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ON SPECTRA OF SOME TENSORS OF SIX-DIMENSIONAL
KAHLERIAN SUBMANIFOLDS OF CAYLEY ALGEBRA

M.B. BANARU

Abstract. The spectra of the metric tensor, of the almost complex struc-
ture, of the fundamental form, of the Riemannian curvature tensor, of the
Ricci tensor and of the Weyl tensor of six—dimensional K&hlerian subman-
ifolds of Cayley algebra are computed.

It is proved that six-dimensional K&hlerian submanifolds of Cay-
ley algebra are C RK—manifolds, i.e. their Weyl tensor of conformal cur-

vature is J—invariant.

1. Preliminaries

We consider an almost Hermitian manifold, i.e. a 2n—dimensional manifold
M?" with Riemannian metric g = (-, ) and an almost complex structure .J. Moreover,

the following condition must hold
(JX,JY)=(X,Y), VX,Y €M),

where R(M?") is the module of smooth vector fields on M2, All considered manifolds,
tensor fields and similar objects are assumed to be of the class C*°.

The specification of an almost Hermitian structure on a manifold is equivalent
to the setting of a G-structure, where G is the unitary group U(n) [1]. Its elements

are the frames adapted to the structure (A—frames). They look as follows:

(D, €151 Ens €7y -1 ER),

where p € M?", ¢, are the eigenvectors corresponded to the eigenvalue i = /—1,
and e; are the eigenvectors corresponded to the eigenvalue —i. Here a = 1,...,n;

a=a-+n.
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Therefore, the matrices of the operator of the almost complex structure and

of the Riemannian metric written in an A—frame look as follows, respectively:

. il,| 0 0|1,
(Jj) = . S i (gky) = o ; (1)
—Up n

where I, is the identity matrix; k,j =1,...,n.
We recall that the fundamental form of an almost Hermitian manifold is
determined by
F(X,Y)=(X,JY), X,Y eRr(M").

By direct computing it is easy to obtain that in an A—frame the fundamental form

matrix looks as follows:

It is expedient to consider the other tensors written in an A—frame. This
corresponds to the problems of the study of almost Hermitian manifolds. We remark

that the notion of the tensor spectrum was introduced by V.F. Kirichenko [1].

2. Kahlerian structure on M% c O

Let O = R8 be the Cayley algebra. As it well-known [2], two non—isomorphic

three fold vector cross products are defined on it by means of the relations

Py(X,Y,Z) = —(XY)Z + (X,Y)Z + (Y, Z)X — (Z, X)Y,

where X,Y,Z € O, (-,-) is the scalar product in O, X — X is the conjugation
operator. Moreover, any other three fold vector cross product in the octave algebra
is isomorphic to one of the above—mentioned.

If M® C O is a six-dimensional oriented submanifold, then the induced

almost Hermitian structure {J,,g = (-,)} is determined by the relation
Jo(X) = Py(X,e1,e2), a=12,

where {e1, eo} is an arbitrary orthonormal basis of the normal space of M® at a point
p, X € T,(M5) [2]. The submanifold M® C O is called Kéhlerian, if the following
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condition is fulfilled
VJ =0,

where V is the Levi-Civita connection of the metric. The point p € M is called
general [3], if

eo & Tp(M®) and T,(M®) C L(eg)™,
where e is the unit of Cayley algebra and L(eg)" is its orthogonal supplement. A
submanifold M% C O, consisting only of general points, is called a general-type
submanifold [3]. In what follows all submanifolds M® to be considered are assumed

to be of general-type.

3. Riemannian curvature tensor spectrum

The tensor of the Riemannian curvature (or Riemann—Christoffel tensor)
plays an important role in the geometry of manifolds. The outstanding American
mathematician Alfred Gray noted [4] that the identities the Riemannian curvature
tensor satisfies are very important for the study of almost Hermitian manifolds. Tak-
ing into account the properties of the symmetry and of the reality of this tensor as
well as the Ricci identity [5], [6], it is sufficient to obtain four (out of sixteen) types
of components, that determine completely its spectrum.

Now, let M% C O be a six-dimensional Kihlerian submanifold of the octave
algebra. In [7] the Cartan structure equations of Kahlerian have been obtained:

dw® = w A Wb,
dw, = —wZ A Wp;
dwy = wg A wi — TgﬁTngh Aw?,
where {T};} are the components of the configuration tensor of M? [§] (or the Euler
curvature tensor [9]). Here and further a,b,¢,d,g,h = 1,2,3; a = a + 3; k,j,m,l =
1,2,3,4,5,6.

Taking into account the fact that the Cartan structure equations must look

as follows:
dw® = w;? Aw? ;
k

1
k k !
dwji = wp, Awj" + §ijlwm AW,
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we compute the spectrum of the Riemannian curvature tensor of six—dimensional

Kahlerian submanifolds of Cayley algebra. We get such values

Raped = Rabea = Ry = 0, (3)

a
Ravea = —2TLTY,.
We remark that the condition

Raped = Raped = R&@cd =0 (4)

is a criterion [10] for an arbitrary almost Hermitian M% C O to belong to the class
of Rl-manifolds (in A. Gray’s terminology [4], or parakdhlerian manifolds [11], or
f—spaces [12]). But, however, A. Gray has proved [4] that every Kéhlerian manifold
is parakéhlerian. That’s why (4) could be obtained from the above—mentioned result

[10].

4. Ricci tensor spectrum

We recall that the Ricci tensor of a Riemannian manifold [5], [6] is determined
by the relation
TiCk; = Ricjl'
In view of the reality of the Ricci tensor for determining of its spectrum it is sufficient

to find the components ricq, and riczp. From (3) we get:

Picay = 0, ricgy = —2TT0.

Since the condition ric,, = 0 is a criterion for an arbitrary almost Hermitian manifold

to possess a J-invariant Ricci tensor [13], we have the following Theorem.

Theorem 1. Every siz—dimensional Kahlerian submanifold of Cayley algebra pos-

sesses a J—invariant Ricci tensor.

5. Weyl tensor spectrum

Now, we give the values of Weyl tensor spectrum of six—dimensional K&hlerian
submanifolds of the octave algebra. This tensor is determined by
Wikt = Rijra + ﬁ(mcikgjl + ricjigik — ricugir — TicCjRGi)+
14
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(n_ 1)(n_2) gjkgll g]lglk I

where K is the scalar curvature of M [6]. Like in the case of the Riemannian curvature
tensor, proceeding from the properties of the Weyl tensor, it is sufficient to find the

components

Wabed,  Wabeds  Wiieqr  Waveds

that determine completely the Weyl tensor spectrum. We obtain such values

Wabcd = 07 Wabcd = 0,

K

1 a a a

Watea = *g(TgﬁTZﬁZ + Tg%Tde(Sc - Tg,;TMS - Tg?LTiZc(sd) + 2*05251,
7 7 1 7T T sc 7 7 sa K csa
Wapea = —2T5:Tpq + §(TagThd5b + 15 Tydq) + ?05b5d-

As the condition

Wabea = 0

is a criterion for an arbitrary almost Hermitian manifold to belong to the C' RK—class

(or cR3—class [14]), we obtain the following Theorem.

Theorem II. Fvery six—dimensional Kdhlerian submanifold of Cayley algebra is a

CRK-manifold.

6. Table of classical tensors of six-dimensional Kahlerian submanifolds of

Cayley algebra

Let us put together the obtained results. The spectra of the structure ten-
sors and of the fundamental form are found from (1) and (2). We remark that all
these data define more exactly the result [15] obtained on six-dimensional Hermitian

submanifolds of Cayley algebra.
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Tensor Tensor spectrum
Almost complex Jg = 1oy, J,‘? =0, Jg =0, JEa = —ib
structure
Riemannian Jabs  Gab =0y, g5 = 3es 95 =0
metric
Fundamental Fop,  Fap=—idp, Fg =i, Fg3=0
form
Riemannian Rapea =0,  Rapea =0, Ry, =0,
curvature tensor Rapea = _2Ta76T b7d
Ricci tensor ricgy =0, ricg, = _2Ta75Tc7b
Weyl tensor Wabeda =0, Wapeq =0,
Witea = —3(T5Th.04 + TL T 408 — TL T 00—
—TLT.03) + 35004,
Wanea = =211 + 5 (15 Tji46% + 15 Tr,05)+
+559504
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