
Stud. Univ. Babeş-Bolyai Math. 57(2012), No. 3, 409–420

Approximate character amenability of Banach
algebras

Ali Jabbari

Abstract. New notion of character amenability of Banach algebras is introduced.
Let A be a Banach algebra and ϕ ∈ ∆(A). We say A is approximately ϕ-amenable
if there exist a bounded linear functional m on A∗ and a net (mα) in A∗∗, such
that m(ϕ) = 1 and

m(f.a) = lim
α

mα(f.a) = lim
α

ϕ(a)mα(f)

for all a ∈ A and f ∈ A∗. The corresponding class of Banach algebras is larger
than that for the classical character amenable (ϕ-amenable) algebras. General
theory is developed for this notion, and we show that this notion is different from
that character amenability and ϕ-amenability.
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1. Introduction

The concept of amenable Banach algebra was introduced by Johnson in 1972
[16], and has proved to be of enormous importance in Banach algebra theory. Johnson
showed that locally compact group G is amenable if and only if L1(G) is amenable as
a Banach algebra.

Let A be a Banach algebra, and let X be a Banach A-bimodule. A derivation is
a linear map D : A −→ X such that

D(ab) = a.D(b) + D(a).b (a, b ∈ A).

Throughout this paper, unless otherwise stated, by a derivation we means that
a continuous derivation. For x ∈ X, set adx : a 7→ a.x − x.a, A −→ X. Then adx is
the inner derivation induced by x.

Denote the linear space of bounded derivations from A into X by Z1(A, X) and
the linear subspace of inner derivations by N1(A, X), we consider the quotient space
H1(A, X) = Z1(A, X)/N1(A, X), called the first Hochschild cohomology group of A



410 Ali Jabbari

with coefficients in X. The Banach algebra A is said to be amenable if H1(A, X∗) =
{0} for all Banach A-bimodules X.

The concept of approximate amenability of Banach algebras was introduced by
F. Ghahramani and R. J. Loy in 2004 [11]. They showed that locally compact group
G is amenable if and only if L1(G) is approximately amenable as a Banach algebra.

The derivation D : A −→ X is approximately inner if there is a net (xα) in X
such that

D(a) = lim
α

(a.xα − xα.a) (a ∈ A),

so that D = limα adxα in the strong-operator topology of B(A, X). The Banach
algebra A is approximately amenable if for any A-bimodule X, every derivation D :
A −→ X∗ is approximately inner. There are many alternative formulations of the
notion of amenability, of which we note the following, for further details see [6, 5,
9, 12, 13, 14]. Of course, amenable Banach algebra is approximately amenable. Some
approximately amenable Banach algebras, which are not amenable constructed in [11].
Further examples have been shown by Ghahramani and Stokke in [13]: the Fourier
algebra A(G) is approximately amenable for each amenable, discrete group G, but it
is known that these algebras are not always amenable.

The notion of character amenability of Banach algebras was defined by Sangani
Monfared in [21]. This notion improved by Kaniuth, Lau, and Pym in [18, 19] and
some new results were presented by Azimifard in [2]. Let A be an arbitrary Banach
algebra and ϕ be a homomorphism from A onto C. We denote that the space of
all non-zero multiplicative linear functionals from A onto C by ∆(A) (∆(A) is the
maximal ideal space of A). If ϕ ∈ ∆(A) ∪ {0} and X is an arbitrary Banach space,
then X can be viewed as Banach left or right A-module by the following actions

a.x = ϕ(a)x and x.a = ϕ(a)x (a ∈ A, x ∈ X).

The Banach algebra A is said to be left character amenable (LCA) if for all
ϕ ∈ ∆(A) ∪ {0} and all Banach A-bimodules X for which the right module action is
given by a.x = ϕ(a)x (a ∈ A, x ∈ X), every continuous derivation D : A −→ X∗ is
inner. Right character amenability (RCA) is defined similarly by considering Banach
A-bimodules X for which the left module action is given by x.a = ϕ(a)x, and A is
called character amenable (CA) if it is both left and right character amenable.

Also, according to [18], the Banach algebra A is ϕ-amenable (ϕ ∈ ∆(A)) if
there exists a bounded linear functional m on A∗ satisfying m(ϕ) = 1 and m(f.a) =
ϕ(a)m(f) for all a ∈ A and f ∈ A∗. Therefore the Banach algebra A is character
amenable if and only if A is ϕ-amenable, for every ϕ ∈ ∆(A) ∪ {0}.

It is clear that if A is amenable then A is ϕ-amenable for every ϕ ∈ ∆(A), but
converse is not true, because for example let G be a locally compact group and A(G)
is a Fourier algebra on G. Fourier algebra A(G) is character amenable (Example 2.6,
[18]), but it is not amenable even when G is compact (see [17]).

Recently in [25], authors defined and studied approximate character amenability
of Banach algebras. The Banach algebra A is said to be approximately left character
amenable if for all ϕ ∈ ∆(A)∪{0} and all Banach A-bimodules X for which the right
module action is given by a.x = ϕ(a)x (a ∈ A, x ∈ X), every continuous derivation
D : A −→ X∗ is approximately inner. Approximately right character amenability is
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defined similarly by considering Banach A-bimodules X for which the left module
action is given by x.a = ϕ(a)x, and A is called approximately character amenable if
it is both approximately left and right character amenable.

In this work, after establishing some background definition (our definition is def-
erent from [25]) and notation, we discuss some results for general Banach algebras.
We generalize the character amenability (ϕ-amenability) of Banach algebras to ap-
proximate character amenability (approximate ϕ-amenability) of Banach algebras. By
approximate character amenability, we provide some results, which they concluded by
character amenability. A Banach algebra A is ϕ-amenable, if and only if there exists
a bounded net (uα) in A such that ‖a.uα−ϕ(a).uα‖ → 0 for all a ∈ A and ϕ(uα) = 1
for all α (Theorem 1.4 of [18]). By this notion, we construct such net and by this
net, we give some results about existing of bounded approximate identity for Banach
algebra A.

Also by giving an example, we show that there exists an approximately char-
acter amenable non-character amenable Banach algebra. Finally we consider some
hereditary properties of approximate ϕ-amenability.

2. Main results

Definition 2.1. Let A be a Banach algebra and ϕ ∈ ∆(A). We say A is approximately
ϕ-amenable if there exist a bounded linear functional m on A∗ and a net (mα) in A∗∗,
such that m(ϕ) = 1 and

m(f.a) = lim
α

mα(f.a) = lim
α

ϕ(a)mα(f)

for all a ∈ A and f ∈ A∗.

When A is ϕ-amenable, then it is approximately ϕ−amenable. In [18, 19], authors
showed that the relation between ϕ-amenability and amenability of Banach algebras
in special case. Banach algebra A is ϕ-amenable if and only if H1(A, X∗) = {0} for
each Banach A-bimodule X such that a.x = ϕ(a)x, for all x ∈ X and a ∈ A. In the
following Theorem, we generalize the Theorem 1.1 of [18] as follows:

Theorem 2.2. Let A be a Banach algebra, and ϕ ∈ ∆(A). Then the following state-
ments are equivalent.

(i) A is approximately ϕ-amenable.
(ii) If X is a Banach A-bimodule such that a.x = ϕ(a).x for all x ∈ X and

a ∈ A, then every derivation from A into X∗ is approximately inner.

Proof. (ii) → (i), let ϕ ∈ ∆(A). It is clear that A∗ is a Banach A-bimodule by
following action

a.f = ϕ(a).f,

for all f ∈ A∗ and a ∈ A. Also since ϕ ∈ A∗, so we have

a.ϕ = ϕ.a = ϕ(a)ϕ. (2.1)

Therefore Cϕ is a closed A-submodule of A∗. Take X = A∗\Cϕ, and consider
i : A∗ −→ X that is a canonical mapping. Let δ be a derivation from A into A∗∗.
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Since every derivation from A into each Banach A-bimodule is approximately inner,
then there exists a net (vα)α in A∗∗, such that

δ(a) = lim
α

a.vα − vα.a.

According to (2.1) for given a ∈ A, we have

δ(a)(ϕ) = lim
α

(a.vα)ϕ− (vα.a)ϕ = lim
α

vα(ϕ.a)− vα(ϕ.a) = 0.

Therefore δ(a) ∈ i∗X∗, and since i∗ is a monomorphism, thus there exists a
unique element D(a) ∈ X∗, such that i∗(D(a)) = δ(a). This shows that D is a
derivation from A into X∗. Therefore there exists a net (ξβ)β in X∗ such that

D(a) = lim
β

a.ξβ − ξβ .a,

for all a ∈ A. Then we have

lim
β

a.(i∗ξβ)− (i∗ξβ).a = lim
β

i∗(a.ξβ − ξβ .a)

= i∗(D(a)) = δ(a) = lim
α

a.vα − vα.a.

Let mα,β = vα − i∗ξβ , then mα,β ∈ A∗∗, mα,β(ϕ) = 1 and a.mα,β = mα,β .a.
Therefore we have

mα,β(f.a) = mα,β(a.f) = ϕ(a)mα,β(f) (a ∈ A, f ∈ A∗).

Let I and J be the index sets for nets (vα) and (ξβ), respectively. We construct
the required net (mk) using an iterated limit construction (see [20]). Our indexing
directed set is defined to be K = I × Πα∈IJ , equipped with the product ordering,
and for each k = (α, f) ∈ K, we define mk = mα,f(α). Now let m = limk mk and this
complete the proof.

For (i) → (ii), let (mα) and m be as in Definition 2.1. Let D : A −→ X∗ be
a derivation, and let D′ = D∗|X : X −→ A∗ and gα = (D′)∗(mα) ∈ X∗, such that
limα gα = limα(D′)∗(mα) = (D′)∗(m). Then, for all a, b ∈ A and x ∈ X,

〈b, D′(a.x)〉 = 〈a.x,D(b)〉 = ϕ(a)〈x, D(b)〉 = ϕ(a)〈b, D′(x)〉,

and, hence D(a.x) = ϕ(a)D′(x). This implies that

〈x, gα.a〉 = 〈a.x, gα〉 = 〈D′(a.x),mα〉
= ϕ(a)〈D′(x),mα〉 = ϕ(a)〈x, gα〉.

Since D is a derivation, so we have

〈b, D′(x.a)〉 = 〈x.a,D(b)〉 = 〈x, a.D(b)〉 = 〈ab,D′(x)〉 − 〈b.x, D(x)〉
= 〈b, D′(x).a〉 − ϕ(b)〈x, D(a)〉

for all a, b ∈ A and x ∈ X. Thus

D′(x.a) = D′(x).a− 〈x, D(a)〉ϕ,
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for all a ∈ A and x ∈ X. Consequently

〈D′(x.a),m〉 = 〈x.a, (D′)∗(m)〉 = lim
α
〈x, a.gα〉 = lim

α
〈x.a, gα〉 = lim

α
〈D′(x.a),mα〉

= lim
α
〈D′(x).a, mα〉 − lim

α
〈x,D(a)〉〈ϕ, mα〉

= lim
α

ϕ(a)〈x, gα〉 − 〈x, D(a)〉,

and hence D(a) = limα ϕ(a)gα − a.gα. Therefore we have

D(a) = lim
α

a.(−gα)− (−gα).a,

for all a ∈ A. �

According to the Theorem 1.4 of [18], the Banach algebra A is ϕ-amenable if
and only if there exists a bounded net (uα) in A such that ‖a.uα − ϕ(a).uα‖ → 0 for
all a ∈ A and ϕ(uα) = 1 for all α. Now, by using of technique of Theorem 1.4 of [18],
we have the following Theorem.

Theorem 2.3. Let A be a Banach algebra and ϕ ∈ ∆(A). If A is approximately ϕ-
amenable then there exists a bounded net (uα) in A such that ‖a.uα − ϕ(a).uα‖ → 0
for all a ∈ A.

Proof. Suppose that A is approximately ϕ-amenable. Let m ∈ A∗∗ and net (mα) ∈ A∗∗

be as in Definition 2.1.
Fix α, then by the Goldstaine Theorem (Theorem A.3.29 of [7]) there exists a

net (να,β) ⊂ A, such that να,β
w∗

−→ mα, and ‖να,β‖ ≤ ‖mα‖ + 1 for all β. Consider
the product space AA endowed with the product of the norm topologies. Then AA is
a locally convex topological vector space. Define a linear map T : A −→ AA by

T (u) = (au− ϕ(a)u)a∈A (u ∈ A),

and a subset Cα of A by

Cα = {u ∈ A : ‖u‖ ≤ ‖mα‖+ 1}.

Then Cα is convex and hence T (Cα) is a convex subset of AA. The fact that
〈aνα,β − ϕ(a)να,β , f〉 −→ 0, for all f ∈ A∗ and a ∈ A. This shows that the zero
element of AA is contained in the closure of T (Cα) with respect to the product of the
weak topologies. Now this product of the weak topologies coincides with the weak
topology on AA and since AA is a locally convex space and T (Cα) is convex, the weak
closure of T (Cα) equals the closure of T (Cα) in the given topology on AA, that is, the
product of the norm topologies (see [24, 23]). It follows that there exists a bounded
net (uγ) in A such that ‖a.uγ − ϕ(a).uγ‖ → 0 for all a ∈ A. �

Note that according to the proof of the above Theorem, existence of such net
is not unique. for given character amenable Banach algebra A, set the character
amenability constant C(A) of A to be infimum of the norms of nets which obtained
by Theorem 1.4 of [18]. We will say A is K- character amenable if its character
amenability constant is at most K.
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We should show that approximate character amenability of Banach algebras is
different from character amenability of Banach algebras. To showing this difference,
by using of technique of Example 6.1 of [11], we consider the following Example.

Example 2.4. Let (An) be a sequence of character amenable Banach algebras such that
C(An) → ∞. Then B = c0(A]

n) is approximately character amenable non-character
amenable Banach algebra.

Proof. Let B be character amenable, and let (Um)m be the sequence in B which
obtained by Theorem 1.4 of [18]. By restricting of (Um)m to the nth coordinate of
this sequence of bound K yields a sequence (um)m in An with bound at most K, and
since C(An) →∞ then B can not be character amenable. Define

Bk = {(xn) ∈ c0(A]
n) : xn = 0 for n > k}.

For n ∈ N, let Pn : c0(A]
n) −→ Bn be the natural projection of multiplication by

En = (e1, e2, ..., en, 0, 0, ...) onto the first n coordinate. Then Pn(En) is the identity of
Bn, and (En) is a central approximate identity for B bounded by 1. Let X be a Banach
B-bimodule such that b.x = ϕ(b)x, and x.b = ϕ(b)x for all b ∈ B, x ∈ X (ϕ ∈ ∆(B)).
Now suppose that D : B −→ X∗ is a continuous derivation. By restricting D to some
Bn we have a derivation Dn : Bn −→ X∗. Then there exists a bounded sequence (ξn)
in X∗ such that Dn(b) = b.ξn− ξn.b. Then by module actions defined above for b ∈ B
and x ∈ X we have

〈bEn.ξn, x〉 = 〈b.ξn, x〉 and 〈ξn.Enb, x〉 = 〈ξn.b, x〉.

Since (En) is central, so

D(b) = D(lim
n

Enb) = lim
n

D(Enb) = lim
n

Dn(Enb)

= lim
n

bEn.ξn − ξn.Enb = lim
n

b.ξn − ξn.b.

Then D is approximately inner, and hence B is approximately character
amenable. �

One of the famous open problems in the amenability and approximate amenabil-
ity of Banach algebras is: Does amenability or approximate amenability of Banach
algebra such as A implies that amenability or approximate amenability of A∗∗? This
problem in the case of ϕ-amenability in Proposition 3.4 of [18] is considered and
authors proved that the Banach algebra A is ϕ-amenable if and only if A∗∗ is ϕ̃-
amenable, where ϕ̃ is the extension of ϕ to A∗∗. Now, we generalize this statement in
to approximate ϕ-amenability of Banach algebras.

Theorem 2.5. Let A be a Banach algebra, let ϕ ∈ ∆(A), and let ϕ̃ denote the extension
of ϕ to A∗∗. Then A is approximately ϕ-amenable if and only if A∗∗ is approximately
ϕ̃-amenable.

Proof. Let m(f.a) = limα ϕ(a)mα(f), where m ∈ A∗∗ and (mα)α ⊆ A∗∗. Suppose
that m̂ is the Gelfand transform of m and m̂α is the Gelfand transform of mα, for all
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α. Let a
′′ ∈ A∗∗ and u ∈ A∗∗∗, then there exist nets (aγ) ⊆ A and (uβ) ⊆ A∗, such

that aγ
w∗

−→ a
′′

and uβ
w∗

−→ u. Therefore

〈u.a
′′
, m̂〉 = 〈m,u.a

′′
〉 = lim

β
〈m,uβ .a

′′
〉 = lim

β
lim
γ
〈m,uβ .aγ〉

= lim
β

lim
γ

lim
α

ϕ(aγ)〈uβ ,mα〉 = lim
β

lim
α

ϕ̃(a
′′
)〈uβ ,mα〉

= lim
α

ϕ̃(a
′′
)m̂α(u).

Conversely, let A∗∗ be approximately ϕ̃-amenable, then there sexist an element
M and net (Mα)α in A∗∗∗∗, such that M(f.a) = limα ϕ̃(a)Mα(f). Now with restriction
of M and Mα to A∗∗, we conclude that A is approximately ϕ-amenable. �

In Theorem 2.3 of [21], Monfared showed that character amenability of Banach
algebras similarly to amenability of Banach algebras implies that existence of bounded
approximate identity for them. By the following Proposition, we show approximate
ϕ-amenability of Banach algebra similar to approximate amenability implies existence
of approximate identity for it’s.

Proposition 2.6. Let A be a Banach algebra and ϕ ∈ ∆(A). If A is approximately
ϕ-amenable, then A have right and left approximate identity.

Proof. In Theorem 2.1 (ii), take X = A∗, with right action a.x = ϕ(a).x and zero left
action. Remain of proof is exactly similar to proof of Lemma 2.2 of [11]. �

Let A be an approximately amenable Banach algebra and∑
: 0 −→ X∗ f−→ Y

g−→ Z −→ 0

be an admissible short exact sequence of left A-modules. Then by Theorem 2.2 of
[11],

∑
approximately splits. Proof of the following Theorem is similar to proof of

Theorem 2.2 of [11].

Theorem 2.7. Let A be a Banach algebra, and let ϕ ∈ ∆(A). Let∑
: 0 −→ X∗ f−→ Y

g−→ Z −→ 0

be an admissible short exact sequence of Banach A-bimodules such that a.x = ϕ(a).x,
for all a ∈ A and x is in X, Y and Z. If A is approximately ϕ-amenable, then

∑
is

approximately splits. That is, there is a net Gν : Z −→ Y of right inverse maps to g
such that limν(a.Gν − Gν .a) = 0 for a ∈ A, and a net Fν : Y −→ X∗ of left inverse
maps to f such that limν(a.Fν − Fν .a) = 0 for a ∈ A.

The following Proposition is similar to Proposition 3.3 of [25], but since our
proof is different, so we do not remove the proof.

Proposition 2.8. Let A be a Banach algebra, and let J be a closed ideal of A. Let ϕ ∈
∆(A) such that ϕ|J 6= 0. If A is approximately ϕ-amenable, then J is approximately
ϕ|J−amenable.
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Proof. Let m ∈ A∗∗ and net (mα)α in A∗∗ be as in Definition 2.1. Fix α, then there
exists a net (να,β) in A such that να,β −→ mα in w∗−topology. For each f ∈ J⊥ and
any a ∈ J , we have

m(f.a) = lim
α

mα(f.a) = lim
β

lim
α
〈f.a, να,β〉

= lim
β

lim
α
〈f, a.να,β〉 = 0.

Suppose that m′ ∈ J∗∗, such that m ∈ A∗∗ is the extending of m′. Without loss
of generality, we can suppose that ϕ(a) = 1, then

m(f.a) = lim
α

mα(f.a) = lim
α

mα(f) = 0,

for all f ∈ J⊥. Therefore net (mα)α is a net of bounded linear functional on J∗. For
each α there exists m′

α in J∗∗ such that m′
α(g) = mα(f), where f is extending of g

from J∗ into A∗. By definition of m′
α we have m′

α(ϕ|J) = mα(ϕ) = 1 and

ϕ(a)m′
α(g) = ϕ(a)mα(f) = mα(f.a) = m′

α(g.a),

for all g ∈ J∗ and a ∈ J . Thus

m′(g.a) = m(f.a) = lim
α

mα(f.a) = lim
α

m′
α(g.a)

= lim
α

ϕ(a)m′
α(g).

�

Proposition 2.9. Let A be a Banach algebra, let J be a closed two-sided ideal in A,
and let ϕ ∈ ∆(A). If A is approximately ϕ-amenable, then A/J is approximately
ϕ̃-amenable, where ϕ̃ is the induction of ϕ on A/J .

Proof. Let T : A −→ A/J be a continuous epimorphism. Suppose that X is a Banach
A−bimodule, where a.x = ϕ(a).x, for all a ∈ A, x ∈ X. Let D : A/J −→ X∗ be a
derivation. Then D ◦ T : A −→ X∗ is a derivation. Define ϕ̃ = ϕ ◦ T , thus ϕ̃ is a
homomorphism on A/J .

Since A is approximately ϕ-amenable, then by Theorem 2.1 (ii), there exists a
net (ξα)α ⊂ X∗ such that

(D ◦ T )(a) = lim
α

T (a).ξα − ξα.T (a),

this shows that D is an approximately inner derivation, by Theorem 2.1, A/J is
approximately ϕ̃-amenable. �

Let G be a locally compact group, and let A(G) be the Fourier algebra on G.
Ghahramani and Stokke in [13], studied approximate amenability of Fourier algebras
on locally compact group G. Character amenability of A(G) is equivalent to amenabil-
ity of G as a group (Corollary 2.4 of [21]). By Proposition 2.9, we have the following
result for A(G).

Corollary 2.10. Let G be a locally compact group, and H be a closed subgroup of G.
If A(G) is approximately character amenable, then A(H) is approximately character
amenable.
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Proof. By Lemma 3.8 of [10], A(H) is a quotient of A(G). Then by Proposition 2.9,
A(H) is approximately character amenable. �

Proposition 2.11. Let A be a Banach algebra and ϕ ∈ ∆(A). Let J be an ideal in
A with J ⊆ ker ϕ and let ϕ̃ : A/J −→ C be the homomorphism induced by ϕ. If J
has a right identity and A/J is approximately ϕ̃-amenable then A is approximately
ϕ-amenable.

Proof. Let T : A −→ A/J be a epimorphism, such that ϕ = ϕ̃ ◦ T . Suppose m ∈ A∗∗,
such that T (m)∗∗ = n and there exists a net (nα)α ⊂ (J⊥)∗, such that n(a.f) =
limα ϕ̃(a)nα(f), for all a ∈ A/J and f ∈ J⊥. For each α there exists mα ∈ A∗∗, such
that T (mα) = nα. For all x ∈ A we have

T (x)T ∗∗(m−me) = T ∗∗(x)T ∗∗(m) = T ∗∗(x)n = lim
α

ϕ̃∗∗(T ∗∗(x))nα

= lim
α

ϕ̃(T (x))T ∗∗(mα −mαe)

= lim
α

ϕ(x)T ∗∗(mα −mαe),

therefore
T ∗∗(x(m−me)− lim

α
ϕ(x)(mα −mαe)) −→ 0,

Since for each a ∈ J , (x(m − me) − limα ϕ(x)(mα − mαe))a = 0, thus x(m −
me)− limα ϕ(x)(mα −mαe) = 0. Hence

x(m−me) = lim
α

ϕ(x)(mα −mαe).

�

Let A be a non-unital Banach algebra. We denoted the forced unitization of
A with A] and the adjoined identity element usually be denoted by e unless stated
otherwise. Banach algebra A is an ideal of A] and A] = A⊕Ce. Like as A], for (A])∗

and (A])∗∗, we have (A])∗ = A∗ ⊕ Cf0 and (A])∗∗ = A∗∗ ⊕ Cm0, where f0(e) = 1,
f |A = 0, m0(f0) = 1 and m0|A∗∗ = 0.

Proposition 2.12. Let A be a non-unital Banach algebra. Let ϕ ∈ ∆(A) and let ϕe

be the unique extension of ϕ to an element of ϕ : A] −→ C be a continuous homo-
morphism. Then A is approximately ϕ-amenable if and only if A] is approximately
ϕe-amenable.

Proof. See Theorem 3.7 of [25]. �

Proposition 2.13. Let A be a Banach algebra and let ϕ ∈ ∆(A). If A is approximately
ϕ-amenable and J is a weakly complemented left ideal of A. Then J has a right
approximate identity and thereupon J2 = J .

Proof. Without loss of generality by Proposition 2.12, we can suppose that A is unital.
Consider the following sequence of left A-modules∑

: 0 −→ J
i−→ A −→ A/J −→ 0
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since (A/J)∗ ∼= J⊥, then we have∑∗∗
: 0 −→ J∗∗ i∗∗−→ A∗∗ −→ (J⊥)∗ −→ 0.

Since J is a weakly complemented left ideal of A, then
∑∗∗ is admissible, and

so by Theorem 2.7, there is a net of maps (Qα) such that a.Qα −Qα.a −→ 0, for all
a ∈ A.

Since A is unital, then A∗∗ has right identity E, then

〈E,Qα.a〉 = 〈i∗∗â.E, Qα〉 = 〈i∗∗â, Qα〉 = â.

for all a ∈ J , and thereby we have

〈E, a.Qα〉 = 〈a.Qα −Qα.a, E〉+ â −→ â,

and this show that 〈E,Qα.a〉 −→ â, for all a ∈ J . Therefore by Proposition 2.6, J
has a right approximate identity. �

Example 2.14. In Corollary 2.5 of [21], Monfared showed that the measure algebra
M(G) is character amenable if and only if G is a discrete amenable group. Now,
by Proposition 2.13, M(G) is approximately character amenable if and only if G is
discrete and amenable (see [8]).

Let G be a locally compact group. A linear subspace S1(G) of L1(G) is said to
be a Segal algebra, if it satisfies the following conditions:

(i) S1(G) is a dense in L1(G);
(ii) If f ∈ S1(G), then Lxf ∈ S1(G), i.e. S1(G) is left translation invariant;
(iii) S1(G) is a Banach space under some norm ‖.‖S and ‖Lxf‖s = ‖f‖s, for all

f ∈ S1(G) and x ∈ G;
(iv) Map x 7→ Lxf from G into S1(G) is continuous.
For more details about Segal algebras see [22]. Character amenability of Segal

algebras studied in [1], and many useful results about approximate amenability of
such algebras considered in [6]. For amenable locally compact group G, S1(G) is ϕ-
amenable for all ϕ ∈ ∆(S1(G)), and also S1(G) is character amenable if and only if
S1(G) = L1(G) (Proposition 3.1 of [1]). Now, we consider the following Corollary for
Segal algebras (for prove, we use technique of proof of Theorem 5.5 of [6]).

Corollary 2.15. Let G be a locally compact group, and let S1(G) be a Segal algebra on
G. If S1(G) is approximate character amenable then G is an amenable group.

Proof. Let G be a non-amenable locally compact group. Then by Theorem 5.2 of [26],
There is no finite codimensional, closed, left ideal in L1(G) has right approximate
identity. Let I0 = {f ∈ L1(G) :

∫
G

f(x)dx = 0} be the augmentation ideal in L1(G).
Let J be an ideal of S1(G) such that J = S1(G) ∩ I0. Ideal J is a 1-codimension
two-sided closed ideal in S1(G). If S1(G) is approximate character amenable, then
by Proposition 2.13, J has a right approximate identity. By Proposition 5.4 of [6],
I0 have a right approximate identity, and this is a contradiction. Therefore G is an
amenable group. �

By following Proposition, we show that in which condition the approximate
character amenability can be transfer.
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Proposition 2.16. Let A and B be Banach algebras, and let h : A −→ B be a contin-
uous homomorphism with dense range. If ϕ ∈ ∆(B) and A is approximately ϕ ◦ h-
amenable, then B is approximately ϕ-amenable.

Proof. Let A be approximately ϕ◦h−amenable, then there exist there exist a bounded
linear functional m on A∗ and a net (mα) in A∗∗, such that mα(ϕ ◦ h) = 1 and
m(f.a) = limα ϕ(h(a))mα(f) for all a ∈ A and f ∈ A∗.

Given n ∈ B∗∗ such that n(g) = m(g.h), g ∈ B∗. For each a, a′ ∈ A, we have

〈(g.h(a) ◦ h, a′〉 = 〈g.h(a), h(a′)〉 = 〈g, h(a)h(a′)〉
= 〈g, h(aa′)〉 = 〈g ◦ h, aa′〉 = 〈(g ◦ h).a, a′〉.

Therefore (g.h(a)◦h = (g◦h).a, for all a ∈ A. Let mα(g◦h) = nα(g), for g ∈ B∗,
then

n(g.h(a)) = m((g.h(a)) ◦ h) = m((g ◦ h).a)
= lim

α
ϕ ◦ h(a)mα(g ◦ h) = lim

α
ϕ(h(a))nα(g),

where (nα)α is in B∗∗. �
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