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First-order method for general convex problems

» Lipschitz constants are bad;
P Lipschitz assumptions are worse;

P Linesearch are ugly.
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find x* € X = R? such that
(F(x*),x =x*) +g(x) —g(x") 20 V¥x € X,

where
» F: X — X is monotone: (F(u) — F(v),u—v)>0 Vu,v

» g: X — (—00,+00] is a proper Isc convex function

VI as a monotone operator inclusion:

0 € F(x™)+ dg(x™)



Motivation—1

Composite minimization:

min £(x) + g(x)

» f: X — R is a convex smooth function with Lipschitz Vf

» g: X — (—o0,+00] is a proper Isc convex function



Motivation—1

Composite minimization:

min £(x) + g(x)

» f: X — R is a convex smooth function with Lipschitz Vf

» g: X — (—o0,+00] is a proper Isc convex function

First-order optimality condition:

(VI(x"),x —x") + g(x) —g(x*) >0 VxeX.



Motivation—2

Saddle point problem:

mXin max L(x,y):=gi(x)+ K(x,y) — & (y)

» K: X x Y — R is smooth convex-concave

» g1: X — (—00,+], g2: Y — (—00,+00] are convex Isc



Motivation—2

Saddle point problem:

mXin max L(x,y):=gi(x)+ K(x,y) — & (y)

» K: X x Y — R is smooth convex-concave

» g1: X — (—00,+], g2: Y — (—00,+00] are convex Isc

:<> F(Z):<—vany§?x’,yy))>’ g(2) = g1(x) + & ()



Motivation—2

Saddle point problem:
min max L(x, y) := g1(x) + K(x,y) — &(y)
> K: X x Y — R is smooth convex-concave
» g1: X — (—00,+], g2: Y — (—00,+00] are convex Isc

Let

Zz@’ F(Z):<—vany§?x’,yy))>’ g(2) = g1(x) + & ()

First-order optimality condition:

(F(z"),z—2") +g(z) —g(z") >0 VzeXxY
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Brief overview

(F(x*)ix =x") +g(x) —g(x") 20 ¥x € X,
Backward method (PPA):

k+1 _ -/F+6ng

X
Forward-backward method:
xk+ = prox)\g(xk — AF(x9)
doesn't work... Try: change x* or F(x¥).

Extragradient method [Korpelevich '76]:

yk = prox)\g(xk — )\F(xk))
Xkt = prox)\g(xk — )\F(yk))
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Simpler modifications of FB

Forward-backward method:
Xk = prox)\g(xk — AF(x9)

doesn't work...
» Change F(x¥):

Xkl = prox)\g(xk — AF(2x* — xk71y)

» Change F(x¥):
xktl = ProX g (xk — /\(2F(xk) — F(kal)))
» Change x*?

x*F = prox, , (7 — AF(x¥))
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Golden Ratio Algorithm

Xkl = prox/\g()?k — AF(x%))

Can we take X% = x¥ 4+ a (x¥ — x*~1)?  No way!

Can we take X% = xk — ay (xk — x*=1)?  Almost...

dea: x* € conv{xk,xk"1 ... x0}. Let p = Y51 — 1,618,
Golden Ratio Algorithm (GRAAL):

1 k—1
sk — (o= Dx* +x

¥
= prox)\g(ik — AF(x¥))

Xk+1

Theorem

Let F: X — X is monotone and L-Lipschitz, g is convex Isc. Then
(x¥) converges to a solution of VI.



Difficult VI

Composite minimization:
min f(x) + g(x),
X

where f, g are convex lIsc, g is prox-friendly, f is smooth, but



Difficult VI
Composite minimization:
min £(x) + g(x).

where f, g are convex lIsc, g is prox-friendly, f is smooth, but
» either V£ is L-Lipschitz but L is unknown;
» or Vf is not Lipschitz.



Difficult VI

Composite minimization:
min f(x) + g(x),
X

where f, g are convex lIsc, g is prox-friendly, f is smooth, but
» either V£ is L-Lipschitz but L is unknown;
» or Vf is not Lipschitz.

Constrained minimization:
min f(x) s.t. h(x) <0,

where f, h are convex smooth with Lipschitz Vf, Vh.



Difficult VI

Composite minimization:
min f(x) + g(x),
X

where f, g are convex lIsc, g is prox-friendly, f is smooth, but
» either V£ is L-Lipschitz but L is unknown;
» or Vf is not Lipschitz.

Constrained minimization:
min f(x) s.t. h(x) <0,
where f, h are convex smooth with Lipschitz Vf, Vh.

Minmax form:  min, max, f(x) + yh(x) — 6>0(y)



Difficult VI

Composite minimization:
min f(x) + g(x),
X

where f, g are convex lIsc, g is prox-friendly, f is smooth, but
» either V£ is L-Lipschitz but L is unknown;
» or Vf is not Lipschitz.

Constrained minimization:
min f(x) s.t. h(x) <0,
where f, h are convex smooth with Lipschitz Vf, Vh.

Minmax form:  min, max, f(x) + yh(x) — 6>0(y)

I__(x) _ (Vf(x) + yVh(x))
y —h(x)



Difficult VI
Composite minimization:
min £(x) + g(x).

where f, g are convex lIsc, g is prox-friendly, f is smooth, but
» either V£ is L-Lipschitz but L is unknown;
» or Vf is not Lipschitz.

Constrained minimization:
min f(x) s.t. h(x) <0,
where f, h are convex smooth with Lipschitz Vf, Vh.

Minmax form:  min, max, f(x) + yh(x) — 6>0(y)

x\  (V£f(x)+yVh(x) . o
F(y) = ( " h(x) ) — unlikely to be Lipschitz
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Adaptive method

Golden ratio algorithm:
ok (o — 1)xk + xk-1
®
xk+1 = prox)\g()‘(k — AF(x9)

[[xK — x|
Ak R K k—1
[F(x) = F(x*=1)||

Adaptive golden ratio algorithm:

.10 9 [|xk — xk=1|2
/\k == mln{j)\k—h 16)\[(,2 HF(Xk) — F(Xk_]‘)H2}
="
3

= prox)\kg(ik — MeF(x9Y)
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Adaptive method

Adaptive golden ratio algorithm:

. 10 9 [|xk — xk=112
D = i D
k m'“{ 9 1 16, ||F(x’<)—F(xk*1)||2}
o xkyoxkl
3

Xk = proxAkg(?k — MeF(x))
Theorem

Let F: X — X is monotone and locally Lipschitz, g is convex Isc.
Then (x¥) converges to a solution of VI.
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Sparse logistic regression

min h(x) := Zzl

log(1 + e~ bitaix)

)+l

where x € R”, a; ¢ R”, and b; € {-1,1}, v > 0.
Vf is L-Lipschitz with L = }(|A[3
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(F(x*),x = x") + g(x) —g(x*) >0 V¥x e X,

Where monotonicity plays role?

[ R = x| Bil]xHE = XK 4 e Ix = %52
< al|%% = x| + Broa[IxF = X<
+20[(F(x), x" = x) + g(x) — g(x)]
If x =x* € S, then by monotonicity
(F(x"),x* = x*) + g(x*) —g(x*) > 0

dx €edomg st. (F(x),x —X)+g(x)—g(x)>0 Vx

> more general than monotonicity or pseudo-monotonicity
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Examples

dx €domg st. (F(x),x —X)+g(x)—g(x)>0 Vx
Example 1
miny f(x) + ||x||1 with ||[VF(x)]|eo < 1

x=0 = (VFf(x),x)+|x]]1 >0
Example 2

find x # 0 s.t. M(x)x =0, where M is psd matrix for all x
g=0, Xx=0, F(x)=M(x)x = (F(x),x)>0

M(x) = tltlT + t2t2T with t; = Asinx, t, = Bexpx

n=1000,A, B € R™", A; B ~ N(0,1)

generate 100 random instances = 100% success rate
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Conclusions

Much Ado About

» Lipschitz constant
» Global Lipschitz assumption
» Linesearch
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Thanks for attention!
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