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Abstract. We obtain generalized weighted Ostrowski-Griiss type inequality with
parameters for differentiable functions by using the weighted Korkine’s identity,
and we then apply these obtained inequalities to probability density functions.
Also, we discuss some applications of numerical quadrature rules.
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1. Introduction

Inequalities are frequently used in different areas of sciences. Inequalities play a
major role in numerical analysis for error estimation of bounds. In numerical analysis,
inequalities help us to find out the best bounds. In the last few years, the mid-point,
trapezoid and Simpson’s type rules have been examined with the perspective of getting
bounds for the quadrature rules. By using modern theory of inequalities and weighted
Peano kernel approach, present article is devoted to investigate several refinements
of inequalities for weighted Ostrowski-Griiss type inequality and to deduce explicit
bounds for the numerical quadrature rules in terms of variety of norms.

In 1935, Griiss gave a celebrated integral inequality known as Griiss inequality
[4] which provides a bound on Cebysev inequality (see [8], p.297) which establishes a
relation between the integral of the product of two functions and the product of the
integral of two functions. To highlight its importance, these inequalities are discussed
in detail by D. S. Mitrinovié¢, J. E. Pecari¢ and A. M. Fink in their books “Classical
and New Inequalities in Analysis” [8] and “Inequalities involving Functions and their
Integrals and Derivatives” [9]. The Griiss inequality is stated as:

Proposition 1.1. Let v, ¢ : [bo,b1] — R be two integrable functions, satisfying the
conditions
m <) <M, n<em) <N,
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for each n € [bo,b1], where m, M ,n, N are given real constants. Further, let the
Cebysev functional be defined as

by by
1/1(77)6177/ ©(n)dn.

0 bo

1 b
T(Y,p) = =0 o, w(n)w(n)dn—m A

Then, )

1
where the constant 1 1s the best possible.
In 1997, using the Griiss inequality S. S. Dragomir and S. Wang [3] verified the
following Ostrowski-Griiss type integral inequality:

Proposition 1.2. Letvy : I — R, where I C R is an interval, be a mapping differentiable
in the interior I° of I, and let by, by € I° with by < by. If v < ' (n) < u, n € [bo, b1]
for some constants v, u € R. Then

by _
o) e [t - SO (et
< 10— b)) (1)

for all n € [by, by].

Relation (1.1) generates a link between the Ostrowski inequality [10] and the Griiss
inequality [8].

In 2000, Proposition 1.2 was improved by M. Matié, J. E. Pecari¢ and N. Ujevié [7].

Proposition 1.3. Let the assumptions of Proposition 1.2 be true. Then

1 P(b1) — ¥(bo) (77 _ bo+bl>

by
_ ds —
b by J, V(o) b1 — bo 2

0

Y(n)

1
< ——(u—v)(by — b 1.2
=7 \/g(ll )(b1 0) (1.2)
for all n € [bo, b1].
In the same year, N. S. Barnett, S. S. Dragomir and A. Sofo [2] worked upon
inequality (1.2). The improved version of the inequality states that:

Proposition 1.4. Let v : I — R be an absolutely continuous function whose derivative
' € Lalbo, b1], if v < ' (n) < p, n € [bo, b1] for some constants v,u € R. Then

by _
iwn)— i [ oteas - ML) () )
b)) [ 1 (k) - v0))?]
< o] [bl_bOWHz—( — )]
< (= v)(b1 — bo). (1.3)
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In 2006, B. G. Pachpatte discussed inequalities by using Montgomery’s identity. In
2010, F. Zafar and N. A. Mir in [12] introduced some parameters in the Peano kernel,
defined as

by — bo
2

s—(b0+h ), if s € [bo,n),

K(nvs) =

by — b
s(b1h12 °>, if se(n b

and generalized the inequality (1.3) in the next proposition:

Proposition 1.5. Let the assumptions of Proposition 1.4 be valid. Then the inequality
of Ostrowski-Griiss type is

R (e |

b b 2
PLLELINES b:” oo)ds

_ @(W —3h+1)+h(1—h) <77 bO;blﬂ;
x lblibo”?ﬁ’ﬂg - (W)Té

27 2
%(u—u) [W(3h2—3h+1)+h(1—h) (n— bo;”“) 1 (1.4)

IN

b1 — b b1 —b
1207b1+h1 0

forallne[bo—h } and h € l0,1].

In this article, we generalized inequality (1.4) for differentiable functions in terms of
weights and parameters. The generalization of Griiss inequality will be established by
introducing weighted Peano kernel. The parameters and weights can be adjusted to
recapture the previous results. Our first section is based on Introduction and Propo-
sitions. In the second section, we would state results related to weighted Ostrowski-
Griiss inequality by using the technique of weighted Korkine’s identity. In the third
section, we apply our established results to probability density functions. Fourth sec-
tion is based on applications of numerical quadrature rules. Our last section concludes
the article.
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2. Main result
We need following two lemmas from [1] to prove our main result.

Lemma 2.1. (Weighted Korkine’s Identity) Let p,1, ¢ : [bo, b1] — R be the measurable
mapping for which the integrals involved in the following identity exist and finite.
Then

/b1 p(s)ds /b1 p(s)(s)p(s)ds — /b1 p(s)1h(s)ds /b1 p(s)(s)ds

bo bo bo b
by by
- %/b /b p(s)p(t) (¥(s) — ¥ (1)) (p(s) — p(t)) dsdt. (2.1)

Lemma 2.2. Let the assumptions of Lemma 2.1 be valid. Then we have the following
inequality

0< /b (s (s)ds < /b 1 p(S)w(s)ds> < Lt - mp )

0
where m < (s) < M a.e. on [by,by].
by — bo
2

Theorem 2.3. Let the assumptions of Proposition 1.4 be valid. Then we get the in-
equality

by — b
Throughout the paper o = by + h ! 5 % and B=b1—h where h € [0, 1].

by

B [eY
‘wm/‘mmW+www/‘mwm+wwnA p(u)du

bo

~ (T, /a ? pw)du + by /b a p(u)du + bo /B " () — /b b p(s)sds)
x<£}@ww%>‘£}@wwm

b2 s)ds [ ik
/bo e ( . Kp(n,s)ds> ]

b1 b1 2
xLLp@wwnw—<Lp@w@w)

(n = v)Hp(n, s) (2.3)

n K2, s)ds (™ " ?
/bo p(s) < bo Kp(na )d> :|

1
2

<

DN | =

where

[N

Hy(n,s) =
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and p : [bo, b1] — [0,00) is some probability density function satisfying

b1
/ p(s)ds =1
bo
foralln€a,f] and helo0,1].

Proof. We have the kernel as defined in [5], K,(n, s) : [bo,b1]> = R

[ ptwdu, it s € oo,
K= "

/p(u)du, if se(n, b

B

From (2.1), we get the Korkine’s identity in the form of
by b1

b1
K, (1, s (s)ds — &m@wlp@W@w

bo

bo
. e s Ky(n,s)  Kp(n:t) "(s) — 1 s
—QAMLPHWW:W» 00 (/) - w0 st (2

From [5], we have
by

B a
Ky(n, )¢/ (s)ds = wm/‘MMM+wwwL:mwm

+¢(b1)/ﬂ

bo
by by
pr—Ap@MMs 2.5)

and

b1 B «a
[ Rotsas = [ purn [ st
b() [e% bO

by b1
+b1/6 p(u)duf/b p(s)sds. (2.6)

By putting (2.5) and (2.6) in (2.4), we get
b1

B [
Mm/pMM+MWAPMM+MMAZMWL

n /j p(u)du + by /b: p(u)du + by /Bbl p(u)du — /b:l p(s)sds)

by by
Azmwwm>3ﬁp@wwm

0

b1 b Ky(n,s) Kpy(n,t) , )
/bo /b p(s)p(t)( OO )(w (s) — 4/ (t)) dsdt, (2.7

<
!

V€ la, Bl
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Using Cauchy-Schwartz inequality for double integrals, we get

1 b1 by Kp(nﬂ S) _ Kp(n7t) , 5 _ , )
z/bo /b P(s)p(t)< o(s) o) )(w) Y (t)) dsdt
1 b1 by Kp(na S) ~ Kp(nyt) 2
< <2/h0 /bo p(s)p(t)( o(s) o0 ) dsdt)

by by
X(; /b /b p(S)P(t)(W(s)—w’(t))2dsdt> : (2.8)

By using (2.4), we get the following identities

1 Ky(ns)  Kp(m.t)\®

A Pl (P25~ P ) e
o K2sds [ :
7/17 ( Kp(n,s)ds> (2.9)

0 p(s) bo

Nl

=

and
% /bb /bb p(s)p(t) (' () = &/ ())° dsdt
b1 by )
:/bo p(s)[¥(s)]Pds — (/bo p(s)w(s)ds) . (2.10)

Using weighted Ostrowski Griiss inequality (2.2), if v < ¢'(s) < p and s € (bg,b1),

we get
2

o< [ " (o) () s — ( / " pls)(5)ds)” < 2w

Using (2.7) — (2.11), we obtain

(2.11)

b1

B el
‘w(m/a p(U)dqu@b(bo)/bo p(u)dqutb(bl)/ﬂ p(u)du

- <n / " o) + by /b p(u)du + by /ﬂ " ) /b b p(s)sds>

by by
x ( /b p(s)) <s>ds) - /b Pl

w ks (Y
/b p(S) ( bo Kp(nv )d> ]

0
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by by 2] %
x [ /b p(s) [ (s)]2ds — ( /b p(sm'(s)ds) ]

n K2, s)ds (™ e ?
/bo p(s) < bo Kp(na )d> :|

= SV H,(.9)

IA

1
5(#"/)

which proves our result (2.3).
We can state some special cases of (2.3).

1
Remark 2.4. If we put p(s) = — in (2.3), then we get the result (1.4) of [12].
1= bo

Remark 2.5. If we put ~ = 0 in (2.3), then a = by and S = by, then following
inequality holds

by by by
’¢(n)—<n— /,, p(s)sds> ( /b p(sw’(s)ds)— /b p(s)(s)ds

1
27 2
by 2 d by
S / p(n’s) S _ < Kp(?77s)d8>
b

o p(s) bo

by by 273
x / p(s)[w%s)}?ds(/ p(sm'(s)ds)
bo bU

<5 (0= V) Hy(m,5). (212)

The above inequality is Theorem 1 of paper [6].

b1 =0
Remark 2.6. If we put p(s) = — 5 % in (2.12), then we get the inequality (1.3) of [2].

by + b1

Remark 2.7. If we put h = 1in (2.3), thena =g = , then following inequality

holds

botb1 boths b1
(bo) /b p(w)du + (D) /b p(u)du — /b p(s)(s)ds

- <b0 / plu)du+ by /b puydu— | b p(s)sds> ( / b p(sw/(s)ds) ‘

2
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n K20 s)ds [ 5525
/bo p(S) < bo Kp(nv )d> :|

b1 b1 2
x{Lp@wwnw—<Lp@w@w>]

(= v)Hp(n, ). (2.13)

1
2

<

N |

Remark 2.8. If we put p(s)

in (2.13), then trapezoidal inequality holds

b — by
P (bo) +(by) LM
‘ 5 b b /b0 Y(s)ds
bt [ 1 wm—w%d25
< Qﬁ;brwowu (M= ]
< ?%w—w&—m»

The above inequality is Corollary 1 (Part 1) of [12].

bo +b
Corollary 2.9. If we put n = 2ot 7

'dJ (bo—;bl) /jp(u)du—i-lﬁ(bo)/:p(u)du-i-1/)(171)/;1 p(u)du

-—(mghlmeuMU+bgAjmuwu+baéhmﬂmu—j:yxﬁah>
x(ﬁﬁ@W®®>jﬁﬁ@ka

[ ([ () |
x[£}®WhW@<ﬁ}@W@@yr

m—yﬂ@<%;bhﬁ. (2.14)

n (2.3), then following inequality holds

<

N |
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1
Remark 2.10. If we put p(s) = — in (2.14), then the bound of average midpoint
1= bo

and trapezoidal inequality holds

R e R [ v

2 by —bo Sy,
1
bi—bo jos—| L, <w(b1) —w(bo)>2 ’
< 3h?2 —3h+1 -
- 2V3 by — bo 7l b1 — bo
(1 —v)(bs — bo)
- 2\/3h%2—-3h+1.
43
bo + b1 . .
Remark 2.11. If we put h = 1, then a = 8 = 5 in (2.14), then following

inequality holds

bg+b
02 1 b1

|w<bo> [ it [, s
togts : b
+ (bo /bo p(u)du + by /bogbl p(u)du — /bo p(s)sds)

x ( / p<s>zz/<s>ds> - / p(s)(s)ds
[Ese ([ (e
x /bjlp(sw’(s)}?ds— ( /b:1p<s>w’<s>ds>2 5

1 bo + b
< wvymH, (2T ). (2.15)
2 2
1
Remark 2.12. If we put p(s) = — in (2.15), then trapezoidal inequality holds as
1—bo

we achieve in (2.14).

Remark 2.13. If we put, h = 0, then @ = by and 8 = by in (2.14), then weighted
midpoint inequality holds

‘w (™) - (b;b - p(s)sds> ( [ p(sw'(s)ds) - [ ot
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273
[FEERE (" (i)
— K, ,8 | ds
bg p(S) bO 2
1
by by 22
<[ s o)Pds - < / p(SW(S)dS)
b() bU

1 bo + b
<=(u—v)H, 0o ), (2.16)
2 2
The above inequality is Corollary 1 of [6].
1
Remark 2.14. If we put p(s) = — in (2.16), then midpoint inequality holds
1—bo

bo + b1 1 b1
|¢( 2 ) C b — Do /bo Vls)ds

(bi—bo) | 1 | D(by) — (o) \*|”
< [bl_bonwa—(bl_bo )]

2V3
1
< —=(p—v)(by — bg).
< 4\/3(/! ) (b1 0)
The above inequality is the Corollary 1 (Part 2) of [12].
1
Remark 2.15. If we put h = 3 then o = 30 + by and 8 = bo + 301 in (2.14), then
following inequality holds
bo + b1 2t p ) Soth J ) by p
0 (F57) e, P00 [ pdut v [, pld

bo+3by 3bg+by by
by

bo +b 1 1 by
_ < 0T / p(u)du + bo/ p(u)du + by / p(u)du — / p(s)sds)
2 31)9; bo thlel bo

x ( /b b p(sw(s)ds) - /b b p(s)(s)ds
[ (g

(u—v)H, <Ms> . (2.17)



Generalization of weighted Ostrowski-Griiss type inequality 193

1
Remark 2.16. If we put p(s) = - in (2.17), then the bound of average midpoint
1—bo

and trapezoidal inequality holds

 ELOESL Y LES ) R N e

2 2 2 b —bo Jo,
(b1 —b()) 1 ne (1/J(b1)—1/’(bo))2 %
< e [bl_bolwllz BT
< ggw—m@—%»

The above inequality is Corollary 1 (Part 3) of [12].

1 bo+0b b b
Remark 2.17. If we put, h = 3 then o = > Og_ L and 8= 0 25 Lin (2.14), then
following inequality holds
bg+5bq 5bg+by b
bo + by 6 6 !
0 (P57 oy o) [ ) [ i

b+ b I)0-25b1 5h0g—b1 by by
_ ( 0 : 1[5 y p(u)du+bo/ p(u)du—l—bl/ . p(u)du —/ p(s)sds)
> 06 1 bo = 60 1 bo

x<£}@W@w>5£}@wwm
S [/bbl Kg(b"f(’:),s)ds B (/:Kp <b0;b175> d3)2]2

0

XIKQ@W%W@_<£}@W@%YY

1 bo+b
<—(u—v)H, ot Ls). (2.18)
2 2
I 1 .
Remark 2.18. If we put p(s) = A (2.18), then bound of 3 Simpson’s rule
1—bo
holds

2 2 by — by Jy,

b-b) [ 1 () — ko))
6°[h_%wm—(m_%0)]

58 =)0y — bo)

R

IN

IN
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The above inequality is Corollary 1 (Part 4) of [12].

Remark 2.19. If we put n = bg or n = by and p(s) = in (2.3), then trapezoidal
0

by —
inequality holds which is independent of the value of h

b1
|ww+wm L [ s

2 by — by bo
bbo [ 1 _(wwn—www)22
2v/3 | b1 —bo ? by — bo
(b1 — bo)(p —v)

In Sections 3 and 4, we are going to present applications involving probability
density function and numerical quadrature rules respectively.

3. Application to probability density functions

From [6], let X be a continuous random variable having the probability density
function ¥ : [by,b1] — Ry and the cumulative distribution function ¥ : [bg,b1] —
[0,1], i.e.,

wm;%@@,nqmmCMML

b1
Mm=/ st (s)ds,

bo
and weighted expectation would be

b1
B,(X) = [ plopsu(s)ds

bo
on the interval [bg, b1]. Then we have the following theorem.

Theorem 3.1. Let the assumptions of Theorem 2.3 be valid and if probability density
function belongs to La[bg, b1] space, then following inequality holds

B b1
wm/pr+4zmmhmwm+&M)

. /a  pw)du + by /b a p(u)du + by /5 " ) /b b p(s)sds)

by by
x(MM—/'ﬂ@W@@>f/p%pw@m
1

bo

= )y, 5) (3.1
for all n € [a, B].
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Proof. Put ¢ = ¥ in (2.3) and by using these two identities mention below, we get
(3.1),

b1 bl
[ pe)usds =bipon) £, — [ (psu(s)ds
bo bO
and
b1 bl
| rewds =pt0) - [ e O
b() bO
Remark 3.2. Let the assumptions of Theorem 3.1 be wvalid, if we substitute
1
p(s) = — in (3.1), then following inequality holds
1—bo
1 bo + b1 h by — E(X)
1—h) | W) - - _az2A)
Rl (il | R e
1
1 212
< [ (3h2—3h+1)+h(1—h)(77—bo+bl)]
b1 —bo 2
1
x (b1 = bo) [0l — 1] 2
213
p—v 9 bo + b1)
—_ 3h*—=3h+1)+h(1—h — .
(blbo)[ ( yena-n) (w2

4. Applications to numerical quadrature rules

Let I, : bg = 20 < 21 < ... < zp = by be a partition of the interval [by, b1] and
let Az, = zk41 — 2k, £ € {0,1,2,...,n — 1}. Then

b1
/b P(8)(3)ds = Qu(In, ,p) + Ru(Inth,p) (4.1)

where Q,,(I,,v,p) is a quadrature formula, define as

(I, 0,p) Z[ / ptudn +u(ee) [ pldut () [

Zk k

_ <77k :k p(u)du+zk/:k p(u)du + zk+1/ﬁj€+1 p(u)du—/z:wrl p(s)sds)
<(/ 0 (5)ds )| (42)

for all ng € [2k, 2k+1]-
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Theorem 4.1. Let ¢ as be defined in Theorem 2.3. Then (4.1) holds where @, (I, 1, p)
is given by formula (4.2) and the remainder R,,(I,,1,p) satisfies the estimates

(n—v)
2

|Rn(‘[nv¢7p)| < Hp(nkvs) (43)

for all ny, € [z, 2141]-

Proof. Using (2.3) on 2k, 2k+1],

Ry (I ,p) = /z’”lp<s>w<s>ds—¢<nk> /Bk w)du — / plas

Zk A

—1/J(Zk+1)/:k+l p(u)du + (Uk/a dU+Zk/ p(u
b /B :Hlp(u)du— / :k+1p(s)sds> y ( / :Hlp(s)w’(s)ds).

Summing over k from 0 to n — 1. This yields

by n—1 B ag
Ru(livp) = [ p(sw(s)dszlw(nk) | s vt [ p
0 k=0 (677} Zk

Zk+1 B ag
4 (i) / p(u)du—<nk / p(w)du + 7 / pu)du

+an [ e~ [ psis) x ([ o syis) |

Applying absolute property on the above identity, we get

/: s)ds — Z [ /jk (w)du + Y (zk) /% p(u)du

k 2k

|Rn(Ik7 ¢7p)| =

+ilan) | p(u)du — <nk / " w2 / " ()

k Zk

[ i [ )« ([ o)

< S(p—v)Hp(m, ). O

DN |
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5. Conclusion

Main objective of this article is to generalize the results of [6] and [12]. By
introducing the weighted kernel as defined in [5], we have obtained generalization
of Ostrowski-Griiss integral inequality for first differentiable functions in terms of
weights. By using appropriate substitution we get different previously published re-
sults. At the end, we have also discussed some applications for probability density
functions and numerical quadrature rules.
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