii de scop. Printr-un punct eficient se intelege un punct din

domeniul Q al solutiilor sistemului de inegalititi (2) pentru care functiile de scop sint toate maxime
intr-un anumit sens precizat de Definitia 1. Pentru jlustrarea algoritmului se dau dous exemple. Intr-un

caz intreg domeniul Q este format din puncte eficiente, iar in celilalt multimea punctelor eficien te
se afli pe o muchie a frontierei Iui Q. ’

OBIIASI 3AIAYA JIMHEMHOIO IIPOT PAMMUPOBAHUY C HECKOJIbKUMU
HEJEBBIMU ©VHKUUSIMU
(Pesome)

Haércs anroput™ Mis HAXOXMEHHS OAHOTG MHOIKECTBA S($EKTHBHEIX TOUeK ANA OOl 3afauM JiH-
HEHHOro NPOrpaMMHPOBAHHS ¢ HECKOJIBLKUMH IEeBBIMU ¢ynxnuamu. Ilox addekTHBHOR TOUKOR noHHMaEM

TOUKY M3 0G/aCTH Q pelleHMi CHCTeMb! HepaBeHCTB (2), Avs KOTOpOH eJeBHe (YHKIMH ABJSIOTCS Bece
MAKCHMAJILHEIMH B ONPe/le/IEHHOM CMBICJIE, YTOYHEHHOM onpejesentem 1. Jlis HIVIIOCTPAIHA  aJFOPHTMA

Aaiorea 2 npumepa. B oHoMm cayuae sest o6nacrs © cocTaesiena u3 30QEKTHBREIX TOYEK, a B ApPyroM cry-
1ae MHOXECTBO I((eKTHBHLIX TOYEK HAXOAUTCS HA IPAHH TpaHHUB Q.

5 — Mathematica — Mechanica 2/1970.



CONTRIBUTIONS TO THE INTERPRE TATIONOF THE LIGHT CURVE
o OF THE CLOSE BINARY SYSTEMS. IV. '
The ellipticity effect and the reflection effect

by
VASILE URECHE

In the present paper, which is'a continuation of three previous papers* [7],
[8], [9], we will deal with the light variation of the close binary system during
the orbital movement, variation which is independent of eclipses (”ellipticity effect”)
and with the light variation due to reflection (“reflection effect”)

A. Ellipticity effect .

1. The luminosity of a component at a given moment. If we extend the integral
(ITI.8) over the whole visible ’hemisphere’”’, at a given moment of the considered
component (let’s say the primary component), then we will obtain the luminosity
L(y) of this component at the corresponding moment. In this:case the domain
of the integration is' the interior of the ‘ellipse having the equation (I1.10). The
functions Dj(x) defined in Paper IIT take a simple form, and ‘the integration in
the formulae (III.19), (III1.20) can be effected exactly. The result is the following

‘ L) = (1 =)L) + wLP(}), : -

where (in the limits of the accuracy considered in Papers.I, II and III)

L?(q;):nszo{ 1— (14 [% Bt — %nﬁv‘z) — %wm + %vtz)] + @@ — %vm}, 2)

o) =2mbrHf1— 21 102 we — Lygyw — L v 11 e +w®—Lya] 73
3 ¢ 5 2 2 T 6 R

" Introducing the expression (2) and (38) in (1) we: obtain

: =3 gy 1 15+ 3w — Lygio _ Lpe p Lym) e
(L) =2, (1 5(3_14)(11}7)[21@ 5 — w4 Ly +;_.(4:)
)

L v(z)}
5

* Hereafter these papers will be called “Paper I”, *Paper II” and "Paper-III”‘ respecti.‘yeiy.
A formula from -these papers will be indicated by the corresponding order number preceded by the
number of ‘paper. ) : ' ' Tl
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Thus we have recovered in (4) the results obtained by Russell [5] and then
by Kopal [1], [4]. The presence of the last two terms is explained by the
fact that we have effected the computations in function of the mean semiaxes
b of the corresponding ellipsoid, while Kopal has effected the computations in
function of the radius of the sphere having the volume equal fo the volume of
the actual star. g :

The equation (4) shows us that the luminosity of the considered component
varies with phase angle (which enters in [j), having the maximum value L, =
= L(r/2) = L(3n/2). We will name this value the luminosity of the considered
component : L. Because #; = cos ¢ we have

3% g 15+u 1@ oty 4 L@ — Loy@ @_L 4
L 5 an[,{l+5(3_u) (1+7)[2v cos z-{—zw 5 Y +w 5 Y }
' ‘ ' ()

From the equation (5) we can obtain the quantity H, (if the other quantities are
known from a preliminary orbit computation) in order to be used in the equations
(X11.19), (ITI.20). With considered accuracy we have

3. L
: Ho=3"% 7 4 ©)
where
=1 B 1@ cos?i L Lowe - Ly@] pe 1 Ly
W, 7) = 1 sw_m(1+¢w2v cost i + 2w — <o |— Wl 4 0. (7)
Then from the equations (4) and (5) we obtain (with the same accuracy)
= _15tw '..32(2)}. '
L() ;{1 s ()t ®)

The equation (8) describes the variation of the luminosity of the primary component
during the. orbital movement, variation which is independent of eclipses. The
formulae above obtained can also be applied to the secondary component, if we
use the data concerning -this component (then we obtain L', H;, etc.). :

9. The light variation of the system during the orbital movement. Taking, as™
usually, the sum of the luminosities of components as luminosity unit: L 4 L' = 1,
and taking into account that /3 = cos ¢ sin 7, for total luminosity of the system
L.($) on the basis of the equation (8) we obtain

" Lig(§) =1 —C cos® ¢, e)
where C, “ellipticity factor’’, is given by
= i M— (2) L 515 + u ’ 12) /} ’- 2' . o
. {5(3 ) (1 + 7w L + 56— (1 4 7')w'® L'Lsin? 4. (10)

Thus for the variation of the luminosity of the system during the orbital movement
(because of distortion of components) we have found again the known classical
equation. _ .
3. The mean surface brightenings of the components. In the second part (B)
of the paper we will need the mean surface brightenings of the components. The
corresponding expressionis for distorted components obviously differ from the
expressions for spherical model (sometimes this difference-is omitted).

\
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By mean surface brightening of one component (let’s say the prifnary comi-
ponent) .at \a given ‘moment, [ ..($), we will understand the quantity '

Tual®) = {{J cos y dof ([ cos y ds, | an
z .

the integrals being extended over the whole visible **hemisphere’’, at the given
moment, of the considered component. ' '

The numerator of the fraction (11) represents the luminosity of the considered
component (at that moment) given by the equation (8), and the denominator
represents the projection area of the considered component on the plane perpen-
icular to the line of sight (at the same -moment) given by the equation (IL.15).

 Thus we obtain (with considered accuracy)

Ly _35+u w3 ppe Lz 42 (2)} 19
Jucald) = 21— B (14 0) - 2wt — et L 4 ol (12

The equation (12) shows that the mean surface brightening varies with time (in
contrast with the case of spherical model). If we use the equation (4), the equation
(11) leads us to a

33— 154 Sppa_p.m 1 @y 1 (2)]
Jmea (§) 3 Ho{l 5(3_u)(1+1)[2l2w 5 MY et —|—67) +

1+ w® [1 — %zg] — %vw [1 — % (2 - ng)]} (13)

The equation (13) shows the relation between J_.i(}) and H,. For spherical model
Jmea Teduces to the known expression

3 —u L

3 0T e

The above equations are also valid for the secondary component introducing
the data concerning this component. '

B. Reflection effect

4. The variation of the light by reflection, independently of eclipses. The existence
of the reflection effect at the close binary systems has been put in evidence by
Dugan. A detailed analysis of this phenomenon has been effected by Kopal
[3]. He has shown that since reflection effect has a small amplitude, the components
of the binary system can be considered spherical, for his study. Transcribing the
Kopal’s results with the notations of the present work we have (with accuracy
considered in Paper I) o

L) = L'f{[i L 53} + H oL bs] I + [317: b4 2 b3J l%}, (14)

LI#(y) = Lf’ﬂ 3% b — éb's] — [% b 4 %ba] I, + [gl;, b2 - %bfs] zg}, - (15)
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where L*({) and L'*({) represent the quantities of reflected light by primary com-
ponent and by secondary component, respectively, in spectral range in which we
have obtained the photometric observations; f and f’ being the corresponding
luminous efficiencies. . .

Kopal shows that if ’'reflection” consists of absorbtion and reemission, the lumi-
nous efficiencies are given by the formulae**

=5 (F) = 9

where T and T’ are the effective (mean) temperatures of the two components
(which can be deduced from the corresponding spectres), while J, and J; are the cor-
responding mean surface brightenings of the two components in the spectral range
of “photometric observations (with isofoto wavelength 2). Kopal recommends
to deduce the ratio (J/J'), starting from Planck’s law, or using the “rectified”
depth of the minima.

In order to avoid the errors which could proceed from the deviation of stellar
radiation from laws of black body, or from unaccuracy of the “rectification” methods,
we propose to deduce the ratio (J/J'), starting from formula (12) which gives the
mean surface brightening for a certain “hemisphere’” of considered -component.

Then for mutual illuminated “hemispheres’” we shall have

(i) :]med(¢=o.2:=ﬂ/2), . (17)
Jh T meald= =i =x/2)

where, from (12)

—=0,i= Ly 15+ C 3 e L (2)}
Juealh =06 =2) = Zf1 — 2L (14 5) - Zwt 4 o0, (1§

Jiea(d = =, © = w/2) being given by an expression analogous with (18), but which
contains the data concerning the secondary component. Thus the ratio (J/J'),
will be computed with (17) using the elements of a preliminary orbit.

Introducing I, = cos ¢ sin 7 in the formulae (14) and (15), summing the two
equations and -ordering the result after the powers of the vos ¢, we obtain for total
quantity of light reflected by the components of the binary system at a.given
time moment Li(y) = L*($) + L’*(¢) — the expression

Liw($) = o« — Bcos +ycost ¢, ' (19)
where in accordance with Kopal’s notations o
g2 ge _ Lys rel2 e 1 s :
o= Lf [%b S5 ]—{—Lf[sﬁb Sb], | (20)
rellpe o Lanl e[ Lpe o L pllsin
ﬁ_{Lf[sb +4b] Lf[3b +4b}}51np, 21)
g1 5, 3 4 1 3 .0 . .
. ={Lf [_ b2 4 2 3] 4 Lf[— b4 2 b3J}51n2 ;. 1(22)
3 8 3n 8

+* Tf at the basis of the reflection there is electron scattering (this is the case for the stars of
early spectral type), then f = f" = 1.
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Thus the equation (19) describes the variation of the light reflected by the
components of the binary system, variation which is independent of eclipses. .

5. The total variation of light of the close binary system between eclipses. The
total luminosity (intrinsic plus reflected) of the close binary system at a given- time
moment (between eclipses) will be

£(¢) = Ly(§) + Lia(@) = 1 + « — Beos § — (C — y) cos? §. (23)

For practical computation it is advantageous to normalize the quantity £ by
division of the equation (23) with maximum value of £ which is attained at the
quadratures***

o = £(nf2) = £B3r/2) = 1 + o - @@

Because the reﬂect1on coefficients are small, we can neglect their squares and

the joint products, so that from the equat1ons (23) and (24) we obtain, noting
( )/‘S‘a’max - Z(LIJ)

) =1—Bcosy — [C(1 — &) — y] cos? ¢, - (25)

consrdermg that the product «C, generally is not negligible (C being usually Wlth
one order of size larger than the reflexion coefficients).

" The equation (25) describes the variation of the luminosity of the closé bmary
system between eclipses.

6. The determination of the mass ratio from the variation of the light between
eclipses. The computation of the theoretical light curve starting from the formulae
given in Paper III require the kowledge of the mass ratio of the components.
This ratio can be determined from spectroscopic observations, in the case when
both spectres can be observed. Otherwise the mass ratio can be determined from
the variation of the light between eclipses with the method elaborated by Kopal
[4]. In what follows this method will be a little modified.

Thus, the variation of the light between eclipses is described by the equation
(25) which gives us the quantity /($) = /, (computed luminosity) at the considered
time moment. On the other hand the observed luminosity between eclipses can
be represented by equation

lops = Cp — €1 COS § — ¢, cOS? ¢ (26)

where the coefficients c,, ¢,, ¢, are determined by the least squares method.

.. Normalizing the observed luminosity (by division of the equation (26) with
¢,) and identifying the coefficient of term in cos? ¢ with the coefficient of the cor-
responding term from equation (25) we obtain (taking into account that the higher
powers of « as well as the product «y are negligible) .

C=y+ja+@ : 27

*#% Rigorously speaking
2

4(C —7)

the value attained at the phase angle {5 determinated by the equatxon cos Vmax = — B/2(C — ).
Because §<2C (the principal term from the denominator) the maxima are attained in the time moments
near the quadratures and £5,,3=*1 +- «. However it must not be forgotten that especially for eclipsing

variables of Algol type, $yax can exceed the quantity 1 + « a little, and therefore I,,, can exceed
the umnit a little.

- Cmax =1+ o+
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Using the equation (10) and the expressions of distortion coefficients given in
Paper I (the case of Roche model), the equation (27) becomes

i 154« 3 15 + o’ B Y . . &
9{—5(3—14)(1—1—*:)[417 g (1) Lgbs}smzz_y—l—%(l—l—a) (28)

b

Because ¢’ = 1l/g the equation (28) appears as an algebraic equation of second
degree in ¢, if the other quantities are known (the elements of the close binary
system are known from a preliminary orbit computation, and the ratio ¢,/c, from
the observation between eclipses). But the reflexion coefficients «, vy, containing
the luminous efficiencies computed in function of the ratio (17), also enter in
the equation (28). The ratio (17) contains the distortion coefficients including the
mass ratio which is unknown. Therefore we propose to solve the equation (28) by
successive approximations, starting the computation of the ratio (17) (for the
reflection coefficients) with initial approximation g, = 1.

7. The comparison of the theovetical luminous efficiences with those observed.
The luminous efficiencies are computed with formulae (16). We shall name these
values theoretical luminous efficiencies. On the other hand the luminous efficiencies
can be deduced, as shown by Xopal [4], from the variation of the light between
eclipses. Comparing the coefficients of the terms in cos ¢ of the equation (24)
and (26) we obtain

B = cifco (29)

Introducing the expression (21) of B in equation (29) we have
l I l B's ; 1 B2 _l [L, } . s ﬁ .
{[sb +2 ]Lf [_3_ +p L) sini= 2 (30)

Because f = 1/f’, the equation (30) appears to be an algebraic equation of second
degree in f', if the other quantities are known. The values of the luminous efficiencies
thus determined will be named the observed luminous efficiencies. :

The comparison of the theoretical and observed luminous efficiences is impor-
tant for checking up the refléction theory. If large differences appear between the
theoretical values of the luminous efficiencies and those observed, during the impro-
vement of the elements of the close binary system, then the last are preferable
for the ulterior computations.

8. The eclipse of the reflected light. During the eclipses of the components of
the close binary system it is lost (for terrestrial observer) not only a part from
own (intrinsic) light of the eclipsed star, butalso a part from the light reflected by
the eclipsed star.

The loss of light through the eclipse of the reflected light has been computed
by Kopal [1], [4]. Thus denoting by AL*(J) the corresponding loss of light for
a component (let’s say the primary component), then, after Kopal [1], we have

AL#(Y) = {of + (3o — o)y + ... Ir¥L’ (31)

where o) (R =0,1,2, ...) are the a-associate functions of order 0 and index &,
defined by Kopal [2], and #» is the radius of the sphere having the volume
equal to the volume of the considered component.

The relation (I.26) for the Roche model becomes
a057=b{1 + 2 w® ——(1;7)(2)} 32)
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On the other hand AL*(¢) is a small quantity of the order of 52 Taking into ac-
count this fact and comparing the definition of the functions o (Kopal [1],
[2], [4]) with the definition of the functions D{(x) [9], there results that the
equation (31) can be written thus [6] :

% A

AL*(Y) = L't | {Dy(x) + b[3D§(x) — Di(x)} d (33)
where the integration limits are those given in Paper III.

The loss of light by the eclipse of the light reflected by the secondary com-
ponent will be computed with a formula analogous with (33) that contains the
data corresponding to this component.

9. Acknowledgements. - The author is indebted to Prof. dr. doc. Gheorghe
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CONTRIBUTII LA INTERPRETAREA CURBELOR DE LUMINA
ALE SISTEMELOR BINARE STRINSE. IV
Efectul de elipticitate si efectul de veflexie

(Rezumat)

Utilizind functiile D,{(x) definite in partea a III-a a acestei lucrdri [9] se regiseste formula clasicd

pentru efectul de elipticitate.. Se di formula analitici pentru mé#rimea H, necesard in calculul curbei
teoretice de lumind. Se definesc riguros strilucirile superficiale medii ale componentelor.

Teoria lui Kopal asupra reflexiei (inclusiv echpsarea luminii reflectate) este adaptatid la metoda
autorului de interpretare a curbei de lumini.

De asemenea se indicd un procedeu iterativ de determmare a raportului maselor componentelor
din variatia de lumini dintre eclipse.

Rezultatele obtinute sint utile pentru determinarea elementelor unui slstem binar strins.
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K BOIIPOCY OB HMHTEPIIPETALIMU KPUBHIX BJIECKA TECHI)IX JIBOI;IHbIX“
CHCTEM. lv.

Depepercm snaunmuanocmis u aghgpexm ompasicerus
(Pesowme)

Hcnonways ¢yuxuun D} (x), onpesenéunsie B I1I-peft uactn nacrosiueit pa6otst [9], aBTOp NpHXOAHT
K KaaccHdeckKoH ¢opmyane sddekra sannnTuunocTd. Jaéres aHanuTHYecKas GopMmyna Juis BeJHYHHBl H,
HeoGXOAUMAs IPH BBIYMCJEHHH TeODeTHYeCKOH KpHBOH Giecka. CTporo ompelensiotcsi CpefHHe MOBEpX-
HOCTHBI® H3JIYUEHHSI COCTABJSIONHX.

Teopusi Konana o6 orpakenuu (BKJIlO‘lHTEJIbHO 3aTMeBaHHe OTPAKEHHOrO CBeTa) NpPHMEHseTcsl K
METOJly aBTOpa JVIAl HHTEPNpPETAlliH KPHBOH Giiecka.

Takxe NpUBOAMTCA HTEPATHBHBIH METOX OMpEJIe/IeHHsT OTHOWEHHS MacC COCTABJSIOWHX 1O Hsme-

HEHHIO GJlecKa MeXXY 3aTMEHHSAMH. .
TonyueHHble Pe3yJILTATEL NPUrOJHBL LIS ONPeJeNeHAs! SJIEMEHTOB TECHOR ABOHHON CHCTEMEI.



CALCULUI, SCHIMBULUI DE CAILDURA DIN VECINATATEA PUNCTULUI
CRITIC AL UNUI CORP DE ROTATIE A CARUI SUPRAFATA

Notatis
%,

b, e,
T,

'I: = CPT’
iO:

110)

8

Cp,

W A,

o, Nu, Re
3,

1’]

Indici
w, i
1,

&

ARE TEMPERATURA VARIABILA

de
P. BRADEANU si E. BALOGH

coordonatele stratului limitd (axa x se ia pe meridiana corpulm axa
y este perpendiculard pe x)
proiectia vitezei pe axa x

. presiunea, densitatea

temperatura absolutd

entalpia unititii de masd _

entalpia de stagnare in stratul limitd

entalpia de stagnare In miscare exterioara

entalpia de stagnare adimensionald

caldura specifici la. presiune constanti

coeficienti de viscozitate dinamicd si conductibilitate termicd
numerele lui Prandtl, Nusselt, Reynolds

grosimea stratului limita

distanta unui punct din stratul limitd la axa de simetrie a corpului
de rotatie .

~ indica valori pe suprafata corpului

indicd valori pe frontiera exterioari a stratului limita
indicd derivate in raport cu & i, respectiv, 7

Problema calculului schimbului de cilduri dintre un corp si curentul fluid
intereseazi in mod special aplicatiile practice ale hidroaerodinamicii. Pentru rezol-
varea acestei probleme se fac diferite presupuneri. Astfel, se admite existen{a unui
strat limitd plan, se considerd tempetatura suprafetii corpului constantd sau varia-
bild, se neglijeazd disipatia, prin frecare, a energiei cinetice etc. Aceste presu-
puneri de ordin fizic simplificd metodele matematice de rezolvare a problemei,
permit obfinerea unor solufii automodelate [2], [4] etc.

- In aceastd lucrare se renuntd la unele dintre ipotezele de mai sus, considerin-
du-se un strat limitd axial-simetric In presupunerea cid nu se negh]eaza disiparea
energiei cinetice si ci temperatura suprafetii corpului este variabild. Este indicat
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cd in aceste conditii, mai generale, existi solufii automodelate care se determing,
efectiv, prin integriri numerice. Rezultatele numerice primite se folosesc, apoi,
pentru calculul fluxului de cilduri.

1. Ecuagiile §i-formulele generale ale problemei. Ecuatiile misciirii si energiei
in stratul limitd incompresibil axial-simetric, din planul auxiliar 0%, dupd cum
este ardtat si In [1], sint de forma

Fon ~+ ffin = 2Eufue — fofon) + 2E2E (f — 1) 1)
w (63)
G+ ofGy = 20KfyGe — fGo) + 208 |2 4 116 —

z @)
= (o= 1) g Uafun

(I + 69 (gw

FEO) =f60) =0, fo (£, o) = 1; G5, 0) =1, G(E, 00) =0 (3)

unde
’ %® i 7 + 8 -
fem={"dn g=2t=t—— —14 (g —1G(E n) @
" %y 10 14 63
0, E:i , (01 =225 o5 = const., g = const., #; = const. = 7,
24, %y
%) <1 Pe -+ ettty = 0
Tom 0 TET P
= 2 =_pu17w ’ - 5
E H‘P.(s;ulywdx: N \/E y ( )
(”1 = (%), %30 = 1% + % » to=1-+ 12‘ s w = 1,:(;4) s H(x, y) = rw(x))
10

unde necunoscutele principale sint functiile f(£, ) si G(, ). Ecuatiile stratului
limitd axial-simetric (1)—(2) au aceeasi forma ca si in cazul stratului limiti plan.
De aceea, ca §i in lucrarea [1], ecuatiile (1)—(2) admit solutiile automodelate f(x)
si G(n), dependente numai de variabila , daci sint indeplinite conditiile

g, = const., D = 2% #0, u=ct", g,=1 +i§k (6)
(14 09 (g — 1) T+6
’ k= 2n

ot

¢, = const.,, By = const., D = , 6,50

0% . .
unde ¢, si B, sint constante arbitrare de integrare. Soluii automodelate se pot
obtine, evident, si in alte conditii, dupd cum rezultd din ecuatiile (1) si (2), care
au fost studiate de diferiti autori. Noi ne oprim asupra conditiilor de automodelare
(6) care, dupd cum se constatd, reprezinti influenfa disipatiei si variatiei tempe-
aturii suprafefei corpului in jurul cdruia are loc migcarea axial-simetrici.

N
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Tensiunea de frecare locald pe suprafata corpului =, si fluxul (q,;,) de cildurd
local, care.stribate unitatea din suprafata corpului in unitatea de timp, se vor
calcula, conform legilor lui Newton si Fourier, cu -ajutorul formulelor

— o, (0% _ eeuire
Tw = (J‘("a‘}:)w_‘ \/2—E fn'r.(g: 0) (7)
g = —2[3)= — 2L (g, — 1)(G(Z, 0 ®)

2. Trecerea la planul fizic Oxy. Vom folosi ecuatiile de mai sus pentru a studia
migcarea $i a calcula fluxul de cdldurd in vecindtatea punctului critic al corpului
de rotafie. In vecinitatea punctului critic 0(x = 0) al corpului de rotatie -sint vala-
bile, dupd cum este cunoscut, urmitoarele legi [2], [4]

7, = Rsin %_z, %, #y=cx, T,=Te,+ ax* ©)

unde ¢, T, a i y sint constante date i s-a presupus ci in vecinitatea punctului

critic suprafata corpului de rotatie poate fi aproximati printr-o suprafati sfericii

cu raza R. .
Formulele de transformare (5) vor avea forma

E=t0u, g—y\/2C (10)
4 p

Expresiile: vitezei exterioare #, §i temperaturii suprafetei corpului T, care
asigurd solufii automodelate, date de (6), se vor putea scrie acum in planul fizic
Oxy in forma

oy = ¢, B = ¢, (*‘T‘”) oy (11)

T, =Tu+ (—2-; +ByTo ) = T, + (2—; + B, T (L] o

Expresiile (11) trebuie si fie identice cu expresiile date (9). Aceasti situatie
va avea loc daci vom lua

| n_=i—, 8n=vy, y=2 BENGT)
ppe 1/4 _ — o34 [ BP -1/ .
cl( " ) =¢ sau ¢ =¢ (T) (13)
c} wpc)l/2 1 2a 3/2 2acy — c? 4.
-_— B Tw —_ —_ B = — _ ¢ — = —
: 2%_+ ’ )( 4 ) @ st Be= g (\/ﬁ vap) cp T Vupe (4

- Prin urmaré, date fiind constantele ¢, a, Cp 14y P, Lo se vor putea calcula, cu
(13) —(14), constantele de integrare ¢, si B,. ' -
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3. Rezolvm'ea ecuamlor st calculul fluxului de cdldurd q,. Ecuafiile solutulor
automodelate, in condifiile de automodelare (6), asociate cu formulele (9)—(14)
si formula fluxului de caldurd (8) primesc forma

F'" L 2FF" 4+ 1 —F2=0 (15)
K" + 26FK' — 26F'K = (1 — o)D(F'F") (16)
F(0) = F’(O) =0, F'(oc) = 1; K(O) =1, K(oc) =0 (17)
o — St )E) 0y

unde
F=2, K =%, f)=\EZFG*), Gln) = K@), n* =0 (19)

Ecua’ga mascam (15) a fost integratid numeric de Homann F. si, ceva
mai tirziu;, de Frdssling. Rezultatele sint date in Tab. 2.

Pentru 1ntegrarea ecuatiei energiei (16) se foloseste metoda diferentelor finite
cu pasul 0,2 in intervalul [0;4,6] considerind .cdi ¢ = 0,7 si D = 1. Se obfine
sistemul algebnc din Tab. 1. Solu‘;ule acestui sistem, obtinute cu masina de calcul
DACIC—1 Clu], sint date in Tab. 2. In Tab. 2 poate fi cititd i valoarea, care
intereseazi in mod special, K'(0) = — 0,8995. In Tab. 2 sint date, de asemenea
si valorile derivatei functiei K(n*). In fig. 1 este reprezentat graficul functiei K(n¥),

Fluxul caloric, care stribate in unitatea de timp unitatea de suprafat,a a
corpului, este dat, dupd (18), de formula

gu(E) =0,8995 Do E¥w (7 ) (20)

a\2 V28
sau )
T 0,895 n Yeee (g, — 1) = 0,8995 3 \/ & (T, — Tyo) (21)
G ®

c2x?
(10—T1+2P T, +26p)

Vom introduce, aga dupi cum se obisnuieste, numdirul lui Nusselt cu ajutorul
formulei

pULx

Nu(x) = = o % —(,8995 \/39 % = 0,8995VR,,, R,, =", (22)
@

w— T10 2

unde R, este numdrul lui Reynolds.

Numarul Iui Nusselt se poate calcula in f1ecare punct de abscisd « dJn moment
ce parametrii fluidului (g, p) si vitezei () sint dati. Cunoscind numdrul Iui Nusselt
Nu(x) se poate calcula, pentru diferena de temperatura T, — T10 dati (A fund
de asemenea dat), fluxul termic g¢,(x). - -
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Pentru a calcula fluxul de cdldurd se poate folosi si numédrul lui Stanton, care
se defineste si se calculeazd cu formula

St(x) =—2 1 _ 08995 L _. 23
, ( ) Tw — Tyo pscp “\/ R,y . ( )

Avem ' ’ 1
o VR, St(x) — 0,8995 | _. 23)

4. Aplicatie. Se consideri o sferd cu raza R = 0,1 m atacatd de un curent
incompresibil de aer care la infinit are viteza #, = 100 m/sec. §i temperatura
to = 50°C. Miscarea in jurul sferei este axial-simetrica.

Viteza pe sferd, consideratd intr-un curent ideal, este, dupd cum se cunoaste
din mecanica fluidelor, dati de formula

U, = — g SN o

s

| w

Viteza exterioari stratului limitd care se formeazi in vecinitatea punctului
critic (oprire) va fi

. . ~3uoo
Uy '-—_'—,us———_'— U SIN M~-2—Ia—x

(SNBSS

unde o reprezintd unghiuri la centru pentru puncte asezate in imediata apropiere a
punctului critic.

Vom avea pentru ¢ si vom lua pentru ¢ urmitoarele valori

3 3 1 . °C
c=22 =210 —, a=510—
2R 2 sec m?

Gasim, .atunci expresiile '([x] = metri) -

3 %, = — 103 s 2 R,, = 635.10%22%, Nu(x) = 7160x, g, = 670.103%2

sec

pentru
e=07; A=00241 X . o Lkebsect . u 955, 90-s2%,
: : m ord °C 8 m! P sec
,,_024k°alc_024x427x981

grad sec?

De exemplu, pentru # = 0,05 m avem valorile
%. =75 mfsec; T, = 3855 °K; R,, = 158.750; Nu(x) = 358

g, = 1675 kcal

. m? ord
in f1g 2 este reprezentatd grafic functla g, (%) pentru sfera

¥ (Intrat in redariic lz 8 oclombric 1969)
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. : c : Tabel 71
1,0018K, — 2,0098K, = — 0,9829 C
1,0068K, — 2,0185K, + 0,9932K, =  0,0088
1,0148K, — 2,0261K, -+ 0,9852K, =  0,0041
1,0252K; — 2,0327K, + 0,9748K, =  0,0034
1,0877K, — 2,0381K; + 0,9623K, = — 0,0024
1,0520K, — 2,0426K, -+ 0,9480K; = — 0,0042
1,0678K, — 2,0462K, - 0,9322K; = — 0,0051
1,0846K, — 2,0491K, + 0,9154K, = — 0,0052
1,1024K,, — 2,0512K, -+ 0,8976K; = — 0,0049
1,1208K,, — 2,0528K,, + 0,8792K, = — 0,0042
1,1396K,, — 2,0539K,, + 0,8604K,, = — 0,0034
1,1588K,; — 2,0547K,, 4 0,8412K,;, = — 0,0026
1,1783K,, — 2,0552K,, + 0,8217K;, = — 0,0019
1,1978K,; — 2,0555K,, + 0,8022K,;, = — 0,0013
1,2175K,; — 2,0557K 5 + 0,7825K,, = — 0,0009
1,2372K,, = 2,0558K,; + 0,7628K,; = — 0,0006
1,2570K,, — 2,0559K,, + 0,7430K,, = — 0,0003
1,2768K,, — 2,0559K 4 -+ 0,7232K,, = — 0,0002
1,2965K,, — 2,0560K,, + 0,7035K;; = — 0,0001
1,3163K,, — 2,0560K,, + 0,6837K,, = — 0,0001
1,3361K,, — 2,0560K,, -+ 0,6639K,, = 0
- — 2,0560K,, + 0,6441Ky =0
Tabel 2
dF ' &F aK
-,)* F F = — F" = K K = —
d.n* dntz d-,)*
0,0 0 0 1.3120 1 —0,8995
0,2 0,0127 0,1755 1,1705 0,8201 —0,8392
0,4 0,0487 0,3311 1,0298 0,6643 —0,7218
0,6 0,1054 0,4669 - 0,8910 - 0,5314 —0,6105
0,8 0,1799 0,5833 0,7563 0,4201 —0,5008
1,0 0,2695 0,6811 0,6283 0,3311 —0,4045
1,2 0,3717 0,7614 0,5097 0,2583 —0,3298
1,4 0,4841 0,8258 0,4031 0,1992 —0,2670
1,6 0,6046. 0,8761 0,3100 0,1515 —0,2150
1,8 0,7313 0,9142 0,2315 0,1132 —0,1715
2,0 0,8627 0,9422 0,1676 0,0829 —0,1348
2,2 0,9974 0,9622 0,1175 0,0593 —0,1040
2,4 1,1346 0,9760 0,0798 "0,0413 —0,0785
2,6 1,2733 0,9853 0,0523 0,0279 —0,0578
2,8 1,4131 0,9912 0,0331 0,0182 —0,0408
3,0 1,5536 0,9949 0,0202 - 0,0116 —0,0280
3,2 1,6944 . 0,9972 0,0120 0,0070 —0,0188
8,4 1,8356 0,9985 ' 0,0068 0,0041 —0,0118
3,6 1,9769 0,9992 0,0037 0,0023 —0,0072
3,8 2,1182 0,9996 0,0020 0,0012 —0,0042
4,0 2,2596 0,9998 0,0010 0,0006 —0,0025
4,2 2,4010Q 0,9999 . 0,0006 0,0002 —0,0012
4,4 2,5423 0,9999 0,0003 0,0001 —0,0005
4,6 2,6837 - 1,0000 0,0001 0,0000 —0,0005
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BBIYUCIEHUE TEIVIOOBMEHA B OKPECTHOCTH KPHMTHUECKOK TOUKH
BPAIIATEJIBHOTI'O TEJIA, HOBEPXHOCTb KOTOPOT'O MMEET INEPEMEHHVYIO
TEMIIEPATYPY

(PeswomMme)

ABTOpHI cTaThbH H3YyYaloT JABHIKEHME, pacrpejiesleHHe TeMnepaTypel H TEMJOOOMEH B HeCXHMAaeMOM
4KCHAJIbHO-CHMMETPHYHOM NOTPAHHYHOM CJIoe ¢ Y4BTOM JHCCHMALMH H H3MEHEHHs TeMIepaTyphl IOBepx-
HOCTH Tejla. B OKpECTHOCTH KPHTHUYECKOH TOYKH ONPEeAesIsIIOTCH aBTOMOJENNPOBAHHbIE PellleHus 1Jis ypés-
HEHU}l NOrPAHHYHOrO CJIOSI C TOMOIIBI0 YHCJEHHOrO HHTErPUPOBAHHMS ypaBHeHHA 3Hepruu. IlosnyuenHoe
pelieHHe NPUMEHSETCS 3aTeM K BHIMHCJICHHIO TEMJIOBOIO IOTOKA MEXJY HarpeThiM TeJOM H JBHXKYLleficst
KHJIKOCTBIO. '

6 — Mathematica — Mechanica 2/1970.
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CALCUL DE I'ECHANGE DE CHALEUR AU VOISINAGE DU POINT CRITIQUE D’'UN CORFPS
DE- ROTATION DONT LA SURFACE A UNE TEMPERATURE VARIABLE N

(Résumé)

Les auteurs étudient le mouvement, la répartition de la température et I’échange de chalenr ‘dans
1a couche-limite incompressible de symétrie axiale, en tenant compte de la dissipation et de la variation
de la -température i la surface du corps. On détermine au voisinage du point critique, des solitions
antomodéliques pour les équations de la couche-limite A 'aide d’une intégration numérique de I'équa-
tion de l'énergie. La solution obtenue est employée ensuite A calculer le flux de chaleur d’entre le
corps chauffé et le fluide en mouvement.



ECUATIA DIFUZIEI CONVECTIVE PENTRU O PLACA VERTICALA
iN MISCARE TRANSVERSALA -

de
I0AN STAN si LIDIA KOZMA

/3’7'

Numeroase mst" '31:11 ale 1ndustr1e1 chimice au ca element principal curgerea
unui fluid peste/ o ‘, prafata cu .care poate reacjiona direct, sau care are doar
rol de catahzator.' pnmul caz, fluidul format din un singur component, inter-
acfioneazi directca suprafata solidd, in vecindtatea ei apirind produsi de reactie.
Ace§t1 produsi de reacpe devin o barierd in calea fluidului, care ajunge pe supra-
faj:a in continuare;s printr-un proces de difuzie, cu o vitezi mai mare sau mai
micd. Acest proces de difuzie face ca concentrapa Huidului si a produsilor de reactie

si fie variabile.

in al doilea caz, suprafata joaci doar rol de catalizator. Fluidul este compus
din mai multe substante care 1nterac1;1oneaza intre ele numai in prezenta acestei
suprafete. Ca si mai sus, produsii de reacfie rimin in vecinitatea suprafefei, reactia
continuind datoriti difuziei.

In literatura de specialitate se studiazi difuzia pe o placi vertlcala scufundata
intr-un fluid. Datoritd variafiei densitétii fluidului, ca urmare a variatiei concen-
tratlel apare un fenomen de convectie, Noi considerim ci aceastd placd este ani-
mati de o migcare transversald, cea mai general posibild, deducem ecuatla difuziei
iar apoi o aplicim la diferite cazuri particulare. Domeniul de difuzie poartd numele
de strat limitd de difuzie.

In aceastd lucrare ne propunem si deducem ecuafia stratului limitd de difuzie
in cazul difuziei convective libere pe o placd verticald pland, animatd de o migcare
transversali. Vom considera In acest scop o placi plani
verticald, ce se gliseste in miscare de translatie cu vi- L
teza V, intr-un fluid viscos, incompresibil, de viscozi-
tate p, cu proprietifi fizice constante. Alegem un sistem
de axe atasat de placd,cu abscisa X in lungul plicii si

ordonata Y perpendiculard pe ea. Placa o considerim | [R}
infinitd, aga fel cd fluidul este antrenmat in totalita-
tea sa.
Densitatea fluidului p fiind functie de concentrafia <1
sa ¢, pentru o variatie lentd a densitafii putem scrie [1] 5 >

() = plcw) [1 — Blew — ©)] ¢)) | Fig 1.
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unde

__ 1 [0
B o (Cao) (ac)c co

il presupunem in continuare constant, iar prin ¢, am notat concentratia masei
de fluid.
Ecuatiile impulsului, continuitatii si a difuziei sint [2, 3]

Ou " Ou ou) . QP_
pﬁ+“5{+v£/)— =+ F. 4 s, (2)
B 4 0 @;_@ I
6T+u6X+v y)_ +F"+“Av T’ ®)
a_“_|_____ 0, 4)
Oc dc dc o
¥ Das | ®)

T fiind timpul, u si v componentele vitezei, p presiunea, D coeficientul de difuzie,
F X = — & si Fy =20 fortele de volum, iar p(ﬂlforf;a lui d’Alembert.

Intrucit difuzia are loc numai in stratul limiti de difuzie, ecuatia 1mpulsulu1
si- a difuziei .se: 51mp11f1ca (4],

du ouY _  0p u .
9(0) lor “ o+ %)—(Jr v&) % — p(c)g + "‘ayz . | (§)
¥ o(c) dT’ N )
! - ' 00' 0% . » o

" Datele probleme1 permlt calcularea componentei long1tud1nale a gradlentulm
de presiune. Mentinind X constant si integrind ecuatia (7) in raport ci Y de la o
distantd Y, in.afara stratului limitd, obfinem ' '

émnn=ﬂ&n +p—w e j@

Derivind in raport cu X, acum considerat constant, relatia obtlnuta gisim com-
ponenta ciutati a grad1entulu1 t

. v o o
. _» o [ o o
6X (X: Y: T) - ax (X: Yl.) T) + OX_g P iT ay. (10)

. Y

Aici termenula (X, Yl, T) este necunoscitt, dar el poate fi exprimat ugor in funcjne

de datele problemei. Masa de fluid care éste in afara stratului limitd este in repaus
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in raport cu placa, fiind antrenat, datoritd incompresibilitdtii fluidului, in migcarea
transversali. Putem deci aplica, in afara stratului limitd, ecuafiile hldrostatlcu
care din (2) ne dau pentru punctul (X, Y,;) la distantd mare de placd

® (X, ¥, T) = — 1
(X, ¥, T) = — gole) (1)
Inlocuind (1) si (11) in (10) obtinem
‘ Y,
P _ — —o%ay 12
L = — plealg — ploa)B % [ (co — ) LAY, (12)
*3
care inlocuit in (6) ne da
Ou 4 g 0 4 0 loa) ~ m) Py g k2
o T ax + Yov o(c) gBlea = + g S (0"’ T olc) OV
(13)
Atit timp cit-variafiile de concentratie sint mici,'raportulﬁ(c—“;l este aproxi-
mativ egal cu unitatea, 1ari =v, poate fi considerat constant. De asemenea

in afara stratului limitd de deuz1e €, — C este practlc nul, ceea cé ne permite si
scriem in final

Ou 0 (dv 0%u :
6_T+ _|_ __gp(cw——c)-kﬁ&yﬁ(cm—c)dY—l—vé?2. (14)

"~ Aceasta este forma finali a ecuafiei impulsului a stratului limiti de difuzie
convectivd liberd pentru o placd pland verticald, animatéd de o migcare transversald
de vitezd V. La aceastd ecuatie se mai adaugé ecuatia cont1nu1ta;u (4) si a difuzie]
in stratul limita (8). Problema se rezolvi dindu-se modul in care se miscid placa,
precum si conditiile initiale si la limitd ale problemei.studiate.

Ecuatiile de mai sus pot fi scrise; pentru calcule, intr-o formd mult mai- con-
venab11a introducind funcfia de curent ¢ si o concentratle ad1mens1onala C, pnn
intermediul unor noi variabile.

Distingem doud cazuri. Primul este acela al unei plici de lungime finita l
cu originea axelor de coordonate in partea inferioard a plicii. Pentru ca ecuajcnle
deduse mai sus si rimini valabile, putem considera o placd infinitid, ca si fie asi-
gurati antrenarea fluidului in intregime, In care lungimea ! e formata ‘din substanta
care interactioneazi cu fluidul, iar restul din o substantd care nu interactioneazé-

Noile variabile sint

x==2,y= \/5%’ ATEY

, o eptes . R
‘-IJ \/—’C_ cw ’G=gv2w\’. . . -:'
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unde G este numirul lui Grashof de difuzie. Inlocuind aceste variabile in ecuatia
impulsului (14) si a difuziei (8) obfinem dupi simplificiri ‘ o

02y ap 0% oy 92 0 C 9 av
P e s b I(cy
ot | 3y dxdy ox O Oy + ea,,s PR (15)
0C , 0y aC 0y 9C __ 1 0%C _ (16)
ot dy 8x Ox 0y P, 0y?
unde ¢ = ;Lf jar P, = %este numirdl lui Prandtl de difuzie.
ve /4 .

Al dojlea caz este acela al unui semiplan infinit, format din un semiplan infinit
inferior care nu interactioneazi cu fluidul si semiplanul superior din substanfa
care interactioneazi cu fluidul.

Introducind variabilele
v =X,y =(%)"‘Y, i =v(852) T ¢ -t
vz ve . (@)Vl

v2

pe care inlocuindu-le in ecuatiile (14) si (8) obfinem

Py oy oy _ Iy P _ _agd_vcd s
010y Oy Oxdy Ox O0y*  3y? +‘Y 0x 5 dt Y ( )
o L 0yac _dyoc_ 1 ¥C (16

ot dy Ox 0x dy Pr Oy?
Be

«©
vAga

'
unde y = ( ) ",

Observim ci prin transformiri de variabile convenabile ecuatiile care descriu
difuzia convectivi liberi a unei plici plane verticale animatd de o migcare trans-
versali, sint identice. Evident la aceste ecuafii se adaugd conditiile inifiale §i la
limit4, care apar din problema studiati. .

(Intrat in redactic la 6 noiembrie 1969)
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NPABHEHI/IE €BOBOJHONM KOHBEKTHBHOU NU®®Y3HUH [JIS1 BEPTUKAJIBHOU
TVIACTMHKHM B TNOINEPEYHOM ABIKEHHWHU

(Pesome)

ABTOpI CTATHH BLIBOAST YPaBHEHHUs CBOGOHON KOHBEKTHBHOH MupdYSHH MIst INIOCKOH BepTHKANBHOM
NJIACTMHKH B MONEPEYHOM ABHXKeHHH. JaloTcsl YpaBHeHHS KaK VIS IVIACTHHKH C KOHEYHOH JUIMHOM, TaK
M JJis NJACTHHKH C GeCKOHEYHOH JJIHHOM.

EQUATION OF THE FREE CONVECTIVE DIFFUSSION FOR A VERTICAL PLATE IN
TRANSVERSAL MOTION

(Summary)

The equations of the free convective difussion are deduced for a flat, vertical plate animated

by a transversal motion. The equations are given both for a plate of funte length and for one of
infinite length.
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CONTRIBUTIONS TO THE STUDY OT SOLVING THE EQUATIONS IN BANACH SPACES: '

Abstract of the doctor thesis of Mathematical Sciences, prepaved by MARTIN BALAZS under Prof.
G. Calugdreany’'s guidance and maintained at the Faculty of Mathematics and Mechanics of the University
of Cluj, on 9 tune 7969.
Let be the equation

Px)=0 a

where P is an operator defined on a Banach space X, with values in a Banach space Y, and 0 is
the element zero of the Y. In studying this class of equations the following problems are considered :
to find the conditions of existence and uniqueness of the solutions, to comstruct the approximative
methods for solving the equations, to study the convergence rapidity of the method used in solving,
evaluating the error, etc. In the present thesis, some results of the author are presented, in the
case when the existence of Fréchet or Gateaux derivative of the operator P is not supposed.

The thesis contains four chapters. In the First Chapter, the divided differences used in solving
the equation (1) are studied. The following definition is given: ) : - co

Puz e (X — Y) (where (X = Y) is the Banach space of the linear bounded opevators defined on X
with values in Y) is called the divided difference of ithe operator P in the points u and v, if .
. Pyy(tt — v) = P(u) — P(v)
for every ue X, ve X. -
Among other used properties, we give the following: ] :
If P,(",)u, t=12, ..., n are divided differences for the opevaiors PP XY, and M is a multi-
linear operator, then the opevaior

" . .
R, =Y M[PW@); ...; Pi~Dw); PO P 0w .. PP
=1

is a divided- diffevence of the operator MO, PR P,

The divided differences of higher order are successively defined, and denoted by Py,p,05 Puvswzi« - -

In the Second Cliapfer the approximative methods of solving the equation (1) are.given, by using
the reccursive formula of type : ’

ippr=%p — T P(xy) =012 ...)

where T, = [P,w Ty 1]—1, and x_,, ¥, are initial approximations. This method is called the generalized

method of chord. The thedfems in conditions analogical to those for Newton’s generalized method are
given: For example we give-thé following:
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If, for the initial approximations x_,, xy X, the followiﬁg conditions are satisfied: 1° exists T'y;
2° |IToP(#oll < 00 and {|xg — #yl| < 1—1 (0 << 1—1) 5 3° [IToPuvwll << K for every, w, v, w in sphere
S(Se 20p—1) 54y = (o + - K <z- , then the equation (1) has at least a solution x* in the sphere
S{xg, 2—,) and x* = lim x,,.

n—>0

Finally, it is shown that the convergence rapidity of the sequence comstructed by the method
of chord, can be improved by using the method of Steffensen, or when P is a homogenuous operator.

The Third Chapter contains the approximative methods of solving the operator equation (1),
by using divided differences of the second order. The following definition for the order of comvergence
is given: ’ ’

The approximative method for solving the equation (1) given by the formula

Fopr = F[x”, By gy gl (%) n=012 ..)

where the operator F e has the divided differences to the ovder k inclusively, is convergent
of the ordev k if:

a) lim |{#* — %,]| = 0, where x* is a solutwn of equation (1) and
n—rw
b) F,E "’xx"—"' I i) 0; (element zero) for 1 =1,2, ...,k — 1, and differeht by zevo forj =k,
wn—1 "7 Fn—j
for every n.

Based on the order of convergence the common origin of some approximative methods of solvmg
the equation (1) are studied : the method of chord, the method analogical to that of tangent parabolas,
and the method analogical to that of tangent hyperbolas, given respectively by the formulas:

y

Fnpr = %p — DuP#y) — TPy, o, ., x”_zrn—1p(xn—1)FnP(xn)
where T, = [Py, 2,517 and

Fpt1 =% — I‘ nll — Ty 1 P(#g ) Tu]71P(%y)

x,,, Tp—1 Y2
where I is the identity operator.

Further on, some theorems of existence and uniqueness of the solutions of the operator equations,
connected with methods analogical to those of tangent parabolas and hyperbolas, are given. It is

shown that the convergence rapidity of the approximation sequence can be improved, by using Stef-
fensen’s method.

In the Fourth Chapter a class of methods for solving the operator equatmns (1) are given, using
the formula
Znt1 = %p — DpP(xy) — Tyl + aRy) TR, P(x,)
where « is a real or complex parameter, and

Ry, = P, , Ty 1) Ty Ty Plxn—1)Ty

For this class a theorem of the existence and uniqueness of the equation (1) solution is proved.
It is shown that Steffensen’s method for improving the convergence rapidity of the approximation
sequence, in case of this class, can be applied too.

Finally, some particular cases of this class are given, showing that for « =0, e« = — 1, the
methods analogical to these of the tangent parabolas and hyperbolas are obtained.

REVIEWERS:

Prof. dr. doc. A. HAIMOVICI, University of Iasi

Prof. dr. E. POPOVICIU, University of Cluj

Prof. dr. B. JANKO, Pedagogical Institute of Baia-Mare
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CONTRIBUTII LA STUDIUL RELATIILOR SI ALGEBRELOR UNIVERSALE

Rezumatul tezei de doctorat sustinutd la 3 noiembrie 1969, la Universitatea Babes-Bolyai din Cluj,
de I0OAN PURDEA, pentru obfinerea titlului de doctor in wmatematici

Lucrarea contine o introducere si trei capitole. In cap. I se generalizeazi relatiile #-are introdu-
cindu-se relatiile de tlpul (&, K) si se studiazi algebra acestor relatii. Rezultatele principale din acest
capitol au fost publicate in ,,Revue Roumaine de Math. Purres et Appl.”, t. 14, Nr. 4, pp. 533556,
1969.-In cap. II se studiazd anumite proprietiti ale relatiilor dlfunci;xonale care au fost introduse de
J. Riguet. Rezultatele principale din acest capitol au fost publicate in ,Rend. Lincei”, t. 44,
pp. 720—726, 1968; t. 45, pp. 117—121, 1968. In cap. IIT se generalizeazi algebrele umversale intro-
ducindu-se algebrele de tipul & si se studiazi omomorfismele relationale ale acestor algebre. Rezultatele

din acest capitol vor fi publicate in ,,Studia Univ. Babe§-Bolya1" (Cluj).

COMISIA DE DOCTORAT

Presedinte: Conf. dr. P. MOCANU, decanul Facultatu de Matematicd gi Mecanici
Conducdtor stiintific: Prof. dr. doc. GH. PIC (Universitatea Babes-Bolyai din Cluj)

. Membri:

Acad. prof. GR. C. MOISIL (Universitatea din Bucuregti)

Acad. prof. G. CALUGAREANU (Universitatea Babes-Bolyai din Cluj)
Conf. dr. AL." SOLIAN (Universitatea din Bucuregti)

v
Sedinte de comunmieiiri

La sedinfele de comuniciri organizate in anul
1969 la Facultatea de Matematici-Mecanici s-au
prezentat urmitoarele referate:

17 ianuarie

G. Cdlugidreann,

< lui Goritz.

P. Sziladgyi,

riene.
14 martie

A, Turcu, Metode §i directii de dezvoltare

in teoria oscilagiilor.

I. A. Rus, Probleme la limité neliniave.

11 aprilie

Gh. Pic, Impresii dintr-o cdldtorie in R.D.G.

D. D. Stancu, Metode de calcul ale momen-

teloy centrate.
31 octombrie

G. Calug#reann, Invarianfi de contraciie

tn grupuri.

I. A. Rus, Pozitivitatea functici lui Green

corespunazitoare problemei bilocale.

5 decembrie
B. Orban, Generalizarea teoremei lui Hua.
. Gh. Coman, Formule optimale de cubaturd.

Relaii intre torsiunile

Probleme Dirichlet mnoethe—.

Participirl la manifestiiri stiintifice internationale

1. 9—16 februarie, Sesiunea stiintifict a Socie-
titii Matematice din R.D.G.
.Gh. Pic, Eine Eigenschaft endlicher distribu-
tiver Verbande.
Gh. Maurer, M. Szilagyi (Tg Mures),
Uber dual-universelle Algebren.

2. Prof. dr, doc. Gh. Pic, la invitatia Acad.
de Stiinte din Berlin (R.D.G.) a tinut la data
de 19 februarie 1969 urmitoarea conferinti,
- la Berlin: Uber difunktionnelle Relationen.

3. 17—22 martie, Conferinti pentru ionosfers,

- Kuhlungsborn (R.D.G.). A participat ca delegat
al CNCS prof. dr. doc. Gh. Chisg.

4. 24— 31 martie, Consfituirea INTERCOSMOS,
Grupa Fizici cosmicd, Berlin; a articipat
prof. dr. doc. Gh. Chis.

S. 710—17 aprilie, Cursul de perfectionare ,,Meca-
nica cereascid si satelitii artificiali” organizat
de Institutul de perfect{ionare a inginerilor din
Budapesta; a {inut lectii conf. dr. A. P4l

6. 25—29 mai, Colloque sur les equations diffe-
rentielles, Mons (Belgia); a participat prof. dr.
doc. D. V. ITonescu cu conferinta Proble-
mes aux limites sur les equations differentielles
et applications aux formules fondamentales de
Uanalyse numerique.

7. 21—26 iunie, Conferinta IVA, Varna (Bulga-
ria) :

Gh. Chisg, Bestimmung der Bahnelemente der :

kiinstlichen Evdsatelliten auf Grund von wemger
genauen Beobachtungen.

T. Oproiu, D. Chis, P.’ Horedt

Asupra determindrii perioadei cvasidraconitice < .
a satelitului Explorer. — 19 (63531) folosind. A

metodele M. Loziunski si M. I71.

8. 271—25 iulie, -Simpozionul international de
teoria aproximirii i aplicatiile sale, Lancester
(Anglia) :

D. D. Stancu, Use of probabilistic methods
in the theory of wumiform approximation of
continuous functions.
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SESIUNEA STIINTIFICA A INSTITUTULUI
PEDAGOGIC DIN ORADEA

9. 24 august — 3 septembrie, Colocviul de teoria

constructivi a functiilor, Budapesta:
M. Frenkel, Metoda medierii pentru stu-
diul sistemelor de ecuatii diferemtiale cu un 24—25 . no
—25 mai N

parametru mic. P. Brideanu E. Balogh, Statul

10,

11,

12.

13.

SESIUNEA STIINTIFICA A INSTITUTﬁLUI .

9—
~Gy. Maurer,

1. Kolumban, Dualitat bei Optimierungs-

aufgaben.

I. Marugciac, Sur la structure des infra-
polynomes genemlzses

T. Popoviciu, Sur la meilleure approxi-
mation en moyenne quadratique.

E. Popovicin, Sur la meilleure approxi- '~

mation avec des conditions suplimentaires.

D. D. Stancu, 4 new class of uniform
approximating polynomial operators in two and
several variables.

17—27 octombrie, Moscova, schimb de expe-
rientd in cadrul Comitetutui de Stat pentru Cul-
turd si Artd Bucuresti, in domeniul difuzdrii cu-

nostintelor astronomice. A participat prof. dr. ..

doc. Gh. Chig.

710—24 noiembrie, Acad. prof. dr doc G.

Cilugireanu aficuto vizit4 la Bologna

(Italia) unde a {inut urmitoarele conferinte:

1. Puncte de vedere asupra teoviei nodurilor ;

2, Rezultate asupra scufunddrii ﬂodunlor pe
varietdfi oﬂentabzle,

3. Metode elementave in teovia zzotopzez

16—22 mnoiembrie,. Colocviul -, Iterationsver-

.fahren in der numerischen. Mathematik”,

Oberwolfach, a participat asist. W. Brec k-

ner, Konvexe Optimicrungsaufgaben

19 nojembrie—2 decembrie,” prof. emerit. dr.

doc. D. V. Tonescu a ficut o vizitd la

Universitatea Jdanov din Leningrad si a {inut

urméitoarele conferinte:

Sur les vestes des formules de quadmtuwz de

Gauss et de Turan

Sur une formule de quadmlm'e -de typa Gauss,

PEDAGOGIC DIN TG. MURES$

771 mai . —
M. Szilagyi, Rezolva-
bilitatea wnor ecuatit defzmte peste algebre uni-

. versale

-Gy. Maurer, M. Szilagyi, Produse

" atasate unui sistem ordovat de elemente dintr-un

grup inzestval cu o topologie filtrantd.

Gh. Micula, 4dsupra unor formule de cuadra-
turd optimale,

Gh. Pic, O problemd din leoma 1ela;ul07
TI.vA. Rus, Probleme diferenfiale neliniave.
L .Virag, Subgrupuri mavimale ale grupurilor
finite. - : .

.. Gh. Chis,
" perioadei de votajie a satelitului 1965—11—4.
I Marugciac,

lLimitd disipativ pe-corpuri de rotafie.

Gh. ,Chis, A. Pal, Adsupra determindgrii
perioadelor cvasidrvaconice la salelifi arvtificiali.
Gh, Horedt, Determinarea

M. Ridulescn, O
metodd a ortogonalizdvii pentru vezolvayea siste-

“melor liniare.

T. Oproiu, M. Trifu, Reducerea obser-
vatiilor fotografice ale safelifilov artificiali la
maginile electvonice de caleul.

T. Oproiu, .D. Chisg, Asupra simetriei -
coeficientului de distorsiune al cometei U UC-25/2

* - de la Observatorul Astronomic din Cluj.

T. " Petrild, Asupra miscirii generale a unui

profil intr-un fluid ideal.

M. Ridulescu, Mulfimi de multiplicitate
pentru serii lvigomometrice convergente aproape
peste lot.

I. Todoran, Asupra velaties dintve indicele
de culoare si tempevatura efectivd a unei stele,
A. Turcu, Oscilatiile neliniare ale wnui sis-
tem cu doud grade de libertate tn caz de nevezo-
nanid. .

V. Ureche Perioada de bdtaie a cofeidei
scuri-peviodice SW Piscium.

SESIUNEA STIINTIFICA A INSTITUTULUI

PEDAGOGIC DIN BAIA MARE

2425 mai

Gh. Micula, Asupm unoY formule de apyo-
ximare optimale.

Gh. Pic, O proprzetate a grupuyiloy p-v esolubzla.
I, A. Rus, Asupra unei probleme bglocale.

SESIUNEA STIINTIFICA A UNIVERSITATII

»BABE$-BOLYAI” DIN CLUJ

26—27 mai

G. Cilugireannu, Invanantz de absorbﬂe
tn grupuri.

Gh. -Chisg, Probleme ale dinamicii atmosferez
inalte studiate cu ajutovul satelitilor artificiali
ai pdmintului.

G. Coman, Asupra unor formule optimale "

. de cuadramm )
‘D. V. Tone s cu, Asupm mzor foymule e

cuadraturd;:, . o

I. Marusciac, O problema generala de - pro-
gramare liniard. cu mai multe fum:;u de’ scop.
P. Mocanu, Asupra unet proprietifi de
convexilate generalzzata in teona 7e;brezentamz
Sucomeao (II):+ B S e
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C. Mocamnu, Asupra unei probleme extremale .

privind vdddcinile unov ecuatii algebrice.
I Munteanu, Gradul unei transformdri si
aplicatiile sale in analizd.
A. Ney, Proprietaji sumatorii ale unor clase
" de funcm neconvexe, vespectiv meconcave.
Gh. Pic, O proprictate cavacteristici a algebre-
lor booleene.
I. Pop, stud. Peter Ar pad, Formarea
stvatului limitd wmagnetohidrodinamic plan.
T. Popoviciu, Asupra generalizirii functiilor
convexe de ovdin superior. Nota V. (Functii
spline genevalizate).
"E. Popoviciu, Proprietiti ale lzm,tumloy de
multimi interpolatoave.
1. Purdea, Algebre de tipul B.
I. A. Rus. Pozitivitatea functiei lui Green-
Robin.
‘D. D. Stancu, Aplicatii ale analizet nume-
vice tn caloulul probabilitdfis.
I. Stan, szuzm convectivd liberd a unei
pldci verticale tn wmiscare transversald.
C. Tartia, Asupm nopiunii de complexitate
a algoritmiloy.
A. T é6th, Evolutia tnvdtdmintului malematicis
la facultatea noastrd in ultimii 25 de ani.
E. Virag, O generalizare a produsului vegular.

SESIUNEA S$TIINTIFICA A INSTITUTULUI
DE CALCUL CLUJ

20—21 iunie
‘T. Popoviciu, Adsupra conservirii unor
aluri ale sirurilor prin anwmite transformdri.
E. Popoviciu, Adsupra unor scheme ab-
stracte de interpolave.

25— 31 august Seminar romano-finlandez: Apli-
catii quasiconforme”. A participat acad. prof.
dr. doc. G. Céalugdreanu, conf. dr.
P. Mocanwu, conf. dr. M. Tarini.

AL IV-LEA CONGRES AL MATEMATICIE-
NILOR DE EXPRESIE LATINA,
BUCURESTI-BRASOV

17—24 septembric

'D. V. Tonescu,
de curburd.

C. XKalik, O problemd de minim, generatoare
de functii spline.

I. Marusgciac, Infrapolinoamele generali-
zate de preinterpolave.

I. Maurer, M. Szilagyi,
duseloy filtrate ale grupuvilor.

P. Mocanmu, Despre o proprietate de stelari-
tate tn teovia veprezentdrvilov comforme.

Gr. Moldovan,
tip Bernstein.

I. Muntean, Oscilatii armonice pentru unele
sisteme de doud ecuatii difeventiale.

Extinderea unei formule

Asupra pro-

Despre unii operatori de

Gh. Pic, O proprictate caractevisticd a algebre
lor booleene.

‘"E. Popoviciu, Notmne de convexitate in
matematicile moderne.

"I. A. Rus, Principii de maxim pentyu solu-
title unui sistem de ecuayii ‘cu devivale pariiale
de ordinul al doilea. . .

E. Schechter, O mefodd de delimitare
"globald a evovilov tn integravea numericd a ecua-
titlor cu derivate partiale.

M. Schechter, Citeva proprietipi ale omo-
morfizmelor structuvilov velationale.

A. Turcu, Oscilatii neliniare ale unui sistem
cu doud grade de libertate.

SESIUNEA STIINTIFICA JUBILIARA DE

MECANICA, BUCURESTI

12—14 decembrie
P. Brideanu, Asupra infegririi ecuatiei
stratului limitd disipativ.
A. PAl, Unele vezultate privind determinarea
pavametrilov atmosferei inalte, la tniltimea peri-
geului sateli,tilor artificiali ai Pdmintului.
T. Petrili, Asupm miscdvii unui profil
intr-un fluid ideal in prezenta unui perete recti-
linin.
I. Stan, Ecuafia generald a difuziei convective
pe o placd.
A. Turcu, Asupra oscilatiilor neliniare ale
unui sistem mecanic cu doud grade de libertate
in caz de vezonantd.

SESIUNEA
INSTITUTULUI POLITEHNIC CLUJ

22—23 decembrie
A. Turcu, C. Tudose, Interactiunea unei
surse de enevgie neideale cu un sistem neliniay
avind doud grade de libertate.

Vizite

Prof. B. E. Pobedria, Universitatea din
Moscova (U.R.S.S.) 28 februarie.

Prof. Gh. Th. Gheorghiu, Institutul Poli-
tehnic din Bucuresti, 74—78 aprilic.

Prof. Gh. Gheorghiev, Universitatea din
Iasi, 22 mas.

Prof. C. Andreianu-Cazacu,
tatea din Bucuresti, 26 mai.

Prof. F. W. Lawvere, Dalhousie University
Halifax N. 8. (Canada) ¢i E.T.H. Ziirich (El-
vetia), 26 funie.

Universi-
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Prof. D. Tadeus, Universitatea din Katowicze
' (R.P.P.), 27 iunie.

F. Szasz, Cercetitor principal la Institutul de
Matematici al Academiei R.P.U., Budapesta,
12 august.

Prof. E. Pfeudler, University of Minnesota
(U.S.A)), 26 august.

Prof. G. Zacher, Universita di Padova (Italia),
24 septembrie. :
Prof. . Succi, Universita dele Aquila (Ttalia),

24 septembrie.

Prof. G. Sestini,
(Italia), 25 septembrie. :

Prof. B. Lemaire, Universitatea din Paris
(Franta), 26 septembrie. ’

M. Nivat, Université
1 octombrie. .

Prof. A. Monteiro, Universitatea Bahia-
Blanca (Argentina), 20 octombrie.

Prof. Gr. C. Moisil, Universitatea din Bucu-
resti, 4 noiembrie. :

Universita di' Fitenze

de Renmnes (Franta),
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In cel de al XV-lea an de aparitie (1970) Studia Universitatis Babes— Bolyai cuprinde seriile :

- matematici-mecanici (2 fascicule);

fizicd (2 fascicule);

chimie (2 fascicule) ;

geologie—mineralogie (2 fascicule) ;

geografie (2 fascicule);

biologie (2 fascicule) ;

filozofie ;

sociologie ;

stiinte economice (2 fascicule) ;

psihologie—pedagogie ;

gtiinte juridice;

istorie (2 fascicule); -
lingvistici—literaturd (2 fascicule). ’

Ha XV rony usnanust (1970) Studia Universitatis Babes— Bolyai BEIXORUT CJle/lyIOIAMHE CePHAMK

MaTeMaTHKa—MexaHnKa (2 Beimycka);
¢usuKa (2 BhIycKa);

XUMHA (2 BBITyCKa);
FeOJIorHs-—MHHepanorus (2 Bhlnycka);
reorpagust (2 BHOyCKa); :
Guomorust (2 BHIycxa);

duaocodus;

COIIMOJIOTHSI;

SKOHOMHYECKHE HAyKH (2 BBIIyCKa),
TICHXOJIOTHI—IIElAr OTHKA; )
IOPHAHYECKHE HAYKH;

HCTOpUSl (2 BHIIYCKA);
ASBIKOSHAHMe—JIHTepaTypoBe/ienHe (2 BBITyCKa).

Dans leur XV-me année de publication (1970) les Studia Universitatis Babes— Bolyai comportent
les séries suivantes:

mathématiques— mécanique (2 fascicules) ;
physique (2 fascicules) ;

chimie (2 fascicules);
géologie-minéralogie (2 fascicules) ;
géographie (2 fascicules) ;

biologie (2 fascicules) ;

philosophie ;

sociologie ;

sciences économiques (2 fascicules) ;
psychologie-pédagogie ;

sciences juridiques;

histoire (2 fascicules);

lingnistique —littérature (2 fascicules).



