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ASYMPTOTIC BEHAVIOR OF INTERMEDIATE POINTS
IN CERTAIN MEAN VALUE THEOREMS. II

TIBERIU TRIF

Dedicated to Professor Grigore Stefan Sdldgean on his 60" birthday

Abstract. The paper deals with the asymptotic behavior of the inter-
mediate points in the mean value theorems for integrals as the involved

interval shrinks to zero.

1. Introduction

Especially in the last two decades a great deal of work has been done in
connection with the asymptotic behavior of intermediate points in certain mean value
theorems (see, for instance, [1], [2], [3], [5], [9], [12], [13], [14]). The investigations
in this direction started with the paper by Azpeitia [3], dealing with the asymptotic
behavior of the intermediate point in the Lagrange-Taylor mean value theorem. A
significant step forward was realized by Abel [1], who obtained a complete asymptotic
expansion of the intermediate point in the Lagrange-Taylor mean value theorem when
the length of the involved interval approaches zero. Later, following Abel’s method of
proof, similar complete asymptotic expansions have been obtained by several authors
for other mean value theorems (Abel and Ivan [2] for the differential mean value
theorem of divided differences, Xu, Cui and Hu [13] for the differential mean value
theorem of divided differences with repetitions, Trif [12] for the Pawlikowska mean
value theorem).

The purpose of the present paper is to continue our investigations started in

[12]. But unlike the paper [12], here we deal with the asymptotic behavior of the

Received by the editors: 02.03.2010.
2000 Mathematics Subject Classification. 26A06.

Key words and phrases. mean value theorems for integrals, asymptotic approximations.

241



TIBERIU TRIF

intermediate points in the mean value theorems for integrals as the involved interval
shrinks to zero. For the reader’s convenience we recall first the two mean value

theorems for integrals.

Theorem 1.1 (first mean value theorem for integrals). If f : [a,b] — R is a contin-
uous function and g : [a,b] — [0,00) is a nonnegative Riemann integrable function,

then there is a number ¢ € [a,b] such that

/f f@lﬁwt

Corollary 1.2. If f : [a,b] — R is a continuous function, then there is a number

b
L/fmﬁ=f@®—®-

Theorem 1.3 (second mean value theorem for integrals). If f : [a,b] — R is mono-

¢ € [a,b] such that

tone and g : [a,b] — R is Riemann integrable on [a,b], then there is a number ¢ € [a, b]

b c b
/ﬂWMW4@/mmHﬂq/mw

The second mean value theorem for integrals is instrumental in theories like

such that

trigonometric series or Laplace transforms (see [8] for a proof and [11] for an interesting
application of Theorem 1.3).
If z € (a,b), then Theorem 1.1, Corollary 1.2 and Theorem 1.3 applied to the

interval [a, ] instead of [a,b] yield the existence of numbers ¢, € [a, b] as functions of

/wﬂwmwm:fwn/“mwﬁ, (L1)

/mﬂ®ﬁ=f@a@—ax (1.2)

x on (a,b) such that

and

/mﬂwyﬂmzfwy/%awﬁ+fuy[2uma (1.3)

T

respectively.
Zhang [14, Theorem 4] proved that the point ¢, in (1.2) satisfies

Cy — G 1
lim = , 1.4
z—a T — a vn+1 (14)
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provided that f is continuous on [a, b] and n times differentiable at a with fU)(a) = 0
(1<j<n-1)and f(™(a) # 0. In the special case when n = 1, an earlier result
obtained by Jacobson [7] is recovered.

In section 2 of our paper we obtain a formula which is similar to (1.4), but
involves the asymptotic behavior of the point ¢, in the mean value formula (1.1). The
asymptotic behavior of the point ¢, in the mean value formula (1.3) is investigated

in section 3.

2. Asymptotic behavior of the intermediate point in the first mean value

theorem for integrals

In the proofs of the main results in this and the next section we need the

following

Lemma 2.1. If p is a nonnegative integer and w : [a,b] — R is a continuous function

such that w(t) — 0 as t \ a, then

/ W)t — a)Pdt = o((@ — a)*Y) (2, a).

Proof. Indeed, for every x € (a,b) by Theorem 1.1 there exists ¢, € [a, ] such that

/m ()t = a)Pdt = w(es) /z(t — a)Pdt = :(fl) (z — ayr L.

Since w(cz) — 0 as © \, a, we obtain the conclusion. O

Theorem 2.2. Suppose that f,g : [a,b] — R are two functions satisfying the following

conditions:

(i) f is continuous on [a,b] and there is a positive integer n such that f
is n times differentiable at a with f9(a) = 0 for 1 < j < n —1 and
F(a) # 0;

(ii) g is nonnegative, Riemann integrable on [a,b] and there is a nonnegative
integer k such that g is k times differentiable at a with g(j)(a) = 0 for
0<j<k—1andg®(a)#0.
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Then the point ¢, in (1.1) satisfies

Cr—a k+1
li = 4/ . 2.1
zlgtlz T —a n+k+1 (2.1)

Proof. Without loosing the generality we may assume that f(a) = 0. Indeed, other-

wise we replace f by the function t € [a,b] — f(t) — f(a). Note that if ¢, satisfies
(1.1), then ¢, satisfies also

/w(f(t) — fla))g(t)dt = (f(cz) — f(a)) /w g(t)dt.

a

By the Taylor expansions of f and g we have

f"(a)

sty = T ay o
M (q
o) = D00 -ap,

where w and ¢ are continuous functions on [a, b] satistying w(t) — 0 and £(¢) — 0 as

t \, a. Therefore we have

™) (a)a® (g
F0gtr) = HOIT (@ ayk )0 ay,

where v is continuous on [a,b] and v(¢) — 0 as ¢ \, a. By Lemma 2.1 we deduce that

@ ™ (q)a® (q
[ a0 = S o g of(e - ) (22)

as x \, a. By Lemma 2.1 we have also

z *)(q
/ g(t)dt = (gk +(1))! (z — a)** +o((z — a)*1) (z\, a).

Since

flew) = (cz —a)" +wlcy)(ce —a)”
and 0 < ¢, —a <z — a, it follows that

x ) ()™ (a
feo) [ attar = Fi @ ap e, - s of(e - ) (23)
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as z \, a. By (1.1), (2.2) and (2.3) we conclude that

F(@)g™(a)

k+1(
n! (k+1)!

(z —a) Ce —a)”

f(n)(a) (k)(a) n 1 n+k+1
— el o ol - 0 e\,

Multiplying both sides by n! (k + 1)!(z — a)~ kD /(M) (a)g*) (a)) we get

(cl.—a)": L) @\ a),

T—a n+k+1

whence the conclusion (2.1). O

Note that if g(t) = 1 for all ¢ € [a,b], then (ii) is satisfied for £k = 0. In
this case (1.1) becomes (1.2) and (2.1) becomes (1.4), i.e., we recover Zhang’s result

mentioned in the introduction as a special case of Theorem 2.2.

3. Asymptotic behavior of the intermediate point in the second mean value

theorem for integrals

Theorem 3.1. Suppose that f,g : [a,b] — R are two functions satisfying the following

conditions:

(i) f is monotone and there is a positive integer n such that f is n times
differentiable at a with f9)(a) =0 for 1 <j<n—1 and f™(a) #0;

(ii) g is Riemann integrable on [a,b] and there is a nonnegative integer k
such that g is k times differentiable at a with g¥)(a) =0 for0 < j <k—1
and g*)(a) # 0.

Then the point ¢, in (1.3) satisfies

Cqp —

. a_ ., n '
T—a T —a n+k+1

lim

Proof. Note that (1.3) is equivalent to
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So, without loosing the generality we may assume that f(a) = 0 (otherwise we replace
f by the function t € [a,b] — f(t) — f(a)). Under the assumption that f(a) = 0
equality (1.3) becomes

/ " f(t)a(t)dt = f(x) / " (. (3.1)

-

By using the Taylor expansions of f and g and proceeding as in the proof of

Theorem 2.2 we deduce that (2.2) holds and that

- ™ (a)g® (a
) [awa = LD @ @ - (e - 0] 32

+o((z — )" (@ N a).

x

By (3.1), (2.2) and (3.2) we conclude that

™ (@)a® (a 1 1
fn!((k)—gl— 1)(! L~ a)" [(a— @) — (e - a) ]

™) ()™ (a
B n]'ck'((n)ikfri) (=)™ +o((w —a)" ) (@),

Multiplying both sides by n! (k + 1)!(z — a)~ 5D /() (a) g™ (a)) we get

k+1
Cr — aQ _ k+1
1_<x—a> 7n—|—l<;+1+0(1) (z \, a),

whence the conclusion. O
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