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ANALYSIS OF AN INTEGRAL EQUATION
WITH MODIFIED ARGUMENT

MARIA DOBRITOIU

Abstract. This paper contains a study of the Fredholm integral equation
with modified ar%ument
1 =) :/ K(t,s,2(s), 2(g(s)), z(a), z(b))ds + f(t), t € [a,],
concerning: ¢

- the existence and uniqueness of the solution using Schauder’s
theorem and Contractions Principle;

- continuous dependence on data of the solution using data de-
pendence general theorem;

- approximation of the solution using successive approximations
method with two quadrature formula: the trapezoidal rule and the rectan-

gle quadrature formula.

1. Notations and preliminaries

Let X be a nonempty set, A : X — X an operator and we shall use the

following notation:

norm || -

Fa:={z € X| A(xz) = x} - the fixed point set of A.

We consider the Banach space X = C'[a,b] endowed with the Chebyshev
-

In the section 2 we need the following results (see [2], [8], [9], [10] and [12]).
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Theorem 1.1. (Schauder). Let X be a Banach space and ¥ C X a
nonempty, bounded, convex and closed set. If A:Y — Y is a completely continuous
operator, then A has at least one fixed point.

Theorem 1.2. (Contractions Principle). Let (X,d) be a complete metric
space and A : X — X an a-contraction (« < 1). In these conditions we have:

(i) Fa = {*):

(ii) A™(zp) — x*, as n — oo;

(iii) d(a*, A" (z0)) < %d(mo,A(xo)) .

In the section 3 we need the following result (see [2], [8], [9], [10] and [12]).

Theorem 1.3. (Dependence on data). Let (X, d) be a complete metric space
and A,B: X — X two operators. We suppose that:

(i) A is an a-contraction (o < 1) and Fy = {z*};

(i) a% € Fy;

(#1i) there exist 1 > 0 such that d(A(z),B(z)) <n forall z e X.

In these conditions we have

* * n
d < —.
(xA’xB)— 17a

In the section 4 we need the following results (see [2], [7], [8], [9] and [12]).
We will use for the calculus of the integrals of the succesive approximations
sequence, two quadrature formulae:

1) The trapezoidal rule

b b—a
/a fl@)dx = o

with a very sharp division of the interval [a,b] through the points a = zg < 1 <

...<zp=>b and f € C?[a,b]. We use for the rest of the formula RT(f) = RY(f)
i=1

Fl@)+2 3 flw) + F0)| + RT(F). 1)
i=1

the following estimation:
(b—a)’
12n2

|RT(f)] < M” (2)

2) The rectangle quadrature formula
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(a) If we consider the intermediary points of the division of the interval [a, b]
at the left terminal point of the partial intervals [x;, x;y1], & = x; , we will have the
following formula:

/abf(a:)dxb_a

n

n—1

Fa)+ 3 flas)

i=1

+RP(f), (3)

or

(b) If we consider the intermediary points of the division of the interval [a, b]
at the right terminal point of the partial intervals [z;, x;41], & = x;41 , we will have
the following formula:

b —a n—1
/ f(a)de =" lzﬂxi)w(b)

. +R(f) @

with a very sharp division of the interval [a, b] through the points a =z < 21 < ... <
T, =b and f € C'a,b]. We use for the rest of the formula RP(f) = > RP(f)
i=1

the following estimation:
(b—a)?

r2()| < P

()

2. Existence of the solution

Theorems of existence of the solution for several type of integral equations
with modified argument have been presented in the papers [1], [2], [5], [9], [10], [11],
[12] .

In what follows we will establish theorems of existence of the solution of the
integral equation (1) in C[a,b] and in the B(f; R) sphere.

A. Existence of the solution in Cfa,b]

Let us consider the Fredholm integral equation with modified argument (1)
and assume that the following conditions are satisfied:

(a1) K € O([a,b] x [a,b] x R*);

(a2) f € Cla, b}

(as) g € C ([a,b], [a,b]).

Theorem 2.1. Suppose (a1)-(as3) are satisfied. In addition suppose
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(ayq) there exist Mg > 0 such that
|K(t,s,ur,us,us, ug)| < Mg, for all t € [a,b], ui,us,us, ug €R.

Then the integral equation (1) has at least one solution z* € Cla, b].
Proof. We attach to the integral equation (1), the operator A : Cla,b] —
Cla, b], defined by

b
A@t) = [ K(t,5,2(5),0(g(s). 2(0). a)ds + £0), ©)
for all ¢ € [a, b].
We have

JA@) ot < 1o + Mic(b—a), for all @€ Cla,b) .

Let Y C Cla,b] be a nonempty, bounded subset. Then A(Y') is also a bounded
subset. From the uniform continuity of K with respect to ¢, it follows that the operator
A is continuous and that the subset A(Y) is equicontinuous. Therefore A(Y) is a
compact subset.

Let be Y = convA(C|a, b)) and now Y is a nonempty, bounded, convex and
closed subset. We consider the operator A : Y — Y also noted with A and defined
by same relation (7). Y is an invariant subset by A.

On the other hand, by Arzela-Ascoli theorem, A is completely continuous.

The conditions of the Schauder’s theorem are satisfied. U

We have the following theorem of existence and uniqueness of the solution of
the integral equation (1) in Cla, b]:

Theorem 2.2. Suppose (a1)-(a3) are satisfied. In addition suppose

(as) there exist L > 0 such that
|K(t,S,U1,U2,U3,U4) - K(t,s,vl,’UQ,Ug,’U4)| S

< L(Jur = v1] + Jug — v2| + |ug — vs| + |ug — v4l)
for all t,s € [a,b], u;, v; €R ,i=1,4;
(ag) 4L(b—a) < 1.
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Then the integral equation (1) has a unique solution z* € Cla, b] .

Proof. We attach to the integral equation (1), the operator A : Cla,b] —
Cla,b], defined by the relation (7). The set of the solutions of the integral equation
(1) coincide with the set of fixed points of the operator A. By (as) and using the

Chebyshev norm, we have

|A(z1) — A(xQ)HC[a,b] <4L(b—a)llz1 — x2HC[a,b]

and therefore, by (ag) it result that the operator A is an a-contraction with the

coefficient &« = 4L (b — a). The conclusion result from the Contractions Principle. O
B. Existence of the solution in the B(f; R) sphere

We suppose the following conditions are satisfied:
(a}) K € C([a,b] x [a,b] x J*), J C R closed interval;
and (ag), (a3).
In addition, we denote M a positive constant such that, for the restriction

Kliap)x[a,b)x74; J C R compact, we have
|K(t, s, u1,u2,uz, ua)| < My, for all t € [a,b], ur,uz,uz,ug € J. (7)

We have the following theorem of existence of the solution of the integral
equation (1) in B(f; R) C Cla,b]:

Theorem 2.3. Suppose (a}), (az2), (a3) are satisfied. In addition suppose

(b1) Mg (b—a) < R (the invariability condition of the B(f; R) sphere).

Then the integral equation (1) has at least one solution 2* € B(f;R) C
Cla, b).

Proof. We attach to the integral equation (1), the operator A : B(f; R) —
Cla,b], defined by the relation (7), where R is a real positive number which satisfies

the condition below:
[z € B(f;R)] = [z(t) € J CR]

and we suppose that there exist at least one number R with this property.
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We establish under what conditions, the B (f; R) sphere is an invariant set

for the operator A . We have

b
[A(z)(t) — (1) = / K(t,s,2(s), x(g(s)), z(a), z(b))ds| <

b
< / K (t,5,2(5), 2(g(5)), 2(a), 2(b)) | ds

and by (8) we have
|A(z)(t) = f(t)]| < Mk (b—a), for all t € [a,b],

and then by (b;) it result that the B(f; R) sphere is an invariant set for the operator
A. Now we have the operator A : B(f; R) — B(f; R), also noted with A, defined by
same relation, where B(f; R) is a closed subset of the Banach space Cla, b].

Next we assure the conditions of the Schauder’s theorem.

We have
[A@) | cpap) < Mfllogy + B for all = € B(f;R)

and it follows that the subset A(B(f; R)) is bounded. From the uniform continuity
of K with respect to t, it follows that the subset A(B(f; R)) is equicontinuous. Now
it result that A(B(f;R)) is a compact subset.

Also, from the uniform continuity of K with respect to ¢, it follows that
the operator A is continuous. On the other hand, by Arzela-Ascoli theorem, A is
completely continuous. The proof follows the Schauder’s theorem. [

Theorem 2.4. Suppose the conditions (a}), (az2), (as), (b1) and (ag) are
satisfied. In addition suppose

(b2) there exist L > 0 such that
|K(t,s,u1,us,us,uq) — K(t,8,01,09,03,04)] <

< L(Jur —vi1] + [uz — v2| + [ug — v3| + |ua — v4l)
for all t,s € [a,b], u;, v; € J, i =1,4;
Then the integral equation (1) has a unique solution z* € B(f; R) C Cla,b].
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Proof. We attach to the integral equation (1), the operator A : B(f; R) —
Cla, b, defined by the relation (7), where R is a real positive number which satisfies
the condition below:

[z € B(f;R)] = [x(t) € J CR]

and we suppose that there exist at least one number R with this property.

If we use a reasoning as the one used in the proof of theorem 2.3, we will obtain
that the B(f; R) sphere is an invariant set for the operator A, and the invariability
condition (by), of the B(f; R) sphere is hold.

Now we have the operator A : B(f; R) — B(f; R), also noted with A, defined
by same relation, where B(f; R) is a closed subset of the Banach space Cla,b]. The
set of the solutions of the integral equation (1) coincide with the set of fixed points
of the operator A.

By a similar reasoning as in the proof of theorem 2.2 and using the condition

(b2) it result that the operator A is an a-contraction with the coefficient « = 4L (b — a)

Now the proof result from the Contractions Principle. [

3. Dependence on data

Theorems of dependence on data for several type of integral equations with
modified argument have been presented in the papers [5], [6], [9], [12].

In what follows we consider the integral equation (1) and we will study the
dependence of the solution of the integral equation (1) with respect to K and f .

Now we consider the perturbed integral equation

b
y(t) = / H(t, 5,(5), y(9(5)). y(a), y(b))ds + h(t) , ¢ € [a,] (8)

and we have the following theorem of dependence on data of the solution of the
integral equation (1):

Theorem 3.1. Suppose

(7) the conditions of the theorem 2.2 are satisfied and denote x* the unique
solution of the integral equation (1).
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(ii) H € C([a,b] X [a,b] x R*) and h € C[a,b] ;
(#i%) there exist 71, 172 > 0 such that

|K(ta S,Ul,’U,Q,Ug,U4) - H(t,s,ul,UQ,’LL3,U4)| S m,
for all t,s € [a,bl], uy,uz,us,us € R and
[f(t) = h(@®)| <m2 for all t€[a,b].

In these conditions, if y* is a solution of the integral equation (9), then we

have:
* * m (b - a’) + 12
— <2 77 e
le" ="l = T30 =)
Proof. We consider the operator A which appear in the proof of the theorem
2.2.

Let B : C[a,b] — Cla,b] be an operator defined by

b
B(y)(t) = / H(t,s,y(5),y(g9(s)), y(a),y(b))ds + h(t), t€ [a,b].
By the condition (#i¢) we have
[A(z) — B(z)[| < m(b—a)+m .

The proof result from data dependence general theorem. [

4. Approximation of the solution

Approximative methods for various type of integral equations with modified
argument have been presented in the papers [1], [2], [3], [4], [7], [8], [9] -

We will determine as follows, a method for the approximation of the solution
of the integral equation (1).

We suppose that the conditions of one of the two existence and uniqueness
theorems from section 2 are satisfied. In order to lay down the ideas we consider the
case of the integral equation (1) with a unique solution in the sphere B(f; R) C C|a, b]
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(theorem 2.4), called z* and established using the successive approximation method.

We have the sequence of the successive approximations:

ro(t) = f(t)
b
ri(t) = K(t,s,20(s),z0(9(s)),0(a), xo(b))ds + f(t)
R
i) = [ K5, 2ma(8)s2mo(6(5))s 2m1(a), 21 (6))ds + 1(0)

and we consider a division of the interval [a,b] through the points a = zo < 1 <

.<xp=0b.
A. Approximation of the solution using the trapezoidal rule

We suppose that:

(h11) K € C%([a,b] x [a,b] x J*), J C R closed interval ;

(hi2) f € C?[a,0] ;

(h13) g € C*([a, ], [a, b])

and we will approximate the terms of the successive approximations sequence

using the trapezoidal rule (2) with the rest from (3). Generally, for the term z,(t))

we have
on(18) = U5 s, 21 (@), 21000 2 a @) e a ) ()
+2 i K(tg, ti, xm—1(ts), 2m—1(9(t:)), Tm—-1(a), tm—1(b))+

+K (t, b, 2n—1(b), 2m—1(g(0)), Tm—1(a), m—1(0)] + f(te) + Ry i,

k=0,n,m € N, with the estimation of the rest

(b—a)? ”

max |[K(tg, s, Zm-1(5), 2m-1(9(s)), 2m-1(a), 2m-1(b))];

T ——— .
[Rmk] < 1202 sclab
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According to (hq1) it result that the derivative of the function K from the
expression of the rest Rﬁ’ . exist and has the following form:

(K (b, T (8), @1 (9(5)), @1 (@), s ()] = s

82K 4 82K Bmm,l ’
9 . 9 . .
+ 080Ty 1 Tr-1(8) + 08021 g g (s)+

+

?K (x/ (s))2+2 PK OTmo1 ,

5 | Ty “X,,—1(8) g (s)+
ax?n_l 1 axzn_l 89 1( ) ( )
oK v PK  [(0m_1\> [, \2
Tz ) ( dg ) (g@)
0K PTm_1 / 0K Oxm_1 "
+axm71 : 8988 "’Em—l(s) g (S) + a.’Emfl : ag g (8)7
where
b
N K _ _ _ _
1'»(,”11(75) :/ (t7571:77l 2(5)71'7718;(519)(8)),.%7” 2(&),l‘m Q(b))d8+f(a)(t),
a=1,2
If we denote
ol K
M =
! |a|§£n¢i)é[a,b] It1 952 Qu® dug* Qus® duy® |’
MI = ’ (@) (¢ M = ‘ (@) (¢
2 a<o it la] o). M a<oictan | @)

then we obtain for z,,_1(t) and its derivative, the following estimations:

T 5,?1 1

0,2

< MfG-a)+ M, a=
while for the derivative of function K, we have
(K (tr, s, 2m—1(5), Tm-1(9(8)), tm—1(a), xm—1(b))], < M {143 [M](b—a)+

+MI] (L4 MT) + M7 b= a) + ME ] (14 3md + ()] =

It is obvious that M{I doesn’t depend on m and k, so the estimation of the
rest is
(b—a)®

T T
R < My =5

(10)
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where M{ = M{ (K,DK, f,D®f g, D®g), |a| <2, and we obtain a formula
for the approximative calculus of the integrals of the successive approximations se-
quence. Using the method of successive approximations and the formula (10) with
the estimation of the rest resulted from (11), we suggest further on an algorithm in
order to solve the integral equation (1) approximately. To this end, we will calcu-
late approximately the terms of the successive approximations sequence and through
induction we obtain

Tm(ty) = bé;a[BXtma,%m_le,5m_1Qﬂa»,5m_1ﬁﬂ,Em_1ﬂﬁ}+

n—1

+2 Z K(ti, tisTm—1(t:), Tm—1(9(t:)), Tm—-1(a), Tm—1(b))+

i=1

K (th, 0, Tn1.(0), Tm—1(9 (D)), T —1(a), Trm—1(b))] +

+f(tk) + E%,k == %m(tk) + EZ;L,IC 5 k == O,n

‘ET‘<(bf®3

mk__—ﬁ;rwﬁ{ymﬂywﬂ@faw%1+.“+4}, k=0,n .

\K

Since the conditions of theorem 2.4 are satisfied we have4L(b — a) < 1,and

it result the estimation:

~ b—a)?
T |- ( T
‘Rmk‘ ~ 12n2[1 —4L(b—a)]J\/[O '

We have thus obtained the sequence (Z,(tx)) k =0,n , that estimates

meN
the successive approximations sequence (Z,)men using a division of the interval [a, b],
a=z9 <z <...<zH =b, with the following error in calculus:

(b— a)3 T
= SEn e ol

|mm(tk¢) — T (tr)

B. Approximation of the solution using the rectangle quadrature

formula

We suppose that:
(ho1) K € C*([a,b] x [a,b] x J*), J C R closed interval ;

91



MARIA DOBRITOIU

(ha2) f € Ca,b] ;

(h23) g € C'([a, ], [a, b))
and we will approximate the terms of the successive approximations sequence using
the rectangle quadrature formula (4) with the rest from (5). Generally, for the term

T (tx) we have

b—a
2n

n—1

+ Z K(tr tisom—1(ti), Tm—-1(9(ts)), Tm—1(a), m—1(b))

=1

+f(te) + RE . k=0,n, meN

T (tk) = (K (tk, a; xm—1(a), £m-1(9(a), &m—1(a), 2 (0))+ (1)

+

with the estimation of the rest

(b_na) -srél[%] [K(tk,S,wmfl(s)»xmfl(g(s))7xmfl(a)’xmfl(b))]; ’

|RD | <

According to (ho1) it result that the derivative of the function K from the
expression of the rest R% . exist and has the following form:

0K

[K(tkﬂ Sﬂ$m71(8)7xmfl(g(s))vxmfl(a’%xm*l(b))]s = EJ’_
0K ’ 0K 8xm_1 ’
oz, 1 Ty (8) dzm_1 g -9 (s),
where
b Sy Tm—2\S5), Tm—2 S)) Tm—2(Q)y Tm—2 !

If we denote

ol K
MP =
1 <Lt o€ (a,b] | D11 D592 O Du* IuS Ous® | °
MP = ’(a)t MDD — ‘@t‘
2 anax L)), M; e |9 (t)

then we obtain for z,, ,(t) the following estimation:
(0] < MP O = a)+ MP

while for the derivative of function K, we have

’

[K(tkv s7xm*1(8)7 xmfl(g(s))vxmfl(a)ﬂ xmfl(b))]s <
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< MP {1+ [MP(— )+ MP] (14 MP)} = MP

It is obvious that M{ doesn’t depend on m and k, so the estimation of the
rest is

N2
(8] < aa - L= (12)

where MP = MP (K,D(O‘)K, f,D(a)f,g,D(o‘)g) , a =1, and we obtain a formula
for the approximative calculus of the integrals of the successive approximations se-
quence. Using the method of successive approximations and the formula (12) with
the estimation of the rest resulted from (13), we suggest further on an algorithm in
order to solve the integral equation (1) approximately. To this end, we will calcu-
late approximately the terms of the successive approximations sequence and through

induction we obtain

xm(tk) = b ; ? [K(tk’ a, fm—l(a)v gm—l(g(a‘))v gm—l(a’)v Em—l(b))+

n—1

+ Z K(tka ti, 5m—l(ti)7 %m—l(g(ti)% %m—l(a)a fm—l(b)) +

i=1

+f(t) + Ry =Tm(te) + RE . k=0,n

where

b— 2
ﬂMOD (AL b—a)™ 4+ ... +1], k=0,n.

m,k

] <
Since the conditions of theorem 2.4 are satisfied we have 4L(b —a) < 1, and
it result the estimation:
~ b—a)?
D | ( MP
‘ mﬁk‘ “n[l—4L(b—a)

and we have thus obtained the sequence (T, (tx)) k =0,n , that estimates the

meN
successive approximations sequence (Z,,)men using a division of the interval [a, b],
a=z9<x <...<zH =b, with the following error in calculus:

—a)?
|mwwﬂmm<ﬁﬁzﬁ_mmg
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