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Coefficient bounds for new subclasses of analytic
and m-fold symmetric bi-univalent functions
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Abstract. In the present paper, we introduce and study two new subclasses of
analytic and m-fold symmetric bi-univalent functions defined in the open unit
disk U. Furthermore, for functions in each of the subclasses introduced here,
we obtain upper bounds for the initial coefficients |am+1| and |azm+1]. Also, we
indicate certain special cases for our results.
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1. Introduction

Denote by A the class of functions f of the form:
f(z) :z—i—Zakzk, (1.1)
k=2

which are analytic in the open unit disk U = {z € C: |z| < 1}. Let S be the subclass
of A consisting in functions of the form (1.1) which are also univalent in U. The Koebe
one-quarter theorem (see [4]) states that the image of U under every function f € S
contains a disk of radius i. Therefore, every function f € S has an inverse f~! which

satisfies f~1(f(2)) = 2, (z € U) and f(f~1(w)) = w, (|w| < ro(f),r0(f) > 1), where
g(w) = fH(w) =w — axw® + (243 — a3) w* — (5a3 — Sazaz + as) w' + -+ . (1.2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent
in U. We denote by X the class of bi-univalent functions in U given by (1.1). For a brief
history and interesting examples in the class 3 see [14], (see also [6, 7, 10, 11, 12]).

For each function f € S, the function h(z) = (f(zm))i, (z € Uym € N) is
univalent and maps the unit disk U into a region with m-fold symmetry. A function
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is said to be m-fold symmetric (see [8]) if it has the following normalized form:
f(z) =2+ Z amk+1zmk+1, (z € UymeN). (1.3)
k=1

Let S, stands for the class of m-fold symmetric univalent functions in U, which
are normalized by the series expansion (1.3). In fact, the functions in the class S are
one-fold symmetric.

In [15] Srivastava et al. defined m-fold symmetric bi-univalent functions ana-
logues to the concept of m-fold symmetric univalent functions. They gave some impor-
tant results, such as each function f € ¥ generates an m-fold symmetric bi-univalent
function for each m € N. Furthermore, for the normalized form of f given by (1.3),
they obtained the series expansion for f~1 as follows:

g(w) =w— am—i—lmerl + [(m + 1)0172n+1 — a2m+1] w2m+1

1
- [2(m +1)(Bm +2)ad, y — (3m + 2)ami102mi1 + azmrr | W4 (14)

where f~! = g. We denote by X,,, the class of m-fold symmetric bi-univalent functions
in U. It is easily seen that for m = 1, the formula (1.4) coincides with the formula
(1.2) of the class X. Some examples of m-fold symmetric bi-univalent functions are
given as follows:

zZm @ 1 14+ 2™ w
-1 —log (1 —2"
() (2] o

with the corresponding inverse functions
w™ m e2v™ —1 d e —1
v\ o ana | — = )
14 wm ew™ 41 ew

Recently, many authors investigated bounds for various subclasses of m-fold
bi-univalent functions (see [1, 2, 5, 13, 15, 16, 17]).

The purpose of the present investigation is to introduce the new subclasses
ASs,, (7, A a) and AS5, (7, A; B) of ¥, and find estimates on the coefficients |a, 1]
and |agm+1| for functions in each of these new subclasses.

We will require the following lemma in proving our main results.

3|~

3
3

respectively.

Lemma 1.1. [3] If h € P, then |ci| < 2 for each k € N, where P is the family of all
functions h analytic in U for which

Re(h(2)) >0, (ze€U),

where

h(z) =14+ciz+c2> +---, (z€U).
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2. Coefficient bounds for the function class ASs (7, \; «)

Definition 2.1. A function f € ¥,, given by (1.3) is said to be in the class
ASy, (7, A; ) if it satisfies the following conditions:

S
arg([u_x)“’g’(w +)\( } )

g(w)
(z,welU 0<a<l1l,0<y<1, 0< <1 N)
where the function g = f~1 is given by (1.4).

and

(2.2)

In particular, for one-fold symmetric bi-univalent functions, we denote the class
ASs, (7, A @) = ASs (7, A; a).

Remark 2.2. It should be remarked that the classes ASyx (7, A; ) and ASx(7y, A; )
are a generalization of well-known classes consider earlier. These classes are:
(1) For A =0 and v = 1, the class ASsy,, (7, A; @) reduce to the class S3t which was

considered by Altinkaya and Yalgin [1];

(2) For v = 1, the class ASx (v, A; ) reduce to the class Mx (o, A) which was intro-
duced by Liu and Wang [9];

(3) For A = 0 and v = 1, the class ASx (7, A; ) reduce to the class S (a) which was
given by Brannan and Taha [3].

Theorem 2.3. Let f € ASy, (7,M0a) (0<a<1,0<~y<1,0<A<1, meN) be
given by (1.3). Then

2a
lam+1] < = (2.3)
m\/2a7(1 +2m) +v(y — o) (1+ Am)
and )
20%(m + 1) !
mat] < + . 2.4
o] € s e ) (2.4)
Proof. Tt follows from conditions (2.1) and (2.2) that
2f'(2) ( ZJ“”(Z))]7 a
1—A + A = [p(z 2.5
EERETS L) = e (25)
and ~
wy' (w) < wg”(“/))] a
1—-A + A1+ = lq(w)|", 2.6
-yl e ) (26
where g = f~! and p, g in P have the following series representations:
P(2) = 14 pmz™ + pom2®™ + pam 2" + - -- (2.7)
and

g(w) = 1+ g™ + @2mw?™ + gamw’™ +--- . (2.8)
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Comparing the corresponding coefficients of (2.5) and (2.6) yields
my(1+ Am)am11 = apm, (2.9)
m [27(1 4+ 2Am)agmi1 — v (Am® + 22dm + 1) a2, 4 ]

2
+ (4 dm)(y = 1)1+ Am)a,

ala—1) 4

= apam + 5 Pm> (2.10)
—my(1+ Am)amt1 = agm (2.11)
and
m [y (3Am® +2(A + I)m + 1) a2, ;1 — 27(1 + 2Am)azm+1)
2
-1
+ 5L+ dm)(7 = (1 + Am)aZ, ;= agam + % 2. (2.12)
Making use of (2.9) and (2.11), we obtain
and
2m*y? (L4 m)* a3,y = @* (3, + 47,)- (2.14)
Also, from (2.10), (2.12) and (2.14), we find that
m? [27 (14 m) +4(y—1) (1+ Am)Z] a2,
ala—1
= a(pam + gom) + % (Pr + )
m2y2 (o — 1) (1 + Am)?
= a(p2m + g2m) + i a) ( ) U1
Therefore, we have
2
U1 = o (P2 + dam) (2.15)

m? [205(1 + Xm) +7(y = @) (1 + Am)*|

Now, taking the absolute value of (2.15) and applying Lemma 1.1 for the coefficients
Pom and qo.,, we deduce that

2c
my/205(1+ Am) (3 — ) (1+ Xm)?

|am+1| <

This gives the desired estimate for |am,y1| as asserted in (2.3).
In order to find the bound on |ag;, 1|, by subtracting (2.12) from (2.10), we get
ala—1
2my(1+ 2Xm) [2azm41 — (m + Dag, 1] = a (p2m — g2m) + % (P — a) -
(2.16)
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It follows from (2.13), (2.14) and (2.16) that
on(m + 1) (p'?n + q’?n) « (me - q2m)
4m2+2 (1 + Am)* dmy (1 + 2 m)’

Taking the absolute value of (2.17) and applying Lemma 1.1 once again for the coef-
ficients Py, Pom, ¢m and ¢o,,, we obtain

aA2m+1 = (217)

202 (m + 1) a
|a2m+1‘ S P} )
m2v2 (14 Am) my(1+ 2Am)
which completes the proof of Theorem 2.3. O

For one-fold symmetric bi-univalent functions, Theorem 2.3 reduce to the following
corollary:

Corollary 2.4. Let f € ASx(7,M;a) (0<a<1,0<~y<1,0<A<1) be given by

(1.1). Then
200

\/2047(1 FA) + (7 —a) (1+A)?

las] <

and
402 «

+ .
V2 (1407 (1 +2))

las| <

3. Coefficient bounds for the function class AS5, (7, A; 3)

Definition 3.1. A function f € 3, given by (1.3) is said to be in the class
AS5, (v, ; B) if it satisfies the following conditions:

m

Re { [(1 —) ZJ{EZ) +A (1 + Z;,/;S)>r} > 8 (3.1)
and
B e PR

(z,welU,0<f<1,0<y<1,0<A<1, meN),
where the function g = f~! is given by (1.4).

In particular, for one-fold symmetric bi-univalent functions, we denote the class
.AS;]l (’Y? )‘; ﬂ) = AS;(’Y, >‘; 5)

Remark 3.2. It should be remarked that the classes AS%; (7, A; 8) and AS5 (7, A; B)

are a generalization of well-known classes consider earlier. These classes are:

(1) For X = 0 and v = 1, the class AS5, (7, A; 8) reduce to the class ng which was

considered by Altinkaya and Yalgin [1];

(2) For v = 1, the class AS% (7, A; 8) reduce to the class Bx(8, 7) which was introduced

by Liu and Wang [9];

(3) For A = 0 and v = 1, the class AS5;(7, A; ) reduce to the class S%(8) which was

given by Brannan and Taha [3].
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Theorem 3.3. Let f € AS5, (7,M8) (0<8<1,0<y<1,0<A<1, meN) be
given by (1.3). Then

2 1-83
] = \/27(1 +2m) +9(y — 1) (1+ Am)? (33)

a |<2(m+1)(1—ﬂ)2 1-8
= m242 (14 Am)®>  my(1+2xm)’

Proof. Tt follows from conditions (3.1) and (3.2) that there exist p,q € P such that

[(1—A)ZJ{(S)+A< Zf" ﬂ — B+ (1-B)p(z) (3.5)

and

(3.4)

and

{(1—»“’5(/1(0))“( )] =B+ (1 - B)q(w), (3.6)

(w)
where p(z) and ¢(w) have the forms (2.7) and (2.8), respectively. Equating coefficients
(3.5) and (3.6) yields

my(1+ Am)am 1 = (1= B)pm, (3.7)

Y(l + 2)\m)a2m+] /\m + 2 m +1 m
+1
2

+ L1+ xm)(y = (1 + Am)afnﬂ = (1 - B)p2m, (3.8)
—my(1+ Adm)ams1 = (1 — B)gm (3.9)
and
m [y (3Am® +2(A + I)m + 1) a2, 11 — 27(1 + 2Am)azm+1]
2
+ 2214 dm)(y = D1+ Am)ad gy = (1= B)aam. (3.10)
From (3.7) and (3.9), we get
Pm = —Gm (311)
and
2m*y? (1+dm)* az, g = (1= 8)* (P, + a1). (3.12)
Adding (3.8) and (3.10), we obtain
29 (L4 dm) +y(y = 1) (14 dm)?| a3y = (1= B)(Pam + d2m). (3.13)
Therefore, we have
2 (1 = B)(p2m + g2m)

T e [y (L Am) 440 = D (@ +am)?]

Applying Lemma 1.1 for the coefficients po,,, and ga,,, we obtain

‘am+1‘§3 1_B R
m\ 2y(1+ Am) +~v(y—1) (14 Am)
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This gives the desired estimate for |a,y1| as asserted in (3.3).
In order to find the bound on |agm+1], by subtracting (3.10) from (3.8), we get

2my(1 4+ 2Am) [2a2m+1 —(m+ l)afn_H] = (1-0) (p2m — G2m) -

or equivalently
L‘HGZ (1 —B) (P2m — G2m)

2 4my(1 + 2Am)
Upon substituting the value of a2, ,; from (3.12), it follows that
(m+1)(1-8)°(ph+42) , (1= B) (P — @2m)

4m2+2 (1 + dm)? 4mA(1 + 2 m)

Applying Lemma 1.1 once again for the coefficients p,,, pom, ¢m and go,,, we obtain
2m+1)(1-5)° 1-4
m292 (14 Am)®>  my(1+2xm)’
which completes the proof of Theorem 3.3. g

A2m+1 =

a2m+4+1 =

|a2m+1| <

For one-fold symmetric bi-univalent functions, Theorem 3.3 reduce to the fol-
lowing corollary:

Corollary 3.4. Let f € AS5(7,\;8) (0<8<1,0<7y<1,0<A<1) be given by
(1.1). Then

|a2|§2\/ - 2
29(L+ X)) +v(y=1) (1+A)

10-87 | 1-8

2 (14N y(1+2))
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