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Motivation

Figure: Blurred and noisy image

@ For deblurring and denoising of an image we consider the nonsmooth
optimization problem:

. 1 2
Xlgﬂgn {2||AX — b||* + )\TV(X)} ,
where A € R"*" is a blur operator, b € R" is the given blurred and

noisy image, A > 0 is a regularization parameter and TV : R" — R
is a discrete total variation functional.
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Motivation

Figure: Blurred and noisy image Figure: Solution of the problem

@ For deblurring and denoising of an image we consider the nonsmooth
optimization problem:

. 1 2
xlenng" {2||AX —b||* + )\TV(X)} ,

where A € R"™ " is a blur operator, b € R" is the given blurred and
noisy image, A > 0 is a regularization parameter and TV : R” — R
is a discrete total variation functional.
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Definitions (1)

o Let H be a Hilbert space. Then we define
F(H)={f:H — R: fis proper, convex and lower semicontinuous}.

o Let f: H — R and v > 0. We call f strongly convex with modulus
v if for all x,y € H and t € [0, 1] holds

Flox + (1 t)y) < t(x) + (1= OF(y) — Syt(1 = B)x — I

e Let f € [((H)) and o > 0. Then the Proximal Point Operator of f
is defined as:

1
Prox,¢(x) = argmin {af(y) + =y - X||2} .
yeEH 2
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Definitions (2)

o We set
S.(H)={M:H — H : Mis linear, continuous, self-adjoint and
positive semidefinite}.

e For M € S, (H) we define the semi-norm ||x||2, = (x, Mx) ¥x € H.
o We denote for My, M, € S (#) the Loewner partial ordering by

My = My & x> lIxI3, ¥x € H.
@ Furthermore, we define for &« > 0
Po(H)={M e S, (H) : M = ald}.

@ Let A:H — G be a linear continuous operator. The operator
A* . G — H, fulfilling

(A%y,x) = (v, Ax)

for all x € H and y € G, denotes the adjoint operator of A, while
Al == sup{||Ax]| : ||x]| <1} denotes the norm of A.
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AMA-Alternating Minimization Algorithm

AMA-Alternating Minimization Algorithm (1)

@ Consider the following convex minimization problem

min f(x) + g(z),
st. Ax+Bz=b,x e R", ze R"

o where f € I'(R") is y-strongly convex and g € I(R™) ,
AeR™>" B e R™™ are linear operator and b € R".

@ We have the following Lagrangian for this optimization problem
L:R"xR™" xR =R
L(X,Z,p) = f(X) —|—g(Z) + <p7 b - AX - BZ>
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AMA-Alternating Minimization Algorithm (2)

Algorithm

Choose p® € R" and a sequence of stepsizes (ck)k>0 C (0, +00).

xk = argmin, cga{ f(x) — (p¥, Ax)},
zk € argmin,crn{g(z) — (p*, Bz)
+ %||Axk + Bz — b},

pktt = pk + (b — Axk — BZX).

vk >0
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AMA-Alternating Minimization Algorithm

Convergence

Theorem (Tseng,1991)

Let A # 0 and (x, z) € ri(dom f) x ri(dom g) be such that Ax + Bz = b.
Assume that the sequence of stepsizes (c)k>o Satisfies

2y
€< ¢ < AR —eVk >0,
where € € (0, W) Let (x*,z¥, p¥)k>0 be the sequence generated by

the algorithm above. Then there exist x* € R" and an optimal Lagrange
multiplier p* € R" associated with the constraint Ax + Bz = b such that

xk = x*, BzX — b — Ax*, p¥ — p*(k = +0).

If the function z — g(z) + ||Bz||? has bounded level sets, then (z*)x>0 is
bounded and any of its cluster points z* provides with (x*,z*) an
optimal solution of the problem above.
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Proximal AMA

Problem Formulation (1)

o Let H, G and K be real Hilbert spaces. Consider the following
convex minimization problem

min{£(x) + g(2) + hi(x) + ha(2)}
st. Ax+Bz=b

o where f € () ~-strongly convex and g € T(G) , hy : H — R and
h> : G — R convex and Fréchet differentiable functions with L;- and
Lp-Lipschitz continuous gradients (L;, L, > 0),

A:H — K and B: G — K linear continuous operators such that
A#0and b e K.

@ There exists x € ri(dom(f)) and z € ri(dom(g)) satisfying
Ax + Bz = b.
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Problem Formulation (2)

@ We have the following Lagrangian for this optimization problem

L-HXxGxK—=>R
L(x,z,p) = f(x) + g(z) + hi(x) + ha(2) + (p, b — Ax — Bz).

e We say that (x*,z*, p*) € H x G x K is a saddle point of the
Lagrangian L, if

L(X*aZ*ap) < L(X*vz*vp*) < L(sz,p*)

holds for all (x,z,p) € H x G x K.
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Proximal AMA

Algorithm

Let (Mf)k>0 € S (H) and (M§)k>0 € S1(G). Choose
(x%,2% p%)e H x G x K and a sequence of stepsizes (ck)k>0 C (0, +00).

+ Y- X2

Vk > 14zt € argmin,g {g(z) — (p*, Bz) + %[|Ax**! + Bz — b|?
+ (7= 28, Vho(24) + 3z = 22, }

pk+1 = pk + Ck(b — Axk+l _ sz+1).

XKL= argmin e {F(x) — (P, Ax) + (x — xK, V hy(x¥))

@ The sequence (Zk)kzo is uniquely determined if there exists ay > 0
such that ¢xB*B + Mk € P, (G) for all k > 0.
o For My := 11d — ¢,B*B with o) > 0 and oxck||B||* < 1 the update

of zK*1 is a proximal step.
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Proximal AMA

Convergence

Theorem

Let the set of saddle points of the Lagrangian L be nonempty and

Mf — Bid € Sy (M), Mf = M ME — 21d € S.(G), Mk = My for
all k > 0. Assume that the sequence (x*,z, p*)i>¢ is generated by the
Algorithm above and (ck)k>o is monotonically decreasing satisfying:

2y

e<c<———¢, VYk>0,
A2

where € € (0, W) If one of the following assumptions hold true:
o there exists a > 0 such that MY — %Id € Pa(G) for all k > 0;

o there exists 3 > 0 such that B*B € Ps(G);

then (x*, z*, p¥) x>0 converges weakly to a saddle point of the
Lagrangian L.
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Image deblurring and denoising

@ For deblurring and denoising of an image we consider the nonsmooth
optimization problem:

. 1 2
Xlen[gn {2||Ax — b||* + )\TV(X)} ,

where A € R"™ " is a blur operator, b € R" is the given blurred and
noisy image, A > 0 is a regularization parameter and TV : R" =+ R
is a discrete total variation functional.

@ The vector x € R" is the vectorized image X € RM*N “where
n= MN and x; j := X;; stands for the normalized value of the pixel
in the i-th row and the j-th column, 1 < i< M1 <j<N.
For color images we have X € RM*N*3 and n = 3MN.
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Discrete total variation (1)

We consider the discrete isotropic total variation TVis, : R"” — R,

M—-1N-1

TVio(x) =D > \/(Xi+1,j = xij)* + (Xijr1 — xij)?
i=1 j=1
M—1 N—-1
+ 3 i = xinl + D e — xwgl,
i—1 =1

and the discrete anisotropic total variation TV niso : R” — R,

M—1N—1
TVaniso(x) = [Xiy1,; — Xij| + |[Xij41 — Xij]
i=1 j=1
M—1 N—1
+ Z IXit1,n — Xi,n| + Z IXMjr1 — Xm |-
i=1 j=1
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Discrete total variation (2)

@ We define the linear operator
L:R" = R” x R", x; ; — (Lixij, Lox; j), where

Lix : — Xit1,j — Xi s ifi<M and
Y 0, if i = M

Lox: i — Xij+1 — Xi js Ifj <N
2 o, ifj =N

@ The problem above can be written as
inf {F(A%) +g(Lx)}
where f : R” — R, f(x) = 3||x — b||? and g : R” x R” — R, where

in the case of the anisotropic total variation g(y, z) = A||(v, 2)|1
and in the case of the isotropic total variation

g(yaz):)‘“(yﬂ )HX *)‘Z: 12} 1 yI,J
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Image deblurring and denoising

@ The Fenchel dual problem is given by (strong duality holds):

peR",cl;gR"xR”{f (p) +&"(q)}
st. A"p+ L*q=0.

e As f*(p) = %||p||2 + (p, b) for all p € R", f* is 1-strongly convex.
@ The conjugate of g is the indicator function of the set

[=A A" X [=A A7

(in the anisotrpic case) or the indicator function of the set

S = {(v,w)eR”xR": max \/mﬁ)\}
1<i<n

(in the isotropic case).
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Proximal-AMA-Algorithm

We choose Mf = 0 and My = 11 — ¢, LL* for every k > 0 and obtain for
Proximal AMA:

Algorithm

Choose x° € R” and (c«)k=0 > 0. For all k > 0 generate the sequence
(Pka q~, Xk)kgo as follows:

Pt = argmin {f*(p) — (xk,A*p)} =Ax"—b

pER?
qk+1 = Proxgkg* (q +UkaL( A* k+1 o k) + U'kL( ))
X = K g (AT PR — [T gh

The proximal operator of the g“*!-Update is a projection operator.
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AMA-Algorithm

Algorithm

Choose x° € R” and (ck)k>0 > 0. For all k > 0 generate the sequence
(Pk7 qk7xk)k20 as follows:

p* = argmin {f*(p) — <xk7A*p)} =A<~ b
pER”

- * * C * *
q" = argmin{g”(q) — (x, L"q) + || A"p" + L"q|}
geRM 2

Xk+1 _ Xk + Ck(fA*pk _ L*qk).

In Proximal AMA a closed formula is available for the computation of g,
in AMA we solved the resulting optimization subproblem in every
iteration k > 0 by making some steps of the FISTA method.
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Figure: Original image Figure: Blurred and Figure: Image after 50s
"office _ 4" noisy image cpu-time
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Comparison Proximal-AMA and AMA

Objective function values
& o o 3 B B

~

0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
CPU time in seconds CPU time in seconds

Figure: Objective function Figure: ISNR value for
values for anisotropic TV with anisotropic TV with
A=5-10"° A=5-10"°
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Kernel based machine learning (1)

@ For Kernel based machine learning we have a given training data set

= {(X1, Y1)+, (Xn, Yn)} SR x {+1,-1}.

Figure: A sample of images belonging to the classes +1 and —1.

@ The symmetric and finitely positive definite Gaussian kernel function
is given by

2
k:RYxRY 5 R, k(x,y) =exp —M .
202

e By K € R™" we denoted the symmetric and positive definite Gram
matrix with entries Kjj = x(X;, Xj) for i,j=1,...,n
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Kernel based machine learning (2)

@ We consider the nonsmooth optimization problem:
inf {f K
inf {F(x) +g(Kx)}
which is equivalent to

inf {f(x) +&(2)}, st Kx—z=0
XER"

where f : R" - R, f(x) = $x"Kx, g : R” = R and
g(z)=CY.!  max{1—zVY;,0} fora C > 0.

@ So f is Amin(K)-strongly convex and differentiable and
Vi(x) = Kx Vx eR".

@ For p € R", we have

“(p) = SripYi, ifpYie[-C0,i=1,...,n
g = 400 otherwise.
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Proximal-AMA-Algorithm

Algorithm

Choose x° € R", 2° e R”, p° € R”, for an € > 0 the sequence
(ck)k>0 € (€, 27&““(2’() —€), (M{)i>1 positive semidefinite and (ok)xk>0 > 0 such

that o, < é For all k > 1 generate the sequence (p*, g*, x)k>0 as follows:

1
s — argmin {f(x) - <Pk7 Kx) + = |x — Xk”?vrk}
xERN 2 !
= (K + M) (Kp* + Mix*¥) (1)
s Proxe, ((1 — Cko'k)zk 4 o'k(CkKXk-H _ pk)) (2)
pk+1 = pk + Ck(—KXk+1 + Zk+1). (3)
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Comparison Proximal-AMA and AMA (1)

o For Mf =0 and o, = % the algorithm above is the AMA-Algorithm

which performs for the update of z¥ the proximal-step: z¢*! =

Proxig(ka+1 - &P = (Kx"“ - cikpk) - éProxckg* (ckakJrl - pk)
by means of the Moreau decomposition formula for v > 0
Prox,¢(x) 4+ yProxa e (77 1x) = x, Vx € H (= R" here).

@ In the numerical experiments oy = é was the best choice for the

k+1

Proximal AMA algorithm, so the update of z is the same as in

the AMA algorithm.

@ But the choice of Mf = 7K was for some 7, > 0 better than
Mf = 0. So the update of x* for Proximal-AMA becomes

XK = £ (p* + mix) instead of x*t1 = p¥ like in AMA.

@ We used for both algorithms a constant sequence of stepsizes

=220 10% for all k> 0.
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Comparison Proximal-AMA and AMA (2)

Algorithm misclassification rate at 0.7027 % RMSE < 103
Proximal AMA _ 8.18s (145) 23.44s (416)
AMA 8.655 (153) 26.64s (474)

Table: Performance evaluation for the SVM problem using C =1, 0 = 0.2
(standard deviation of the gaussian kernel function) and for Proximal AMA
Tk = 10. The entries refer to the CPU times in secondes and the number of

iterations.
Algorithm misclassification rate at 0.7027 % RMSE < 103
Proximal AMA  141.78 s (2448) 629.52 s (10,940)
AMA 147.99 s (2574) 652.61 s (11,368)

Table: Performance evaluation for the SVM problem using C =1, 0 = 0.25
and for Proximal AMA 7, = 102. The entries refer to the CPU times in
secondes and the number of iterations.
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