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Positive solutions for fractional differential
equations with non-separated type nonlocal
multi-point and multi-term integral boundary
conditions

Habib Djourdem and Slimane Benaicha

Abstract. In this paper, we investigate a class of nonlinear fractional differential
equations that contain both the multi-term fractional integral boundary condition
and the multi-point boundary condition. By the Krasnoselskii fixed point theorem
we obtain the existence of at least one positive solution. Then, we obtain the
existence of at least three positive solutions by the Legget-Williams fixed point
theorem. Two examples are given to illustrate our main results.
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1. Introduction

Differential equations of fractional order are one of the fast growing area of
research in the field of mathematics and have recently been proved to be valuable
tools in the modeling of many phenomena in various fields of science and engineering.
Indeed, one can find numerous applications of fractional order differential equations
in viscoelasticity, electro-chemistry, control theory, movement through porous media,
electromagnetics, and signal processing of wireless communication system, etc (see [6,
7,9, 18, 22, 23, 26, 29, 30]). Now, there are many papers dealing with the problem for
different kinds of boundary value conditions such as multi-point boundary condition
(see [1, 12, 13, 14, 21, 25, 28, 31]), integral boundary condition (see [3, 4, 5, 8, 15, 24,
32, 33]), and many other boundary conditions (see [2, 11, 16, 20, 35]).
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In this paper, we are dedicated to considering fractional differential equations
that contain both the multi-term fractional integral boundary condition and the multi-
point boundary condition:

{un(t)—i—f(t,u(t))zo, 1<g<2,0<t<], (1.1)
w(0) =0, w(l) =320 ai (IPu) () + 3252, Biu (&), '

where DY is the standard Riemann-Liouville fractional derivative of order ¢, I?* is the
Riemann-Liouville fractional integral of order p; > 0,7 = 1,2,....m, 0 < & < & <
w<&n<1,0<n<1, f:]0,1]x[0,00) = [0,00) and «;, 5; > 0 withi =1,2,...,m,
are real constants such that

npﬁq 1 m

erﬂrq +2 A<

i=1

Zhou and Jiang [36] considered the fractional boundary value problem

{ Dgu(t) + f(t,u(t) =0, 0<t<]1,
' (0) = Bu(€) = 0, w' (1) + X757 viw () = 0
where « is a real number with 1 < <2, 0<8<1,0< <1, i=1,2,....,m— 3,
0<E<m <me < ..<nmo3 <1, Df is the Caputo’s derivative. The authors
used the fixed point index theory and Krein-Rutman theorem to obtain the existence
results.

Ji et al. [17] investigated the existence and multiplicity results of positive solu-
tions for the following boundary value problem:

{ Dgou(t) + f(tu(t), D0+u()):O, 0<t<l,
u (0) =0, u(1)+D0+u( ):ku<f)+ng+“(77)v

where Dg, is the Riemann-Liouville fractional derivative of order 1 < a < 2, 0 <

B<1,6ne(0),0<u<,1<a-6,1<a—u 1—In*PF1 and f:[0,1] x

[0, 4+00) X (=00, +00) — [0, +00) is continuous. They used the Leggett-Williams fixed

point theorem to obtain the existence and multiplicity results of positive solutions.
Wang et al. [34] considered the following boundary value problem

Dou(t) + f(t,u(t)) =0, te]0,1],
u®(0)=0, i=0,1,2,....,n—2,
u(1) =078 fy u ds+zz T2 i ()

where D represents the standard Riemann-Liouville fractional derivative of order o
satisfying n — 1 < ¢ < n with n > 3. The authors used Krasnoselkii’s fixed point
theorem, Schauder type fixed point theorem, Banach’s contraction mapping principle
and nonlinear alternative for single-valued maps to obtain the existence results.
Inspired by the above works, in this paper, we establish the existence and mul-
tiplicity of positive solutions of the boundary value problem (1.1). Our paper is orga-
nized as follows. After this section, some definitions and lemmas will be established in
Section 2. In Section 3, we give our main results in Theorems 3.1 and 3.2. Finally, in
Section 4, as applications, some examples are presented to illustrate our main results
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2. Preliminaries

In this section, we introduce some notations and definitions of fractional calculus,
which can be found in [18, 27, 30]. We also state two fixed-point theorems due to
Guo—Krasnosel’skii and Leggett—Williams.

Definition 2.1. The Riemann-Liouville fractional integral of order a > 0 for a function
f:(0,4+00) — R is defined as
Bef )= [ 9" 1)
= — — s s)ds
o I'(a) Jo ’

provided the right side is pointwise defined on (0,4o0c0) where I'(.) is the Gamma
function.

Definition 2.2. The Riemann-Liouville fractional derivative order a@ > 0 of a continu-
ous function u : (0,00) = R is defined by

Dgutt) = s (&) [ s

where n = [a| +1, [«] denotes the integer part of number «, provided that the right
side is pointwise defined on (0, c0).

Lemma 2.3. (i) Ifue L?(0,1), 1 <p<+o0, B> a >0, then
oIl u(t) =I5 u(t) .
(1) If @ > 0 and vy € (—1,400), then

r (’7 + 1) toz+w

gé_'_tvzi
M'la+~v+1)

Lemma 2.4. Let o > 0 and for any y € L' (0,1). Then, the general solution of the
Jractional differential equation Dg,u (t) 4y (t) =0, 0 <t <1 is given by

t
u ( /t—s Ty (s)ds 4 et ot 4 e, tt T,
0

where cg, 1, ..., Cn—1 are real constants and n = [a] + 1.

Definition 2.5. Let E be a real Banach space. A nonempty convex closed set K C E
is said to be a cone provided that

(i) au € K for all uw € K and all a > 0, and

(i) u,—u € K implies u = 0.

Definition 2.6. The map « is defined as a nonnegative continuous concave functional
on a cone K of a real Banach space E provided that a : K — [0, +00) is continuous
and

ate+(1—1t)y) > ta(z) + (1 —t)a(y)
forall z,y € K and 0 <t < 1.



694 Habib Djourdem and Slimane Benaicha

a.npi+q—l

Lemma 2.7. Let A=1-T(q) > "

—1
i=1 T(pita) — S BT >0, a4, B >0, p; >0,

i=1,2,..m, and h € C[0,1]. The unique solution u € AC'[0,1] of the boundary value

problem
Diu(t)+h(t)=0, te(0,1), ¢€(1,2]
W) =0, ()= 3" ai (1w )+ Y Au(€)
s given by
u(t) = G (t,s)h(s)ds,

0
where G (t,s) is the Green’s function given by

-1 2 o pa—1
G(t.s)=g(t.s)+ 4 2 Tt - % (s +7Z/Bz (&, 9)
where
1 (1 —s)" — (-8, 0<s<t<I1,
g(t’s):(q){tq_l(l—s)q_l, 0<t<s<l,
and

R B e e U A E LR A
’ ppita=l (1 — g)7 " 0<n<s<l,

Proof. By Lemma 2.4, the general solution for the above equation (2.1) is

t
—— [ t=9)""h(s)d 1971 4 eptd?
) 0/( s) (s)ds+c; + ¢ ,

where ¢1, ca € R. The first condition of (2.2) implies that ¢ = 0. Thus

t
/t—s (5)ds +ct 1.
0

(2.1)

(2.2)

(2.3)

2.7)

Taking the Riemann-Liouville fractional integral of order p; > 0 for (2.7) and using

Lemma 2.3, we get that

b — g)PiTL s (g—p)?t
(IP*u) (¢) :/0 (tr(;) (018'1_1 _/0 (F(q))dr> h(s)ds

B t (t _ S)Pifl ga—1 B t (t _ S);Difl s (S _ ,r)tI*l
B A s s el i

tpqt+q—11-\(q) 1 /t a1
=c — t—s)PT b (s) ds.
"Ti+a)  Thi+ta)l (t=9) (=)
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The second condition of (2.2) yields

1 /1 ain” 11T (q)
L — —— s)ds=c
' I'(q) 0( 9" 1; I'(pi +q)

m

_ ; ﬁ/ (n— S)pr‘rq—l h(s) ds

+C125i§?71 FLZ / ' — )" h(s) ds.

i=1
Then, we have that

= l 1 (1 _ S)Q71 . ! _ \Pitg—1
ClA{/o T ;F (pi +9) / (=) hls)ds
m § 4
2 1&/0 ; h(s)ds}.

Hence, the solution is

q—1
u(t) = ——

‘ g—1 3 ! g—1
_W/o (t—s) h(s)ds—i—iAr(q)/o (1—=s)"""h(s)ds

N " pita—1
Ai F(pﬂrq)/ (7=5) his)ds

m

(q) > / (6 — )" h(s)ds

t qg—1
Q) 0

)ds—i—@/o (1—-95)"""h(s)ds
-1 m pi+q—1
" {z ”pﬁq e 1}/ s

1 m
td 1 Q5

" pitq—1
A ;F(pﬂrq)/o (7=3) his)ds

tq_l i &i q—1
—M(q);ﬁlfo (& — 9" h(s) ds

q—1 ™

:/g(t,s)h(s)ds+ A ZF(% )/Ogi(n,s)h(s)ds

0 o - \Pi +4q

m 1
A Zﬁi/o g (&, s)h(s)ds
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Lemma 2.8. The Green’s function G (t,s) has the following properties:
(P1) G (t,s) is continuous on [0,1] x [0, 1].
(P2) G(t,8) >0 forall0<s,t<1.

(Ps) Gt,s) < Jnax, G(t,s) <g(s,s) (1 +

)+ZAF 29 (1:9)-

) lmaXG(t S)ds<( D 161)F(()+m aipPita? (pﬁq(ln))_

o 0=t=d A 2q) = AU'(pi+a) \ q(pi+aq)
m m . q—1 _ ¢q q—1
ain?”! Bi (fi &) 1
P, _eant _q
(Ps) i, G(4:9) 2 D {9+ a1 2 X 59 (5.5)

for s €0,1].

Proof. Tt is easy to check that (P;) holds. To prove (P,), we will show that g (t,s) >0
and g; (n,s) > 0,4 = 1,2,....,m, for all 0 < s,t < 1. For t < s, it is clear that
G (t,s) > 0, we only need to prove the case s < t.

Then
g(ts) = ﬁ [tqﬂ (1- S)qi1 —(t- s)qfl}
= ﬁ [(t — ts)q_l —(t— S)q—l}
= % [(t —s)" = (t - s)q‘l} =0.

For 0 < s <7 <1, we have
i (1,5) =P (L= ) = (=

(n—ns)Tt = (n—s)Pitt

n
=P
P (n— )" = (n— )Pt
(n
0.
5) =

v

— )T (P = (n— 5)™)

Vv

When 0 < < s < 1, gi (n,s) = nPit7=1(1 —5)9"" > 0. Therefore, g; (1,s) > 0,

i=1,2,. mforall()§5§1
Now, we prove (P3). For a given s € [0,1], when 0 < s <t <1

T(q)g(ts) =t (1 =) = (t—s)*"
and thus
T(q) g (ts) = (g= Dt (1—5)"" = (¢—1)(t— )"
= (g1 (t—ts)"?(1—s5) = (¢—1) (t —5)""
<(g—1)(t—5)"""(1=s)—(g—1)(t—5)""
—slg—1)(t—s)"2
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Hence, ¢ (t,s) is decreasing with respect to ¢. Then we have g (t,s) < g(s,s) for
0<s<t<l.For0<t<s<l1

D) g ()= (= D2 (1= )" 20,

which means that g (¢, s) is increasing with respect to t. Thus g (t,s) < g (s,s) for
0 <t < s <1 Therefore g (t,s) < g(s,s) for 0 <s,t <1.
From the above analysis, we have for 0 < s < 1 that

< =
G(t,s) < max G (t,5) = max (g(t,s)

<t
& o ti—1 &
+ % ) + A 7 i
Ao F(PiJrQ)g (n:5) A ;59(5 S)>
27‘21 ﬂz) - (07
<g(s,s) | 1+ == +) == 9ins).
( )( ) RO I¥. v e ALY
To prove (Py), by direct integration, we have
' ' > Bi G o
< =11 e —
; orél?éiG(t’ s)ds < /0 g(s,s) <1 +=3 > +; AT (pr _i_q)g,, (77,5)‘| ds
m o 1gg—1(1 _ g)a-1
— (1 + w) / Mdbﬂ
A 0 I'(q)

1

+§;AF(Z+61) (/n

' é m (/077 [nm+q—1 U 5)pi+q_1} ds)

_ SEBN T(@) | o= anP Tt (pi+q(1—n)
‘(” A )r@q)*i_lAr(wq)( 1t q) )

Now, we shall prove (Ps).

Firstly, let k1 (&;,s) = % for0<s<§<1,1=1,2,...,m, then we get

SR ST et e ) S B S0 a-2qy

sa-1(1— )77 " sa-1(1— )77 "

Since the function x — 2972 is continuous and decreasing on [¢; — s, & (1 — s)], we
have

(¢-DEQ =) [6(1—5) — (&~ 9)]
sa=1(1—g)17"
(-2 (1—9)""s(1-¢)
541 (1 —s)?7"

> (-1 (1-&)s.

kl (glv S) Z
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Let

for0<§ <s<1,i1=1,2,...,m, then we get

g gt
ko (&,8) = 2 > =& (- )T (1-&) s,

59— 542
Therefore, we have

9(€s) = (0= 1)sg(s,9) (€71 —¢l) for 0<sg<1 (2.8)
Furthermore, the inequality in (2.8) is satisfied for s € {0,1}. Hence

9(6n5) = (4= sg(s.) (€71 = &) for 0<s& <L (2.9)

Secondly, from g (t,s) >0, g; (n,s) > 0,4 =1,2,...,m and from (2.9), we have

ta—1
im0 (09 = min, {9009+ T3 g g0 009

ta— 1T m
Zﬁl (&5 )

-1
> ngltl%g(t ,8) + ngltlgl A =T l+ 7 gi (1, 5)
ja—1 ™
+nréltigl A ;52'9 (&, s)
Y i~ m i(f_l—g) a—1
Z;%gi(n,s)_,_(q_l);ﬁ 3 Af n i)
for 0 < s < 1. This completes the proof. .

Let E = C([0,1],R) be the Banach space of all continuous functions defined
on [0,1] that are mapped into R with the norm defined as [Ju| = sup,¢(o 1y [u (¢)]. If
u € E satisfies the problem (1.1) and u (¢t) > 0 for any t € [0, 1], then u is called
a nonnegative solution of the problem (1.1). If u is a nonnegative solution of the
problem (1.1) with [Ju|| > 0, then w is called a positive solution of the problem (1.1).
Define the cone K € E by

K={ueFE: u(t)>0},
and the operator A : K — E by

1
) :/0 G (t,s) f (s,u(s))ds. (2.10)

In view of Lemma 2.7, the nonnegative solutions of problem (1.1) are given by the
operator equation u (t) = Au (¢)
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Lemma 2.9. Suppose that [ : [0,1] x [0,00) — [0,00) is continuous. The operator
A: K — K is completely continuous.

Proof. Since G (t,s) > 0 for s,t € [0,1], we have Au (t) > 0 for all u € K. Therefore,
A:K—= K.
For a constant R > 0, we define Q = {u € £ : ||Ju| < R}.

Let

L= max |f (t,u)]. (2.11)

0<t<1,0<u<R

Then, for v € €2, from Lemma 2.8, we have

1
Au ()] = / G (t,5) (s, (s)) ds

1
§L/ G(t,s)ds
0

ST T(a) | = amP it (pi+q(1—n)
§<1+ )F(Qq)+i_1AF(pi+q)< q(pi +q) )

Hence, ||Au|| < M, and so A () is uniformly bounded. Now, we shall show that A (£2)
is equicontinuous. For u € Q, t1,t2 € [0,1], t; < ta, we have

IAU(tz)—AU(tl)ISL/O G (t2,5) — G (11, 5)| ds,

where L is defined by (2.11). Since G (¢, s) is continuous on [0,1] x [0, 1], therefore
G (t, s) is uniformly continuous on [0,1] x [0, 1]. Hence, for any € > 0, there exists a
positive constant

P N () 1
2 L ainPiti”l (pitq(l—n) L(q) 2272, Bi
q + Zz 1 AI?Z (pi+q) ( q(pi+q) ) + T'(29) Al

whenever |t — t1| < 0, we have the following two cases.
Case 1. § <t <ty < 1.

Therefore,
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1
|Au (to) — Au (t1)| < L/ |G (t2,s) — G (t1,5)|ds
0

1] [16 00) - G0l + ][f2|(:<t2, 9= C(tr,5)]ds

1
+ 16 - @hn@}
to
(g -a)L p
< —/ (1—s)"""ds
0

I'(q)
(tgfl—t‘{”)L 1 m o

A 0 i I (pi +q)
it ) L om 1
(2A1)Zﬁi/0 g(s,,s)ds

i=1
(' -a)in ¢ mmﬁql<m+qam>
I'(q) ¢ ZAT(pi+a) \ qa(pitq)
I'(q) 2111 ﬁz:|

+ gi (n,s)ds

+

I'(2g) A
(-1 'L |1~ am” ' (pitq(l—n)
= T (q) [q _IAF(pHrq)( q(pi+q) )
I'(q) Z:il Bi
+F(QCI) A ]

< €.

Case 2. 0 < t; < 1, ty < 24.

Hence
|Au (t2) — Au (t1)] §L/0 |G (t2,s) — G (t1,5)|ds
(tg_l _t(ll_l)L 1 & amPitet (pi+q(l—n) L(q) ity Bi
ST T lq+#ﬂAr@r+@( 4t )*r@m A }

L1 O T it q(1-n)\ | T(g) X0, B
<r@lq ﬂMWﬁ®<Q%+®>+UM A }

<@®%”¢1+m %“*q1<m+qﬂm>+gf>22ﬁﬂ

T(@) |9 S AT(pi+a)\ alpi+a) 2¢) A
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Thus, A () is equicontinuous. In view of the Arzela-Ascoli theorem, we have that

A (Q) is compact, which means A : K — K is a completely continuous operator. This
completes the proof. O

Theorem 2.10. [10] Let E be a Banach space, and let K € E be a cone. Assume that
Q1, Qy are open subsets of B with 0 € Qy, Q1 C Ny, and let T : KN (ﬁg \ Ql) — K
be a completely continuous operator such that:

(1) |Tu|l > ull, v € KNI, and ||Tul| < ||ull, v € KNOs; or

(i) || Tul| < ||lull, w € KNOQy, and | Tu| > ||u|, v € KNIy, Then T has a
fized point KN (ﬁg \ Ql).

Theorem 2.11. [19] Let K be a cone in the real Banach space E and ¢ > 0 be a
constant. Assume that there exists a concave nonnegative continuous functional 8 on
K with 0 (u) < ||lu|| for all uw € K. Let A : K. — K. be a completely continuous
operator. Suppose that there exist constants 0 < a < b < d < ¢ such that the following
conditions hold:

(i) {u € K(0,b,d): 0 (u)>b}#0 and 6 (Au) > b for u € K(0,b,d);

(ii) | Aull < a for |lul < a;

(iii) 0 (Au) > b for u € K (0,b,c) with ||Au|| > d.

Then A has at least three fized points ui, us and us in K. such that

lua]l < a, b < 6 (u2), a < ||ug|| with 6 (ug) < b.

Remark 2.12. If there holds d = ¢, then condition () implies condition (#ii) of Theo-
rem 2.11.

3. Main results

In this section, in order to establish some results of existence and multiplicity of
positive solutions for BVP (1.1), we will impose growth conditions on f which allow
us to apply Theorems 2.10 and 2.11.

For convenience, we denote

e a2 (g m A€ e rga)
A= 20000 TATGg ( amra ) Tla—D35 x X T(2q+1)

_ 218\ T(a) m  ounPitiT! (pitq(l—n)
Ay = (1 A ) I'(2q) + it AT (pi+q) ( q((pri-lq) )

m Pty m Bi(&f &1 (1-m)*T(g+1)
As =327, W +@—1)305 AT (2¢+1)

Theorem 3.1. Let f :[0,1] x [0,00) — [0,00) be a continuous function. Assume that
there exist constants ro > 1y >0, My € (Al_l,oo) and My € (O,A;l) such that:
(Hy) f(t,u) > Myry, for (t,u) € [0,1] x [0,7];

(Ha) f(t,u) < Marq, for (t,u) € [0,1] x [0,72].

Then boundary value problem (1.1) has at least one positive solution w such that
r1 < flul] < 7.

Proof. From Lemma 2.9, the operator A : L — K is completely continuous.
We divide the rest of the proof into two steps.
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Step 1. Let Q; = {u € E : ||ul| <71}, then for any u € KXNQy, we have 0 < u (t) <y
for all ¢ € [0,1]. From (Hy), it follows for ¢ € [n, 1] that

t):/o Gt s) f (s,u(s)) ds

> min G (t,s) f (s,u(s))ds

- o n<t<1

am~t !
> )
Miry { E AT (i 1 0) /0 gi (n,s)ds

m B (& €t
“r(q—l)Z ( A ) /OSQ(Sas)dS
i=1

m 1 1
— ot pital( q-1
Mﬂ‘l{ AT (i + q) (/ U —s)" " ds
n
+ / [nmeqfl (1 o S)qfl o (77 o S)pi+q*1} ds)
0
m B (607 — ¢l ) pet!
Flg—1) Z ( ) o LPla+1)

A I'(2g+1)

A d QPR <pi +aq(1- n))
= 1T
= AT pi+a) \ a(pi+9)

P A I'(2g+1)

> = ull,

which means that
JAu|| > [Jul|  for ue KNOQ;. (3.1)

Step 2. Let Q3 = {u € E : |ju|| < ra}, then for any u € KNI, we have 0 < u (t) < rq
for all ¢ € [0,1]. It follows from (Hs) that for ¢ € [0, 1],
/ G (t,s) f(s,u(s))ds
m m o ppita=l /o _
< Mayry ( Zz 151) ( ) + Q) (pri‘(I(l 77))
A JT(2q S Alpi+a \ qlpit+a)

<y = [lull,

which means that
|Au|| < ||u|| for any u € K N INys. (3.2)

By (%) of Theorem 2.10, we get that A has a fixed point v in K with r1 < |Ju|| < rq,
which is also a positive solution of boundary value problem (1.1). O
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Theorem 3.2. Let f : [0,1] x [0,00) — [0,00) be a continuous function. Suppose that
there exist constants 0 < a < b < ¢ such that the following assumptions hold:

(H3) f(t,u) < Ayta for (t,u) € [0,1] x [0, al;

(Hy) f(t,u) > A3 1bfor(t u) € [n,1] x [b, ¢];

(Hs) f (t,u) < Ayte for (t,u) € ]0,1] x [0,d].

Then boundary value problem (1.1) has at least one nonnegative solution uy and two
positive solutions us, us in K, with

lur]| <a, b< oin, up (t)and a <us|| with Join g (t) <b.

Proof. We show that all the conditions of Theorem 2.11 are satisfied.
If u € K., then |[u]| < ¢. Condition (Hs) implies f (t,u(t)) < Ay'c for t € [0,1].
Consequently,

:/la(t,s)f(&u(S))dS
e [ (00 B2 atn s £ 40000 (2t cno

— ATl Y1 B\ T'(q) Pt (pi g (1)
—h {(” A >F<2q>+i_1Ar<pi+q>< 4+ ) )}

:C’

which implies || Au| < c. Hence, A : K. — K, is completely continuous.
If u € K,, then (H3) yields

Gy 0 < 85" [ (14 =5 ) 600 3 g )

_ Al i B\ Tl |~ a7 (pi+q(1—n)
= A; {<1+ A )F(QQ)JFi_lAF(pHrq)( q(pi +4q) )}

= a.

ds

Thus ||Au|| < a. Therefore, condition (é¢) of Theorem 2.11 holds.
Define a concave nonnegative continuous functional 6 on K by

0 (u) = oin, u (t)]-

To check condition (i) of Theorem 2.11, we choose u(t) = %< for t € [0,1]. It
is easy to see that u(t) € K(0,b,c¢) and 0 (u) (+)
{K(0,b,c): 0 (u) > b} # (. Hence, 1fu€IC(9bc) n b

> b, which means that
§u( ) < cfortenl].
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From assumption (Hy), we have
0 (Au) = min [(Aw) ()

> min G (t,s) f (s,u(s))ds

n N<t<1
m g1 1
> Azt L/ i (n,s)ds
3 {i_lAwﬁq) | B
m B (&7 =€)t
+(‘1*1)2 A / 59 (s,s)ds
=1 n
" amPit2a= (1 - p)?
= Ay 2
’ {; AT (pi +4)q
 Bi(&] €D (1 =)' T (g + 1)
s 1); AT (2¢ + 1)

=b.

Thus 6 (Au) > b for all uw € K (0,b, ¢). This shows that condition (¢) of Theorem 2.11
is also satisfied.

By Theorem 2.11 and Remark 2.12; boundary value problem (1.1) has at least
one nonnegative solution u; and two positive solutions wus, uz, which satisfy

[lu1] < a, b< nr;ltlgl lus (B)]  a < |lus]| with %1321 |u (t)] < b.

The proof is complete. 0

4. Examples
4.1. Example

Consider the fractional differential equations with boundary value as follows:

Diu(t)+ f(tu(t) =0, 0<t<l,
uw(0)=0
w(1)=2 () (1) + 3 (1F0) () + 4 (1) () + 50 () + dow (1) + 5u (3).
(4.1)
where
u(l—u?)+4(1+2t),0<t<1;0<u<l1
f(t’“){4(1+ t)617"+s§12(ﬂ'(1—u)), 0<t<l;1<u<2l
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Consequently, we can get

m
anPita—l

A=1-T(q) ) w7 —
—~ T'(pi+q)

Z B ~ 0.265299.

=1

Then, by direct calculations, we can obtain that

a2 (pi +q(1- 77))
A =

— ATl'(pi+q) \ a(pi+q)
m B (87 =€)t p g
Hq*l); A “T2q+ 1)

~ 0.45478
Ay = <1+ 23;151') I (q) n ~ P! <pi+Q(1 —U))
I'(

A 2q) = Al(pi+q) \ q(pi+q)

~ 2.63219.
Choose r1 =1, ro =21, My = 3 and My = 0.35, f (t,u) satisfies
ft,u) >4>3= Mry, Y (t,u) € [0,1] x [0,1]
and
ftu) <7<735= Mayry Y (t,u) € [0,1] x [0,21]

Thus, (H;) and (Hs) hold. By Theorem 3.1, we have that boundary value problem
(4.1) has at least one positive solution u such that 1 < ||ul| < 21.

4.2. Example

Consider the following boundary value problem:

D%u()+f(tu()):o, 0<t<l,
u(0) =
- () ()5 (1) () + 4 (1) (8) + 5 (3) + du () + 40 (3).
(4.2)
where
u(f—u)+ 5 (8 +2), 0<t<1,0<u<?,
Ftu)Q (12 42) cos? (& )+120<7—u) 0<t<1, 3<u<i,
& (% +1082) — 10sin® (u — 2) m, 0<t<1, $<u<

Set m = 3, n—s,q—% 041:%,062:%,
1 1
B2 = 57ﬂ3 7751 2752 1 and&,:g.

Consequently, we can get

¢}
1 _ 1 _ 3 _ 5 _ 1
a3_15p1_§7p2_§ap3_§7ﬁ1_§7

m i 1
a;mPi +q—

A=1-T(@)) w7—
—~ T'(pi+4q)

Z Bl ~ 0.589749.
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Then, by direct calculations, we can obtain that

m . m Pitg—1 . _
21:1 ﬁz) I'(q) Q7] (pz +q(1 7])) ~ 0, 97003,
A JT(2q S Alpit+a) \ qlpita)

n i (67— €)= (L)™' T (g + 1)
AT (2¢+1)

e (i

R S/
Az = +(g—1
’ ; AT (pi+4q)q (@=1)

~ 0.02390086.

=1

Choose a =3, b= 3 and ¢ = 66, then f (,u) satisfies

45 3
f(tu) < 51 < 0.773175 ~ Ay ta, VY (t,u) € [0,1] x {0, 4] ;

1
f(t,u) >67.62>62.73~ A;'h, V(tu)e |=, 1] x §,66
3 8 2

and

f(t,u) < 67.6875 < 68.0391 ~ Ay 'c, VY (t,u) € [0,1] x [0,66].
Thus, (Hs), (Hs) and (Hs) hold. By Theorem 3.2, we have that boundary value
problem (4.2) has at least one nonnegative solution u; and two positive solutions ug,

ug such that [lu]| < 3, 3 < miny <;<; u2 (t) and a < [ug|| with mini <, uz () < 3.
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