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Dedicated to Professor Wolfgang W. Breckner at his 60" anniversary

Abstract. Let U be the unit disc of the complex plane: U={z¢€ C,|z|< 1}
and Ap={fe HU), f(2) =24 ant12" " +an22""? + ..,z € U}, and
the class of starlike functions in U , S*(a) = {f € A Re ZJJ:/(S) >a,z€ U}
the class of starlike functions of order a. We consider the integral operator

1

F(z)=

—:’Y /f ()" 'dt and we study its starlikeness properties.
z
0

1. Introduction

In this paper a « order starlikeness condition for Bernardi operator is ob-
tained. This condition is on extension of the results of Gh. Oros, see [1], which is
obtained from our result for a = 1.

Lemma A. [2] Let g the univalent function in U and let 6 and ¢ be analytic
functions in the domain D C q (U) with ¢ (w) # 0, when w € ¢ (U).

Set

Q (2) = nzq' (2) ¢ [q (2)]

and suppose that:
i) Q is starlike

and
i) R _ g |Pla)] | 2@ E)]

Q(2) ?la(2)]  Q(2)
If p is analytic in U, with
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and
Op(2)] + 29" (2) ¢ [p (2)] < Olq (2)] + 24’ (2) d[q (2)]

then p < q, and q is the best dominant.

2. Main results

Theorem 1. Let v > 0,a > 0 and

1 noz

h(z) (1)

T 1-az + (I—az)(1+~v—avyz)
If fe A, and

2f"(2)
f(z)

< h(z)

then
zF' (2) 1

R
¢ F(2) ~ 1+«

where

F(2) = / fHed (@)

Proof. From 2 we deduce

VF (2)+2F () =(v+1) f(2)  (3)

If we consider

then (3) becomes

But

implies
zp’ ()
p(z)+7
We apply Lemma 1 to prove that:
2F' (2) 1
>
F(z) 1+«

+p(2) < h(2)

Re

We have:
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0 (w) = w
bw) =
0l (=) = ——
0la(2)] = T
Q) =nad ()0l () = Ta e —a )
1 noaz

Because @ is starlike and Re ¢ [g (z)] > 0,from Lemma 1 we deduce

z2F' (2) 1 zF' (2) 1

<q<= < >
p=a F(2) 1+ az eF(z) 1+«

The last relation is equivalent to

Fes* (1)
1+«

Remark. For a =1 we obtain the result of Gh. Oros [1].
Corollary 1. Let

1 noz
LS v ey g
If f € A and
zf' ()
10 < h(z)
then
2F'(z) 1
Re 5ty = 2
where

Proof. In Theorem 1 we put a=1,y=1,n=1.
Corollary 2. Let

1 noz
h(z) = 1-22 + (1-22)(1+~v—2v2)
If fe A, and
2f' (2)
1D < h(z)
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then
zF' (z) _ 1
where ;
F(z) = 1;7 /f (1)t
0
Proof. In Theorem 1 we put o = 2.
Theorem 2. Let v > 0,a > 0 and
14+ az 2naz
h(z):1—a2+(1—az)(1+7—(1—’y)az) )
If fe A, and
2f' (2)
e < h(z)
then
2F' (2)  1—«
he F(z) 71 +
where B
P = [roeta )
0
Proof. From (5) we deduce:
VF (2) +2F (2) = (v+1) f(z)  (6)
Let
FI
p(z) = ZF (S)
Then (3) becomes
zp’ (2) _ 2/ (2)
r@+7 PP
But
2f' (2)
h
i "
implies
zp' (2)

m-ﬁ-p(z) -<h(Z)

We use Lemma 1 to prove that:
2F' (2)  1—«

he F(z) >1—|—a
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We have:
_ 1+ az
T 1-az

w+ 7y
_1+az
T 1l-az

1—az
= 0y

, B 2naz
Q) =n=d ()60 () = T—a s =) 7]

h(z) =0la(2)]+Q(2) = 1i_zz+ (1—0[2)(1-12-7:)(j (1 —7)az)

Because @ is starlike and Re ¢ [¢ ()] > 0 from Lemma 1 we deduce :

P<q<=

2F' (2) 1+aszzF’(z)>1fa
e
F(2) 1—az F(2) 1+«
The last relation is equivalent to
1—
Fegs” ( a)
l1+a

Remark. For oo = 1 we obtain the result of Gh. Oros [1].

Corollary 3. Let

h(z) = 11—|;2Zz
If f € A and

zf' (2)

e < h(z)
then

ReZF(S) >0

where .
Fe)=2 [ raa

Proof. In Theorem 2 we put a =1,y=1,n=1.
Corollary 2. Let

1+ 22 Inz
M) = . T i A 20-72)
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If fe A, and
zf' ()
e < h(z)
then
zF' (2) 1
Re F(Z) > —g
where B
1+7 -1
F(z)= f@)t " dt
27 0/

Proof. In Theorem 2 we put o = 2.
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