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ON SPECTRA OF SOME TENSORS OF SIX–DIMENSIONAL
KÄHLERIAN SUBMANIFOLDS OF CAYLEY ALGEBRA

M.B. BANARU

Abstract. The spectra of the metric tensor, of the almost complex struc-

ture, of the fundamental form, of the Riemannian curvature tensor, of the

Ricci tensor and of the Weyl tensor of six–dimensional Kählerian subman-

ifolds of Cayley algebra are computed.

It is proved that six–dimensional Kählerian submanifolds of Cay-

ley algebra are CRK–manifolds, i.e. their Weyl tensor of conformal cur-

vature is J–invariant.

1. Preliminaries

We consider an almost Hermitian manifold, i.e. a 2n–dimensional manifold

M2n with Riemannian metric g = 〈·, ·〉 and an almost complex structure J . Moreover,

the following condition must hold

〈JX, JY 〉 = 〈X, Y 〉, ∀X, Y ∈ ℵ(M2n),

where ℵ(M2n) is the module of smooth vector fields on M2n. All considered manifolds,

tensor fields and similar objects are assumed to be of the class C∞.

The specification of an almost Hermitian structure on a manifold is equivalent

to the setting of a G–structure, where G is the unitary group U(n) [1]. Its elements

are the frames adapted to the structure (A–frames). They look as follows:

(p, ε1, . . . , εn, ε1̂, . . . , εn̂),

where p ∈ M2n, εa are the eigenvectors corresponded to the eigenvalue i =
√
−1,

and εâ are the eigenvectors corresponded to the eigenvalue −i. Here a = 1, . . . , n;

â = a + n.
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Therefore, the matrices of the operator of the almost complex structure and

of the Riemannian metric written in an A–frame look as follows, respectively:

(Jk
j ) =

 iIn 0

0 −iIn

 ; (gkj) =

 0 In

In 0

 ; (1)

where In is the identity matrix; k, j = 1, . . . , n.

We recall that the fundamental form of an almost Hermitian manifold is

determined by

F (X, Y ) = 〈X, JY 〉, X, Y ∈ ℵ(M2n).

By direct computing it is easy to obtain that in an A–frame the fundamental form

matrix looks as follows:

(Fkj) =

 0 iIn

−iIn 0

 (2)

It is expedient to consider the other tensors written in an A–frame. This

corresponds to the problems of the study of almost Hermitian manifolds. We remark

that the notion of the tensor spectrum was introduced by V.F. Kirichenko [1].

2. Kählerian structure on M6 ⊂ O

Let O ≡ R8 be the Cayley algebra. As it well–known [2], two non–isomorphic

three fold vector cross products are defined on it by means of the relations

P1(X, Y, Z) = −X(Y Z) + 〈X, Y 〉Z + 〈Y,Z〉X − 〈Z,X〉Y,

P2(X, Y, Z) = −(XY )Z + 〈X, Y 〉Z + 〈Y,Z〉X − 〈Z,X〉Y,

where X, Y, Z ∈ O, 〈·, ·〉 is the scalar product in O, X → X is the conjugation

operator. Moreover, any other three fold vector cross product in the octave algebra

is isomorphic to one of the above–mentioned.

If M6 ⊂ O is a six–dimensional oriented submanifold, then the induced

almost Hermitian structure {Jα, g = 〈·, ·〉} is determined by the relation

Jα(X) = Pα(X, e1, e2), α = 1, 2,

where {e1, e2} is an arbitrary orthonormal basis of the normal space of M6 at a point

p, X ∈ Tp(M6) [2]. The submanifold M6 ⊂ O is called Kählerian, if the following
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condition is fulfilled

∇J = 0,

where ∇ is the Levi–Civita connection of the metric. The point p ∈ M6 is called

general [3], if

e0 6∈ Tp(M6) and Tp(M6) ⊆ L(e0)⊥,

where e0 is the unit of Cayley algebra and L(e0)⊥ is its orthogonal supplement. A

submanifold M6 ⊂ O, consisting only of general points, is called a general–type

submanifold [3]. In what follows all submanifolds M6 to be considered are assumed

to be of general–type.

3. Riemannian curvature tensor spectrum

The tensor of the Riemannian curvature (or Riemann–Christoffel tensor)

plays an important role in the geometry of manifolds. The outstanding American

mathematician Alfred Gray noted [4] that the identities the Riemannian curvature

tensor satisfies are very important for the study of almost Hermitian manifolds. Tak-

ing into account the properties of the symmetry and of the reality of this tensor as

well as the Ricci identity [5], [6], it is sufficient to obtain four (out of sixteen) types

of components, that determine completely its spectrum.

Now, let M6 ⊂ O be a six–dimensional Kählerian submanifold of the octave

algebra. In [7] the Cartan structure equations of Kählerian have been obtained:

dωa = ωa
b ∧ ωb;

dωa = −ωb
a ∧ ωb;

dωa
b = ωa

c ∧ ωc
b − T 7

âĥ
T 7

bgωh ∧ ωg,

where {T 7
kj} are the components of the configuration tensor of M6 [8] (or the Euler

curvature tensor [9]). Here and further a, b, c, d, g, h = 1, 2, 3; â = a + 3; k, j,m, l =

1, 2, 3, 4, 5, 6.

Taking into account the fact that the Cartan structure equations must look

as follows:

dωk = ωk
j ∧ ωj ;

dωk
j = ωk

m ∧ ωm
j +

1
2
Rk

jmlω
m ∧ ωl,
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we compute the spectrum of the Riemannian curvature tensor of six–dimensional

Kählerian submanifolds of Cayley algebra. We get such values

Rabcd = Râbcd = Râb̂cd = 0, (3)

Râbĉd = −2T 7
âĉT

7
bd.

We remark that the condition

Rabcd = Râbcd = Râb̂cd = 0 (4)

is a criterion [10] for an arbitrary almost Hermitian M6 ⊂ O to belong to the class

of R1–manifolds (in A. Gray’s terminology [4], or parakählerian manifolds [11], or

f–spaces [12]). But, however, A. Gray has proved [4] that every Kählerian manifold

is parakählerian. That’s why (4) could be obtained from the above–mentioned result

[10].

4. Ricci tensor spectrum

We recall that the Ricci tensor of a Riemannian manifold [5], [6] is determined

by the relation

rickj = Rl
kjl.

In view of the reality of the Ricci tensor for determining of its spectrum it is sufficient

to find the components ricab and ricâb. From (3) we get:

ricab = 0, ricâb = −2T 7
âĉT

7
cb.

Since the condition ricab = 0 is a criterion for an arbitrary almost Hermitian manifold

to possess a J–invariant Ricci tensor [13], we have the following Theorem.

Theorem I. Every six–dimensional Kählerian submanifold of Cayley algebra pos-

sesses a J–invariant Ricci tensor.

5. Weyl tensor spectrum

Now, we give the values of Weyl tensor spectrum of six–dimensional Kählerian

submanifolds of the octave algebra. This tensor is determined by

Wijkl = Rijkl +
1

n− 2
(ricikgjl + ricjlgik − ricilgjk − ricjkgil)+
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+
K

(n− 1)(n− 2)
(gjkgil − gjlgik),

where K is the scalar curvature of M6 [6]. Like in the case of the Riemannian curvature

tensor, proceeding from the properties of the Weyl tensor, it is sufficient to find the

components

Wabcd, Wâbcd, Wâb̂cd, Wâbĉd,

that determine completely the Weyl tensor spectrum. We obtain such values

Wabcd = 0, Wâbcd = 0,

Wâb̂cd = −1
2
(T 7

âĥ
T 7

hcδ
b
d + T 7

b̂ĥ
T 7

hdδ
a
c − T 7

âĥ
T 7

hdδ
b
c − T 7

b̂ĥ
T 7

hcδ
a
d) +

K
20

δba
cd ,

Wâbĉd = −2T 7
âĉT

7
bd +

1
2
(T 7

âĥ
T 7

hdδ
c
b + T 7

ĉĥ
T 7

hbδ
a
d) +

K
20

δc
bδ

a
d .

As the condition

Wâbcd = 0

is a criterion for an arbitrary almost Hermitian manifold to belong to the CRK–class

(or cR3–class [14]), we obtain the following Theorem.

Theorem II. Every six–dimensional Kählerian submanifold of Cayley algebra is a

CRK–manifold.

6. Table of classical tensors of six-dimensional Kählerian submanifolds of

Cayley algebra

Let us put together the obtained results. The spectra of the structure ten-

sors and of the fundamental form are found from (1) and (2). We remark that all

these data define more exactly the result [15] obtained on six–dimensional Hermitian

submanifolds of Cayley algebra.
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Tensor Tensor spectrum

Almost complex Ja
b = iδa

b , J â
b = 0, Ja

b̂
= 0, J â

b̂
= −iδb

a

structure

Riemannian gab, gâb = δa
b , gab̂ = δb

a, gâb̂ = 0

metric

Fundamental Fab, Fâb = −iδa
b , Fab̂ = iδb

a, Fâb̂ = 0

form

Riemannian Rabcd = 0, Râbcd = 0, Râb̂cd = 0,

curvature tensor Râbĉd = −2T 7
âĉT

7
bd

Ricci tensor ricab = 0, ricâb = −2T 7
âĉT

7
cb

Weyl tensor Wabcd = 0, Wâbcd = 0,

Wâb̂cd = − 1
2 (T 7

âĥ
T 7

hcδ
b
d + T 7

b̂ĥ
T 7

hdδ
a
c − T 7

âĥ
T 7

hdδ
b
c−

−T 7
b̂ĥ

T 7
hcδ

a
d) + K

20δba
cd ,

Wâbĉd = −2T 7
âĉT

7
bd + 1

2 (T 7
âĥ

T 7
hdδ

c
b + T 7

ĉĥ
T 7

hbδ
a
d)+

+ K
20δc

bδ
a
d

References

[1] Kirichenko V.F., Methods of the generalized Hermitian geometry in the theory of almost
contact metric manifolds, In: Problems of Geometry, 18(1986), 25–71.

[2] Gray A., Vector cross products on manifolds, Trans. Amer. Math. Soc., 141(1969), 465–
504.

[3] Kirichenko V.F., On nearly–Kählerian structures induced by means of 3–vector cross
products on six–dimensional submanifolds of Cayley algebra, Vestnik MGU, 3(1973),
70–75.

[4] Gray A., Curvature identities for Hermitian and almost Hermitian manifolds, Tôhoku
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