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A generalized Ekeland’s variational principle
for vector equilibria
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Abstract. In this paper, we establish an Ekeland-type variational principle for
vector valued bifunctions defined on complete metric spaces with values in locally
convex spaces ordered by closed convex cones. The main improvement consists in
widening the class of bifunctions for which the variational principle holds. In order
to prove this principle, a weak notion of continuity for vector valued functions is
considered, and some of its properties are presented. We also furnish an existence
result for vector equilibria in absence of convexity assumptions, passing through
the existence of approximate solutions of an optimization problem.
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1. Introduction

Ekeland’s variational principle (see [11]) has many applications in nonlinear anal-
ysis and optimization, see [1, 4, 2, 3, 5, 6], [7], [14], [19], [10] and the reference therein.
Blum, Oettli [8] and Théra [18] showed that their existence result for a solution of
an equilibrium problem is equivalent to Ekeland-type variational principle for bifunc-
tions. Several authors have extended the Ekeland’s variational principle to the case
with a vector valued bifunction taking values in an ordered vector space, see [7], [2],
[6], [15]. Araya et. al. [6] established a version of Ekeland’s variational principle for
vector valued bifunctions, which is expressed by the existence of a strict approximate
minimizer for a weak vector equilibrium problem.

By a weak vector equilibrium problem we understand the problem of finding T € X
such that

f(@,y) ¢ —intK, forallye X,

where f: X x X — Y is a given bifunction, (X, d) is a complete metric space and
(Y, K) is a Hausdorff topological vector space, ordered by the closed convex cone K.
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Recall that K C Y is said to be closed and convex cone if K is closed, aK C K for
al o >0and K + K C K.

The approach given in Araya et. al. [6] is based on the assumption that the equilibrium
bifunction f satisfies the following triangle property:

F@.y) + f(g,2) € fla,2) + K, forall 2,y,z € X. (1.1)

We stress the fact that (1.1) is a rather strong condition and it is rarely verified when
the equilibrium problem is a variational inequality, see [10].

Motivated and inspired by [10], in this paper we shall give an improvement of Theorem
2.1 in Araya et. al. [6]. We widen the class of the vector bifunctions for which the
Ekeland’s variational principle is applicable. Further, some sufficient conditions for
existence of equilibria which do not involve any convexity concept, neither for the
domain nor for the bifunction are given, under a relaxed continuity concept for the
vector functions.

The rest of the paper is organized as follows. In Section 2 we collect some definitions
and results needed for further investigations. A weak notion of continuity for the vector
valued functions is also studied and some of its properties are presented. Sections 3 and
4 are devoted to Ekeland’s principles for the vector valued functions and bifunctions.
Section 5 is devoted to an existence result for the weak vector equilibria where the
vector bifunctions satisfy a property which generalizes the triangle inequality.

2. Preliminaries

Throughout this paper, unless otherwise specified, we assume that (X,d) is a
complete metric space, (Y, K) is a locally convex Hausdorff topological vector space
ordered by the nontrivial closed convex cone K C Y with intK # (), where intK
denotes the topological interior of K, as follows:

r<xysy—zekK.
We agree that any cone contains the origin, according to the following definition.

Definition 2.1. The set K C Y is called a cone iff Ax € K for all x € K and X\ > 0.
The cone K is pointed iff K N (—K) = {0}; proper iff K #Y and K # {0} .

Let kg € K\ (—K). The nonlinear scalarization function [20] (see also [16])
2Kk - Y — [—00,00] is defined as
Zi ko (Y) =Inf{r e R |y € rko — K}.

We present some properties of the scalarization function which will be used in the
sequel.

Lemma 2.2. [16] For each r € R and y € Y, the following statements are true:
(1) zk K, is proper;

) ZK.k, 1S lower semicontinuous;

) 2Kk, 18 sublinear;

V) ZK.k, 45 K monotone;
) 2k (y) <r s yerks— K;
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) 2k (Yy) > Ty Erko — K;
) 2k (Y) > r ey é¢rky —intK;
(vill) zgk(y) <T Sy € ko —intK;
) ZK ko (Y + ko) = 2K ko (Y) + A, for everyy € Y and X € R.

As a corollary of the lemma above, Gopfert et al. [13] presented the following
nonconvex separation theorem, see also [16].

Lemma 2.3. [13] Assume that'Y is a topological vector space, K a closed solid convex
and A CY a nonempty set such that AN (—intK) = 0. Then zk i, is a finite valued
continuous function such that

Zi ko (—Y) <0 < zg ko (z) forallz € A andy € intK,
moreover zk i, (x) > 0 for all x € intA.

In the vector valued case there are several possible extensions of the scalar notion
of lower semicontinuity, see [9]. We recall here the concept of (kg, K)-lower semiconti-
nuity introduced by Chr. Tammer [19] which will be used in the sequel. This concept
is weaker than the K-lower semicontinuity which was introduced by Borwein et. al.
[9] (see also [12], [17] and [21].)

Definition 2.4. [19] A function ¢ : X — Y is said to be:
(i) (ko, K)-lower semicontinuous if for all € R, the set {x € X : p(z) € rko— K}
is closed;
(i) (ko, K)-upper semicontinuous if for all r € R, the set {z € X : p(x) € rko + K}
is closed;
(iii) (ko, K)-continuous if it is both (kg, K)-lower semicontinuous as well as (ko, K)-
upper semicontinuous.

The function ¢ : X — Y is said to be K-bounded below if there exists y € YV
such that o(X) Cy+ K.
In [19], the following assertion was proved.

Lemma 2.5. [19]

(i) If ¢ is (ko, K)-lower semicontinuous, then zk k, o ¢ is lower semicontinuous;
il) If ¢ is (kg, K)-upper semicontinuous, then zg . o © is upper semicontinuous.
P pp ) ko © ¥ pp

Remark 2.6. It is well known that the sum of two K-lower semicontinuous mappings
is not a K-lower semicontinuous mapping in general, see [7]. Due to the following
example, we can obtain a similar conclusion for the (kg, K)-lower semicontinuity, i.e.,
if o: X — Y is (ko, K)-lower semicontinuous, the function () —¢(z), where z € X
is fixed, is not necessary (ko, K)-lower semicontinuous.

Example 2.7. Let us consider X =R?, Y =R? and K = R%. Define ¢ : X — Y as:

(1,-2), x>0, 22 € R,
p(z) =
(:L‘laxl)a € §O7 Z2 6R7
where z = (z1, z2).
This function is (ko, K)-lower semicontinuous with kg = (1,1). Now take z = (1,0).



584 Mihaela Miholca

We will prove that the function ¢(-) — ¢(z) is not (kg, K)-lower semicontinuous. Take
also 7 =1 and consider the set

L={yeX:o(y)—p)e(11)- K}
It is easy to observe that y, = (%, %) € L, n €N, and y,, — yo, where yo = (0,0).
On the other hand,

e(yo) — (@) = (0,0) — (1,-2) = (-1,2) ¢ (1,1) — K.
Hence yo ¢ L, which shows that the set L is not closed, i.e., the conclusion.

In what follows, we will furnish some properties for this kind of continuity for the
vector functions.

Proposition 2.8. If o : X — Y is (ko, K)-lower semicontinuous, then the function
— 1s (ko, K)-upper semicontinuous.
Theorem 2.9. If p: X — Y is (ko, K)-lower semicontinuous and

teR

then the function o(-) — (x), where x € X is fized, is (ko, K)-lower semicontinuous.
Proof. Let us fix 2y € X and consider the function ¢ : X — Y defined by

6(y) = »(y) — p(xo0), y € X.

Fix also 7 € R and consider the set S = {y € X : o(y) — ¢(x¢) € rko — K}.
We will prove that this set is closed.

Since p(X) C U{tko}, it follows that, for zg € X, there exists tg € R such that

teR
o(x0) = toko. We obtain

S={yeX:py) € (r+toko — K}.

Since r,tg € R are fixed and ¢ is (ko, K)-lower semicontinuous, it follows the set S is
closed, i.e., the conclusion. O

Corollary 2.10. If ¢ : X — Y s (ko, K)-lower semicontinuous and
QD(X) - U{tk0}7
teR

then the function o(x) — ¢(-), where x € X is fived, is (ko, K)-upper semicontinuous.

3. Ekeland’s variational principle for the vector functions

This section deals with an Ekeland’s variational principle for the vector valued
functions. Inspired by the results obtained in Theorem 3.1 Araya [5], we are able to
present our result when the vector function is (ko, K )-lower semicontinuous.

Theorem 3.1. If p: X =Y is (ko, K)-lower semicontinuous is such that
(i) for each x € X, there exists § € Y such that (p(X) — p(z)) N (§ — intK) = 0;
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(i) (X) C (J{tho},
teR
then, for every given € > 0 and for every T € X there exists T € X such that:

(a) @(T) — (z) +ed(z,T)ko € —K;
(b) ¢(x) — o(T) + ed(T, x)ko ¢ —K, for every x € X,z #T.
Proof. Let us consider the functional
ZK ko o Y — [—00, 0],
defined by
Zi ko (y) =Inf{r e R |y € rkg — K}.
For each x € X, e > 0 consider the set

Sx)={ye€ X | y=uor 2k (¢(y) — p(x)) +ed(z,y) <0}

It is obviously that x € S(z), therefore S(z) # 0 for all z € X. By Theorem 2.9, since
v is a (ko, K)-lower semicontinuous function, then the function §(-) = ¢(-) — ¢(x),
where z € X is fixed, is also (ko, K')-lower semicontinuous. From Lemma 2.5 it follows
that zk k, 06 is lower semicontinuous and d(z, y) is continuous, therefore S(z) is closed
for every z € X.

Now we show that zx i, (0(X) —p(2)) 1= Uyex {2k 1, (¢(y) — ¢(2)}) is bounded from
below for all z € X. By assumption (i) and Lemma 2.3 we have that

0 < 2Kk (0(y) — p(2) —7), forally € X.
Using (iii) of Lemma 2.2, we get
—00 < =2k ko (=Y) < 2Kk (#(y) — ¢(x)) for any y € X,

which implies that zx i, (p(X) — ¢(x)) is bounded from below.
Let define the real valued function

v(z) = yérslfx) 2K ko (P (y) — (). (3.1)

and set x =7 € X. Since z o § is bounded below, we have

o(@) = inf zr .k ((y) — ¢(Z)) > —oo.
yeS(Z)

Starting from Z € X, a sequence x,, of points of X can be defined such that x,.1 €

S(zy) such that

ko (P i1) = () S vln) + —.
Let us take y € S(zp+1) \ {#nt1}. It follows that
2K ko (P(Y) — P(Tnt1)) + €d(Tni1,y) < 0. (3.2)
Since x, 41 € S(xy,), we also have
2K ko (P(Tny1) — @(20)) + ed(@ni1,20) < 0. (3.3)

Adding (3.2) and (3.3) we obtain
2K ko (P(Tnt1) — @(@n)) + 2K,k (9(Y) — P(Tn41)) +€d(@nt1,Tn) + ed(Tny1,y) < 0.
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Using the triangle inequality for the distance and taking into account that zg r, is
sublinear, it follows that

2K ko (P(y) = () + ed(wn,y) <0 <=y € S(wn).
Therefore, y € S(z,,) implies that S(x,11) C S(x,). In particular,

V(Tpi1) = ye§&£+1> 2K ko (P(Y) — p(Tny1)) > yeisn(fbn) 2K ko (P(Y) — @(2n))
> inf zi g (P(Y) — @(Tn)) = 2K ko (P(@nt1) — 0(20))
yES(Tn)
= 0(n) — 2o (P(Ens1) = 9(E0) 2 = (34)

Thus, for y € S(p11) \ {Zn+1}, from (3.1), (3.2) and (3.4) we obtain

ed(Tnt1,y) < —2K ko (0(y) — @(@n41)) < —v(zy +1) < — 0 asn — oo,

n+1
which entails
diam(S(z,)) — 0 as n — 0.

Since the sets S(z,,) are closed and S(x,+1) C S(x,) we obtain from this that the
intersection of the sets S(x,) is a singleton {Z} and S(Z) = {Z}. This implies that
T € S(Z), or equivalently

2Kk (9(T) — (7)) < —ed(Z, 7).
From Lemma 2.2 (v), it follows that

o(T) — p(T) + ed(Z, )k € — K.
Therefore, (a) holds. Moreover, if © # T, then x ¢ S(Z), and we get

2K ko (p(7) — @(T)) > —ed(x,T).
Using again Lemma 2.2 (vi) we have

p(x) — p(T) ¢ —ed(z,T)ko — K, for all z # T, (3.5)

which is the conclusion (b) of our theorem. O

Remark 3.2. In Araya [5], an important assumption is
(H) {ye X | oly) —p(x) +d(z,y)ko € =K} is closed for every z € X.

On the other hand, we use the (kg, K)-lower semicontinuity for the function ¢.
Before going further, we spend some time discussing on the comparison between the
condition (H) and the (ko, K)-lower semicontinuity. Taking into account Example 2.7
we can observe that if the function ¢ is (ko, K)-lower semicontinuous, not necessary
satisfies condition (H).

However, if the function ¢ satisfies the condition (H) then is not necessary (ko, K)-
lower semicontinuous, as the following example shows.
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Example 3.3. Let X =[0,1], Y =l and ¢ : X — Y defined as
11 1 .
<:C7+1 T,...7m,...), I#O,
(@)
(2,%, ..,n,...)7 x=0.
The ordering cone is K;. = {y € l | y; > 0 for all ¢ € N} and has nonempty
interior. Considering ky = (1, %, ceey %, .. ) and r = 1, by Definition 2.4, taking

z, = 0,2, € 5, it is easy to observe that the set
S={zeX:p(x)erks— K}

is not closed, 0 ¢ S. On the other hand, ¢ satisfies the condition (H). Concluding, no
one implies the other.

4. Ekeland’s variational principle for the vector bifunctions

Araya et al. [6] obtained a vectorial version of Ekeland’s variational principle for
the bifunctions related to an equilibrium problem. They used the triangle inequality
in order to obtain the desired result. Further, instead the triangle inequality property
a suitable approximation from below of the bifunction f is required.

Let f: X x X — Y be a bifunction. Consider the following property: there exists
¢ : X = Y such that

(P) f(z,y) € o(y) —¢(z)+ K for all z,y € X.
Property (P) is more general than the triangle inequality:

Indeed, take in triangle inequality, for example, ¢z = f(Z,-), where Z € X is fixed,
and property (P) follows.

We illustrate that the property (P) is more general than the triangle inequality con-
sidering the following example.

Example 4.1. Let X =[0,1] and Y =l and f: X x X — Y defined as:

VGdod) sthuth

) (0,0,...,0,...), x:%’y?é%;
Y) = (1—36)(%,%, 72%’__)7 I#%,y—%;
Ghodo)e  e=ho=b

The ordering cone is K;_ = {y € loc | ; > 0 for all i € N}. The function f does not
satisfy the triangle inequality; take z = 1,y = 1 and z = . We obtain

() e r(aa) er () e
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On the other hand, there exists ¢ : X — Y, namely
(%? %7 A 7 2i7 ) 9 x #
o) = { .

(%7%7"'77a )7 T =

such that the property (P) is satisfied.

)

3

1

5
1

5

)

The following result extends Theorem 2.1 in [6].
Theorem 4.2. Let f: X x X — Y and assume that

(i) there ezists ¢ : X =Y (ko, K)-lower semicontinuous such that
f(@,y) € o(y) —p(x) + K, for all z,y € X;

(i) for each x € X, there exists § € Y such that (p(X) — o(x)) N (g —intK) = 0;
(iii) for each xz € X, {y € X | (p(y) — () + d(z,y)ko € —K} is closed.

Then, for every € > 0 and for every T € X, there exists T € X such that
(a) () — ¢(Z) +ed(z,Z)ko € —K;
(b) f(T,x) +ed(T,y)ko ¢ —K, forallz € X, v #T.

Proof. The function ¢ satisfies all the assumptions of Theorem 3.1 in [5]. Then there
exists T € X such that item (a) is verified. From the property (P) we have
f(@, ) —o(z)+ ¢T) € K, forall z € X,
and by item (4i¢) of Theorem 3.1 we get
o(x) — (T) + ed(T,x)ko ¢ —K, for every z € X,z #7.
Adding these two relations we obtain item (b) of the theorem. 0

Remark 4.3. We have to remark the fact that we do not need the assumption
flz,x) =0,

see Theorem 2.1 in [6].
We present now the following vectorial form of equilibrium version of Ekeland-type
variational principle, result which extends similar results from the literature, see [6],
[7] and [2].
Theorem 4.4. Let f : X x X =Y such that

(i) there exists p : X =Y (ko, K)-lower semicontinuos such that

f(z,y) € ely) = p(x) + K, for all z,y € X;
(i) for each x € X, there exists § € Y such that (p(X) — o(x)) N (g —intK) = 0;
(i) (X) < | (tho}.

teR
Then, for every e > 0 and for every T € X, there exists T € X such that
(a) ©(T) —p(T) +ed(T, 2)ko € —K;
(b) f(T,z)+ed(T,x)ko ¢ —K, forallx € X, © #T.

Proof. The idea of the proof is like in Theorem 4.2 and is based on Theorem 3.1. O
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There are many cases where Theorem 2.1 [6] cannot be applied but all the assumptions
of Theorem 4.4 are satisfied.

Example 4.5. Let X =[0,2], Y =R? and f: X x X — Y defined as:
(¥, 2y), x>0, y>0;
(2—2,0), x>0, y=0;
(y+2y), z=0 y>0;
(0,0), =0, y=0.

flz,y) =

The ordering cone of Y is K = Ri. The function f does not satisfy the triangle
inequality; take z = 2,y = 0 and z = 1. We obtain

f(2,0)+£(0,1) ¢ f(2,1) + K.
On the other hand, there exists ¢ : X — Y, namely

p(z) = (2,0),
such that ¢ is (ko, K)-lower semicontinuous with kg = (1, 0).

Moreover, ¢(X) C U{tkzo} and the property (P) is satisfied.

teR
We notice that z = 1 is a solution for the weak equilibria.

5. Existence solutions for the weak equilibria

The settings for this section are the same like in the section before.
Using Theorem 3.1, we are able to show the nonemptiness of the solution set of the
weak equilibria without any convexity requirements on the set X and the function f,
going through the existence of approximate solutions of an optimization problem.
The next statement provides the existence of solution of an optimization problem
when the domain is compact.

Theorem 5.1. If C is a nonempty compact subset of X, ¢ : C =Y is (ko, K)-lower
semicontinuous such that

(i) for each x € C, there exists € Y such that (p(C) — p(x)) N (g —intK) = 0;

c (J{tho}:

teR
then there exists T € C such that ¢(y) — @(T) ¢ —intK, for every y € C.

Proof. From Theorem 3.1, for each n € N, there exists z,, € C such that
1
P(y) = p(zn) + —d(zn,y)ko ¢ —K, forally € C, y # zn.
By Lemma 2.2 (vi), we have

1
2i.ko (p(Y) — 0(xn)) + Ed(xmy) >0, forallye C, y# z, and n € N.
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Since C' is compact, we can choose a subsequence {z,, } of z,, such that z,, - T € C
as k — oo. Then, since p(y) — (-), where y € C is fixed, is (ko, K)-upper semicon-
tinuous, we obtain that zx r, (©(y) — ¢(-)) is upper semicontinuous, see Lemma 2.5.
Hence,

, 1
260 (P(Y) = ¢(T)) 2 T sup(rc o (0(Y) = (2ne)) + - d(@ny, 7)) 20, for all y € C.

k—o0

Therefore, again by Lemma 2.2 (vii), it follows
o(y) — p(T) ¢ —intK, forallye C,

and thus, 7 is a solution for an optimization problem. O

The next result gives sufficient conditions for the existence of solutions when we move
to the wider class of bifunctions which satisfies the property (P).

Theorem 5.2. Let C' be a nonempty compact subset of X, f: C x C — Y a bifunc-
tion which satisfies property (P) with respect to ¢ : C — Y which is (ko, K)-lower
semicontinuous. Assume that:

(i) for each x € C, there exists § € Y such that (o(C) — p(z)) N (¥ — intK) = 0;
(i) () < | J{tho.

teR
Then there exists T € C such that f(T,y) ¢ —intK, for every y € C.

Proof. The proof is based on Theorem 5.1 taking into account the property (P). O

6. Concluding remarks

In this paper, we widen the class of vector bifunctions for which Ekeland’s varia-
tional principle holds and obtain a result which improves the main result in Araya et.
al [6]. In the literature, when dealing with vector equilibrium problems and the exis-
tence of their solutions, the most used assumptions are the convexity of the domain
and the generalized convexity and monotonicity, together with some weak continu-
ity assumptions of the vector function. In this paper, we focus on conditions that
do not involve any convexity concept, neither for the domain nor for the bifunction
involved. Sufficient conditions for the weak vector equilibria with bifunctions which
satisfy property (P), in the absence of the convexity, are given for compact domains.
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