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1. Introduction

Let C[0, 00) be the family of all real continuous functions on the semiaxis. Denote
ex(t) = tF, k > 0. For a function g : [0,00) — R we set ||g|| = sup{| f(z) |: = > 0}.
Throughout the paper, we fix b > 0 and set

o) =1/1+2)° and o¢(z) = z(1+2).

For A > 1 and f : [0,00) — R, the Baskakov operator is defined by

) _ k
W) =301 (5 ) osteh it = (M) e o200
k=0

Here we present Kantorovich-Baskakov operators reproducing linear functions.
For the modification we use the notations

ik =[k/X (B+1)/A] and ar =2k/(2k+1), ke Ng.
Now, for f € C[0,00) define (whenever the series converges)

Ma(f,2) =AY Qan(Hoap(@),  Qurlf) = flaxt)dt.
k=0

Ik
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Other authors have introduced Kantarovich-type modifications of some ope-
rators defined in subspaces of C[0, 00) to obtain new ones reproducing affine functions.
But these modifications are non-positive or the convergence is only proved in specific
proper subintervals of the original domain (see [1] and the references given there).

We will study approximation properties of the operators M, in some weighted
spaces. The following notations are used

Cy8]0,00) = {h € C[0,00) : h(0) =0, ||Qtp26h” <o}, 0<p<1.

In C, 4[0,00) we consider the norm || ||, 5 = ||ep?’h||.

Section 2 is devoted to study the moments and derivatives of the operators, while
some auxiliary results are included in Section 3. In Section 4 we identify all functions
in C, [0, 00) for which ||o(f — Mx(f))|| = 0 as A — oco. The main result is presented
in Section 5, where we obtain an estimate of the error ||op??(f — Mx(f))|| in terms
of a K-functional. Analogous results for Kantorovich-Szasz-Mirakjan operators will
appear in another paper.

In what follows C' and C; will denote absolute constants. They may be different
on each occurrence. We remark that our arguments allow to obtain bounds for the
constants.

2. Moments and derivatives

For m € N, the central moment of order m of the operators V) and M), are
defined by Vi m(x) = Va((t — x)™,x) and M) n,(z) = M((t — )™, x) respectively.
We also set

1 (2M)?
0\(t) = 5 —F—. 2.1
M) =2 (1+2Xt)2 2.1)
Proposition 2.1. (see [2, page 94]) For each A > 1 and = > 0, Vi(eg,z) = 1,
Wa(e1,x) =z,

o z(l4x) ot () 2 (14 21)2
V)\(SQ,’I) =z + 7)\ , and VA74(J}) =2 3+ \ + 7)\@2(1:) .

Proposition 2.2. For each A > 1 and x > 0, My(eg,z) =1, My(e1,z) =z,

2(x 1
My o(x) = 90)(\ ) + EVA(Q,\J),

and

Mya(2) = Vaale) + 5V (00t — 2%, 2) + o VA (639,

Proof. The first two identities follows from Proposition 2.1, since

2 2
)\/ dt=1 and )\/ (apt)dt = —F ((kH) k)—k
Ik Ik 2k+1

22 A2

=1
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For the third equation one has (recall a;, = (2k)/(2k + 1))

=3 meei () - (7))

oo

- ”A”“(‘”)(iz + 121)\2>

k=0
()

1
n +EV)\(9)\7$)7

:x2+

and

2
M,\72(x):M>\(e%,m)—2x2+x2= %0)(\93) (9,\,33).

For the third moment, first, a straightforward calculus shows that

krk 2 a2 /k a?
)2 = (Y Tk k
Aay, /IM t(agt — x)*dt 3 (/\ x) + e (/\ :c) + Ve

Therefore
My(er(er — 2, 2) = Va((enler = 2)%2) + VA (a0~ 2),2) + V3 (62,2),
and
M) 3(x) = Va((er(er — x)%,2) + V,\(GA( )t —2),2)/4—2*(1+ )/
=Was(z) + a2V o(z) + ZVA (Ox(t)(t — z),2) — 2*(1+ ) /A
= V)\,3(2E> + iV)\ (GA(t)(t — :C), :ZJ)

The same idea can be used to obtain the other equation. In fact, since

A /wakt(akt—l‘)sdt - §(§ —x)S + %((; —x)2 " g(; _x)) n ﬁai,

one has
My(er(er — 2)%,2) = Va((ex(er — )3, ) + vA (9A( )t — x)2,x)
+£VA (0,\(t)(t - x)ﬁr) n %V,\(Q/z\,x),
= Vaa(@) +aVas(z) + %VA (o)t~ @)%

%VA (9,\(t)(t - x)ﬁr) n %VA(Gi,x),
and
My 4(x) = My(t(t — x)®,2) — s M\((t — 2)3, )

= My(t(t — 2)3,2) — 2Vh 5(x) — EVA (Ox(1)(t — ), 7)

1 1
= Vaa(@) + 5Va (0B = 2)%.2) + VA (63, ). 0
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Corollary 2.3. For each A > 1 and x > 0, one has

- B @)

13 p(z
Miz2(@) < 573 )

and My(|t—=x|,x) <4/ —=—=.

12 3

Moreover, if x > 1/(2(A + 1)), then My 4(z) < 16¢*(x) /A%
Proof. Since 4t < (14 2At)?, one has (see (2.1))
1 (2xt)? At 4AMt At ot

— — = — < - =
A2 (14 2X¢t)2 A2 (14 2X)2 — A2

Later we need also the estimate

1 (2))?

1) =3z T+2n)? =

Therefore (see Proposition 2.2)

2 2
¢*(x) () 1

Y N i A
) w P Va2 13¢%(x)

A 12 A 120 712 A

The second inequality follows from the first one by Holder’s inequality. In fact, since
M) is a positive operator

My(|t—x |,z) < /Mx(1,2)M\((t — 2)2,z).
If we set H(z) = (1 + 2x)2/¢?(x), then
4(1 4 2z)(x + 22) — (1 + 22)%(1 + 22)
(x + 22)?

4 42 — 1 — 4o — 422
(14 20) R TN o
(x4 22)?

Ox(t)

1 (1420)? 1
A2 (142Mt)2 A2

1
M) 2(x) = + EVA (6x,2) <

H'(z) =

Thus, if > 1/(2(A + 1)),

1 ) B 4(1;1:;1; (2+>\)2 42+

H(x)SH(Z(lJr)\) 12 T Broy
On the other hand, since the function
2 4242

A AB+2))
decreases, for A > 1 and > 1/(2(1 + X)), one has

2 (1+2x)? 42+ )2

)\+(/\:2(§))§ )\2312‘;)§2+356<10.
Thus, if z > 1/(2(A+ 1)), then (see Proposition 2.1)

¢'() ( 2 (1+2x)2> <1374

+
24
A

Va((t —2)* ) = 2 3+ -+ 2

A Ap?(a)
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Also notice that
2
{ < 414+ N)
T 342X
Therefore, from Proposition 2.1 one has

1
§V,\(9A(t)(t —z)%2) <
Since 2 + 2X < 4),

z(14+2z) <2(14+Nz(l+z) <4 z(l+x).

1
ﬁV)\((t—ZL’)Q,ZL‘) = - SQ

1 < 1 <
TSN T IS R

hence (see (2.2))
1

1 1 122 1¢%)
80 ’

T80t T 5A2 T 5 A2

V)\ (93, $)

Therefore

1 1 !
Maa(e) = Vaa(@) + 53 (0r(0)(t = 2,2 ) + 513 (63, 2) < 167 A(f)~ .

Proposition 2.4. For each f € C,]0,00), A > 1 and x > 0, one has

@i\( My(f,z) ZQAk (*—x)vx,k(x)y

and

M(f2) =X (QA,kJrl(f) - QA,k(f))UAH,k(x)-
k=0
If f(0) =0, the term corresponding to k = 0 should be omitted.

Proof. Since, vy i (x) satisfies (we set vy _1 = 0)

b AE(@) = AMvrt1p—1(2) — vrp1k(2))),

U/A,k(T/) = m

=\? Z Qx ki1 (Hoagrr(e) — A2 Z Qxk(f)ors1k()
k=0

(o}

= \? Z (Q)\,k+1(f) - QA,k(f))v,\H,k(g;). -

k=0
Proposition 2.5. For A > 1 and x > 0,

A
A<1%ﬂ") = (A—12)(1+x)‘
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Proof. For k > 1, 4k > 1 + 2k. Therefore, if k£ > 0,
k 4k

1+ <14+ —-——+

+ AT + A(1+2k)

and 1 < 2
1 .
T+apgk/X ~ 1+k/A

Hence
1 k() A
M (577) < X e S22 xRt
2 S (A=DA- (A + (B —2) A
(1+§:: R+ z)hrhT ) PN I

3. Auxiliary results
Proposition 3.1. Assume v € [0,2) and set

L t) = ’/t %du .

(i) Ift >z >0 and 1/2 <~y < b, then
L(x,t) <2t —a |22 (14 t)> 7227,

(i) Ift >2>0,0<~v<1/2 and b > ~, then
2(t —x)?7
I(z,1) < .
@< (1+2)(1+¢)—>t

(iii) If t >0, 2 >0,0<~vy <2 andy <b, then
(t—x)? 1 (1+t)b

L t) < .

w05 GaEm e )

Proof. (i) If t > x and 1/2 < v < b, then
¢ byt
(t—u) (t—z)1+2)7 1
/$ uY(1+ u)‘*‘bdu = xY—1/2 L ul/? du
A+t o) (VE—va) _20+8)"7 [t—a [*?
=2 < .
x'y—l/Q - x')’_l/?

(ii) If ¢ > z and 0 < 7 < 1/2, since the function (¢ —u)/(1 + u) decreases in the

interval [z, t], then

o (t—u) [t 1

/x Wdu_/z (1+u) u7(1+u)7*b*1du
G-0)  fdu_ 2-ap

e e e e et
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(iii) First note that

L(z,t) = e

/75 L i) 1+ u)b*”du

<((T4+2) 7+ 1+t

[ e

Now we estimate the last integral in the expression above. If ¢ < z, then, putting

u—t—TJ;—t) we have
x _ 1
/ (u t)duz(x—t)2/ %dr
¢ u o (1=7)t+72)

i,
@t [,
< / =1

- a 2 — )z
If x < t, then
Pt - Pt - I t— )2
/ | u'du:/Mdug—/(t—u)du:( x)
s uy s uy 7 ), 2x7
Hence, the inequality in (iii) holds. O

Proposition 3.2. For each b >0, > 0, and A > 2(1 +b), one has
W1+l x) <2°A+2)" and  My((1+t)° x) <2%(1 +2)b.
Moreover, for each b >0, x > 0, and A > 1, one has
A1 +1)°,2) < (2+b)°(1+2)"

Proof. The case b = 0 is trivial, because V) (1,2) = Mx(1,z) = 1. Thus we will assume
that b > 0.
(i) First we prove that, for m € N

(L4 k/N)™ oa k(@) <2 N1+ 2) ™ O k(@) (3.1)
If 1 <k < m, from the definition of vy j(z)
mi(@) 1 A+m)A+m41)---A+k+m—1)
uak(x)  (IL+z)™ AA+D) (A +k-1)

1+me( )\+j)

But, for 1 <k<m, 1 +k/A<1+m/A<2and

2731(1+Ij\7) <1+k<1 % 1:[( ) (3.2)

Here the condition A > m is needed.
Hence

, we have

T ) oak(e) = (L ) oxem 1 (2).

2mlfl(H];> Ak (@ lj(
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For k > m, one has the equality

Unimk(T) I A+EA+k+1)---A+E+m—1)
oe(z)  (1+z)m AA+1D)--(A+m—1)

1+$ ml:[( )\+j)

But for j=1,--- ,m—1,

Therefore Hence
(1+k) vak(z 2m1H<1+
A

We have proved (3.1) and it is sufficient to verify the first inequality in Propo-
sition 3.2 in the case of an integer b and A > b.

If b > 0 is not an integer, let [b] be the ceiling of b, that is the least integer
greater than b. Note that A > 2(14b) > 2[b]. Applying Holder’s inequality we obtain

> b/ [lﬂ

)w R(@) = 27711+ 2)™0s ().

1+t z) < (VA (1 +)ln oTP1=D6/TbT (1 4 4)® < 2°(1 + z)°.
(ii) Since 0 < ay < 1, for k/A <t < (k+ 1)/, one has
1+ axt < 1+(k+1)/>\§2+k/)\§2(1+k//\).

Therefore My ((1+1)°, ) < 2°V\((1 + 1), ).
(iii) The condition A > 2(1 + b) was first used to prove equation (3.2). This
restriction can be omitted if, for 1 < k < m, we consider the inequalities

k\m my\m—1 m 1
=~ < i - m— "
(1+A) 7(1+)\) (1+/\) (1+m) H(1+ )
Thus for an integer m equation (3.1) is replaced by
(L+Kk/N)™ oak(@) < (L4+m)™ 11+ 2) ™ ox g k()

Moreover, if b > 0 is not an integer,

Vi +t)b,x) < (V)\((l +t)(b1’$)>b/fb1

< ((1+ [b})fﬂ—l)b/m(wag)b < (2401 + ). O

Proposition 3.3. For 8 € (0,2], x > 0 and any real X satisfying X > 4, one has

i (%)BUA7,€(9;) < ;ii (3.3)
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Proof. (i) First note that, for z > 0,
()\) vz k() ()\)(k+1)! AA+1) - A+ k—1)
oY AR TSP AN
k7 vx_1 y1(2) k E A=1DN)---(A=14k))
|
:(i)(k—kl). 1L k+1 A <4
k (A =1) E -1
With similar arguments, we prove that

(M2 vxg(x) A\ 2 (k+2)! 1 E+1 X 9
* (k) Ur_ohra(T) (E) o -1 =2)  k A-1 =4
Therefore .
Z ( )U,\ k(T ZU,\ Lk+1(2 é (3.4)
k=1 r
and

o) 2
Z(é) oak(T) < QZUA 2 k2(T S%

k=1
(ii) Finally if 0 < 8 < 1, using Holder s 1nequahty, we have

> (2) et < (32 (F)onet) < &

and, if 1 < < 2, then

5 (2 st = (55 (2) o)< &

k=1 k=1
and this proves the result. O

Proposition 3.4. If vy €[0,2),b>~, A>1 and k>0, then

IN

(k+1)/X dt 9 1
/k/A o(art)p? (art) = X o(k/N)@ (k/A)
When v = 0 the inequality also holds for k = 0.
Proof. If k > 0, since 1/2 < a;, < 1, then

/(kﬂ)/)‘ (1+ aku)b_’yd Cy (14 k/n)®
k

<= g
/> aur SN k)
Lemma 3.5. Assume v € [0,2), b > 2 and A > 2(1 + b). There exists a constant C
such that y
k/A 2(1=7)
du % ()
A v / <’
vl Z O o) o(x)
and
(@) * (@)
By~ (x) = : <CA ,
2 = D N gl o)
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Proof. Notice that 1+ k/A <4(1+ (k—1)/(A+1)) for k > 1.
(i) If v = 0, the result follows from Proposition 3.2 taking into account that

o0

A)\,o(x) < ;(1 + k/)\)b’L})\7k($)
k=1
(A + ---A+k-1) 1 k=t
;3 /O D) (k= DT+ 2T
=4"2Vi((1+t)0,2) < Ol;ixga:)

(if) Assume 0 <« < 1. Notice that
BIA du RIX o (L4 kN
——— < 1+l<:)\b‘7/ — = (kN
| ot e [ = S

Hence, by Holder inequality we obtain

(@) <Gy (;)1_”(1 B s k()

< Co(Valt, ) Y (Va1 + 6) 07 %)Y = Coa 7 (Va((1 + )0/ 2)”,
where we use Proposition 2.1. It follows from the last inequality in Proposition 3.2
that

(VA + )77, 2)T < Cb)(1 + )77 < O(b)(1 + a)P T,

(iii) If v = 1, then

oo

1 BN duy sk Ci — DWAC))
A,\,l(x)ﬁﬁk_l(/o \[)m \sz_:\/>1+k/>\)
C

i ;
< ﬁ\/VA(t,l‘)V,\((l Ha) <

(iv) If 1 < v < 2, then
1 <= va () /k/)‘ du Cs = [ k\2=7 vy ()
< — 2 = — — 2
Vaalo) < 2 ]; ok/N) Jo wT T kz::l ()\) o(k/N)

S ()

k=1

For the second inequality we also consider several cases.
(a) If v = 0, the results follows from Proposition 3.2 taking into account that

A+1)--(A+k-1) b1 b
By o(z )\xz AESTE (1+x)k_1+)‘+1x <AV ((L+1)°, ).
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(b) If 0 < v < 1, we use Holder inequality, Propositions 2.1 and 3.2 to obtain
1 kN (% k U k(x)
;A (A) (1+k://\v bz Z( ) (1+Kk/N)r=b
< A(Va(t,2) 7T (A1 + t)<b—V>/7,x)) < Cora' (1 + )b,

(c) If v = 1, the proof is simpler, because By 1(z) < AVA((1+1)°71, 2).
(d) If 1 <y <2, then

= A A va k()
Ba@=23F) Ty

k=1

<2

RN D) (A E—1) 1 z®
A (X) (1+k/\)-0 (k+ 1)k (1 4+ )2+

Il
A

k
l+o = 1 k\177 vy pqa()
Z ( ) (1+k7/\)7*b

142 o= /k+1\2-7 V) k+1($)
< 3
sGA— ; A ) (T4 (k+1)/X)0

1 2(1-7)
+ Izzf (z)
x

v b—y _ ¥
(1+2x) CoA ol

Lemma 3.6. Assume v € [0,2), b > v and X\ > 2(1 +b). There exists a constant C
such that, if 0 <z < 1/(2)\), then

GO (R + 1)/ = w) C > (x)
Wr /A7, < 2P W)
Z”A ‘ /W Puew SR o)
and, if o, B € 10,1], oz—l—ﬁ <b, then

k/A (k/X —s)ds C?1=)(x)
Z“nk / o(s)@2(@+B) (s) S T NiPel@)

O

< CoA

)

Cir (

Dy ayp(x

Proof. Since the functions ¢?7(z) and 1/o(x) increase,

e 1 (k+1)/X

Ch~ ()< C —/ k+1)/X—uwduvy i(z
AW( ) 1;@27(k/)\)g(k//\) "™ (( )/ ) A,k( )

° 2(1—7)
< 222 _ v k() _ 222 o () < g‘ﬂ (I)

A2 L= o (R A)e(k/A) A A oz)

Ifo<a<1/(2\) and 1/2 < a+ S <D, then
| k/XA—x | KIX ds

Preole) = e ok L |, s

| k/X — = |22
S porp-i2 ; Uk () (1+ k/n)otp=b
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Ch 2 3/4 3/
= zotB=1/2(1 4 g)oth-b (VA — 2%, < €y N3/4ga—1/226 ()
— 02¥x1/4 < M
\3/dgagho(x) ~—  AzPo(x)

If0o <z <1/(2\) and o + 8 < 1/2 < b, from (ii) in Proposition 3.1 and Hélder
inequality we obtain

= (k/\ — x)?—op
Dy o
rorts(® 1—1—33 kz VAt kmyers o
Cs z\ (2—a—=p)/2 1 B2 )\B/2 pl-ope/2 -
z < .
~ (It ()‘) (1 +a)oFh=b=1 = 737 \1=a/2 (1 + z)oaPo(x)

Proposition 3.7. Assume «, 8 € [0,1], a+ 8 < 2 < b. There exists a constant C such
that, for A > 2(1+b) and z > 0, one has

2(1—a) T
P o(@)Ma(| T, t) |,2) < c%“,

Proof. (a) First we consider the case 0 < z < 1/(2\). When k = 0, since a, =0,

) Aoro() / 7 / ’ s dsdt
X v X — o ——_as
Mo 0 o P2t (s)o(u)

T Jl—a—B(q] b—a—p
_ xﬁ/ s (1+5) s
0 (1 + .Z‘))‘+b
xﬁ 2704

< T st—o=8g <07<
—<1+m>a+5/ =T 0t oe

If k> 0 and < 1/(2)), then = < axt <t for ¢t € I . Hence

apt _ (k+1)/X —
N / / Mdu‘dt < / ((k+D/A—w)
I>\,k x ()0 x

1 90-a
Cayy (2).

27 (u)o(u) 27 (u)o(u)
I (k1) - u)du KAy RN (k)X — ) du
a /k/A @27 (u)o(u) A/ ©*7(u)o(u) +/x ¥ (u)o(u) -

If R}, 5(z) = 2Po(x) M} (| In(z,t) |,x) (M} means that we omit the term corre-
sponding to k = 0), then

N 1

0(@) € 270(0) (A as5(2) + Orass (@) + Drass(@)),

and the result follows from the estimates given in Lemmas 3.5 and 3.6, with v = a+ /.
(b) Now assume x > 1/(2X). By (iii) in Proposition 3.1 and Corollary 2.3, one

P olw) My | /w W(ﬁu )

ﬂM;(((a+5)()2) )+02Q:1(7§)M

has

01$
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2(1 (x)
<G 3 +02x \/M (t — )%, 2) My ((1 + t)20—a=B)g)
2(1—a) 4 2(1—a)
<o (FE 20 20 gy ppee) < 00

4. Which functions can be approximated?
For ¢(z) = In(1 + z) set
ax = sup My(|6(¢) = @)l z)and -y = sup o(@)Mx(| 1/e(t) = 1/e(2) |, 2).

Proposition 4.1. For b > 1 there exists a constant C' such that, for A > 2,

< 2 d < ¢
—— and ry< —.
D= YA
Proof. (i) For any x,t € [0, 00), using the inequality | Inc —Ind |<| ¢ — d | /Ved for
¢, d >0 (see [6, page 40]), we obtain
|In(1+2) —In(1+¢) <]z —¢t| /(VA+8)(1+z)).

Hence (see Corollary 2.3 and Proposition 2.5)

MA(] 6(t) = 6(2)], 2 ¢MA t—a)2, o) My((1+1) ", a)

< 1 \/2 V2 (x) 2\ _ 2 x
SVTrE\T A G-n(+e) Vitx

This provides the estimate for gy.

Note that, for ¢t € I, , and x > 0,

|t —z|<max{|k/A—z|,|(k+1)/A—z |} <1/A+|z—k/X|

and

(I—ap)t 1 to_ 1 k+1_1
T+apt  2k+11+art ~ 2k+1) X — X

Hence taking into account Proposition 2.1, one has

1 1 1
A o |at
A(‘H-t 1+a: ) ZU““ /,M L+agt l+a

P - (ap — 1)t t—:v‘
dt)
1+xkz_ov)"k(x)(/l k‘ 1+ apt +1+akt

X,

1 & k 2 (14+z) 3
7+‘77x’>v r) < + < —.
l—i—xkz_()()\ ) @) S S VAL +z) VA
Finally, if x > 0 and ¢ € Iy, using the mean value theorem, we know that there
exists a point between x and ajt such that

| (1+agt)’ = (1+2)" [<b(1+60)"" | agt — |

IN
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<B4+ F+D)/N) A+ 2) ) (A —ap)t+ [t—a )
<O ((A+E/N+ 1 +2) ) (2/A+ [ 2 —k/X ).
Hence, from Propositions 2.1 and 3.2,

M| 1/0(t) = 1/e(@) |2) < SEA(L+ 0P 2) + 2(1 42
+O (A + ) t—z |, 2)+ C1(1+2)" "W\ (|t — 2 |, )
< (5 + VA - o7 (4 )

b
§C’4<\%+ x(1+x)>\1f>\(1+:c)b1§05(1\/—;\$). O
For a continuous bounded function f : [0,00) — R and ¢(x) = In(1 + z) define
Qy(f,6) = sup | f@) = f(@) ]

t,JZE[O,OO),|¢(t)7¢(I)|§5

Proposition 4.2. (see [5]) Let f € C[0,00) be a bounded function, ¢(z) = In(1 + )
and ¢~ be the inverse function.

(i) For any & > 0, Qu(f,0) = w(f o ¢™',0), where w is the usual first modulus
of continuity.

(ii) The function fod™! is uniformly continuous on [0,00) if and only if for any
sequence 6, — 0 of positive numbers one has Qg (f, 6,) — 0.

(iii) For any § > 0 and z,t € [0,00),

70— 1) < (14 2O Yo, 15)

Theorem 4.3. Assume b > 1, ¢(z) = In(1 + z), and ¢~ is the inverse function. For
a function f € Cy[0,00) one has limy_,o [[o(MA(f) — f)|| = 0 if and only if the
function (of) o ¢~ is uniformly continuous on [0,c0).

1

Proof. Let ¢, and r,, be given as above. Assume (gf) o ¢~* is uniformly continuous.
0

From (iii) in Proposition 4.2 we know that, for any § > 0,

10 = 1) <1 N | |55 = =]+ 55571 @D = (eNi@) |
<llefl-| o5 - =] + Q(lm) (1 4 L2 N0 o1, 9)
Therefore

ofe) | M(1.2) = £(&) 1< ofl ) M (| 75 = =5 =)

+(1 T q%M,\(\ d(z) — (1) |7w)>9¢(9f7 o) < rallefll + 292 (ef gr)-

Since 7y, gx — 0 as A — oo (Proposition 4.1), if we assume that (of)o¢~! is uniformly
continuous on [0, 00), it follows from Proposition 4.2 that Q4(of, gx) — 0 as A — oo.
We have proved that [|o(Mx(f) — f)|| — 0.
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Now assume limy_, o [[o(Mx(f) — f)]| = 0. Taking into account Proposition 4.2, it is
sufficient to prove that Q4(of,1/A?) — 0, as A — co. By using the properties of the
first modulus of continuity one has

Qs (of, 1/X?) < 2|lo(f — Ma(£))| + Qs (oMr(£), 1/X).

It remains to prove that the second term goes to zero. By definition we should estimate
the difference | o(z) M (f,z) — o(y)Mx(f,y) | for all point z,y satisfying

| d(z) = dly) < 1/A%.
Case 1. If 0 <y <z <1/X and | ¢(x) — ¢(y) |< 1/A2, there exists a point § between
z and y such that

2=yl /2<]z—y|/(0+0) <|In(1+2z)-In(1+y) [<1/A2
Therefore
| o(x) MA(f, ) — o(y)MA(f,y) [< 2[lo(f — MA(H)II+ | (of) (@) — (ef)(y) |

<2llo(f = Mx(HI + el | f(z) = fw) |+ £l | o(x) —o(y) |
< 2||Q(f - M/\(f)H + ||Q||[0,1]W(f>33 - y)[o,l] + ||f\|[o,1]w(97$ - y)[o,l]

2 2
< 2lo(f =MD+ lellone (£ 5z) o+ o (e 5g) oo (4D)

where the usual modulus of continuity is computed in the interval [0, 1].
Case 2. If 0 < y < 1/\ < z, we consider the inequality

| (ef)(@) = () (y) <] (ef)(y) = () (A/N) | + [ (f)(A1/A) = (ef)(=) | . (42)

The first term was estimated in Case 1, the second one will be considered in Case 3.
Case 3. Assume that 1/A < y < z. From the Cauchy mean value theorem, for any
point z,y € (0,00), there is z between 2 and y, such that

Q(y)M/\(f’ y) — ,Q(J’J)M)\(f7 l‘) — z / z z z ! z
o(y) — o(x) = (1+2) (& (2)MA(f,2) + 0(2)ML(£,2)).

It is easy to see that (see Proposition 3.4)

(1+2) | ¢(2)MA(f,2) |< Caol IIQfIIZ T < il

On the other hand, from Propositions 2.4 and 3.4 we obtain

21+ 2) | M3(f,2) | = i (; ~2)oan(z) [ flantydt]

Ix i
< Csllof | Z 5 - 2

(Z) 1
VA o(z)

< CoMofllso ™

Thus if z > 1, then

(1+2) | 0o(2)ML(f.2) IS Collof IV +2)/zVA < Crv Xl |l



754 Jorge Bustamante

On the other hand, from the other equation in Proposition 2.4.

A ol A F 2 2SS k()
(1) LeGML2) 1< ONlef et 3 iy

Therefore, for 1/A < z <1, (1+2) | o(2)Mi(f, 2) |< Cy Mof]|.
We have proved that, for A > 1 and 1/\ < z,

(1+2) | o(2)M(f,2) |< CsAllof]-
Thus if | ¢(y) — ¢(z) |[< 1/A? and 1/X < y < x, then

oM f) — o) (f0) 1< S M or < C0pop )
From (4.1)-(4.3) we know that if z,y > 0 and | ¢(x) —o(y) I< 1/)\2, then
| o(y)Ma(f,y) — o(x) MA(f, ) |

<ctto(lets -3l +o(fi5)  +oless),, +3ledl). O

CIO

5. Main results
In Theorem 5.1 we estimate the norm of the operator M.

Theorem 5.1. If 8 € [0,1] and b > 3, there exists a constant C such that, for all
A > 2(1+b) and every f € C,5[0,00), one has |l op* MA(f)|| < C|lop?* f]|.

Proof. First we consider the case 0 < g < 1. If f € C, 3[0,00), and = > 0, we use
Proposition 3.4 to obtain

(06 (@) | Ma(£,2) I (06 waz [ s @

oo

< Ci(ep™) (@)l oo™ [ Z M

< Culee®) @) o FI( o) (S + k02D i(@)
k=1

k=1

(1+az)bF

< Co(ee™) (@) 0p™ fllF——5— < Callop™ 1|

where we use Propositions 3.3 and 3.2.
The case 8 = 0 follows analogously (we do not need to use Proposition 3.3. g
In the main result we use the following notations. For a, 8 € [0, 1] set

Kas(f,1), = inf {0p®®(f — 9)l| + tlep® ™ g"|| : g € D(a, 8,0)},
Where D(a’ﬁ7 Q) = {g c CQ,ﬂ . g/ = ACZOC . ||‘Q@2((X+/B)g//‘| < OO}~
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Theorem 5.2. If o, 8 € [0,1], a+ 8 < 2 < b, then there exists a constant C' such that,
for all A >2(1+10), every f € C, 3[0,00) and x > 0,

2(1—a) T
o(2)¢* (2) | My(f,2) = f(@) |< CKas (1, “OT”) :

4

Proof. We know that the operators My : C,3[0,00) — C, 3[0,00) are uniformly
bounded. If x > 0 and g € Cg [0,00), use the representation

ot) = g(z) + ¢'(@)(t - ) + / ¢ (u)(t — u)du.

Therefore, by setting W(g) = |lop?@+#)g"|, it follows from Proposition 3.7 that
(09*")(x) | Mx(g,2) — g(=) |

x)/\iw,k(l‘) /IA )

apt
/ g" (u)(art — u)du| dt

art
k apt —u
———————du|dt
(QQO ZU,\ k /Im /I Q(u)¢2(a+ﬁ) (u) U
ot —u | du ©*(1=2) (g)
= (0p**)(x)W (g) M / _t-ujdu <CW(g)——=.
e W) 3 (| [ s o) < owin S
By the definition of the K-functional we obtain
2(1—a) T
o) (@) | Mr(f,2) — (@) |< O (1, D) 0

Remark 5.3. Theorem 5.2 combine pointwise estimates (o € [0,1)) with norm es-
timates (o = 1). When 8 = 0, we pass to usual approximation in polynomial-type
weighted spaces, in such a case, taking into account Theorem 6.1.1 of [3], the result
can be written as: There exists a constant C' such that, for all A > 2(1 4 b), every
f € C,[0,00), and = > 0,

o(@) | f(z) = Ma(f,2) |< Cwge (£, (2)/ V),

where wge (f,t), = sup{ | Q(ac)A,zwa(w)f(x) l; 0 <h<t, x> hp“(z)}.
In particular, if we chose o = 1, then |[o(Mx(f) — f)|| — 0, as n — oo, if
wee (f t)g — 0, as t — 0.

)
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