STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LI, Number 1, March 2006

BOOLEAN SHEPARD INTERPOLATION

MARIUS M. BIROU, AND CRISTINA O. OSAN

Abstract. Using Shepard univariate interpolation projectors which form
the chains and boolean methods we construct Biermann-Shepard projector.
We study the approximation order of Biermann-Shepard operator for two
particular cases. The convergence of this operator is mark out by graphs

and numerical examples.

1. Preliminaries

Let X, Y be the linear spaces on R or C.

The linear operator P defined on space X is called projector if P? = P.

The operator P¢ = I— P, where I is identity operator, is called the remainder
projector of P.

The set of interpolation points of projector P is denoted by P(P). If P, @

are commutative projectors then we have
P(PeQ)="P(P)UPQ) (1)
If P, P, are projectors on space X, we define relation “<”:
P<P&PPR=PF (2)
Let be f € C(X xY) and z € X. We define f* € C(Y) by
ff@) = f(z,t) ,teY
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For y € Y we define ¥ f € C(X) by
Yf(s)=f(s9),s€ X
Let P be a linear and bounded operator on C'(X). The parametric extension P’ of P
is defined by
(P'f)(z,y) = (PYf)(x) (3)

If @ is a linear and bounded operator on C(Y), then the parametric extension Q" of

Q is defined by
Q" )@, y) = (QF")(y) (4)

Proposition 1. Let r € N, Py,..., P, univariate interpolation projectors on C(X)

and Q1,. .., Q. univariate interpolation projectors on C(Y). Let P{,..., P!, QY,...,

Q!'be the corresponding parametric extension. We assume that

PP<P< <P, Q1 <@y < <Qy (5)

Then
B, = PiQ; ® P,Q,_, ®--- @ P,QY (6)

s projector and it has representation
T r—1
BT‘ = Z PrIanrl+1fm - Z PrInQ;“Ifm (7)
m=1 m=1
Moreover, we have
By = PIC + PSQYC + -+ POQIS + QI = (PEQY + -+ POQI) (8)

where P¢ = I — P, I is identity operator.

For the proof of this proposition see [3].
Remark 2. If Py,..., P, and Q1,..., @, are Lagrange univariate operators which
form the chains (i.e. satisfy the relation (5)) the operator B, given by (6) is called

Biermann interpolation projectors. In this article, we instead the Lagrange univariate

operators by Shepard univariate operators.

28



BOOLEAN SHEPARD INTERPOLATION
2. Main result

Let be the univariate interpolation projectors of Shepard type Pi,...,

P, Q4,..., Q. which are given by relations

km

(Pmf)(z) = Aim(@)f(z;), 1<m <r (9)
In

(Qng) () = Ajn(y)gly;), 1<n<r

The interpolation points satisfy

{z1,..., 2k, } Cla,b] and {y1,..., yi, } C[e,d]

with
1<k <k <---<kandl<lh<<l<---<lI, (10)

The cardinal functions are given by

Aim(z) = 1< i< kn (11)

~ Y-y,
Aj,n(y) = =i | . 0
2121, 15 ly — il

with p € R and satisfy the relations

Ai,m(xu) = 62‘1/7 i,l/ = ]-7km

gj,n(ya) =0js, 7,0 = 1,1,

and
km
Aim(z) =1
i=1
l" ~
Ajn(y) =1
j=1

Theorem 3. The parametric extensions

! i 1 1
Pl,...,P. Q.. .. Q"
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are bivariate interpolation projectors which form the chains
PI<P<- - <P,QY<Qy < <Q7
Proof. Let be 1 < my < my < 7. From (10) we have
kml < km2

We have that

By Koo
(Prlnl Prlngf)(wa y) = Z Ai17m1 (.’E) Z Ai2,m2 (wil)f(xiQ’y)

=1 in—1
But

Aiy ms (Tiy) = 0ig iy
From (13), (14) and (15) we have that

kmy
(Pry Prog 1) (@,y) = Y Aiyn (@) f (2i1,9) = (P, (2, y)

i1=1

ie. P, < P],. Thus the projectors Pf,..., P} form the chain.

1,QY,...,Q! are projectors which form a chain.

We have that

P Qr=Q/P  1<mmn<r

n-m?

and the tensor product projector has the representation:
(Pr@nf)@,y) =3 > Aim(@)Ajn(y) f (@i, y;)
with interpolation properties

(PrQu ) (@isyj) = flai,y;), 1<i <km, 1<j <l

The projectors P{, ..., P., Qf

rs W1,

jectors on C([a,b] x [¢,d]). A special element in this lattice is

By = PlQ]®PQ;_ @ - & PjQY,r €N
30

Analogous

O

., Q! generate a distributive lattice of pro-
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called Biermann-Shepard projector and which has the interpolation properties
(B;,Sf)(l‘“y]) = f(mivyj)v 1<i< km: 1<j5< lr+1fm; 1<m<r

The set of interpolation points of the Biermann-Shepard projector given by

(16) has the disjoint representation

T r—m

BS = U U xzay] kmo1 <@ <km, lr—m-n <j< lr—m—n—i—l} (17)

with kg = 0, [p = 0. The number of interpolation points of Biermann-Shepard
operator B given by (16) is

r

IPB)| =Y kmllrs1—m = lr—m)

m=1
with lo =0.
Using the disjoint representation (17 ) of interpolation set we obtain the

Lagrange representation of Biermann-Shepard interpolant
r [ S —
Y Y Y s, (18)

m=1 n=0 i=1+km—1 j=1+lp—m—n

The cardinal functions of Biermann-Shepard interpolation projector are given

by
m+n N m+n—1 N
Sij(x.y) = > Ais@Ajrps) = Y Ais@)Aj—s(y), (19)

with k-1 <@ <k, lrem—n <J <lrp1-m—n, 0<n <r—m, 1 <m <.
For the remainder term we can use formula (8) and integral representation

of remainder [1]

b
(PSf)(a) = / (2, 8) f'(3)ds (20)

d
(QC9)(y) = / bt 9)g' (1) dt
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where
km
bm(@,8) = (2= 9% = > Aim(@)(@i - 8)§
In
Un(y,t) = (y — )% — Z Ajn()(y; — )%
Also
(P £)(@)] < Hyp(z) M, f
(QS9) ()| < Knly)Mig
where

kom km
Hy(z) =2 — ZaclAl(:E) +2 ZA,(ZU)(.TZ —T)4

Lo I
Ka()=y—> yid;j)+2> AWy —v)+
j=1 j=1
M f = sup |f'(z)|
a<z<b

Mg = sup |g'(y)]
e<y<d

If f € CY'([a,b] x [c,d]) we have the following estimation for remainder term of

Biermann-Shepard interpolant

[F(@y) = B flw,y)| < Ho(@) | £00| + Koo | 00 + fﬂr_i<x>Ki<y> el
i=1

+ Y He @K ) [ £
i=1
where || f@9)|| = o BB | FED (2,y).

3. Examples

Using relations (8) we determine the approximation order of Biermann-

Shepard projector (16) for two particular case.
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Example 1
Let be

km=2"4+1,1<m<r

l,=2"+1,1<n<r

and the univariate Shepard interpolation projectors on [0, 1] with equidistant nodes

a0 f(E) |2 — &
(P f)(@) = (Sam uf) (&) = =255 2| ) |_ e ; 1<m<r (21)
T —
Yo g( S ly—&] "
(@a0)) = (S ) ) = 222 ; AP PP
j=0 | o 2_"|
We have that the extension projectors form the chains
PI<P<---<PLQY<Qy<---<Qy
and we can define the Biermann-Shepard operator
Bl =PQ} & PyQ) & ® PlQY (22)
From [5], if Y f € Lipyp,111, we have that
O(5w) > 2
O(z) p=2
1 = (Sem " Il = > (23)
O(zmti=m) 1€ (1,2)
O(;y) p=1

If f* € Lipjo,11 we obtain a analogous estimation for ||f* — San , f*]|.

Theorem 4. If f € Lipjo,1j1 x Lipjo,11 , the approximation orders of the BY inter-
polant given by (22) are

O(x) , p>2
T N N
i) o neE(1,2)
oF . nw=l
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Proof. From (8) we have

(B = (S3r ) + (3 )7+

r—1 r
+ Y (Shrom ) (St )T = Y (Shrsrmm )T (S )
m=1 m=1

Taking into account (23) on obtain

e in the case yu > 2

& & & C i & &
IBENN < et + D grmm g 2 s gm =
m=1 m=1
.

= 0(2_T

).

¢ in the case y =2
- 1c cm L ce(r+1—m) cm
|BEN] < egptes; +Z = 2—m+ZW'2—m=

= o).

2’)"
e in the case u € (1,2)

T cm
Corn T T Z 2(7" G 1) " QmD)

T
c(r+1—m) cm
+ D TG gD

_|_

1B Nl

m=1
3
r
e in the case py =1
Lt c " c c
BIHC| < —-+- — — =
H( rf) ” r+r+mz::1r—m m+ 11"—+-1—m m
1
- o=
)

In Figure 1 we approximate the functions f : [0,1] x [0,1] = R f(z,y) =

s —
1+z+y by By for p =4 and r = 2, 3,4.
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==

P P \ el
S>>\ i\l\\_’Zé\’\)\;’itf:;‘)‘ﬁ‘ =

=

(a) The function f (b) The approximant By

N\
- l\['\»‘..
s/ 2 T N—

= TN
R

(c) The approximant By (d) The approximant By

FiGUurE 1. The graph of function f(z,y) = 1/(1 + z + y) and the
graphs of BY for y =4 and r = 2,3,4

We have the estimations

T
2 | 0.0998 21

31 0.0531 49

4 | 0.0295 113

51 0.0167 257
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Remark 5. Under stronger restrictions on f, see [5], [6]

FO000,y) = 1401,y), y €[0,1] (24)
FOD(2,0) = fOV(2,1), z € [0,1]

fect([o,1] x [0,1])

we have

17~ (Sorm 2 D)l = O(5)
17 = S f)I = O(55)
which implies

|£ =B = 0(5). Jor =2 (25)

Remark 6. The approzimation orders of product operator Ss. ,S5. , are

O(3) > 2
O(57) p=2
”f - (Sé",usé"”,uf)” = QT
O(5r=ry) k€ (1,2)
0(3) p=1

But,
|P(B2)| =2"(r+3)+1
|P(S§T’MS”T7#)| =(2"+1)?
It follows the Biermann-Shepard operators BS is more efficient that operator
Sor 1 Sor -

Example 2
Let be r = 2 and

Fi=N+1,k=N?2+1
Lh=N+4+1,l,=N>+1
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and the univariate Shepard interpolation projectors on [0, 1] with equidistant nodes

_ Tio S (@) o~ ™

(P f)(@) = (Snm uf)(2) S — > m=1,2 (26)
Yo |2 = §=
Y093 ly - &= "
(Qng)(y) = (Sn ug)(y) = =128 | : ]iu| »n =12
J
2 j=0 v — ==
The Biermann-Shepard interpolation projector is given by
By = P|Qy © P,QY (27)
If ¥ f € Lipjo,111, we have that (from [5])
O(§=) > 2
0%)  u=2
1”f = (Snm W )l = N m =12 (28)

Olgmtmry) m€ (1,2)
O(1og1N) p=1
If f* € Lipjo,11 we obtain a analogous estimation for || f* — Sym ., f*(|.

Theorem 7. If f € Lipjo,111 X Lipjo,111 , the approximation orders of the B3 inter-
polant given by (27) are

O(3=) B> 2
2
(%N)  p=2

If =B f| = j
O(§za=ry) r€(1,2)
Olgew) m=1

Proof. From (8) we have

(B2S)C = (S§V2“u,)0 + (er?,u)c + (SEV,M)C(SXT,H)C

(S ) (S, = (She) (Ska )

Taking into account (28) on obtain
e in the case y > 2

c c c ¢ c
||(B2Sf)cf||§m+m+ﬁﬁ

N2

Cc

+ 4y .
N N N2
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e in the case y =2

log N log N logN log N
c N2 c e +c N & N
logN  log N log N  log N
c Nz c N +c N & N2

1B HS

IN

log? N
e in the case p € (1,2)
S O c c c
B < FerD + D Y FeD FeD T
c c c c
TN NGO T NGO N2
1
= Ol
e in the case py =1
BS C < C C C ) C
H( 2 /) f” - 10gN+logN+10gN 10gN+
L c_,_c¢ c
logN logN logN logN
c
N O(logN)

O

In Figure 2 we approximate the functions f : [0,1] x [0,1] = R f(z,y) =

H;—ﬂ by By for y =4 and N = 2,3,4.

We have the following estimations

N ||/ - BSs|l | IPBS )
2 | 0.0998 21
3 | 0.0365 64
4 | 0.0283 145
5 | 0.0135 276
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T

(a) The function f (b) The approximant By, N = 2

R
RS
v Yo %e

(¢) The approximant By, N = 3 (d) The approximant By, N = 4

F1GURE 2. The graph of function f(z,y) = 1/(1 + z + y) and the
graphs of By for y =4 and N = 2,3,4

Remark 8. Under the same stronger restrictions on f given by (24) we have that

1
177~ (Snm ¥ Pl = O(57)
1 = (S £l = Ol575)
which implies
|7 = BS 7l = Ozpg), for n="2. (29)
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Remark 9. The approzimation orders of operator Si.Sy. are

O(x=) o> 2
_— 0%  p=2
lf = (Snv2Sn2 )l = (30)

Ogzi=r) ne(1,2)
Oligw) k=1
But,
|7)(S§V,MSXT2,H S5 S§V27HS§(I’/J)| = 2N3 + N2 + 1

|,P(S§V2“u,sxf2“u,)| - (N2 + 1)2

It follows that the Biermann-Shepard operator BTS given by (27) is more efficient that

operator S\»Sy.
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