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DATA DEPENDENCE OF THE FIXED POINTS SET OF WEAKLY
PICARD OPERATORS IN GENERALIZED METRIC SPACES

CLAUDIA BACOTIU

Abstract. In this paper we will extend the results concerning the data de-
pendence of the fixed points set of weakly Picard operators to a generalized
metric space (X, d) with d(z,y) € R", n € N*.

1. Introduction

Definition 1. Let z,y € R", = = (21,22, ...,%n), ¥ = (Y1,Y2, .-, Yn). We will
consider, by definition:

erx <y <y Vi=1mn

elzl=(a1||z2l, | zn |);

i max(x,y) = (max(xlay1)7max(x27y2)a ~~.amax(xnayn))'

Definition 2. Let X be a nonempty set; an application d : X x X — R? is called
generalized metric on X iff:

(Z) d<$7y) >0 Va,y € X; d($7y) =0ez=y

(i) d(z,y) = d(y,x) Y,y € X;

(11i) d(z,y) < d(z,z) +d(z,y) Vz,y,z € X.

In this case, (X, d) is said to be a generalized metric space (g.m.s. on short).

The related definitions of completeness, weakly Picard operators, the operator
f°° in a g.m.s. are the same as in the standard metric spaces.

Definition 3. If (X,d) is a g.m.s., we will consider the Pompeiu-Hausdorff

functional

H:P(X)x P(X)— (Ry U{+oo})™, H = (Hy,Hs,....,Hy)

H;(A, B) := maz{sup inf d;(a,b),sup inf d;(a,b)} VA, B € P(X) Vi =1,n.
acAbEB bebh a€EA

Definition 4. If (X, d) is a g.m.s., an operator f : X — X is called C-weakly Picard
iff [ is weakly Picard and there exists C' € M,, ,,(R) such that
d(z, f(z)) < Cd(z, f(2)) Y € X.
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2. Main results

Theorem 1. Let (X,d) be a complete g.m.s. and f,g: X — X two operators. We
suppose that:
(i) there exist C,D € M,y n(R) such that f is C-weakly Picard and g is D-weakly
Picard;
(ii) there exists n € R such that d(f(x),g(x)) <n Vo € X.
Then H(Fy, Fy) < max{Cn, Dn}.

To prove this theorem we will use the next Lemma:

Lemma 1. If (X,d) is a g.m.s. and A, B € P(X); n,{ € R such that:
VYa € A3be B: d(a,b) <mn;
Vbe B Jdac A: d(a,b) <.
Then H(A, B) < max{n,(}.
Proof-Theorem 1:
Let x € Fy; then:
d(z, f>~(z)) < Cd(z, f(z)) = Cd(g(z), f(x)) < Cn.
By a similar argument, we have that d(z, 9> (x)) < Dn Vx € Fy.
It follows from Lemma 1 that H(Fy, Fy) < max{Cn, Dn}.00
If in Theorem 1 we take f,g A-orbitally contractions, we have:

Theorem 2. Let (X,d) be a complete g.m.s. and f,g: X — X two orbitally contin-
uwous operators. We suppose that:
(i) A € M, (R), A* — 0 (i.e. the matrix A converges to zero) such that

— 00

d(f?(z), f(z)) < Ad(f(z),z) Vo € X and

d(g*(x),9(2)) < Ad(g(x), z) Vo € X;

(ii) there exists n € R'} such that d(f(x),g(x)) <n Ve e X.
Then:

a) Fr # 0 and F, # 0;

b) H(Ey, Fy) < (T - Ay,

3. Applications

We will consider the following systems of integral equations with deviating
argument:

b

z(t) = z(a) + /K(t,s,x(s))ds vt € [a, b] (1)
ab

z(t) = x(a) + /N(t,s,x(s))ds vt € [a, D] (2)

where K, N € C([a,b] X [a,b] x R™, R™).

By Theorem 2 we have:

Theorem 3. We suppose that:

(i) K(a,s,u) =0€R" and N(a,s,u)=0€R"VseRVYuecR™
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(ii) there exists 1 € R} such that
|K(t,s,u) — N(t,s,u)| <nVt, s € la,b] Vu € R™;
(ii1) there exists L € M, ,,(R) such that
|K(t,s,u) — K(t,s,v)| < Llu—v| Vt,s € [a,b] Yu,v € R" and
[N (t,s,u) — N(t,s,v)| < Llu —v| Vt, s € [a,b] Yu,v € R";
(iv) the matriz (b — a)L converges to zero.
If S1 and Sy are the solutions sets of the systems (1) and (2) in C([a,b],R™) then:
a) S1 # 0 and Sy # 0;
b) HHH(Sl, Sg) S [I - (b - a)L}(b - a)n;
where we consider the space C([a,b],R™) with the generalized metric induced by the
Tchebychev norm Hy” = (”yl”C[a,b]v HyQHC[a,b]a'“a Hyn”C[a,b]) Vy € C([a,b],R") and
H\. is the related Pompeiu-Hausdorff functional.

Proof. We consider the operators
f,9:C([a,b],R") — C([a,b],R™) defined by

b

f(@)(t) =z(a) + [ K(t,s,2(s))ds Vt € [a,b] Vo € C([a, b];

b
g(x)(t) = z(a) + [ N(t,s,x(s))ds Vt € [a,b] Vo € C([a,b]
and we will applya the Theorem 2.
b
We have f2(z)(t) = z(a) + [ K(t,s, f(z(s))ds Vt € [a,b] Yz € C([a,b],

so [f2(x)(t) — f(z)()| < (b= a)L||f(z) — =l =
1f2(@) = f@) < (b—a)L |[If(z) =], so Fy =S #0.
converges to 0
By a similar argument, ||g*(z) — g(@)|| < (b—a)L||f(z) — z||, so F; = S3 # 0.
We also have ||f(z) — g(z)|| < (b—a)n Yz € C([a,b]).
We are in the conditions of the Theorem 2 = H|.|(Fy, Fy) < [I — (b —a)L](b— a)n,
i.e. HH'H(Sl’ So) <[ —(b—a)L](b—a)n.O

References

[1] I. A. Rus, S. Muresan, Data Dependence of the Fized Points Set of Weakly Picard
Operators, Studia Univ. ”Babes-Bolyai”, Mathematica, 43(1998), Nr.1, 79-83.

[2] I. A. Rus, Generalized Contractions and Applications, Cluj University Press, 2001.

[3] A. Petrusel, Analiza operatorilor multivoci, Univ. Cluj, 1996.

”SAMUEL BRrRASSAT” HiGH ScHOOL, CLUJ-NAPOCA, ROMANIA
E-mail address: Claudia.Bacotiu@clujnapoca.ro

17



