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NEW INVERSE INTERPOLATION METHODS

ALEXANDRA OPRISAN

Abstract. The goal of this paper is to give some numerical methods for
the solution of nonlinear equations, generated by inverse interpolation of
Abel Goncharov type and a particular case of Lidstone inverse interpola-

tion.

1. Preliminars

Let Q C R and f: Q — R. Consider the equation

and attach to it a mapping
F:D—D, DcQ"

Let zq,....,xp—1 € D. Using the mapping F' and the numbers xg, ..., T,—1 we

construct iteratively the sequence
LOyL1yeery—15Lpy--- (2)
where
ZT; :F(xi—n7~-~7xi—1)7 z:n, (3)

The problem is to choose F' and the numbers xg,...,z,_1 € D such that

sequence (2) converges to a solution of equation (1).
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Definition 1. The method of approxzimating a solution of equation (1) by the elements
of sequence (2), computed as in (3) is called F - method attached to equation (1) and
to the values xq,...,xn_1. Numbers xg, ..., x,_1 are called starting values, and the pth
element of sequence (2) is called pth order approzimation of the solution. If the set
of the starting values consists of a single element, the corresponding F - method is

called one step method, otherwise it is called multi-step method.

Definition 2. If sequence (2) converges to a solution of equation (1), F - method is

said to be convergent, otherwise is divergent.

Definition 3. Let z* € Q be a solution of equation (1) and let xg,...,Tp,... be a

sequence generated by a given F - method. Number p = p (F') having the property

T — F (Ti—ng1, s T5)

—C#0, (4)

is called order of the F' - method, and constant C is the asymptotical error.

Let z* € Q be a solution of the equation (1) and V (z*) a neighborhood of
x*. Assume that f has inverse on V (z*) and denote ¢ = f~!. Since f (2*) = 0, it
follows that z* = g (0). This way, the approximation of the solution z* is reduced
to the approximation of the g (0). The approximation of the inverse g by means of
a certain interpolating method, and z* by the value of the interpolating element at
point zero is called inverse interpolation procedure. This approach generates a large
number of approximation methods for the solution of an equation (thus for the zeros

of a function), according to the employed interpolation method.

Such examples of methods, based on Taylor, Lagrange and Hermite inverse
interpolation are:

Let z* be a solution of f(z) = 0, V(2*) a neighbourhood of z*, f €
C™mV(x*)], f(x) # 0 for x € V(z*) and z; € V(z*). Using Taylor polynomial of
the degree m — 1, that interpolates the function ¢ = f~!, one obtains the one step
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method [2]:

)k
[f(xi)]kg(k)(f(xi))'

m—1
TN o (-1
k=1
Also, if g™ (0) # 0, we have ord(FL) = m.
Based on Lagrange interpolation, it follows the multistep method [2]

L _ Jo-fr—1frr1-fm
Fnl0rwotm) = 2 G o — )

m

Tk

(6)

where fr = f(xg), is a multistep method based on inverse Lagrange interpo-

lation.

The order of this method is the solution of equation:

gl _gm .t —1=0.

More general methods are generated by Hermite and Birkhoff interpolation

[2], [5]. Such, let «* be a solution of the equation (1), V(z*) a neighbourhood of z*

and g, Z1..., Ty € V(2*).For n = ro+...4+ 7, +m, where ry represents the multiplicity

order of the point zx, k = 0,...,m, if f € C"*1(V(z*)) and f'(z) # 0 for z € V(z*),

we have the following Hermite approximation method:

m TE Tk—J i+v '
Fl (g, ) = 3053 O o )20 g0

ol
i=0j=00v=0 IV vk (y)

where fy = f(x),k=0,...,m,g = f~%, and

vk(y) = (y = fo) T (y = fom ) Ny — frr) Ty = fr) T
The order of F, is [5] the unique real positive root of the equation:

L e ™ — T — =it — 19 = 0.

where 1, ..., 7, are permutation of the multiplicity orders of the nodes xy, k = 0, ...

satisfying the conditions:
(1) ro+ri+..+rm>1

(2) Tm > rme1 > > 2,

(7)
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respectively of the equation:

m

" = (r 1)) =0, (9)

Jj=0

if ro = ... = Tm.
2. Abel-Goncharov inverse interpolation method

On the base of Abel-Goncharov interpolation, we have the following method

for the solution of equation f (z) =0:

Theorem 4. Let n € N; a,b € R; a < b; f : [a,b] — R be a function having
n derivatives f,i = 1,2,...,n. The values x; € [a,b], i = 0,....n and fO (z;),
it =0,..,n, with x; # x; for i # j are given. Let x* be the solution of the equation
f(x) =0 and V (z*) a neighborhood of x*. If f € C"t' (V (z*)) and f© (x;) # 0,
1 =0,...,n then we have the following method of Abel-Gonciarov type:

n (k) k—1
F29 (@0, .y wn) = q (y0) — Yo-4' (1) —ZqT(,yk) g E) Yt o)
k=2 ’ j=0

Proof. Suppose that 3 ¢ = f~!. Then

q= Paq+ Rnq
with
(Paa) (1) =D gx () 4™ (w)
k=0
and
go(y) =1
91 (y) =y -

k-1
1 _
g6 W) =7 [V =29 ) Gy
§=0
Because z* = ¢ (0), ¢ ~ P,g = 2™ ~ (P,q) (0)

(Pag) (0) = 3" 9 (0) ¢ ()
k=0
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n (k) k—1
(Pad) (0) = 000) ~ w0t/ () — > T2 (30, 0) ()
k=2 Jj=0

* _ / _ S q(k)(yk) = . kY, k=1 ._
= 2"~ q(yo) —vo-q (51) = Y o Zgg 0) (5) v; 1=

Particular cases.

1). n =1 (nodes xg,z1 and f (x¢), f’ (z1) given)

F{ (z0,21) = ¢ (%0) — yo.4' (1)

F{AC (20,21) = q (y0) — Wﬁ
e FAG (5, 21) = 0 — ;/((Z?) (11)

— F{/C%(x9,21) = FP (29,21) and the method FA¢ coincide with the

method F? generated by the Birkhoff inverse interpolation.

Remark 5. If g = 21 := x; (the nodes coincide), then:
FAG (1) — g — f(m)
R e
FAG (z;) = FI (x;) and the method coincide with the method FY generated

by inverse interpolation Taylor for two nodes.

The order of this method is the solution of the equation:
t?—t—1=0

SO

E

1+
2

2). n=2. (30, f (20) @1, [ (@1) , 22, [" (w2) given)

ord(F{A%) =

90 (0) =1

91 (0) = —yo
99



ALEXANDRA OPRISAN

1
g2 (0) = 3 ~2yoy1 — yi]

=>(qu)(0)=(1@0) yo-q' (y1) — 32y0y1 — v3l.4" (y2) =

[@) 1 () o
o~ 2 2 @0 ] ) = @) =

flao) 1 f"(x)

F3% (wg, 21, 22) = 29 — -

Fr@)  2[f (@)

Remark 6. For xg = x1 = x5 := x;, the method coincide with the method generated

[2f (x0) f (21) = f (x0)’]- (12)

by Taylor inverse interpolation, for n = 3.

R i CON fla) 1% £ ()
A 2[f'<a:i>] P

The order of this method is the solution of the equation:

-2 —t—1=0

SO

ord(F3'%) = 1.839

3. Lidstone inverse interpolation method

For the particular case of Lidstone interpolation, on [zg,21],20 # x1,i =
0,1,m =2, and
Loi1 f = f®9 ()
Loivaf = [ (1)
it follows that

1
(L3 f) | o] Z[Ak (‘”1 >f2k>(xo)+Ak (T))f(%)(xl)h%}

=0

where
Ao (z) ==
A (z) =Ag (2) =2
A1 (0)=A1(1)=0

The interpolation polynomial is:

(L3 f) (= ZZrm,g ) £®D (x;)

=0 j=0
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= (Lé\f) (x) = ra00 (@) f(x0) + r201 (2) f" (x0) + 72,10 () f (21) +

r2,1,1 (%) f" (x1) where

xry —x

72,0, (JJ)ZA]'( - )th,OSx§x1;i=0

ro,1,5 () = Ay (m_}lx()) W2 gg <z <mpi=1

r2,0,0 () = Ao (”“h_x) h=z —x
r2,0,1 () = Aq (ml}:m) h?
21,0 (z) = Ag (E522) h =z — x¢
ro11 () = Aq (J‘_hlo) h? but
1 x 1 3
Ay () :/0 gl(z,s)sd,s:/o (x — 1)525d5+/m (s —1)xzssds = T

AMO)=A(1)=0=¢c=0

and

— 1
r2,01 () = Ay <x1h m)h2:Gh(xl—x)(xl—x—h)(xl—x—&—h)

— 1
ro11 (z) = Aq <$h$0) h? = @(:177:00) (x—xz9—h)(x—2x0+h)

We know that for g = f~1,
9=Lyg+ Rig
and 2* = g (0),g9 ~ LYg = x* ~ LYg(0).

L3g(0) = z1g (z0) + n (23 — h?) g" (z0) — mog (z1) + 20 (h?* = a3) ¢ (z1)

6h 6h
* T1 2 2\ 1 Lo 2 2\ 1
=z —Ilg(xo)+a (23 —-h)g (l’o)—fog(fﬂl)+@(h —a5) 9" (x1)

and so we have the following method:

T X
F (z0,21) = 219 (20) + 671 (21 — h?) g" (w0) — wog (1) + 6701 (h* — 23) g" (1)
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