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Units in abelian group algebras over
indecomposable rings

Peter Danchev

Abstract. Suppose R is a commutative indecomposable unitary ring of
prime characteristic p and G is a multiplicative Abelian group such
that G0/Gp is finite. We describe up to isomorphism the unit group
U(RG) of the group algebra RG. This extends an earlier result due to
Mollov-Nachev (Commun. Algebra, 2006) removing the restriction that
G splits.
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1. Introduction

Throughout the present paper, suppose R is a commutative unitary (i.e.,
with identity) ring of prime characteristic p and G is an Abelian group written
multiplicatively as is customary when exploring group algebras. For such R
and G, denote by RG the group algebra of G over R with unit group U(RG)
and its normed subgroup V (RG) of units with augmentation 1; note that the
decomposition U(RG) = V (RG)×U(R) holds where U(R) is the unit group
of R. As usual, G0 is the torsion subgroup of G with p-primary component
Gp, and S(RG) = Vp(RG) is the p-component of V (RG). Moreover, for any
natural number n, ζn denotes the primitive nth root of unity and R[ζn] is
the free R-module, algebraically generated as a ring by ζn, with dimension
[R[ζn] : R]. As it is well-known, a ring is said to be indecomposable if it cannot
be decomposed into a direct sum of two or more non-trivial ideals.

The structures of V (RG) and U(RG) have been very intensively studied
in the past twenty years (see, e.g., [8]). Some isomorphism description results
were obtained in [2] and [11]. The purpose of this work is to improve consid-
erably one of the central results in the latter citation by giving a more direct
and conceptual proof (note that some parts of the proof of the corresponding
result in [11] are unnecessary complicated). Likewise, our method proposed
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below gives a new strategy for obtaining other results of this type since it
reduces the general case to the p-mixed one.

2. Main results

As noted above, Mollov and Nachev established in ([11], Theorem 5.8)
the following assertion.
Theorem (2006). Let R be a commutative indecomposable ring with identity
of prime characteristic p and let G be a splitting Abelian group. Suppose that
G0/Gp is a finite group of exponent n and n ∈ U(R). Then

U(RG) ∼=
∐
d/n

∐
λ(d)

U(R[ζd])×
∐
b

G/G0 ×
∐
d/n

∐
λ(d)

S(R[ζd](Gp ×G/G0))

where λ(d) = (G0/Gp)(d)
[R[ζd]:R] , with (G0/Gp)(d) the number of elements of G0/Gp

of order d, and b =
∑

d/n λ(d).

Notice that since char(R) = p is a prime integer, it is self-evident that
exp(G0/Gp) inverts in R, so that the condition n ∈ U(R) is always fulfilled
and hence it is a superfluously stated in the theorem.

The aim that we will pursue is to drop the limitation that G is a splitting
group. Specifically, we proceed by proving the following:

Main Theorem. Suppose R is an indecomposable ring of char(R) = p and G
is a group for which G0/Gp is finite. Then the following isomorphism is true:

U(RG) ∼=
∐

d/exp(G0/Gp)

∐
a(d)

[U(R[ζd])× [(G/
∐
q 6=p

Gq)Vp(R[ζd](G/
∐
q 6=p

Gq))]]

(∗)
where a(d) = |{g∈G0/Gp:order(g)=d}|

[R[ζd]:R] .
In particular:
(1) if G is p-splitting, then

U(RG) ∼=
∐

d/exp(G0/Gp)

∐
a(d)

[U(R[ζd])× Vp(R[ζd](G/
∐
q 6=p

Gq))]×

×
∐

∑
d/exp(G0/Gp) a(d)

G/G0.

(2) if Gp is a direct sum of cyclic groups, then

U(RG) ∼=
∐

d/exp(G0/Gp)

∐
a(d)

[U(R[ζd])× (Vp(R[ζd](G/
∐
q 6=p

Gq))/(G/
∐
q 6=p

Gq)p)]×

×
∐

∑
d/exp(G0/Gp) a(d)

G/
∐
q 6=p

Gq.
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Moreover, the quotient Vp(R[ζd](G/
∐

q 6=p Gq))/(G/
∐

q 6=p Gq)p) is a di-
rect sum of cyclic groups and can be characterized via the Ulm-Kaplansky
invariants calculated in [7].
Proof. First observe that

∐
q 6=p Gq is pure in G0 as its direct factor and

hence it is pure in G because G0 is pure in G. Since G0/Gp
∼=

∐
q 6=p Gq is

finite, it is well known that
∐

q 6=p Gq = F is a direct factor even of G, say
G = F ×M for some M ≤ G. It is obvious that M ∼= G/

∐
q 6=p Gq is p-mixed

with M0 = Mp = Gp.
Next, write RG = (RM)F . Since R is indecomposable, it follows from [9]

that RM is also indecomposable because there is no prime q which inverts in
R such that Mq 6= 1. Clearly exp(F ) ∈ U(R) ⊆ U(RM) because char(R) =
char(RM) = p and therefore we can apply Theorem 4.4 and Remark 4.5
from [11] to get that RG ∼=

∑
d/exp(F )

∑
a(d)(RM)[ζd], whence U(RG) ∼=∐

d/exp(F )

∐
a(d) U((RM)[ζd]). It is straightforward to see that (RM)[ζd] ∼=

R[ζd]M , so that U((RM)[ζd]) ∼= U(R[ζd]M) = V (R[ζd]M) × U(R[ζd]). On
the other hand, according to [4], [5] or [6], V (R[ζd]M) = MVp(R[ζd]M) using
the fact from [11] that R[ζd] is indecomposable of prime characteristic p as
well. This establishes formula (∗).

(1) If now G is p-splitting, it is readily seen that it is splitting. Con-
sequently, so is M as its direct factor. Furthermore, it is easily checked
that M ∼= G/

∐
q 6=p Gq

∼= (G0 × G/G0)/
∐

q 6=p Gq
∼= (G0/

∐
q 6=p Gq) ×

(G/G0) ∼= Gp × (G/G0). Moreover, M = Mp × M/Mp
∼= Gp × G/G0 be-

cause M/Mp
∼= G/

∐
q 6=p Gq/(G/

∐
q 6=p Gq)0 = G/

∐
q 6=p Gq/G0/

∐
q 6=p Gq

∼=
G/G0. That is why MVp(R[ζd]M) ∼= (M/Mp) × Vp(R[ζd]M) ∼= (G/G0) ×
Vp(R[ζd](G/

∐
q 6=p Gq)) and we are done.

(2) Appealing to [1], Gp = Mp being a direct sum of cyclic groups
implies that Vp(R[ζd]M) = Mp × T for some subgroup T which is a direct
sum of cyclic groups. Therefore, MVp(R[ζd]M) = M(Mp × T ) = M × T ∼=
(G/

∐
q 6=p Gq)×Vp(R[ζd](G/

∐
q 6=p Gq))/(G/

∐
q 6=p Gq)p since it is easy to see

that M ∩ T = Mp ∩ T = 1 because T = Tp. This completes the proof. �

Note. In virtue of our lemma from [4], [5] or [6], our result can be generalized
to the direct sum (= direct product) of m indecomposable rings, i.e., when
the set id(R) of all idempotents of R is finite and contains 2m elements, that
is, |id(R)| = 2m.

That is why, utilizing this approach, the number m in Theorem 5 of [11]
can be explicitly computed, namely it is equal exactly to log2|id(R)|.

Remark. The proof of Theorem 2.7 in [10] contains a gap and so it is incom-
plete. In fact, the authors claimed that they will assume that the splitting
group is p-mixed. The reason is that the K-algebras isomorphism KG ∼= KH
yields that K(G/

∐
q 6=p Gq) ∼= K(H/

∐
q 6=p Hq) whenever K is a field of

char(K) = p. But they need to show that G being splitting ensures that
so is G/

∐
q 6=p Gq. However, this was already done in [3].
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