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A-SUMMABILITY AND APPROXIMATION
OF CONTINUOUS PERIODIC FUNCTIONS

CRISTINA RADU

Dedicated to Professor D. D. Stancu on his 80" birthday

Abstract. The aim of this paper is to present a generalization of the
classical Korovkin approximation theorem by using a matrix summability
method, for sequences of positive linear operators defined on the space
of all real-valued continuous and 27-periodic functions. This approach is

motivated by the works of O. Duman [4] and C. Orhan, O.G. Atlihan [1].

1. Introduction

One of the most recently studied subject in approximation theory is the
approximation of continuous function by linear positive operators using A-statistical
convergence or a matrix summability method ([1], [3], [5], [7])-

In this paper, following [1], we will give a Korovkin type approximation the-
orem for a sequence of positive linear operators defined on the space of all real-valued
continuous and 2m-periodic functions via A-summability. Particular cases are also
punctuated.

First of all, we recall some notation and definitions used in this paper.

Let A := (A")n>1, A" = (a;)k,jen be a sequence of infinite non-negative
real matrices.

For a sequence of real numbers, = (), en, the double sequence
Az = {(Ax)} : k,n € N}
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defined by (Axz)} := iazjxj is called the A-transform of x whenever the series
converges for all k andj :nl A sequence zx is said to be A-summable to a real number
L if Ax converges to L as k tends to infinity uniformly in n (see [2]).

We denote by Ca,(R) the space of all 27-periodic and continuous functions

on R. Endowed with the norm | - |2, this space is a Banach space, where

[fllox == sup[f(#)], [ € Con(R).
teR

We also have to recall the classical Bohman-Korovkin theorem.

Theorem A. If {L;} is a sequence of positive linear operators acting from

Cor(R) into Car(R) such that

where f1(t) =1, fa(t) = cost, f3(t) =sint for all t € R, then, for all f € Cor(R) we

have

Recently, the statistical analog of Theorem A has been studied by O. Duman
[4]. Tt will be read as follows.

Theorem B. Let A = (ay;) be a non-negative regular summability matriz,
and let {L;} be a sequence of positive linear operators mapping Caor(R) into Cor(R).

Then, for all f € Car(R),
sta — I [IL;f = flle =0
if and only if
StA — hm HL]fz — fi”gﬂr =0 (Z = 1,2,3),
j—o0

where f1(t) =1, fo(t) = cost, f3(t) =sint for all t € R.
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2. A Korovkin type theorem

Theorem 2.1. Let A= (A"),>1 be a sequence of infinite non-negative real

matrices such that
supZaZj < oo (2.1)

and let {L;} be a sequence of positive linear operators mapping Car(R) into Cor(R).

Then, for all f € Car(R) we have
Jim. ;aﬁjl\Ljf = fll2x =0, (2:2)
=
uniformly in n if and only if
(oo}
khjgo Z;a;;j”l’jfi — fillzz =0 (i=1,2,3), (2.3)
j:

uniformly in n, where fi1(t) =1, fa(t) = cost, f3(t) =sint for allt € R.

Proof. Since f; (i = 1,2, 3) belong to Ca,(R), the implication (2.2) = (2.3)
is obvious.

Now, assume that (2.3) holds. Let f € Cs,(R) and let I be a closed subin-
terval of length 27 of R. Fix x € I. By the continuity of f at z, it follows that for

any ¢ > ( there exists a number d > 0 such that
|f(t) — f(x)] < € for all ¢ satisfying |t — x| < d. (2.4)
By the boundedness of f follows
£ (&) = f(@)] <2||fll2 for all t € R. (2.5)

Further on, we consider the subinterval (x — 6,27 + 2 — 4] of length 27. We
show that
2 f 2
/1] ca

sin? =
2

lf(t) — f(z)] <e+ (t) holds for all ¢t € (x — §, 27 + x — 4], (2.6)

t —
where 1)(t) := sin® ( 5 x)
To prove (2.6) we examine two cases.
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Case 1. Let t € (x — §,2+ ). In this case we get |t — x| < § and the relation
(2.6) follows by (2.4).
Case 2. Let t € [t + 6,27 4+« — 4]. In this case we have d <t —x <27 —§

and d§ € (0,7]. We get

sinZé < sin? <H> < sin? (7r - 5> , (2.7)
2 2 2

for all 6 € (0,n] and ¢ € [z + 6,27 + x — J].
Then, from (2.5) and (2.7) we obtain

[f@) — f(z)] < QHf”z(Sﬂw(t) for all t € [z + 6,27 + 2 — 4]
.2

5280

2

Since the function f € Ca,(R) is 2m-periodic, the inequality (2.6) holds for

all t € R.
Now, applying the operator L;, we get

\Lj(f;2) = f(@)] < Li(lf = f(@);2) + | (@)L (fr;2) = fi(2)]

< et Aem o | el f150) — o)

Sin2 *2
2 T -
||fH26 lj(d);l‘)‘i’ ||f||27r‘Lj(f1;z) fl(x”

sin? —

2

=eL;j(fi1;x) +

< et (et Iy (rsa) — fu(o)| + 2L L,

sin? =

Since

Lj(;x) < %{ILj(fl;x)*fl(w)lﬂCoswl\Lj(fz;w)*fz(x)HlSinwl\Lj(fs;w)*fs(x)l},
(2.8)
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(see [8], Theorem 4) we obtain

Ly(Fia) - F@)] < e 4 | e 1 lar+ 022 (1L (f120) — oo

sin? =
+ 1L (F2i2) = fola)| + |Ly (i) — fola) | |

e+ K{|Ljf1 — fillar + 1Lj f2 — fallox + [|Lj f3 — f3ll2x }

where
K = e+ | fllor + 10020,
sin” 5
Taking supremum over z, for all j € N we obtain
IL;f = fllar < e+ K{||L; f1 — fillax + I1Ljf2 — follox + |1 Ljf3 — f3ll2x }-
Consequently, we get
Yo ailLif = fllze <€ aiy + KD afllLif1 — fillzs
j=1 j=1 j=1
(oo} oo
+E > api|Lif2 = follor + K Y aisl|Lsfs = fsllan
j=1 j=1
By taking limit as & — oo and by using (2.1), (2.3) we obtain the desired
result. [

Using the concept of A-statistical convergence, O. Duman and E. Erkus [6]
obtained a Korovkin type approximation theorem by positive linear operators defined
on Ca,(R™), the space of all real-valued continuous and 27-periodic functions on R™
(m € N) endowed with the norm || - ||z, of the uniform convergence. The same result
stands for A-summability.

Theorem 2.2. Let A= (A")p,>1 be a sequence of infinite non-negative real

matrices such that

and let {L;} be a sequence of positive linear operators mapping Cor(R™) into
Con(R™).
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Then, for all f € Con(R™) we have
Jdim > a1 Ly f = fllan =0,
j=1
uniformly in n, if and only if
lim ST a1y~ fyllan =0 (0 =1,2.0..,(2m+ 1)),

j=1
uniformly in n, where fi(ti,ta,.. ., tm) = 1, fp(ti,te,...,tm) = cost,_1 (p =
2,3,...,m+1), fo(ti,ta, ..., ty) =sintg_m_1 (=m+2,...,2m+1).
3. Particular cases

Taking A™ = I, I being the identity matrix, Theorem 2.1 reduces to Theo-
rem A.

If A" = A, for some matrix A, then A-summability is the ordinary matrix
summability by A.

Note that statistical convergence is a regular summability method. Consid-
ering Theorem B and our Theorem 2.1 we obtain the next result.

Corollary 3.1. Let A = (A")nen be a sequence of non-negative regular
summability matrices and let {L;} be a sequence of positive linear operators mapping
Car(R) into Car(R).

Then, for all f € Car(R) we have

sta, — lim ||L;f — fllar =0, uniformly in n
j—o0
if and only if
sta, — lim ||L;fi — fill2= =0 (i =1,2,3), uniformly in n,
j—o0

where fi(t) =1, fa(t) = cost, f3(t) =sint for all t € R.
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