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Inverse theorem for the iterates of modified
Bernstein type polynomials

T.A.K. Sinha, P.N. Agrawal and K.K. Singh

Abstract. Gupta and Maheshwari [12] introduced a new sequence of Durrmeyer
type linear positive operators P, to approximate p!* Lebesgue integrable func-
tions on [0, 1]. It is observed that these operators are saturated with O(n™'). In
order to improve this slow rate of convergence, following Agrawal et al [2], we
[3] applied the technique of an iterative combination to the above operators P,
and estimated the error in the L,— approximation in terms of the higher order
integral modulus of smoothness using some properties of the Steklov mean. The
present paper is in continuation of this work. Here we have discussed the corre-
sponding inverse result for the above iterative combination T}, i of the operators
P,.
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1. Introduction

Motivated by the definition of Phillips operators (cf. [1] and [15]), Gupta and
Maheshwari [12] proposed modified Bernstein type polynomials P, to approximate
functions in L,[0, 1] as follows:

For f € L,[0,1],1 < p < oo,

Po(fiz) = / W, 0)f(t) dt, € [0,1],
0

where W, (z,t) = nzpn,l/(x)pn—l,u—l(t) + (1 —2)"0(t),

v=1

n

Pnu(t) = ( )t”(l —H)", 0<t <1,

v
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and J(t) being the Dirac-delta function, is the kernel of the operators P,.

Since the order of approximation by the operators P, is, at best, O(n~!), however
smooth the function may be, following [3], the iterative combination T;, i, : L,[0,1] —
C°°[0, 1] of these operators is defined as

m

k

Talfia) = (1= (1= P (i) = S -0 (M) e, ke
m=1
where P = [ and P = P, (P 1) for m € N.

In order to improve the rate of convergence, Micchelli [16] introduced an itera-
tive combination for Bernstein polynomials and obtained some direct and saturation
results. Gonska and Zhou [11] showed that the iterative combinations can be regarded
as iterated Boolean sums and obtained global direct and inverse results in the sup-
norm. The iterated Boolean sums have also been studied by several other authors
(e.g. [4],[8],[17],[18] and [21]) wherein they have obtained direct and saturation re-
sults. Ding and Cao [7] discussed direct and inverse theorems in the sup- norm for
iterated Boolean sums of the multivariate Bernstein polynomials using the technique
of K-functionals. Sinha et al [19] proved an inverse theorem in the L,— norm for the
Micchelli combination of Bernstein-Durrmeyer polynomials.

Gonska and Zhou [11] obtained the results in the sup- norm using the Ditzian
Totik modulus of smoothness and K — functional. Ding and Cao [7] also obtained
the results in sup- norm using K— functional. Sevy ([17] and [18] ) considered the
limits of the linear combinations of iterates of Bernstein and Durrmeyer polynomials
in the sup- norm by keeping the degree n of the approximants as a constant while the
order of iteration becomes infinite and showed that they converge to the Lagrange
interpolation polynomial and the least square approximating polynomial on [0, 1]
respectively. The more general results have been obtained in [21].

Motivated by the work of Sinha et al [19], Agrawal et al [3] considered the
Micchelli combinations for the operator proposed by Gupta and Maheshwari [12] and
obtained some direct results in L,— norm. In the present paper, we continue the work
done in [19] by proving a corresponding local inverse theorem in the L,— norm.

The iterates are defined as

1

PPH(fia) = [ Wala ) PR(fi0)dt o € (0.1,
0
At every stage it uses the entire previous operator value. The analysis in L,— case,
therefore, differs from the study of operators in [10] and linear combinations of oper-
ators in [8]. The proof of the theorem is carried out by using the properties of Steklov
means. Due to the presence of the Dirac- delta term in the kernel of these operators,
the analysis of the proof is quite different. It uses the multinomial theorem, Holder’s
inequality and the Fubini’s theorem repeatedly.

Throughout the present paper, we assume that I = [0,1], I; = [a;,b;],7 = 1,2,
where 0 < a1 < az < by < by < 1 and by C' we mean a positive constant not
necessarily the same at each occurrence.

In [3], we obtained the following direct theorem:
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Theorem 1.1. Let f € L,(I),p > 1. Then, for sufficiently large values of n there holds

ITos(fi2) = F@layiny < € (o (F o) 0.
where C' is a constant independent of f and n.

Remark 1.2. From the above theorem, it follows that if wor(f, 7, p, 1) = O(7%), as
7 — 0 then ||, x (f;2) — f(2)l|L, (1) = O(n=/?), as n — 0o, where 0 < o < 2k.

The aim of this paper is to characterize the class of functions for which
1T w(f;2) — f(x)||Lp(12) = O(?fo‘/z)7 as n — 0o, where 0 < a < 2k.
Thus, we prove the following theorem (inverse theorem):

Theorem 1.3. Let f € L,(I),p > 1. Let 0 < o < 2k and
| T (f32) — f(2)|lL, 1) = O(n~%?), as n — oco.

Then, wor(f,7,p,I2) = O(1%), as 7 — 0.

Remark 1.4. We observe that without any loss of generality we may assume that
£(0) = 0. To prove it, let f1(t) = f(¢t) — f(0). By definition,

k
T (fr52) Z m+1( )PTT(fl;ff)~

=1

Further, using linearity,
P (fiiz) = B (fi2) — FO P (L 2) = P (f; @) — f(0).
This implies that T}, x(f1;2) = Tn x(f;z) — f(0). This entails that
Tk (fr;2) = fr(z) = Tok(f32) — f(2),
where f1(0) = 0.

Since f(0) = 0 (in view of the above remark), it follows that P,f(0) = 0.
Consequently, P f(0) = 0,Vm € N.

2. Preliminaries

In this section, we mention some definitions and prove auxiliary results which we need
in establishing our main theorem.

Lemma 2.1. Let r > 0 and v be an integer such that 0 < v < n. Then for every v

there holds
1
v r 1
/pn,u(t)lﬁft‘ dtO(n;‘“)’ as n — Q.
0
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Proof. Let i be an integer such that 2i > r. An application of Hélder’s inequality in
integral gives
1

v T
n(t)|— — 1t dt

0 o

o
1 27 27

1
21
< /pn,y(t)‘%ft dt /pmu(t)dt . (2.1)
0

0

It follows that

v+ 1)w+2)..(v+37)
(m+1)(n+2)...(n+5+1)

1
/tjpn,u(t) dt = <Z>B(u +i+ln—v+1)=
0

Hence, by binomial expansion
1

/p,w(t) (% _ t>2i dt

n n+1(n+2)...(n+j+1)

7=0

_%(?>V%—%V+1XV+2)(L+2)_I(L+2)_1

2i+1 .
ot WD+ 2) v+ 20) T (14 %) }

s=2
Now,
j+1 . . . .
S
[I(1+2) P 1C RN L) 1) N, (2.3)
e n n n n

where p1(j) is a second degree polynomial in j, pa(j) is a fourth degree polynomial
in j and so on.

Similarly,
V+ D) +2)..(v+j)=v + () + () 2+ ..+ 4, (2.4)

where ¢ () is a second degree polynomial in j, ¢2(j) is a fourth degree polynomial in
J and so on.

Thus from (2.2)- (2.4), we have
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~ : () r 02 + i + w2 +
(122t 20, )
=0 (nil> , as n — oo. (2.5)

This holds for every v, where 0 < v < n and in view of the following identity:
i(—l)j 20y m _ [0, m=0,1,..,2t -1

- )7 T @), m=2i

J:

1
Now, on combining (2.1), (2.5) and in view of [ p, . (t)dt = —1=, we obtain
0

_
1
v
t)|——1
[t |2
0

r 1 \¥/ 1 \'# 1
< = I
o) () o) o

For m € N, the m*" order moment for P, is defined as

pnm () = Py ((t —2)™52) .

Lemma 2.2. [2]The elementary moments are fino(z) = 1, pn1(z) =
m > 1 there holds the recurrence relation

and for

(ntm+1) i1 (@) = 2(1=2) {41}, 1 (%) + 2 pr i1 (2) } + (M1 = 22) = 2) i, ().

Consequently,

(1) pin,m(x) is a polynomial in x of degree m;

(i) pnm(z) = O (n~M+D/2)) a5 n — oo, uniformly in « € I, where (] is the
integer part of 3.
Corollary 2.3. There holds for r > 0

P,(t—z|";2) =0 (n_T/Z) , as n — oo, uniformly inx € I.
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Proof. Let s be an even integer > r. An application of Holder’s inequality in integral
and Lemma 2.2 in the next step gives

1
P, (|t — x|z /antt—x|rdt
0
1 -z
< /Wn(;l:,t)|t —z|®dt /Wn(;c,t) dt <Cm *2)y/s =cn"/2. O

0

Lemma 2.4. [3]There holds forl € N
xl(l - x)lDl (pn,u(x)) = Z ni(’/ - nx)jqi,j,l(i)pn,u(m)v

2i4j<1
,§>0

where D = % and g; j1(x) are certain polynomials in = independent of n and v.

Lemma 2.5. [3] There holds for k,l € N

Tk ((t— z)lix) = 0(n™"), as n — oo, uniformly inz € I.

Lemma 2.6. Let r > 0 and V,(z,t) = annl, Z)pn—1,0-1(t), then
v=1

1
/Vn (z,t)|z — t|" de = O(n™"/?), as n — oo,
0

uniformly for all t in [0, 1].

1
Proof. Let J =: [V, (x,t)|z —t|" dz and s be an even integer > r. Then, proceeding

0
along the lines of the proof of the Corollary 2.3 and in view of

1

1
/pnw(x)dx = il
0

we have

We may write

jVn(x,t)(x—t)sdm = (—1)s.ni( )té ‘ an 10-1( /pn,,,( Yot da.
0
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Since

1 ; B (1/+ 1)(I/+Z)
O/QDn,v(m)m dz = (n+1)..(n+i+1)

itl follows that

/Vn(ac,t)(x —t)°dx
0

n—1 .
1/—|—2)...(1/—|—z+1)

[ Z =1, - . 2.6
nZ() Zp ! n+1)...(n+z+1) (2:6)
Now, (v+2)...(v+i+1) = vi+pi (i)'~ 1+p2( )2+ ..., where p;(i) is a polynomial
in ¢ of degree 2j. Moreover,

V=o' + (v + g ()2 + L+ g ()W, (2.7)
where go (i) = ¢;—1(¢) = 1, ) = viv—1)(v—-2)...(v—35+1),j=0,1,2...,% and ¢;(3)
is a polynomial in i of degree 2j.

Utilizing (2.7) in (2.6) and using the properties of binomial coefficients, we get
the required order. O

Definition 2.7. Let f € L,(I), p > 1. Then for sufficiently small n > 0, the Steklov
mean fym of m*" order is defined as follows:

n/2  n/2
fom(t)=n"" / : / (f(t)+ (—1)m‘1A§:n:,1tif(t)) dty...dtm,
-n/2 —n/2

where t € Iy and A} is mt" order forward difference operator of step length h.

Lemma 2.8. The function f, ., satisfies the following properties

(a) fn.m has derivatives up to order m over I, (m D¢ AC(L) and fr(ﬂ? exists
a.e. and belongs to Ly(Iy) ;

(b) ||f7(177)n||Lp(12) < CT n_er(f’?%pa 11),T = 1a2a ey MM
(C) ||f - f”],’mHLp(Iz) S Cm-i—l w'rn(f:”ap7 Il)z'
(@) [l fomllr, ) < Cms2ll fllz, )

(¢) 15|y < Conea i "1 1)
where Cls are certain constants that depend on i but are independent of f and 7.

The proof follows from Theorem 18.17 ([13]) and (]20], Exercise 3.12, pp.165-166).
Lemma 2.9. Let f € L,(I), p>1 and r,m € N. Then there holds

1P ()t =) 52)ll, 1y < "2 f Il
Proof. Using Remark 1.4

1
P (f)(t—2)";2) z//.../vn(x,tl)vn(tl,tg)...vn(tm,l,tm)(tm—a:)rf(tm)dtm...dtl.
00 0
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1
A repeated use of Holder’s inequality and in view of [V, (z,t)dt = O(1) makes
0

[P (f()(t =) 2)
1 1 1
< /.../Vn(x,tl)vn(tl,tQ)...vn(tm,l,tm)um 2P | F ()P bty
0 0 0

We now consider integration on both sides. On the right side by virtue of Fubini’s
theorem, the integration is done with respect to = followed by t1, ts, ..., t,, respectively.
Thus

/1|P,T(f( t—x)x)P dm</ / / (z,t1)|tm — z|"Pdz | x (2.8)
0

Vn(tl,tg)...vn(m Ltm) |f(tm)|P dty...dtp,

Let s > rp be an integer. Then, using Hélder’s inequality and in view of

1
1
n,v dr =
[ pstorts = —
0

we have
1 1 = L
n s
Vi(x, t1) [ty — x|"P dx < Vio(x, t1)|[tm — x|°d . 2.9
Jvate.tltn —atrde < | [Vatotitn —alas | () (2.9)
0 0

By multinomial expansion
[tm — z|° < (Jtm — tm—1| + [tm-1 — tm—2| + ... + [t1 — 2|)°

S
< tm — tm1 |t — x| 2.10
o Z <T17T2?"7T’m>| " " 1| | ! | ( )

ri+rot...trm=s,
7 >0,V1<k<m

Now we combine (2.8)-(2.10), resort Lemma 2.6 m times and Holder’s inequality
(m — 1) times to reach

/|Pm )t —2)"2)| do

ri+rot...trm=s,
rp>0,V1<k<m

rp
e 1
S ritrot...+rm
<C IR to)|P dt
< > () [ 156 dt
0

_rp
<Cn~ 2 mTpr”IL)p(])

using bound of multinomial coefficients. Taking p** root on both sides we complete
the proof of lemma. O
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Lemma 2.10. Let m,s € N and f € L,(I), p > 1 have a compact support in [a,b] C
(0,1). Then there holds

Proof. An application of Lemma 2.4 enables us to express

P (f;)

< Cn®| fllz, a0

dx?* Lp[a,b]

d2s . .
gz o (fi2) = x%/W’va Y(f;v) dv

. =Yg (@)
- anll Z (ZL’(]. 71»))25 X (211)

2i45<2s
i,7>0

1
/ Prtw1 (V)P (f50) do
0

When p > 1, applying Holder’s inequality twice, first for summation and then for
integration, we obtain

n

1
S =P pus ) [ a2 (fr0) do
0

v=1
n - 1
<Yl naf o) n [ parea@) [P S do(212)
v=1 0

The above inequality is true for p = 1, as well. Now, we integrate both sides of (2.12)
with respect to x and take help of Lemma 2.1 in next step to obtain

b . 1 P
[ X =m0y ps@n [ prsus0)Pr (o) do| do
a v=1 0
1
<Z / pras@ly =l dz | [ pacsoa0) [P (F0)
0
C'nir/2
< ! /(an 1v— 1 ) ‘Pm 1(f ’U)|
Sclnjp/2||PZLn 1( ;.)HLP(I). (2.13)

Let C; =: sup sup 7|qi’j’s(x)|2 .
w€lab] 2t (z(1 —x))*
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We now combine (2.11) and (2.13) and conclude that

d** m 1/ i j/2 m—1
| i) Loy S are| 3w IR )
Pl s
< Cn’|flle,y = CnlIfllL,(ab)-
Hence, the required result follows. O

Lemma 2.11. Let m,s € N and f € Lp[0,1], p > 1 have a compact support in [a,b] C
(0,1). Moreover, let f*5=1) € AC[a,b] and f?*) € L,[a,b], then

| P < Uy
dx29 Lplab] — pl@;

Proof. Since P} maps polynomials into polynomials of the same degree, using Lemma
2.4 we have

1
d25 " 1
gz ie) = (25—1)!/"'
0
Wi (tm—1,tm) / (trm — w) >~ (w) dw diy,...dt

_ )i dig.si ) Gij,s()
T @s—! Z Z’j*m‘" z(1— 1))

S
3

N

o\ —
—

3
3
L
N
—
‘=
=
=
-
—
“Ok
no
SN~—
—
~
3
-
v@k
X

/ (bt — w) 2712 (w) duw dty,...dt

Let us define W,,(z,t) = 0,t ¢ [0, 1]. Now, we break the interval of integration in ¢,,
in the following way:

There exists for each n an integer r(n) such that

r+1

N

< max{l —a,b} <

§
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Let C = sup sup M(x)ts Then
w€lab] 2ii=2e (z(1 —x))

d25

PR <C > n Z|V—m”| P ()X
27+7<2e
i,j>0

/ /npn 1,v—1 tl Wn(tlatQ)---Wn(tm—Qatm—l)x

tm

341

(2.14)

{/Wn(tml,tm)ﬁm — x>t /|f(23)(w)|dw dtm}dtml...dtl.
0 x

The expression inside the curly bracket in (2.14), however is bounded by

z+ 2 L+lfﬁ1

<Z{ / Wttt =250 [ 1709 w)ldw e

x

x

+ / Wi (w1, tm)|[tm — 2]*71 / |f(25)(w)dwdtm}

l+1 _lf1
T— =

+1 +1
S S

x

Ifi
x

/ W b 17 )‘ _x|28+3 / |f(2s)(ﬂ))dU)dtm}

mfﬁ zfﬁ
Using (2.15) in (2.14)
d25
d$2s <cC Z Z‘V_nxl pnu( )

2i4j<2s
i,j>0

o.\H
o'\H

n2 S S
gZ{H / Wi (b1, tan) |t — 22573 / £ 29 (w)|dw dt.,
=1

npnfl,ufl(tl)Wn(tlu t2)---Wn(tm727 tmfl) X

(2.15)
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342
s 2 IJFZ‘;% z+lj%
n . .
{ <l4 / W (tm— 1 tm)[tm — 2?3 / | £ (w)|dw dt,,
=1 I+# J
/ W m 13 )| - 1'|2S+3 / |f(2s) (’LU)|d’LU dtm>
~ o141
Vn
w+ﬁ Tt =
+ / W (tm—1, tm)|tm — 2[>*! / £ (w)|dw dt,p, } dty,
1 L’D—ﬁ

=J1 + J2 + J3, say.

In order to estimate Ji, Jy and J3, we use multinomial expansion

; 2 3
[t — 228 < Z ( 5+ ) "
T1,7T2, 0 Tm

ri+rod. . .trm=25+3,
rp>0,V1<k<m
|t7n — tm_1|rm ‘tm—l — tm_2|7‘m71 |t1 — 1‘|T1.

Thus
7 n s i
VRS DY T / £ w)ldw | [ D v = nal pn(@)x
2i4+j<2s =1 e v=1

i,§20

1 1
2543
Z ( )/ /npn 1,v—1 tl)Wn(tlut2)-~-Wn(tm717tm)x
1,725, Tm
0 0

r4ToF AT =2543,
r;>0,V1<i<m

|tm — tm_1|rm ‘tm—l — tm_2|rm_1 ...‘tl — 1‘|T1 dty, dty,—1...dt.

A repeated application of Corollary 2.3 makes

N ES Y
T 2 \/7
7 n s
ne 3w | S| [ e | |« (2.16)
2i+j<2s =1 o

4§20

1

n
) 25+ 3
—rld -
Swnabp@{ X ()

v=1 ri4rot...+rm=25+3,
rp>0,V1<k<m

1
/npn—l,u—l(tl)\tl — x| dty
0
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In order to obtain a bound for J; in (2.16) we require an estimate of

1
/npn_l,y_1<t1>|t1 iy,
0

This is accomplished with the help of Lemma 2.1 and moments of Bernstein polyno-
mials ([14], Theorem 1.5.1).

1 1 T1
/n (t1)|ty — 2| dt </np (t1) PRt N A
Pn—1,0—1(01)|01 1S ; n—1,0—1(01 1 n_1 n_1 1
0
1 )
2\ | (v —nz) — (1 —2) v—1]|""
= Z . NPp—1.-1(t1) [t1 — dty
: 1 n—1 n—1
’Ll:O 0

Therefore,

r 2
nee Y o (X0 [ e w >z )
=1

2i+4+5<2s ridrod. A rm=2s+3, 71,725 -5 m

i,j>0 T rE>0,V1<k<m
n T1 i1
T 1\ g2 |(v—nz)—(1-1x) 1
{ z_:l lv —nxl!pp () (Z:O (h)n o1 n(25+3)/2
S +lj71
2s5+3 n (25)
<Cm* P Z T / | £ (w)|dw | . (2.17)

We now take p norm in z in above. Let p, ¢ be the conjugate exponents such that

1 1
,_|_,:1
P q

and 9;(x,.) denote the characteristic function of the interval [z, z + l+1] By using
Holder’s inequality and Fubini’s theorem
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l

-

St

1 p P

b Vn b vn
[ [ r=wi| a < (‘*nl) y / 129 (w)Pdw dx
I+1 p/q b1 @
— L s p
(%) /O/w,wnf ()P da
I+1 p/q 1 b 28)
_ - - S P
- (\/ﬁ) / b, w) de | |FO ()P du
I+ 1\"9 (1+1 (29),
: (ﬁ) <\/ﬁ)/|f )l dw
1+1\7?
= (52) 150,
Hence,
S
/ 1 £2) (w)|dw g(l}l)lf@s’u -

x

This implies by (2.17), that
11l 2, 0 < Cm2 T3 FC 1L, oy = Cm® T3] fCD|| 0y

In order to find estimates J, and J3 we proceed in a similar manner and obtain

the required order. Combining the estimates of Jy, Jy and J3, we complete the proof.
O

3. Proof of Inverse Theorem

Proof. We choose numbers x; and y;,7 = 1,2, 3 that satisfy 0 < a; < 1 < 2 < 23 <
a2<b2<y3<y2<y1<b1<1.

We choose a function g € C2* such that suppg C (v2,y2) with g(z) = 1 on
[x3,y3] and f = fg.

Now, for all values of v < 7 we have

A2k f(2) < | AF(F@) = Tuw(F 2D,y I Tk (B, o
= 3+ 3o, say. (3.1)

Let f;2r(z) denote the Steklov mean for the function f(z). Then, Lemmas 2.10
and 2.11 entail
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Ly[z1,y1] }

1 _
< ch (nk + n) wor(Fom s [22, 93], (3.2)

22 = ||A2 n,k f7 ||L plz2,y2]

< 72’“{ HTf;f)(f— fn,gk;x)‘ 5

|

T (Froni )|

plr1,y1]

2k‘
< 07 Lot 1 = Fuaelten + 1 e

for sufficiently small values of v and 7.
It follows from the hypothesis that a component of 3; is bounded as

17(@) = Tur (5 2)| 1, g
< Nlg(@)(f (@) = Tap (£ 2D L 2y o) T 1T () (9(E) = 9(2)); ) 1y 1)

< f/z H Tk (FO) () = 9()): ) 1 11 - (3.3)

We now establish that
1Tk (90 = g@)): ), o, = O2). (3.4)

This is a major point in the proof of our theorem. Assuming (3.4)to be true, it follows
from (3.1)-(3.4) that

1 _
A2 @)y < Co{ s 0% (o o3 ) omFonp ozl | (35)

We choose 7 = n~1/2 and take sup, <, in (3.5) to obtain

2k
ka‘(f) D [3:2’ yQ]) <C {77& + (;) w2k(f7nap7 [x27y2])} .

Now, making use of the Lemma ([6], p.696), we get

w2k(f7 T, D, [zQayQ]) < cr®

and therefore
w2k(fa Ly 2 IZ) = O(TQ), asT — 0.

The proof of (3.4) is accomplished by induction on «. When « < 1, by mean value
theorem and Lemma 2.9

1T () — 9@ 2) oy = 1Tk FOE = 2)g €)1

C
n1/2 ||fHLp(I)7

where £ lies between ¢ and x. This proves (3.4) when o < 1.
We next assume that (3.4) is true when « lies in [r — 1,7) and prove that it is
true for a € [r,7 4+ 1). Let f, 21(t) denote the Steklov mean. We express
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F®)(g(t) = 9(x))

={(f() - fn, 2k (1)) + (fn 2k (t) — fm?k:(x)) + fn 2k () }(g(t) — g(=))
= (f(t) = fa2e()(9(t) — 9(@)) + (fn,26(t) — fo.2n(x))(g(t) —

+ fo.2k(2)(9(t) — g(x))
= 23+E4+E5, say. (36)

=
CQ
—
S
N
=

Let 1(t) denote the characteristic function of [z — do, y2 + dg]. This entails that
1P ((F () = f2k (@) (9(t) = 9(@)); )L (101

<P ) = Fok)(E = 2)g (V) 0 1, 2 4o
HIP(F () = 2k ®)(E = 2)g ()1 = P02 1 0 4

< g/l IPEF(E) = Faan®IE— 20 21y, g 1

+1l9'londe @ PRALE) = Fran®lE = 2P Q= 0@ )], Gy
<Cn Y2 = Foz) ()L, (wae) + CnFIF = Fozelln, )

S Cn71/2w2k(f7 n, fapv [xlv yl])
+ C’n*k”fHLp([) (in view of Lemmas 2.9 and 2.8). (3.7)

Therefore,

wnk&,n—nij() 1P (82|

< Cn™ 1/2 w2k(f7nafapa [xbyl]) + Cn_ka”Lp(I)- (38)

To obtain an estimate of X5, we note that g(¢) is a very smooth function and hence

2l 0 (2
Toalo0) =gl ) = 3 LT - i)
=1
+ji§ﬂm@mW®@—@%w% (3.9)

where £ lies between ¢ and .

Now, applying Lemmas 2.5 and 2.9 on the right hand side of (3.9) respectively,
we have

||Tn,k<25;x)||Lp[xz,yz] < Cn_kan,?kHLp[xz,yz] < Cn_kaHLp(I)- (3.10)
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Since, by virtue of Lemma 2.8, f, o5 is 2k times differentiable, there follows

2k—1 t

= {3 o+ ey e o e
i=1 p
2k—2
t—2) G (t—a)*! (2k—1)

g 9@+ g Q)
2k—12k—2 (t—a)t
-2 Z o 1, @)
i=1 j=
g1 (g) 2k—1 (t — z)2kti=1

N (2k — 1)! il fn2k( x)

=1
= 6+E7+287 say, (311)

where £ lies between ¢t and .
By Lemma 2.5 and Theorem 3.1 ([9], p.5)

2k—1
1Tk (X5 2) | 2, [ ] < <Z 150 (@)l [mz,:g2]>

<.

k—
e (TP PRSE Fae sl Co] PRS) B (3.12)
Similarly,
HTn,k(Eﬂx)HLp[xz,yz]
k—
< On™* (ol by tosnsat + 15 @) s ) - (3.13)

We now examine a typical term of T}, ,(3s; ) expressed as
t

o - / (t — w)? £ (w)du;

x
t

—pr (- ay / (t — w)?*~ £C8) (w)ep (w) s

I T / (t — w)21 £ () (1 — b w))dw; 2

== 29 + 210, say. (314)
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We may write
11

15| < /.../Wn(x,tl)Wn(thtz)...Wn(tm,l,tmﬂtm—:c\%“_lx (3.15)
0 0

tm
AL I e —rs
Now, proceeding along the lines of the proof of Lemma 2.11, we obtain

C
10l 2, [w2,y2) < Wﬂf,(, ol (ma—b.50 3 (3.16)

The presence of (1 — ¢ (w)) in o implies that |w — x| > dg. Therefore

1
|210| </ /Wn X tl tl,tg) Wn(tm_l,tm)x (317)
0

|t — x| 2RHE— 12k 6‘2’“/|f o (W)[(1 = (w))dw| dbmdtp 1 ...dbsdty

Proceeding along the lines of the proof of Lemma 2.11 again yields

C
1Z10 2, [23,92] < Wﬂfn oz, (3.18)

Combining (3.14), (3.16) and (3.18), we get
1T (X85 2) | L 2 ]

1 2%) 1
gC{n(%H‘)ﬂ” ( HL [x2—30, y2+50]+m“fn2k”L (1)} (3.19)

Utilizing (3.6)-(3.19), we are led to
1T (f () (9(t) = 9(2)); 2) |, [2,2]

1 1
<C{Ww2k<f,n,p,[xl,yﬂ> ety + e (12t

(2k—1) (2k 1
U et ) + s S e -soans0 + e B -

This is further simplified by Lemma 2.8 by taking n = n~/2 for large values of n as
1Tk (f(E)(9() — 9(2)); ) 1 [25,30]

1 —1/2 1
< c{me,n 2, o) + e Il

1 _
+ nl/2w2k—1(fan 1/2apa [$17y1])}' (320)

The induction hypothesis implies that for [e,d] C (a1,b1)
war(f,n V2, p, [e,d]) = O(n™*/?), n — oo (3.21)
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This induces, by (Theorem 6.1.2, [20]),
wak—1(f,n Y2 p, e, d]) = O(n~*?), n = occ. (3.22)
Incorporating (3.21) and (3.22) in (3.20), we obtain

1T () (9(t) = 9(2)); 2| ) = O™ @ FD2) 10— o0,
This proves (3.4) and hence the proof of the theorem follows. O
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