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Université de Limoges & XLIM

WORKSHOP GAMES, DYNAMICS AND OPTIMIZATION
April 9-11, 2019 - Universitatea Babeş-Bolyai
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Metric Regularity
Consider an equation of the form

F (x) = y , (1)

where F : X → Y is a function, X ,Y are metric spaces.

The distance d(y ,F (x)) is used to judge approximate solutions. The
error of some approximate solution x is

d(x ,F−1(y)) = inf{d(x ,u) : F (u) = y}.

One seeks so an error bound of the form

d(x ,F−1(y)) ≤ Kd(y ,F (x)) (2)

for all (x , y) globally, or locally, that is, (x , y) near a given (x̄ , ȳ) with
ȳ = F (x̄), and F is said to metrically regular at x̄ . The infimum of
such K is the regular modulus: reg F (x̄).

Metric Regularity - Directional Metric Regularity - Relative Metric Regularity of Multifunctions Michel Théra
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Banach-Schauder open mapping theorem

X ,Y : Banach spaces; A ∈ L(X ,Y )

If Im A = Y then A is open: ∃r > 0 such that

rBY ⊆ A(BX ).

The upper bound of such r is the Banach constant of A :

C(A) = inf{‖A∗y∗‖ : ‖y∗‖ = 1}.

Moreover,

d(x ,A−1(y)) ≤ C(A)−1‖Ax − y‖ for all (x , y) ∈ X × Y .
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Lusternik-Graves theorem

X ,Y : Banach spaces; F : X → Y continuously differentiable at x̄ ;
F (x̄) := ȳ .

When Im F ′(x̄) = Y then ∃r > 0, ∃ε > 0 :

B(ȳ , rt) ⊆ F (B(x̄ , t)) ∀t ∈ (0, ε).

The upper bound of such r is C(F ′(x̄)), is the Banach constant of
F ′(x̄). Moreover,

d(x ,F−1(y)) ≤ r−1d(y ,F (x)) for all (x , y) near (x̄ , ȳ).
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Robinson and Mangasarian-Fromovitz constraint
qualifications

F := g − C, g : X → Y is C1 ; C ⊆ Y is a nonempty closed convex
subset. Given (x̄ ,0) ∈ gph F ,
• F is metrically regular at (x̄ ,0) ⇐⇒ Robinson constraint

qualification (RCQ):

0 ∈ int[g(x̄) +∇g(x̄)X − C].

• System of equality and inequality: (RCQ) ⇔ (MFCQ)
(Mangasarian-Fromovitz constraint qualification)
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When Y is a m-dimensional space, we often deal with a system of
inequalities:

Fi (x) ≤ yi , i = 1, ...,m. (3)

Such inequalities systems are used in optimization for problems with
inequalities constraints. This system of inequalities can be studied via the
generalized equation : y ∈ F (x), where,

F (x) := (Fi (x))i=1,...,m + Rm
+; y = (yi )i=1,...,m, (4)

then F : X ⇒ Rm is a multifunction.

A multifunction (set-valued mapping) is regular at (x̄ , ȳ) (ȳ ∈ F (x̄)) if

d(x ,F−1(y)) ≤ Kd(y ,F (x)) for all (x , y) near (x̄ , ȳ).
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Definitions of regularity
• metric regularity: ∃K > 0, ε > 0 s.t.

d(x ,F−1(y)) ≤ Kd(y ,F (x)), ∀(x , y) ∈ B((x̄ , ȳ), ε),

reg F (x̄ , ȳ) := infimum of such K : the rate of metric regularity.

• openness at a linear rate: ∃r , ε > 0 s.t.

B(y , tr) ⊆ F (B(x , t)), ∀(x , y) ∈ B((x̄ , ȳ), ε) ∩ gph F ,

sur F (x̄ , ȳ) := supremum of such r : rate of openness (or surjection).

• Lipschitz-like (or Aubin) property: ∃K , ε > 0 s.t.

d(y ,F (x)) ≤ Kd(x , u), ∀x ∈ B(x̄ , ε), (u, y) ∈ B((x̄ , ȳ), ε) ∩ gph F ,

lip F (x̄ , ȳ) := supremum of such K : Lipschitz rate.
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Equivalence.
Under the convention 1/∞ = 0, one has

reg F (x̄ , ȳ) = lip F−1(ȳ , x̄) =
1

sur F (x̄ , ȳ)
.

(cf. Borwein & Zuang 1988, Kruger 1988, Penot 1989, also Ioffe
1981)

• F is said to be regular at (x̄ , ȳ) if (one of ) the three properties
hold.
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Characterization of regularity
• Set

ϕy (x) = ϕ(x , y) = lim inf
u→x

d(y ,F (u)),

the lower semicontinuous envelope of the distance function d(y ,F (·)).

• Characterization of regularity. (Ngai-Théra, SIOPT 2008) Suppose
that gph F is closed. Then F is regular at (x̄ , ȳ) ∈ gph F with
sur F (x̄ , ȳ) > r > 0 iff for any (x , y) in a neighborhood of (x̄ , ȳ) with
y /∈ F (x), we can find u ∈ X s.t.

rd(u, x) < ϕ(x , y)− ϕ(u, y).
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Infinitesimal characterization: slopes

Given a ∈ R, we set a+ = max{a,0}. Recall that for an extended
real-valued function f : X → R ∪ {+∞} and a point x ∈ X with
f (x) < +∞, the local and the global strong slope |∇f |(x) and |Γf |(x)
of f at x are defined by

|∇f |(x) = lim sup
x 6=y→x

[f (x)− f (y)]+

d(x , y)
and |Γf |(x) = sup

y 6=x

[f (x)− f (y)]

d(x , y)
.

If f (x) = +∞, then we set |∇f |(x) = |Γf |(x) = +∞.

• Example. X ,Y are normed spaces, f ∈ C1 : |∇f |(x) = ‖f ′(x)‖.

Metric Regularity - Directional Metric Regularity - Relative Metric Regularity of Multifunctions Michel Théra
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Let P denote a topological space.

Theorem (Theorem 2, Corollary 1 - NTT)
Let f : X × P → [0,+∞] be a function. For each p ∈ P, set

S(p) = {x ∈ X : f (x, p) = 0}.

Suppose that (x̄, p̄) ∈ X × P is such that x̄ ∈ S(p̄), and that, for any p near p̄, the function f (·, p) is lower semicontinuous at x̄ , and
f (x̄, ·) is continuous at p̄. Let τ > 0 be given and consider the following statements:

1 (i) There exist γ > 0 and a neighborhood V ×W of (x̄, p̄) in X × P such that for any p ∈ W, we have V ∩ S(p) 6= ∅ and

d(x, S(p)) ≤ τ f (x, p) for all (x, p) ∈ V ×W with f (x, p) ∈ (0, γ); (5)

2 (ii) There exist a neighborhood V ×W of (x̄, p̄) in X × P and γ > 0 such that for each (x, p) ∈ V ×W with
f (x, p) ∈ (0, γ) and for any ε > 0, there exists z ∈ X such that

0 < d(x, z) < (τ + ε)
(
f (x, p) − f (z, p)

)
; (6)

3 (iii) There exists a neighborhood V ×W of (x̄, p̄) in X × P along with positive reals γ and τ such that |∇f (·, p)|(x) ≥ 1/τ
for all (x, p) ∈ V ×W with f (x, p) ∈ (0, γ).

Then (i) ⇔ (ii) ⇐ (iii).
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Subdifferentials
f : X → R ∪ {+∞} extended real-valued function defined on a Banach space
X .

• Fréchet subdifferential of f at x̄ ∈ Dom f is given as

∂F f (x̄) =

{
x∗ ∈ X∗ : lim inf

x→x̄

f (x)− f (x̄)− 〈x∗, x − x̄〉
‖x − x̄‖ ≥ 0

}
.

• Limiting subdifferential (also known as the Mordukhovich
subdifferential) is defined as

∂Mf (x̄) =
{

x∗ ∈ X∗ : ∃xk → x̄ , f (xk )→ f (x̄), and ∃x∗k ∈ ∂f (xk ), x∗k
∗→ x∗

}
.

The graph of the limiting Fréchet subdifferential is the sequential closure of
the graph of the Fréchet subdifferential in the product of the norm topology on
X with the weak?- topology on X∗.
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Abstract Subdifferentials
Let X be a Banach space. We use the symbol ∂ to denote any abstract
subdifferential, that is a correspondance (X , f , x)→ ∂f (x) ⊂ X? in such a
way that

• If f attains a local minimum at x then 0 ∈ ∂f (x) (Fermat rule);
• If f : X → R ∪ {+∞} is a lower semicontinuous convex function, then ∂f

coincides with the subdifferential in the sense of convex analysis:

∂f (x) := {x∗ ∈ X∗ : 〈x∗, y − x〉 ≤ f (y)− f (x) ∀y ∈ X};

• ∂f (x) = ∂g(x) if f (y) = g(y) for all y in a neighborhood of x .

• Approximate Fermat rule for sums: Let f : X → R ∪ {+∞} be a lower
semicontinuous function and g : X → R be convex and Lipschitz. If
f + g attains a local minimum at x0, then for any ε > 0, there are
x1, x2 ∈ x0 + εBX , x∗1 ∈ ∂f (xi ), x∗2 ∈ ∂g(x2), such that

|f (xi )− f (x0)| < ε, i = 1, 2, ‖x∗1 + x∗2 ‖ < ε..
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Abstract subdifferentials-examples

Examples. Abstract subdifferential includes Fréchet subdifferentials
in Asplund spaces, viscosity subdifferentials in smooth Banach
spaces, Dini-Hadamard subdifferential on Gateaux smooth spaces as
well as the Ioffe and the Clarke-Rockafellar subdifferentials in Banach
spaces.

Asplund spaces are those Banach spaces such that every convex
continuous function is generically Fréchet differentiable. Any space
with Fréchet smooth renorming and hence any reflexive Banach
space) is Asplund,
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Normal cones-Coderatives
Normal cone to a closed subset C of X , with respect to a subdifferential
operator ∂ at x ∈ C

N∂(C, x) = ∂δC(x).

We assume here that ∂δC(x) is a cone for any closed subset C of X .

Coderivative. Let X , Y be Banach spaces, and ∂ be a subdifferential on
X × Y . Let F : X ⇒ Y be a closed multifunction (graph-closed) and let
(x̄ , ȳ) ∈ gphF .

The coderivative of F at (x̄ , ȳ) is the multifunction D∗F (x̄ , ȳ) : Y ∗ ⇒ X∗

defined by

D∗F (x̄ , ȳ)(y∗) = {x∗ ∈ X∗ : (x∗,−y∗) ∈ N∂(gphF , (x̄ , ȳ))}.
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Limiting normal cone - Coderivatives
Given a normal cone N, we can associate with a set-valued mapping
F : X ⇒ Y a coderivative D∗N : Y ? ⇒ X∗.

• When N is the Fréchet (regular) normal cone, the coderivative of F is
denoted by D∗FF ;

• When N is the limiting normal cone, we use the notation by D∗MF ;

• When N s the normal cone to a convex set C, all the coderivatives
coincide and are simply denoted by D∗.

Examples

• A ∈ L(X ,Y ) : D∗A(y∗) = A∗y∗.

• F : X → Y is C1 : D∗F (x)(y∗) = (F ′(x))∗y∗ = y∗ ◦ F ′(x).
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Estimation for slopes
ϕy (x) = lim inf

u→x
d(y ,F (u) • F:X⇒ Y • (x̄ , ȳ) ∈ gph F

Theorem (Ngai-Tron-Théra, Math. Programming, 2011)

For any subdifferential on X × Y , one has

lim inf
(x,y)→(x̄,ȳ),y /∈F (x)

|∇ϕy |(x) ≥

lim
ε→0

inf{‖x∗‖ : x∗ ∈ D∗F (u, v)(y∗), (u, v) ∈ B((x̄ , ȳ), ε), ‖y∗‖ = 1}.

Equality holds when X ,Y are Asplund spaces and ∂ is the Fréchet
subdifferential.
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Subdifferential regularity criterion

As a result, (Ioffe 1987)

sur F (x̄ , ȳ) ≥
≥ lim
ε→0

inf{‖x∗‖ : x∗ ∈ D∗F (u, v)(y∗), (u, v) ∈ B((x̄ , ȳ), ε), ‖y∗‖ = 1};

Equality holds when X ,Y are Fréchet smooth or more generally,
Asplund spaces and ∂ is the Fréchet subdifferential (Kruger 1988,
Mordukhovich-Shao 1997).
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Classical results Regularity on metric spaces Subdifferential criterion of regularity on Banach spaces Relative metric regularity - Regularity relative to a cone

Relative Metric Regularity
Given a subset V of X × Y and a point (x , y) ∈ X × Y , we set

Vx := {z ∈ Y : (x , z) ∈ V} and Vy := {u ∈ X : (u, y) ∈ V}.

Definition (Ioffe)

Let X ,Y be metric spaces, and let V ⊂ X × Y . We say that a
set-valued mapping F : X ⇒ Y is metrically regular relatively to V at
(x̄ , ȳ) ∈ V ∩ gph T with a modulus τ > 0, if there exist ε > 0 such that

d
(
x ,F−1(y) ∩ clVy

)
≤ τd(y ,F (x)) (7)

whenever (x , y) ∈
(
B(x̄ , ε)× B(ȳ , ε)

)
∩ V and d(y ,F (x)) < ε. The

infinum of τ > 0 such that (7) holds for some ε > 0 is called the exact
modulus of the metric regularity relative to V for F at (x̄ , ȳ) and is
denoted by regV F (x̄ , ȳ).
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Classical results Regularity on metric spaces Subdifferential criterion of regularity on Banach spaces Relative metric regularity - Regularity relative to a cone

Subcase of this concept: directional metric regularity introduced by
Arutuynov & Izmailov and extensively studied by Gfrerer, Ioffe and
Ngai & Théra.

The idea behind relative metric regularity is that the values of ambient
and image variables are not arbitrary points or neighborhood of a
certain nominal point of the product space, but are taken from a
certain set V .

Thus, by choosing among possible V , one may obtain various
versions of metric regularity models existing in the literature and
central for the analysis of sensitivity and controllability in optimization
and control.

For instance when V = X × Y , this model subsumes the usual local
metric regularity.

Some other examples are described in the recent book by Ioffe.
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Relative lower semicontinuous envelope
Given a subset V of X × Y and a point (x , y) ∈ X × Y , a multifunction
F : X ⇒ Y , set

Vx := {z ∈ Y : (x , z) ∈ V} and Vy := {u ∈ X : (u, y) ∈ V}.

• The lower semicontinuous envelope of d(y ,F (·)) relative to
V ⊆ X × Y :

ϕF ,V (x , y) :=

{
lim inf

clVy3u→x
d(y ,F (u)) if x ∈ clVy

+∞ otherwise.
(8)

Metric Regularity - Directional Metric Regularity - Relative Metric Regularity of Multifunctions Michel Théra
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Lemma
Suppose that the multifunction F : X ⇒ Y has a closed graph. Then

(i)

F−1(y) ∩ cl Vy = {x ∈ X : ϕF ,V (x , y) = 0} whenever y ∈ Y ;

(ii) F is metrically regular relative to V at (x0, y0) with a modulus
τ > 0, if and only if there exists ε > 0 such that

d(x ,F−1(y) ∩ cl Vy ) ≤ τϕF ,V (x , y)

for all (x , y) ∈ (B(x0, ε)× B(y0, ε)) ∩ V with d(y ,F (x)) < ε.
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Theorem
Let X and Y be metric spaces with X complete and F : X ⇒ Y be a
set-valued mapping with closed graph. Let (x̄ , ȳ) ∈ gph F ∩ V, V ⊂ X × Y ;
τ ∈ (0,+∞) be given. Then, among the following statements,

1 (i) F is metrically regular relative to V at (x̄ , ȳ) with modulus τ ;

2 (ii) There exist δ, γ > 0 such that

|ΓϕF ,V (·, y)|(x) ≥ τ−1 for all (x , y) ∈B(x̄ , δ)× B(ȳ , δ) with ϕF ,V (x , y) ∈ (0, γ);

one has (i)⇔ (ii)
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Slope Characterization

Corollary

If there exist δ, γ > 0 such that

|∇ϕF ,V (·, y)|(x) ≥ τ−1, (9)

for all (x , y) ∈
(
B(x̄ , δ)× B(ȳ , δ)

)
with ϕF ,V (x , y) ∈ (0, γ), then F is

metrically regular relative to V at (x̄ , ȳ).

Proof. This condition implies (2) from the preceding theorem.
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Metric Regularity relative to a cone
C ⊆ Y : a nonempty cone;

C(δ) := {y ∈ Y : d(y ,C) ≤ δ‖y‖}, δ > 0.

For a given multifunction F : X ⇒ Y from a complete metric space X to a
normed linear space Y , a cone C ⊆ Y , and a positive real δ, we remind that

VF (C, δ) = {(x , y) : y ∈ F (x) + C(δ)}.

For y ∈ Y , set

VF ,y (C, δ) := {x ∈ X : y ∈ F (x) + C(δ)}.

We note ϕVF (C,δ)(x , y), the lower semicontinuous envelope relative to
VF (C, δ) of d(y ,F (·)).

Definition
F is metrically regular relative to C if F is metrically regular relatively to
VF (C, δ) = {(x , y) : y ∈ F (x) + C(δ)}, for some δ > 0.
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Robustness

Theorem
Let X be a complete metric space and Y be a normed space. Let C ⊆ Y be
a nonempty cone in Y . Let F : X ⇒ Y be a closed multifunction and
(x0, y0) ∈ gph F . Suppose that F is metrically regular with a modulus τ > 0
relative to C, i.e., there exist reals ε > 0 and δ > 0 such that for all
(x , y) ∈ B((x0, y0), ε) ∩ VF (C, δ) with d(y ,F (x)) < ε. we have:

d(x ,F−1(y) ∩ cl VF ,y (C, δ)) ≤ τd(y ,F (x)). (10)

Let g : X → Y be locally Lipschitz around x0 with a Lipschitz constant L > 0.
Then F + g is metrically regular relative to C at (x0, y0 + g(x0)) with modulus

regC(F + g)(x0, y0 + g(x0)) ≤
(

1− α
τ(1 + α)

− L
)−1

,

provided

α ∈ (0, 1), and L <
δ(1− α)α

τ(1 + α)(1 + δ(1− α))
.
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Coderivative characterizations
Denote by SY∗ the unit sphere in the continuous dual Y ∗ of Y , and by
d∗ the metric associated with the dual norm on X ∗. For given ȳ ∈ Y
and δ > 0, let us define the set

T (C, δ) :=

{
(y∗1 , y

∗
2 ) ∈ Y ∗ × Y ∗ : ∃a ∈ C ∩ SY∗ ,

max{〈y∗1 ,a〉, |〈y∗2 ,a〉|} ≤ δ, ‖y∗1 + y∗2 ‖ = 1

}
. (11)

• To a given multifunction F : X ⇒ Y , we associate the
multifunction G : X ⇒ Y × Y defined by

G(x) = F (x)× F (x), x ∈ X .

• D∗FG : the coderivative of G with respect to the Fréchet
subdifferential.
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Classical results Regularity on metric spaces Subdifferential criterion of regularity on Banach spaces Relative metric regularity - Regularity relative to a cone

Theorem
Let X ,Y be Asplund spaces and let F : X ⇒ Y be a closed
multifunction. Let (x0, y0) ∈ gph F and a nonempty cone C ⊆ Y be
given. Assume that F has convex values around x0, i.e, F (x) is
convex for all x near x0. If

lim inf
(x,y1,y2)

G→(x0,y0,y0)
δ↓0+

d∗(0,D∗FG(x , y1, y2)(T (C, δ))) > m > 0, (12)

then F is metrically regular relative to C with modulus τ ≤ m−1 at
(x0, y0).

The notation (x , y1, y2)
G→ (x0, y0, y0) means that

(x , y1, y2)→ (x0, y0, y0) with (x , y1, y2) ∈ gph G.
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The following proposition shows that condition (12) is also a
necessary condition for metric regularity relative to a cone in Banach
spaces when F is either a multifunction with a convex graph or
F : X → Y is a continuous single-valued mapping.

Theorem (Necessary Condition)

Let X ,Y be Banach spaces and C ⊆ Y a nonempty cone. Suppose
that F : X ⇒ Y is either a closed convex multifunction or F : X → Y
is a continuous single-valued mapping. For a given (x0, y0) ∈ gph F , if
F is metrically regular relative to C at (x0, y0), then

lim inf
(x,y1,y2)

G→(x0,y0,y0)
δ↓0+

d∗(0,D∗FG(x , y1, y2)(T (C, δ))) > 0.
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Convex multifunctions

Corollary (Ioffe-08)

Let X ,Y be Banach spaces and F : X ⇒ Y be a closed convex
multifunction and let (x0, y0) ∈ gph F and v ∈ Y . F is directionally
metrically regular in direction v at (x0, y0) if and only if

cone{v} ∩ int(F (X )− y0) 6= ∅. (13)

Metric Regularity - Directional Metric Regularity - Relative Metric Regularity of Multifunctions Michel Théra
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PURPOSE OF THE WORKSHOP  
 

The aim of the Workshop is to review and discuss recent developments of 
the theory of Nonsmooth Analysis and Optimization and to provide a forum 
for fruitful interaction in closely related areas. Nonsmooth problems appear in 
many fields of applications, such as data mining, image denoising, energy 
management, optimal control, neural network training, economics and 
computational chemistry and physics. Motivated by these applications 
Nonsmooth Analysis has had a considerable impulse that allowed the 
development of sophisticated methodologies for solving challenging related 
problems. The origin of variational analysis and nonsmooth optimization lies 
in the classical calculus of variations and as such is intertwined with the 
development of Calculus. Strong smoothness requirements, that were present 
in the early theory, have lately been replaced by weaker notions of 
differentiability, which are more natural in applications. Nonsmooth 
optimization is devoted to the general problem of minimizing functions that 
are typically not differentiable at their minimizers. In order to optimize such 
functions, the classical theory of optimization cannot be directly used due to 
lacking certain differentiability and strong regularity conditions. However, 
because of the complexity of the real world, functions used in practical 
applications are often nonsmooth. Significant progress in deriving more 
general optimality conditions for mathematical programming models has been 
made in the recent years as a result of advances in nonsmooth analysis and 
optimization. The study of nonsmooth problems is motivated in part by the 
desire to optimize increasingly sophisticated models of complex manmade and 
naturally occurring systems that arise in areas ranging from economics, 
operations research, and engineering design to variational principles that 
correspond to partial differential equations. Results in nonsmooth 
optimization have expedited understanding of the salient aspects of the classic 
smooth theory and identified concepts fundamental to optimality that are not 
based on differentiability assumptions. 
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Persons wishing to attend the workshop should apply by sending an e-

mail to the Co-Director of the Workshop:  
 

Professor Annamaria BARBAGALLO  
Department of Mathematics and Applications “R. Caccioppoli” 
University of Naples Federico II, Via Cinthia – 80126 Naples, Italy 
e-mail: annamaria.barbagallo@unina.it   

They should specify: date and place of birth, together with current 
nationality, affiliation, address and e-mail address. Additional information 
about the Workshop can be found at the following address:  

www.dma.unina.it/NAO2019 
 

Closing date for applications: 31 May 2019. 

POETIC TOUCH 
 

According to legend, Erice, son of Venus and Neptune, founded a small 
town on top of a mountain (750 metres above sea level) more than three 
thousand years ago. The founder of modern history — i.e. the recording of 
events in a methodic and chronological sequence as they really happened 
without reference to mythical causes — the great Thucydides (~500 B.C.), 
writing about events connected with the conquest of Troy (1183 B.C.) said:  
«After the fall of Troy some Trojans on their escape from the Achaei arrived 
in Sicily by boat and as they settled near the border with the Sicanians all 
together they were named Elymi: their towns were Segesta and Erice.» This 
inspired Virgil to describe the arrival of the Trojan royal family in Erice and 
the burial of Anchise, by his son Enea, on the coast below Erice. Homer 
(~1000 B.C.), Theocritus (~300 B.C.), Polybius (~200 B.C.), Virgil (~50 
B.C.), Horace (~20 B.C.), and others have celebrated this magnificent spot in 
Sicily in their poems. During seven centuries (XIII-XIX) the town of Erice 
was under the leadership of a local oligarchy, whose wisdom assured a long 
period of cultural development and economic prosperity which in turn gave 
rise to the many churches, monasteries and private palaces which you see 
today. In Erice you can admire the Castle of Venus, the Cyclopean Walls 
(~800 B.C.) and the Gothic Cathedral (~1300 A.D.). Erice is at present a 
mixture of ancient and medieval architecture. Other masterpieces of ancient 
civilization are to be found in the neighbourhood: at Motya (Phoenician), 
Segesta (Elymian), and Selinunte (Greek). On the Aegadian Islands — theatre 
of the decisive naval battle of the first Punic War (264-241 B.C.) — suggestive 
neolithic and paleolithic vestiges are still visible: the grottoes of Favignana, 
the carvings and murals of Levanzo. 

Splendid beaches are to be found at San Vito Lo Capo, Scopello, and 
Cornino, and a wild and rocky coast around Monte Cofano: all at less than one 
hour’s drive from Erice. 
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