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Abstract. Let C : z = 2(t),t € [a,b], be a smooth Jordan curve of the
class C? and let f be a complex univalent function of the class C' in a
domain which contains the curve C together with its interior. Suppose
that the origin lies inside of C' and f(0) = 0. Let I = f(C) and suppose
that T is starlike with respect to the origin. Let consider the radius vector
R from 0 to a point w € I' and let N be the outer normal to I' at the
point w = f[z(t)]. Let denote by w = (]_V), I_%>) the angle between N and
I_DZ and consider the vector V' starting from w, such that sin ¥ = vsinw,
where ¥ = (ﬁ, ‘7) and v is a positive number. We say that the starlike
curve I' = f(C) has the regular refraction property, with index =, iff the
argument of the vector Visan increasing function of ¢ € [a, b]. The concept
of regular refraction property was introduced in [2] and developed in [3],
[4], [5], [6] and [7]. We mention that this concept is closed to the concept
of a-convexity introduced in [1]. In this paper we continue to study this
geometric property by introducing the concept of regular refraction interval

of a given function. We also give a significant example.

1. Preliminaries

Let f an analytic and univalent function in a domain D and let C': z = z(t),
t € [a,b], be a smooth Jordan curve of the class C2. Suppose that D contains the
curve C together with its interior and that the origin lies inside of C' and f(0) = 0.
Let I' = f(C) and suppose that I" is starlike with respect to 0.
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Let R be the radius vector from 0 to a point w € I" and let N be the outer
normal to T" at the point w = f(2(t)). Let denote by w = (]_\f7 ]_3:) the angle between

— — —
N and R and let consider the vector V starting from w, such that
sin ¥ = ysinw, (1.1)

where ¥ = (ﬁ, ‘7) and v is a positive number.

From the optical point of view, we remark that if I' separates two media of
different refraction indices and if R and V are the trajectories of the light in these
media (starling from the origin), then (1) is the well -known refraction law.
Definition 1.1. We say that the curve T' = f(C) has the regular refraction property
with index -, iff the argument of the vector V= 1_/)(15), defined by (1) is an increasing
function of ¢ € [a, b], i.e.

d —
= 218 V(t) > 0,t € [a,b]. (1.2)

We also say, in this case, that the function f has the regular refraction property
on C: z = z(t).

Sometimes we are interesting to study the property of regular refraction only

on some arcs of the curve C.
2. Main results
_
If we let ¢ = arg f(z) and x = arg V, then we have
X=¢+tw=1.

If z = 2(t) and if we denote 2, x, ... the derivatives with respect to ¢, then we

have
X =+ Fo,
where
Y cosw v
[1 =42 +72cos?w]? V14 (1—92)tan?w
and w = arg P, with |sinw| < % with
2f'(2)
P == ,z = z(t). 2.1
T = (2.1)
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The condition (1.2) becomes

P
i‘s[iP n FF} >0,t € [a,b], (2.2)
where
RP 1
F=1- 7 |sinw| < -, (2.3)

=2

(1= )P +72(%P)]3
with P given by (2.1).

Hence we deduce the following result.
Theorem 2.1. The function [ has the reqular refraction property, with index vy, on
the curve C : z = z(t),t € [a,b], if and only if the inequality (2.2) holds for all
t € la,b.

If we let f(z) = z, then we have P = if,

_ EA
Folo i s (2.4)
(T =222 +2(32)7
and (2.2) becomes
1-F)SZ +FSZ > 0,2 = (1) (2.5)
z z
where F' is given by (2.4), with |sinw| < %
Since the curvature of the curve C at the point z = z(¢) is given by
1 _z
kE=k(t) =—=S-,
2]
the condition (2.5) can be rewritten as
. 2 . 2 . 2 % .
Y(S2) +{[a=? ] +2(33) ] -2 k2 0 (2.6)
z z z z

and we deduce
Theorem 2.2. The curve C : z = z(t),t € [a,b] has the regular refraction property
of index v > 0 if and only if the inequality (2.6) holds for all t € |a,b).

If C' is convex then k£ > 0 and we deduce the following interesting result.

Corollary 2.3. If the smooth curve C s convex, then it has the reqular refraction
property of any index v € [0, 1].
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If we let
z12 Z\2
A== +22(s3),
z z
then Theorem 2.2 can be rewritten as
Theorem 2.4. The curve C : z = z(t),t € [a,b] has the regular refraction property
of index v if and only if the following inequalities hold for all t € [a,b]:
(i) A <0
N\ 2 . .
(i) 1(32) + [VA-43%]9f >0
Let f be analytic and univalent in the closed unit disc U, with f(0) = 0 and
f(0)=1.If C = C, :re*,t €[0,27],0 < r < 1, then we have

2f'(z)
flz)

P=p(z) =

and Theorem 2.1 becomes

Theorem 2.5. The function f has the regular refraction property of index v on the
circle Cy. if and only if

zp'(2)

Rlp(z) + ) L] = 0, for sl = . (27)
where
_zf'(2)
o) = 29)
F(z,7) =1— 1Rp(z) ; 2.9
G = )P + 2 ) 29
and
(1=)|p(2)]> +¥*(Rp(2))* > 0. (2.10)

Definition 2.6. We say that the normalized analytic and univalent function f in the

unit disc belongs to the class RP(7), of functions with regular refraction property of

index ~ iff
RI(f;2,v) >0, for all z € U, (2.11)
Ifi2) = () + Pz 25, (212)

with p and F' given by (2.8), and (2.9) respectively, with condition (2.10).
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Let S* and K be respectively the class of starlike and convex functions in the
unit disc.

Also, let M («) be the class of a-convex functions in U.

It is easy to prove the following main result:
Theorem 2.7. If f € RP(v),0 <~ <1 then f € S*.

Moreover
K CRP(y1) CRP(y2) C S, for0 <y <12 <1

and

KCRP(1—a)CM(a), for 0 <a<1.

We also have
R'P(’}/Q) C RP(’Y1) C S*, fO’l“ 1< Y1 < Y2.

An interesting extremal problem suggested by Theorem 2.7 is the following:

Given the function f, find the largest interval [yg, 1], with 79 < 1 < 44, such
that f € RP(y), for all ¥ € [, ~v1]. We shall call this interval as the regular refraction
interval of the function f.

We illustrate this last problem by the following.

Example 2.8. Let

In this case we have

1 n 2p'(z)  m2"
p(z)—§(2+z ) and G I

If z = e, then we have
cosnt=x—1, with 0 <2 <2

and

§Rzp’(z) 2z —1

1 1
P = G010+ 40), Bp(2) = 50 +0), RTE = nit

2

Hence
~v(1+ 2)

VE(@,7)

F(Zv’Y)Zl—
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where
E(z,y) =1+2(2 — v}z + 22

Hence the inequality (2.7) becomes

%(1+x)+n(l—

1 2 — 1
7 +x))> <0, for0<z <2 (2.13)

B(e,)/ 1+4a

We remark that for v < 2 we have
E(z,v) >0, for x € [0,2].

Form:Owehave%§7<2,andf0rx:2wehave'y<1+%.

From (2.13) we deduce

1 n(2z+ 2 —1) 2
> 9 _
72_1+4z{x( x)+[4x2+(4n+5)x+172n] }

With%<x§2.

For n = 1 we have

max_®q(z) = 0.25059...

z€ [%,2]

and we deduce that the regular refraction interval of the function

f(z) = zexp (5)

is given by [3,1.9976- - ].

For n = 2 we have

max_Po(z) = 0.2934...

ze[%z]

and we deduce that the regular refraction interval of the function

2

f(z) = zexp ()

is given by [2,1.9123---].
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