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Motivation

Toll Models

Toll Caps in Privatized Road Networks
by Harks, Schréder, and Vermeulen 2018

Electricity Markets
Nash equilibrium in a pay-as-bid electricity market
by Aussel, Bendotti, and Pisték 2017

Analysis of m-stationary points to an epec modeling
oligopolistic competition in an electricity spot market.
by Henrion, Outrata, and Surowiec 2012

m These models may include large amount of players

m Dynamic games get high dimensional

m Mean field limit transforms a high dimensional system of ODEs to a
(nonlinear) PDE
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Motivation: Example

Optimization and Mean Field Behavior for N — oo

foric 1. min / / (v, uﬂfdydt
. . G20 de| ME | st Ouf + Vy(fu) =

},fﬂff/ B(yi, 3 U “(1) MK N

s.t. i ( )—uz(t),yz(o)—yzo Z Y —Yio)

m Mean field limit can be applied on dynamic Multi-leader-follower games
m Relation between optimization and mean field limit

m Conditions for consistency
Existence (and Uniqueness) of equilibrium solutions for Multi-leader-follower

games often even in finite dimensions unclear.
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Introduction



General Games

N-Person Game: I' = {6, X, }}}
m Set {1,..., N} of Players

m Strategy set X,, C R™ for each
Player

v=1

m Pay-off function 6, for each player

0, : X1 x Xox...x Xy =R
[ ] [ B -8
Optimization Problem Nash Game

i
TES

Multi-Leader-Follower Game

s s m

Stackelberg Game
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Classification:

m Cooperative vs. Noncooperative
Games

m Continuous vs. Discrete Games

m Complete vs. Incomplete Information

Nash Equilibrium (1950)

Forallv=1,...,N
Op(ay,2%,) <O,(z,,27,)

for all z, € X,.

@, = (@1 By 1Tyl BN




Theoretical Results
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Theoretical Results: Overview e
MLFG Forv=1,...,N
min %m,,TQVmV +¢)x, +aly Convex NEP
e SR e %ryTQuzu +elz, + f:a max{Q, *b(x),l(z)};
1 i=1
muin inQyZ/ - b('T)TZ/ s.t. 2, € X, convex
s.t.y > () g

¥
Smooth NEP(g)

m
Irzlin %.’L’VTQ,,@L'V 4 CI.’L’V + % Zai [(LT + Q;lBT) T+ <;§E ((LT — Q;lBT) :1;)] )

i
i=1

s.t. x, € X, convex
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Theoretical Results: Existence @ 7
MLFG Forv=1,...,N
min %quQUIV tela, +ay Convex NEP
st.z, € X, min %%TQV@ +cla, + ia max{Q; 'b(x), I(x)}i
min %Z/Tny —b(z) Ty 8.4, 2, € X, convex -

sty > ()

Assumptions (Leader)
m Q, € R™*™ spd.

macRY

Assumptions (Follower)

B Q, e R™*™ sp.d. (and
diagonal)

m X, # () convex and closed
m b;,l; : R" — R™ convex and 7

smooth

Theorem (Existence)

= 3! (Nonsmooth) Best Response
. The convex NEP (and therefore the
y(r) = max{Qy, "b(x),U(x)} MLFG) has at least one Nash equi-

librium for compact X,,.
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Smooth Formulation
MLFG

1
min §:L',,TQU:E,, tela, +aly
T,
st.x, € X,

1
min 59" Quy —b(2) "y

sty > l(x)

Forv=1,...,N

igpmy), ..

Follower’'s Best Response
I(z) = LT2,b(z) = BTz

= Nonsmooth
y(z) = max{(Q, ' B )z, L x}
= Smooth
e (z) =% [(LT+Q,'BT)=
+9: (L7 - Q' B) )]

~|(£7 -2y BT )]

=1

s.t. ¢, € X, convex

Smooth NEP(¢)

1 1 & _ ; _
min gquQV'TV +c)z, + EZai [(LT +Q; 1BT) z+ ¢ ((LT _ leBT) T)]

3
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Smooth Formulation: Existence

Theorem: Existence and Uniqueness

The smoothed NEP with v =1,..., N:
) 1 1 m 5 - N
min 2o, Quz, + ¢, + 5;% [(LT+Q;'BT)z+6: (LT - Q;'BT)z)],

s.t. 1, € X, convex and closed
has a unique Nash equilibrium for every smoothing parameter ¢ > 0.

Proof. We show that 0 = (V, 0, (x,,2_,)))_, is uniformly monotone
since @, s.p.d. and ¢. € C? convex.

Therefore the VI(X, @’ ) has a unique solution.
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Theoretical Results: Summary =
F =1,...,N
MLFG orv yre
min %m,,TQVmV A chV +a'y Convex NEP
e SR e %:ruTQm +elz, + Zai max{Q, *b(x),l(z)};
1 i=1
muin inQyZ/ - b('T)TZ/ s.t. x, € X, convex
é,t, y > 1(x) Existence for ~
compact X, K
’// Existence and
Smooth NEP(e) Uniqueness

m
Irzlin %.’L’VTQ,,@L'V 4 CI.’L’V + % Zai [(LT + Q;lBT) T+ <;§E ((LT — Q;lBT) :1;)] )

i
i=1

s.t. x, € X, convex
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Extension to the Model

m Non-diagonal @,

> auxiliary variable: z = DTy where Q, = DDT
> y(z) = D™ " max{D'b(z), D" I(z)}

m Box Constraints () <y < u(x)

gi(z) else
ui(z)  gi(w) > u(x)

with () = (Qy)5;'bi(7)
m Multiple Follower
> Forj=1,...,Np let:

. 1 j
min 0, (y;,z) = §ijQZ,yj —bi(2) "y sty > ()

y; ER™I
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Characterization of Nash Equilibria



Characterization of NE: KKT(¢)
Joint KKT(e) System if X, = {z, € R"|g,(x,) < 0} and assume that LICQ
holds.

1 _
0=Qx+c, z, + 5(LT +Q,'BN)'a
. Va9 (1) A
+3 2 el =@ BNL & (LT — @, B )el:) + :
i-1 Ve iy 9v) (2(3)) A

A@) =9 (z1))
0 = min : ,

Ay ] [m9on (o)

Let 2*(ex) € X and A*(e) € A for all g, > 0 and for X and A compact.
Then there exists at least one accumulation point 2*(0) and A*(0) for a
sequence €5 — 0.
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Characterization of NE: KKT(0) igpmy,.

Let Z be a vector of local minimizer Z, of each leader problem; Slater condition
holds for every X, then there exists for v = 1,..., N a multiplier A, € R"":

0€ Quiy +cp 7y + %(LT +Q,'B),.a
1w T —1pT\T AC [ T —1pTy= 7
+§Z“i(L —Q,'B")}: 8%0 ((LT — @y ' B)zli) + Va, g0 (z0) A
=1

0 =min{A,, —g.(Z.)}

1, z>0
%ho(z) = { —1, 2<0 L . B
—1,1], 2=0 The limit NE 27 (0) satisfies a necessary
Y optimality condition.
1, z>0
iifé ge'(z) =4 -1, #<0  What about MPCC stationarity concepts?
0, z=0
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Stationarity Concepts of MPCC



igpm) RWTH

Stationarity Concepts of MPCC

Mathematical Programm with Complementarity Constraints (MPCC)

Let f: R 2 R, g: R* = R™, and G1,G : R™ — R! be smooth
functions.
min f(z)
s.t. g(2) <0 (MPCCQ)
0 = min {G1(2), G2(2)}

or alternatively: 0 < G(z) L Ga(z) >0
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i RWTH.
Stationarity Concepts of MPCC e

Z is a stationary point if there exist multipliers (\,T'y,T'y) € R™+HL:

O_Vf +Z)\vzgz Zrlzv Glz ZFQZV G2L

0>g(2) L >\ >0
G1,i(Z)l1,=0, i=1,...,1
Go,i(2)[2,=0, i=1,...,1

And for i : Gy ,(2) = G2 ,(2) =0

S-Stationarity = M-Stationarity = C-Stationarity
F]A’;’ > 0 and 1—‘17,;,F24’,; > 0 or Fl,,j 'F27,; >0
FQ_’/,' >0 rl,z’, Ta;=0
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MPCC Formulation

Leader Mathematical Program with Complementary Constraints

1
min —:L’DTQV:L’V + c;r:ry + aTy

s.t. g, (x,) <0
0 = min{Gl(x,,, T_yp, y>7 G2(xua T—yp, y)}

with Gy (z,,z_,,y) =y — (Q;lBT)T:L' and Go(z,, 2 ,,y) =y — L.

The limit z3(0) is strongly stationary for the leader v.

Proof. With the multipliers of the Fritz-John Conditions of Clarke we
construct multipliers which fulfill the conditions of strong stationarity.
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Computation



Computation

m Solution of KKT(0)?

= Solve sequence of W, (z,\) = 1||KKT(¢)|[3 for e, — 0

m U is highly nonlinear and nonsmooth (but locally Lipschitz)
m Standard methods work slowly

m Importance to have good initial values
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Computation: NEP(¢)

Subgradient
m first order derivatives
m characteristic convergence rate

m convergence guaranty for locally
Lipschitz [Bagirov13]

v (2%

iteration
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Nonsmooth Newton
m second order derivatives

m very fast
m to be globalized by Subgradient
method
w (0%

h—

20 a0 60 &0 100 120
iteration

1020
0



Computation: NEP(¢) ==
Subgradient Nonsmooth Newton
m first order derivatives m second order derivatives
m characteristic convergence rate m very fast
m convergence guaranty for locally m to be globalized by Subgradient
Lipschitz [Bagirov13] method

¥ (x%,2%) for e=1 and multiple Initials

W (x%,2%) for e=1 and multiple initials

550
500

400,

350,

S 250

200,

1020
1

14 16
x10* iteration

o 2 4 6 8 10 12
iteration
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Computation: Good Initials tgpmy -

Gradient Update
Algorithm
. _ 0 _ (.0 10
1. Initialize k = 0, 25 = (27, A9),
€0 > O 226
2. Compute NE (27, A;) of NEP(e1) ™ =
3. Compute % by solving B S A S
G% (me 95(1‘1, (6)7 :E,,,(€))) =0 . 11 1+ e)-A']| for =05
4. choose €41 < €k "
0o _ ) !
5. wyyy =xp — (er — k1) 32
O _ 10°
6. Apy1 = Ak
7. k++;goto2
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Summary

Quadratic Multi-Leader-Follower Game

NEP Formulation = Existence of NE for compact strategy sets
Smooth NEP(g) Formulation = Existence&Uniqueness of NE(¢)
Limit NEP: 2*(0) is strongly stationary

ARl o B A

Efficient computation with globalized Nonsmooth Newton
with % based hot start

€
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Outlook



Outlook

Now: Multi-Level-Games with infinitely many players
For k=1,...,Np

T
n;in /JkL (T, gy m(y1, ..., yn,)) dt
0
st.fori=1,...,Np:
T

min / [¢(yi7x)+%uﬁ dt
Yi Ui

0
st Ui =wi, ¥i(0) =yi0
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Outlook: Mean Field Limit

fori=1,...,N:

min / o(yi, x) —ul (t) dt
Yi Ui

s.t. 9i(t) = ui(t),v:(0) = yi0
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Outlook: Mean Field Limit 'R0

m empirical measure

fori=1,...,N:

N
fty) =% X 0y —ui(t)
mllfl/ d(yi,x) + ul()d i=1

m compactly supported and smooth (y)
mou(t, yi(t) = ui(t)

i(t) = ui(t),5i(0) = yi0

i [ P 1000 = 55 G = 5 52 Vuetu) =iy

i=1

NZW it m,<>>f/w<> ultyy) £t y)dy

—/Vy (u(t,y) f(t,y) (y)dy

[0uf +V, (fu) = 0]
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Thank you for your kind attention!

...and see you again at ICCOPT in Berlin in the session:
Nash Equilibrium Problems and Extensions
Anna Thiinen® — thuenen@igpm.rwth-aachen.de

IGPM - RWTH Aachen University
Templergraben 55
52056 Aachen

www.igpm.rwth-aachen.de

*With: Michael Herty and Sonja Steffensen
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