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Data

z Random sample of size n

z d predictor variables

xi 2 Rd ; i = 1; : : : ;n

z One target variable with k classes

yi 2 fyi1; : : : ; yikg; i = 1; : : : ;n
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Support vector machines

Given a set of points fx1; : : : ; xng � Rd , each of them labeled with a class
yi 2 f�1;+1g, �nd an hyperplane in Rd that separates both classes.

Find H = fz 2 Rd : !tz + b = 0g such that:

z -1 Class belongs to fz : !tz + b < 0g,
z +1 Class belongs to fz : !tz + b > 0g,
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Support Vector Machines

SVM (Vapnik & Chervonenkis '63; Vapnik & Cortes '95): Hyperplane such
that the distance between the classes through H is maximized:
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Support Vector Machines

z Consider H and shifted hyperplanes
H1 = fz : !tx + b = 1g and
H�1 = fz : !tx + b = �1g.

z Each observation should verify
yi (!

txi + b) � 1 (Separation).

z Choose a norm k � k to measure the
distances between both hyperplanes,
then (Mangasarian, 99):

D(H1;H�1) =
2

k!k�
(where k � k� is the dual norm of k � k).

z Solve

max
yi (!

t xi+b)�1

2

k!k� � min
yi (!

t xi+b)�1

1

2
k!k�.

!z + b � 1

!z + b � �1

H1

H�1

H

2

kwk�



Support Vector Machines

If points are non-linearly separable case: soft margin constraints:

�i = maxf0; 1� yi (!
txi + b)g (Hinge Loss)

min kwk� +C

nX
i=1

�i

s.t. yi (!
t
xi + b) � 1� �i ; 8i = 1; : : : ;n ;

�i � 0; 8i = 1; : : : ;n ;

! 2 Rd
; b 2 R:

H1

� > 0

� = 0

H
H�1

2

kwk�

Minimization of the risk incurred applying SVM to outsample
data and the one of classifying the insample data.
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Kernel trick

� : X �! F



Kernels

Let � : Rd ! RD . Can we manage the dual problem without the explicit
knowledge of �?

For the
Euclidean case, YES:

max � 1

2

nX
i=1

nX
k=1

�i�kyiyk�(xi�)
t � �(xk �) +

nX
i=1

�i

s.t.

nX
i=1

�iyi = 0;

0 � �i � C ; 8i = 1; : : : ;n :

Only the products Kij := �(xi�)
t � �(xk �) are needed! (Kernel trick)

Let K : Rd � Rd ! R such that
�
K (xi�; xj �)

�
i;j

� 0. Then, there

exists � : Rd ! RD with K (xi�; xj �) = �(xi�)
t � �(xk �).

(Mercer, 1909)

Also, the optimal `2-SVM is

nX
i=1

�
�
i yiK (xi�; z ) + b

� = 0, 8z 2 Rd .

NO NEED TO KNOW � NOT EVEN D.
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`p-SVM

z Standard SVM = `2-SVM: Successfully applied to classify data of
di�erent nature (Finance, Medicine, Biology, etc).

z `1 and `1 explored (Bradley & Mangasarian, 1998; Pedroso & Murata,
2001, Bennet and Bredensteiner 2000).

z Geometry under `p-SVMs (Ikeda & Murata; 2005; Liu et. al, 2007).

z Di�erent norms for di�erent classes (`p-SVM-`q).

Our Contirbution:

z SOCP Formulations for the primal and dual problems, for `p-SVMs
(p � 1)..

z Extend the theory under the Kernel Trick through
Multidimensional Kernels.

z Apply `p-SVM to real standard benchmarking problems.
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`p-SVMs

Let q = r
s
> 1, with r ; s 2 Z+ and gcd(r ; s) = 1.

We are given a set of n points in Rd , x, and their classes y 2 f�1; 1gn .
Let p such that 1

p
+ 1

q
= 1: k � kq� = k � kp .

�
� = min k!kpp +C

nX
i=1

�i

s.t. yi (!
txi� + b) � 1� �i ; 8i = 1; : : : ;n ; (`p � SVM)

��0; ! 2 Rd
; b 2 R



`p-SVMs

min t +C

nX
i=1

�i

s.t. yi (!
txi� + b) � 1� �i ; 8i = 1; : : : ;n ;

t � k!kpp;
��0; ! 2 Rd

; b 2 R

t � k!kpp
p= r

r�s
�1

�

8>>>>>>><>>>>>>>:

� vj � !j � vj ; 8j = 1; : : : ; d ;

t �
dX

j=1

uj ;

ur�sj � vrj ; 8j = 1; : : : ; d ;

uj ; vj � 0; 8j = 1; : : : ; d ;

Polynomial constraints in the form u
r�s
j � v r

j can be explicitly and
e�ciently rewritten as SOC-constraints (B., Puerto, ElHaj, 2014).



The Dual Problem

mink!kpp +C

nX
i=1

�i

s.t. yi (!
txi� + b) � 1� �i ; 8i = 1; : : : ;n ; (PRIMAL)

�i � 0; 8i = 1; : : : ;n :



The Dual Problem

mink!kpp +C

nX
i=1

�i

s.t. yi (!
txi� + b) � 1� �i ; 8i = 1; : : : ;n ; (PRIMAL)

�i � 0; 8i = 1; : : : ;n :

Conic Dual is also SOCP.

max
�;u;�

�
1

pq
� 1

pq�1

� dX
j=1

uj +

nX
i=1

�i (SOCLD)

s :t : � �j �
nX

i=1

�iyixij � �j ; 8j = 1; : : : ; d ;

u
s
j � �

r
j ; 8j = 1; : : : ; d ;

nX
i=1

�iyi = 0;

0 � �i � C ; 8i = 1; : : : ;n :



The Dual Problem

mink!kpp +C

nX
i=1

�i

s.t. yi (!
txi� + b) � 1� �i ; 8i = 1; : : : ;n ; (PRIMAL)

�i � 0; 8i = 1; : : : ;n :

Reformulation the Lagrangean Dual is convenient:

max

�
1

pq
� 1

pq�1

� dX
j=1

�����
nX

i=1

�iyixij

�����
q

+

nX
i=1

�i (LAG-DUAL)

s :t :

nX
i=1

�iyi = 0;

0 � �i � C ; 8i = 1; : : : ;n :



Alternative Dual Formulation

Consider the arrangement
n nX

i=1

�iyixij = 0
od

j=1
and subdivide the space

into cells, such that each cell C is univocally de�ned by the signs of the

expressions

nX
i=1

�iyixij : sj , for j = 1; : : : ; d .

�1

�2

(�;�)

(�;+)
(+;+)

(+;�)
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Alternative Dual Formulation

Consider the arrangement
n nX

i=1

�iyixij = 0
od

j=1
and subdivide the space

into cells, such that each cell C is univocally de�ned by the signs of the

expressions

nX
i=1

�iyixij : sj , for j = 1; : : : ; d .

For each � in a cell:

dX
j=1

�����
nX

i=1

�iyixij

�����
r

=

dX
j=1

Sr
�;j

 
nX

i=1

�iyixij

!r

=
X

2Nn

r

c
�


y



dX
j=1

srj x


�j

where c
 =

�
(
Pn

i=1

i )


1; : : : ; 
n

�
=

(
Pn

i=1

i )!


1! � � � 
n ! , N
n
a := f
 2 Nn :

Pn

i=1

i = ag.

Sr
�;j = sg

 
nX

i=1

�iyixij

!r

.

NOTE: For even r a single cell is enough.

�1

�2

(�;�)

(�;+)
(+;+)

(+;�)



Alternative Dual Formulation

For p 2 N, and sign-patterns of the cell, s:

max fs(�) :=

�
1

pq
� 1

pq�1

�X

2Nn

r

c
�


y



dX
j=1

srj x


�j +

nX
i=1

�i

s.t.

nX
i=1

�iyi = 0; (SOC0LD(s))

sj

nX
i=1

�iyixij � 0; 8j = 1; : : : ; d ;

0 � �i � C ; 8i = 1; : : : ;n :



Optimal hyperplane from duals

Let �� optimal for a subdivision:
For i0 such that 0 < ��i0 < C :

b = yi0 �
1

pq�1

dX
j=1

Sr
��;j

� nX
i=1

��iyixij

�r�1
xi0j :

and the induced hyperplane is:

1

pr�1

X

2Nn

r�1

c
 ��


y



dX
j=1

Sr
��;jx



�j zj + b = 0:

for all z 2 Rd .



Kernels

z Let � : Rd ! RD . Can we manage the dual problem without the
explicit knowledge of �?

z Is there some extension of Mercer's theorem to the case of `p-norm?



`p-Kernels

We are given a data set [x] = (x1�; : : : ; xn�) together with their classi�cation
patterns y = (y1; : : : ; yn) and r 2 N.

Hy = f� 2 [0;C ]n :

nX
i=1

�iyi = 0g

S�(R) :=
n
s = (s1; : : : ; sD) 2 f�1; 1gD : sj = sg(

nX
i=1

�iyi�j (xi�))
r
; � 2 R; 8j

o
:

De�nition
Given a transformation function, � : Rd ! RD , a subdivision of Hy,
fRkgk2K, is said a suitable �-subdivision of Hy if

S�(Rk ) = fsRk g for some sRk 2 f�1; 1gD and for all k 2 K:



De�nition
Given a suitable �-subdivision, fRkgk2K � 2Hy , and (
; �) 2 Nn+1

r ,
� 2 f0; 1g, the operator

K[x]Rk ;
;�(z ) :=

DX
j=1

srRk ;j�j (x)

�j (z )

�
; 8z 2 Rd

; 8k 2 K; (1)

is called a r -order Kernel function of �. For k 2 K, K[x]Rk ;
;�(z ) is called
the k -th slice of the kernel function.

Proposition

The separating hyperplane and the objective function can be rewritten for

the �-transformed data using the Kernel function.



From Kernels to Tensors...

Given z 2 Rd , and for any k 2 K, the kernel operator K[x]Rk ;
;� induces a
symmetric r -order (n + 1)-dimensional real tensor namely
Kk = (Kk

i1:::ir
)ni1;:::;ir=1 with Kk

i1:::ir
2 R such that

Kk
i1:::ir =

�
K[x]Rk ;
0;0(z ) if i1; : : : ; ir < n + 1,
K[x]Rk ;
1;1(z ) if there exists s 2 f1; : : : ; rg such that is = n + 1.

being (
0; �) =
Pr

l=1
eil with � = 0 and (
1; �) =

Pr

l=1
eil with � = 1.



... and from Tensors to Kernels...

Theorem
Let fRkgk2K be a subdivision of Hy and Kk , for k 2 K, be a r-order

(n + 1)-dimensional symmetric tensor such that each Kk can be

decomposed as:

Kk =

bDX
j=1

 kj vj
 r� � � 
vj ; 8k 2 K;

and satisfying, either

1 r is even and  j :=  kj � 0, or

2 r is odd and  j := j kj j and for all k 2 K:

sg( kj ) = sg
� nX

i=1

�iyi
r
p
 j vji

�
; for all � 2 Rk :

Then, there exists a transformation �, such that fRkgk2K is a �-suitable
subdivision of Hy and fKkgk2K induces a r-order kernel function of �.

For even r : P tensors, B tensors, B0 tensors, diagonally dominated tensors,
positive Cauchy tensors, SOS tensors, ... verify the hyphoteses.
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Avoiding kernels: Schauder Bases

Theorem (Lindenstrauss & Tzafriri '77)

The Banach space of continuous functions CRD (T ) from a compact set

T � Rd admits a Schauder basis.

For instance, B = fz
 : 
 2 Ndg, the standard basis of multidimensional
monomials is a Schauder basis for this space. (also Bernstein or
trigonometric polynomials are Schauder bases).
Any continuous function � : T 7�! RD

�(z) =

1X
j=1

�j zj

with �j 2 R and zj 2 B for any j = 1; : : : ;1.

Strategy: Fix a truncation degree � and �nd the best polynomial
with degree up to � that separates the classes.
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Experiments

Datasets (UCI repository):

z cleveland: heart disease (303 obs., 13 features).

z housing: prices of Boston houses (303 obs., 13 features).

z gc: loan defaulters (1000 obs., 21 features)

z colon: cancerous colon tissues (62 obs., 2002 features)

Models were coded in Python 3.6, and solved using Gurobi 7.51.
A 10-fold cross validation scheme is used and the Accuracy is reported.

z �[�] : Rd ! RNd
� . Its components, �[�]
(z) = z 
 for 
 2 Nd

�, are the
monomials (in d variables) up to degree �.

z e�[�] : Rd ! RNd
� , with e�[�]
(z) = exp(��kzk22)

r
p
2�z


r
p

1! � � � 
d !

, for z 2 Rd ,

for 
 2 Nd
� and � > 0.



Experiments (�[�])

` 4
3

` 3
2

`2 `3

� ACCTr ACCTest Time ACCTr ACCTest Time ACCTr ACCTest Time ACCTr ACCTest Time
cleveland dataset

1 85.11% 82.84% 0.01 85.11% 83.16% 0.01 85.15% 83.48% 0.01 85.33% 83.15% 0.01
2 94.02% 82.57% 0.44 93.58% 81.57% 0.40 93.33% 81.58% 0.04 93.35% 79.61% 0.41
3 99.34% 74.93% 5.49 99.41% 75.60% 2.87 99.67% 78.53% 0.14 99.67% 80.23% 2.65
4 99.67% 76.56% 28 99.67% 76.92% 22.5 99.74% 79.21% 0.47 100% 78.60% 17.56

housing dataset
1 88.56% 85.36% 0.01 88.25% 85.16% 0.02 88.10% 84.36% 0.02 87.92% 83.35% 0.04
2 94.93% 78.85% 0.22 94.14% 80.03% 0.42 92.31% 80.02% 0.14 91.15% 81.38% 0.39
3 98.60% 80.95% 9.57 98.24% 80.00% 6.13 97.34% 79.81% 0.51 96.07% 78.84% 5.86
4 99.23% 79.99% 45.09 98.90% 77.78% 31.69 98.37% 78.63% 1.59 97.98% 78.43% 27.42

german credit dataset
1 78.53% 76.20% 0.02 78.53% 76.20% 0.04 78.53% 76.20% 0.05 78.54% 76.20% 0.04
2 93.03% 67.50% 0.92 93.04% 67.60% 2.50 92.98% 67.40% 0.50 93.00% 67.70% 3.32
3 100% 71.90% 85.86 100% 70.50% 94.12 100% 70.20% 3.14 100% 68.90% 98.58

colon dataset
1 100% 82.14% 20.3 100% 80.48% 15.73 100% 80.48% 0.05 100% 80.48% 14.61



Experiments (f�[�])

` 4
3

` 3
2

`2 `3

� ACCTr ACCTest Time ACCTr ACCTest Time ACCTr ACCTest Time ACCTr ACCTest Time
cleveland dataset

1 85.15% 83.16% 0.01 85.11% 83.16% 0.01 85.33% 83.48% 0.01 85.22% 83.48% 0.01
2 88.30% 84.19% 0.24 88.05% 82.55% 0.28 86.72% 80.58% 0.04 84.01% 77.26% 0.24
3 92.15% 80.87% 4.91 92.12% 81.54% 2.77 92.41% 81.55% 0.13 92.59% 81.20% 2.54
4 84.38% 83.47% 19.57 84.41% 83.46% 12.83 84.71% 83.46% 0.19 85.18% 83.48% 15.51

housing dataset
1 88.56% 85.36% 0.01 88.25% 85.16% 0.02 88.10% 84.36% 0.02 87.53% 84.71% 0.04
2 89.53% 83.53% 0.25 88.84% 82.95% 0.48 87.42% 82.94% 0.11 86.72% 82.46% 0.66
3 94.01% 80.03% 4.47 93.30% 79.82% 4.29 91.50% 80.21% 0.25 90.36% 79.95% 3.05
4 90.80% 82.37% 14.43 90.58% 83.36% 20.98 88.95% 81.59% 0.17 86.69% 82.95% 12.2

german credit dataset
1 78.35% 79.00% 0.02 78.33% 78.88% 0.04 78.25% 78.63% 0.05 78.26% 78.75% 0.04
2 77.29% 74.38% 2.96 77.83% 75.00% 2.37 79.23% 74.44% 0.45 81.15% 75.22% 2.13
3 76.72% 76.75% 57.01 92.78% 79.00% 63.64 96.36% 77.88% 2.75 98.24% 76.57% 48.4

colon dataset (C = 1)
1 100% 82.14% 20.3 100% 80.48% 15.73 100% 80.48% 0.05 100% 80.48% 14.61
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Multiclass problem



One Vs All



One Vs All



One Vs All



One Vs All



One Vs One



One Vs One



One Vs One



One Vs One



Global: Weston-Watkins

min

(
kX

r=1

!0r!r

2
+C

nX
i=1

X
j 6=yi

�
j
i

)

s.t: !0yi xi + !yi0 � !
0
j xi + !j0 + 2� �ji 8i = 1; : : : ;n ; j 2 f1; : : : ; kg�yi

�
j
i � 0 8i = 1; : : : ;n ; j 2 f1; : : : ; kg�yi

!r 2 Rp
; !r0 2 R 8r = 1; : : : ; k



Global: Weston-Watkins

min

(
kX

r=1

!0r!r

2
+C

nX
i=1

X
j 6=yi

�
j
i

) 
rather than

 
kX

r=1

2

!0r!r

!�1

+C

nX
i=1

X
j 6=yi

�
j
i

!

s.t: !0yi xi + !yi0 � !
0
j xi + !j0 + 2� �ji 8i = 1; : : : ;n ; j 2 f1; : : : ; kg�yi

�
j
i � 0 8i = 1; : : : ;n ; j 2 f1; : : : ; kg�yi

!r 2 Rp
; !r0 2 R 8r = 1; : : : ; k



Global: Crammer-Singer

min

(
kX

r=1

!0r!r

2
+C

nX
i=1

�i

)

s.t: !0yi xi + �yi j � !0j xi � 1� �i 8i = 1; : : : ;n ; j 2 f1; : : : ; kg
�i � 0 8i = 1; : : : ;n

!r 2 Rp
; !r0 2 R 8r = 1; : : : ; k

�yi j 2 f0; 1g 8yi ; j 2 f1; : : : ; kg



MCSVM: The model



Class assignment through cells



Separation between classes

maxmin

�
2

k!1k2 ; : : : ;
2

k!mk2

�

minmax
n
1

2
k!1k22; : : : ; 1

2
k!mk22

o



Separation between classes

maxmin

�
2

k!1k2 ; : : : ;
2

k!mk2

�

minmax
n
1

2
k!1k22; : : : ; 1

2
k!mk22

o



Error functions

hI

�
x ; y ;H

�
=

8>>><>>>:
maxf0;minf1; 1� sr (x )(!

t
rx + !r0)g if x is well

classi�ed with
respect to H

0 otherwise

hO

�
x ; y ;H

�
=

8><>:
1� s(x )r (!

t
rx + !r0) if x is wrong classi�ed

with respect to H

0 otherwise



Error functions



Continuous variables

!r 2 Rp
; !r0 2 R; r = 1; : : :m

eir � 0; i = 1; : : : ;n ; r = 1; : : : ;m

dir � 0; i = 1; : : : ;n ; r = 1; : : : ;m



Binary variables

z tir =

(
1 if !t

rxi + !r0 � 0

0 otherwise
, i = 1; : : : ;n , r = 1; : : : ;m

z zis =

8><>:
1 if i is assigned to

class s

0 otherwise

, i = 1; : : : ;n , s = 1; : : : ; k



Binary variables

z �i =

8><>:
0 if the class assigned to i

coincides with yi

1 otherwise

, i = 1; : : : ;n

z hij =

8><>:
1 if xj is well classi�ed and

is the representative of xi

0 otherwise

, i ; j = 1; : : : ;n (yi = yj )



MCSVM formulation

min
1

2
k!1k22 +C1

nX
i=1

mX
r=1

eir +C2

nX
i=1

mX
r=1

dir

s.a:
1

2
k!1k22 � 1

2
k!rk22 8r = 2; : : : ;m (2)

!
t
irxi + wr0 � �T (1� tir ) 8i 2 N ; r 2M (3)

!
t
irxi + wr0 � Ttir 8i 2 N ; r 2M (4)

kX
s=1

zis = 1 8i 2 N (5)



MCSVM formulation

kzi � zj k1 � 2kti � tj k1 8i ; j 2 N (6)

�i =
1

2
kzi � �ik1 8i 2 N (7)X

j2N :
yi=yj

hij = 1 8i 2 N (8)

�j + hij � 1 8i ; j 2 N (yi = yj ) (9)

hii = 1� �i 8i 2 N (10)



MCSVM formulation

!
t
rxi + !r0 � 1� eir �T (3� tir � tjr � hij ) 8i ; j 2 N ; r 2M (11)

!
t
rxi + !r0 � �1+ eir +T (1+ tir + tjr � hij ) 8i ; j 2 N ; r 2M (12)

dir � 1� !t
rxi � !r0 �T (2+ tir � tjr � hij ) 8i ; j 2 N ; r 2M (13)

dir � 1+ !
t
rxi + !r0 �T (2� tir + tjr � hij ) 8i ; j 2 N ; r 2M (14)



MCSVM (left) and OVO (right)



Some MCSVM examples



Kernel trick

Theorem
Let ' : Rp ! Rd be a transformation of the feature space. Then, one can

obtain a multiclass classi�er which only depends on the original data by

means of the inner products '(xi )
t'(xj ), for i ; j = 1; : : : ;n.



Classi�cation rule

z s(x ) the sign-pattern of x with respect to the optimal arrangement of
hyperplanes.

z J = fj 2 f1; : : : ;ng : ��j = 0g (here �� stand for the optimal vector
obtained by solving the model above.

Among all the well-classi�ed observations in the training sample,
J , we assign to x the class of the one whose cell is the closest

(less separated from x).

min

nX
j2J

mX
r=1

s(xj )r+s(x)r=0;


j j(!�r )tx + !
�
r0j

s.t.

nX
j2J


j = 1;


j 2 f0; 1g; 8j 2 J

where 
j =

�
1 if x is assigned to the same cell as xj ,
0 otherwise.



Computational experiments
Synthetic data: Example of data



Computational experiments
Synthetic data: Dataset description

Dataset n p k m �

Data 1 750 10 2 2 4
Data 2 750 10 3 3 6
Data 3 750 10 4 4 8
Data 4 750 10 4 4 8
Data 5 750 10 7 6 15
Data 6 750 10 10 8 20



Computational experiments
Synthetic data: Average accuracy results

Dataset MCSVM OVO WW CS

Data 1 96.64 61.85 (SVM)
Data 2 85.67 41.94 43.18 39.21
Data 3 87.46 36.53 32.09 28.33
Data 4 92.85 48.88 34.07 35.852
Data 5 90.42 25.92 20.53 19.11
Data 6 86.65 29.92 16.88 15.85



Computational experiments
Real data: Dataset description

Dataset nTr nTe p k m mOVO

Forest 75 448 28 4 3 6
Glass 75 139 10 6 6 15
Iris 75 75 4 3 2 3
Seeds 75 135 7 3 2 3
Wine 75 103 13 3 2 3
Zoo 75 26 17 7 4 21



Computational experiments
Real data: Average accuracy results

Dataset `1 RL `1 HL `2 RL `2 HL OVO WW CS

Forest 80.66 80.12 82.30 81.62 82.10 78.40 78.60
Glass 64.92 64.92 65.32 65.32 58.76 56.25 59.26
Iris 95.08 95.40 96.44 96.66 93.80 96.44 96.44
Seeds 93.66 93.66 93.52 93.52 91.02 93.52 93.52
Wine 95.20 95.20 96.82 96.82 96.34 96.09 96.17
Zoo 89.75 89.75 89.75 89.75 87.44 87.68 87.68



Computational experiments
Glass detailed experiment



Thank you for your attention

puerto@us.es
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