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SMOOTH DEPENDENCE OF SOLUTION ON PARAMETERS
FOR THE VOLTERRA-FREDHOLM INTEGRAL EQUATION

CLAUDIA BACOTIU

Abstract. In this paper we will give conditions that ensures the differen-
tiability with respect to parameters of the solution of Volterra-Fredholm

nonlinear integral equation.

1. Introduction

In the present paper consider the nonlinear integral equation of Volterra-

Fredholm type:

t b
u(a:,t):f(z,t)Jr/O / K(z,t,y,s,u(y,s))dyds (1)

vt € [0, ], Vo € [a, (], where [a,b] C [o, (]
Applying fiber Picard operators theory, we will prove the differentiability of the solu-
tion of (1) with respect to a and b.

2. Fiber Picard operators

Let (X, d) be a metric space and A : X — X an operator. In this paper we

will use the following notations:
Fa={zeX:Ax)=xa};
AV =15, A" = Ao A" Vn e N.
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Definition 2.1. (I. A. Rus [1]) The operator A is said to be:
(i) weakly Picard operator (wPo) ifVxg € X A™(xo) — xf, and the limit xj is a
fized point of A, which may depend on xg.
(ii) Picard operator (Po) if Fy = {z*} and Vzo € X A™(x9) — z*.
In the next section we need the following result:

Theorem 2.1. (Fiber Contraction Principle, I. A. Rus [3]) Let (X,d), (Y, p) be two
metric spaces and B: X — X, C: X xY — Y two operators such that:

(i) (Y, p) is complete;

(ii) B is a Picard operator, Fg = {z*};

(i1i) C(-,y) : X =Y is continuous Vy € Y;

(iv) Ja €]0,1] such that the operator C(x,-) : Y — Y is an a-contraction for all
x € X; let y* be the unique fized point of C(z*,").

Then

A: X xY = X xY, Azy):=(B),C(z7y))

is a Picard operator and Fa = {(z*,y*)}.

This theorem is very useful for proving solutions of operatorial equations to
be differentiable with respect to parameters. For such results see [6], [3], [2], [4], [5],

etc.

3. Main result

Theorem 3.1. Consider the equation (1) in the next conditions:
(1) f € C(la,b] x [0,c]) and K € C([a,b] x [0,¢] x [a,b] x [0,¢] x R);
(ii) there exists Ly > 0 such that:

|K($7tay757u)7K(z>taya531})| SLK|U7U| (2)

Y(z,t,y,s) € [o, B] X [0,¢] X [0, 8] X [0, ¢], Vu,v € R.

Then:

a) for all a < b € [, 0], the equation (1) has in C([o, B8] X [0,¢]) a unique solution
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u*(+,-, a,b).
b) for all ug € C([a, 5] % [0,¢]), the sequence (uy)n>0 defined by:

t b
up(x,t,a,b) = f(x,t) —I—/ / K(x,t,y, 8, un—1(y, 8,a,b))dyds
0 a

converges uniformly to u*, ¥(x,t,a,b) € [a, 8] X [0,¢] X [e, 5] X [av, G].

¢) The function u*, (z,t,a,b) — u*(x,t,a,b) is continuous: uv* € C([a, 5] x [0,¢] x
(e, B] [, B]);

d) If K(z,t,y,s,-) € CYR), V(z,t,y,8) € [a,8] x [0,¢] x [a, 3] x [0,¢], then
u*(x,t,-,-) € CY[a, B] x [, B]), V(2,t) € [, B] x [0, c].

Proof. Let the space C([a,b] x [0, c],R) be endowed with a suitable norm,
ull go := sup{||u(z, t)|| e”™ 1z € [a,b],t € [0,c]}, T>0 (3)

Let X := C([er, 8] x [0,¢] X [, B] X [, 3]). We consider the operator B : X — X
defined by:

t b
B(u)(z,t,a,b) := f(x,t)+/o / K(x,t,y,s,u(y, s,a,b))dyds

From (ii), applying the Contraction Principle, it follows that B is a contraction, so
we have a), b) and c¢).
For all a < b € [a, 3], there is a unique solution u*(-,+,a,b) € C([a, B8] % [0, c]), so we

have:

t b
(.t a,b) = £ 1) + / / K(z,t,y,5,u" (y, 5, a, b)) dyds (4)
0 a

ou*(z,t,a,b) and ou*(z,t,a,b)
b

exists, from (4) we obtain:

Let us prove that exists and they are continuous.

a
*(z,t,a,b
1. Supposing that %

a

* t
M — _/ K(.’L‘, t,a, S,U/*(a, S, a7 b))d8+
Oa 0

t b K * *
+/ / 0 (xat7ya8au (y78aa/?b)) . du (y78’a,b)dyd8
0 a 8U aCL
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This relationship suggest us to consider the next operator:

C: X x X — X, defined by:

t
C(u,v)(z,t,a,b) := —/ K(z,t,a,s,u(a,s,a,b))ds+
0

t b
K
+// d (ﬂf,t,y,gau(%s""b)) -v(y, s, a,b)dyds
0 a

Let u* be the unique fixed point of B. The operator C(u,-) is a contraction Yu € X

and let v* be the unique fixed point of C(u*,)).
If we define the operator A: X x X — X x X,

A(u,v)(x,t,a,b) := (B(u)(x,t,a,b),C(u,v)(x,t,a,b)),

then the conditions of the Theorem 2.1 are fulfilled. It follows that A is a Picard
operator and Fu = {(u*,v*)}.

Consider the sequences (up)n>0 and (v, )n>o defined by:
up(x,t,a,b) := B(up—1(z,t,a,b)) =
t b
s+ [ [ Kty s ab)dyds Vo>
0 Ja
vn(x,t,a,b) := C(up—1(x,t,a,b),vp—1(z,t,a,b)) =

t
= 7/ K(z,t,a,s,u,—1(a,s,a,b))ds+
0

t b

K t n— ) 7b

+/ / 0 (Ia 7y,5,; 1(y S, a )) "L)n_l(y,S,G,,b)dde V’I’LZ 1
0 Ja u

We have:

Up, Zu* (N — 00), v, IV (n— 00) (5)

uniformly for (z,t,a,b) € [o, 8] X [0,¢] X [, B] X [e, 5].

0
We take ug = vg := 0, so v; = ﬂ.
Oa
By induction we can prove that v, = % Vn and from (5) results:
a
Oouy, = ( )
— =2v" (n— o0
0a
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u*
Using a Weierstrass theorem, it follows that — exists and

0a
ou*(x,t,a,b)

9a =v*(z,t,a,b).

*

U
2. By a similar way, we can prove the existence and the continuity of —-.01

0b

Remark 3.1. We can also consider the following integral equation of Volterra-

Fredholm type:

t b
u(z,t) :f(x,t)—i—/o / K(x,t,y,s,u(y,s),\)dyds (6)

Vvt € [0,c], Vz € [a,b], where A € R and we can prove the differentiability of the
solution with respect to the parameter .

This case will be presented elsewhere.
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