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inequality for generalized fractional integrals
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Abstract. In this article, we first establish a new general integral identity for
differentiable functions with the help of generalized fractional integral operators
introduced by Raina [8] and Agarwal et al. [1]. As a second, by using this identity
we obtain some new fractional Hermite-Hadamard type inequalities for functions
whose absolute values of first derivatives are convex. Relevant connections of the
results presented here with those involving Riemann-Liouville fractional integrals
are also pointed out.
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1. Introduction and preliminaries

One of the most famous inequalities for convex functions is Hermite-Hadamard’s
inequality. This double inequality is stated as follows (see for example [3]).

Let f : I ⊂ R → R be a convex function on the interval I of real numbers and
a, b ∈ I with a < b. Then

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
. (1.1)

Definition 1.1. The function f : [a, b] ⊂ R → R is said to be convex if the following
inequality holds:

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)

for all x, y ∈ [a, b] and λ ∈ [0, 1]. We say that f is concave if (−f) is convex.

Now, we will give some important definitions and mathematical preliminaries of
fractional calculus theory which are used throughout of this paper.
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Definition 1.2. [4] Let f ∈ L1[a, b]. The Riemann-Liouville integrals Jαa+f and Jαb−f
of order α > 0 with a ≥ 0 are defined by

Jαa+f(x) =
1

Γ(α)

x∫
a

(x− t)α−1 f(t)dt, x > a

and

Jαb−f(x) =
1

Γ(α)

b∫
x

(t− x)
α−1

f(t)dt, x < b

respectively where

Γ(α) =

∞∫
0

e−uuα−1du.

Here is J0
a+f(x) = J0

b−f(x) = f(x). In the case of α = 1, the fractional integral
reduces to the classical integral.

In [5], Iqbal et al. proved a new identity for differentiable convex functions via
Riemann-Liouville fractional integrals.

Lemma 1.3. Let f :[a, b] → R be a differentiable function on (a, b) . If f ′ ∈ L′ [a, b] ,
then the following identity for Riemann-Liouville fractional integrals holds:

f

(
a+ b

2

)
− Γ (α+ 1)

2 (b− a)
α [Jαa+f(b) + Jαb−f(a)] =

∞∑
k=1

Ik,

where

I1 =

∫ 1
2

0

tαf ′ (tb+ (1− t) a) dt, I2 =

∫ 1
2

0

(−tα) f ′ (ta+ (1− t) b) dt,

I3 =

∫ 1

1
2

(tα − 1) f ′ (tb+ (1− t) a) dt, I4 =

∫ 1

1
2

(1− tα) f ′ (ta+ (1− t) b) dt.

By using the above identity, the authors obtained left-sided of Hermite-
Hadamard type inequalities for convex functions via Riemann-Liouville fractional
integrals. Some other results related to those inequalities involving Riemann-Liouville
fractional integrals can be found in the literature, for example, in [2, 7, 18, 16, 11]
and the references therein.

In [8], Raina introduced a class of functions defined formally by

Fσρ,λ(x) = Fσ(0), σ(1), ...ρ,λ (x) =

∞∑
k=0

σ(k)

Γ(ρk + λ)
xk (ρ, λ > 0; |x| < R) (1.2)

where the coefficients σ(k), (k ∈ N = N ∪ {0}), is a bounded sequence of positive
real numbers and R is the set of real numbers. With the help of (1.2), Raina [8] and
Agarwal et al. [1] defined the following left-sided and right-sided fractional integral
operators respectively, as follows:(

J σρ,λ,a+;wϕ
)

(x) =

∫ x

a

(x− t)λ−1Fσρ,λ[w(x− t)ρ]ϕ(t)dt (x > a), (1.3)
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(
J σρ,λ,b−;wϕ

)
(x) =

∫ b

x

(t− x)λ−1Fσρ,λ[w(t− x)ρ]ϕ(t)dt (x < b) (1.4)

where λ, ρ > 0, w ∈ R and ϕ(t) is such that the integral on the right side exits.

It is easy to verify that
(
J σρ,λ,a+;wϕ

)
(x) and

(
J σρ,λ,b−;wϕ

)
(x) are bounded integral

operators on L(a, b), if

M := Fσρ,λ+1[w(b− a)ρ] <∞. (1.5)

In fact, for ϕ ∈ L(a, b), we have

||J σρ,λ,a+;wϕ(x)||1 ≤M(b− a)λ||ϕ||1 (1.6)

and

||J σρ,λ,b−;wϕ(x)||1 ≤M(b− a)λ||ϕ||1 (1.7)

where

||ϕ||p :=

(∫ b

a

|ϕ(t)|pdt

) 1
p

.

Here, many useful fractional integral operators can be obtained by specializing the
coefficient σ(k). For instance the classical Riemann-Liouville fractional integrals Jαa+
and Jαb− of order α follow easily by setting λ = α, σ(0) = 1 and w = 0 in (1.3) and
(1.4). Also, to see more results and generalizations for convex and some other several
convex functions classes, as Q(I), P (I), SX(h, I) and r−convex, involving generalized
fractional integral operators, see [17, 14, 15, 10, 9, 13, 12, 19, 20] and references there
in.

In this paper, we will prove a generalization of the identity given by Iqbal et al.
in [5] by using generalized fractional integral operators. Then we will give some new
Hermite-Hadamard type inequalities for fractional integral operators.

2. Main results

We start by giving a generalization of Lemma 1, [5]. We will use an abbreviation
throughout of this study,

Mf (a, b;w; J) = Fσρ,λ+1[w(b− a)ρ]f

(
a+ b

2

)
− 1

2(b− a)λ
[(
J σρ,λ,a+;wf

)
(b) +

(
J σρ,λ,b−;wf

)
(a)
]

that is similar to the symbol ”Lf (a, b;w; J)” in [17].

Lemma 2.1. Let f : [a, b] → R be a differentiable mapping on (a, b) with a < b and
λ > 0. If f ′ ∈ L[a, b], then the following equality for generalized fractional integral
operators holds:

Mf (a, b;w; J) =
b− a

2
(I1 + I2 + I3 + I4)

where I1, I2, I3 and I4 given in the (2.1), (2.2), (2.3) and (2.4), respectively.
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Proof. Integrating by parts, we get

I1 =

∫ 1
2

0

tλFσρ,λ+1[w(b− a)ρtρ]f ′(tb+ (1− t)a)dt (2.1)

= tλFσρ,λ+1[w(b− a)ρtρ]
f(tb+ (1− t)a)

b− a

∣∣∣∣ 12
0

−
∫ 1

2

0

tλ−1Fσρ,λ[w(b− a)ρtρ]
f(tb+ (1− t)a)

b− a
dt

=
1

b− a

(
1

2

)λ
Fσρ,λ+1

[
w

(
b− a

2

)ρ]
f

(
a+ b

2

)
− 1

b− a

∫ 1
2

0

tλ−1Fσρ,λ[w(b− a)ρtρ]f(tb+ (1− t)a)dt.

Analogously:

I2 = −
∫ 1

2

0

tλFσρ,λ+1[w(b− a)ρtρ]f ′(ta+ (1− t)b)dt (2.2)

=
1

b− a

(
1

2

)λ
Fσρ,λ+1w

[(
b− a

2

)ρ]
f

(
a+ b

2

)
− 1

b− a

∫ 1
2

0

tλ−1Fσρ,λ[w(b− a)ρtρ]f(ta+ (1− t)b)dt

and

I3 =

∫ 1

1
2

[
tλFσρ,λ+1[w(b− a)ρtρ]−Fσρ,λ+1[w(b− a)ρ]

]
f ′(tb+ (1− t)a)dt (2.3)

= tλFσρ,λ+1[w(b− a)ρtρ]
f(tb+ (1− t)a)

b− a

∣∣∣∣1
1
2

−
∫ 1

1
2

tλ−1Fσρ,λ[w(b− a)ρtρ]
f(tb+ (1− t)a)

b− a
dt

−Fσρ,λ+1[w(b− a)ρ]
f(tb+ (1− t)a)

b− a

∣∣∣∣1
1
2

=
1

b− a
Fσρ,λ+1[w(b− a)ρ]f

(
a+ b

2

)
− 1

b− a

(
1

2

)λ
Fσρ,λ+1

[
w

(
b− a

2

)ρ]
f

(
a+ b

2

)
− 1

b− a

∫ 1

1
2

tλ−1Fσρ,λ[w(b− a)ρtρ]f(tb+ (1− t)a)dt.
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Analogously:

I4 =

∫ 1

1
2

[
Fσρ,λ+1[w(b− a)ρ]− tλFσρ,λ+1[w(b− a)ρtρ]

]
f ′(ta+ (1− t)b)dt (2.4)

=
1

b− a
Fσρ,λ+1[w(b− a)ρ]f

(
a+ b

2

)
− 1

b− a

(
1

2

)λ
Fσρ,λ+1

[
w

(
b− a

2

)ρ]
f

(
a+ b

2

)
− 1

b− a

∫ 1

1
2

tλ−1Fσρ,λ[w(b− a)ρtρ]f(ta+ (1− t)b)dt.

Adding the resulting equalities, we obtain

I1 + I2 + I3 + I4 =
2

b− a
Fσρ,λ+1[w(b− a)ρ]f

(
a+ b

2

)
(2.5)

− 1

b− a

∫ 1

0

tλ−1Fσρ,λ[w(b− a)ρtρ]f(ta+ (1− t)b)dt

− 1

b− a

∫ 1

0

tλ−1Fσρ,λ[w(b− a)ρtρ]f(tb+ (1− t)a)dt

=
2

b− a
Fσρ,λ+1[w(b− a)ρ]f

(
a+ b

2

)
− 1

(b− a)λ+1

[(
J σρ,λ,a+;wf

)
(b) +

(
J σρ,λ,b−;wf

)
(a)
]
.

According to (1.3) and (1.4), changing variables with x = tb+ (1− t)a, we get∫ 1

0

tλ−1Fσρ,λ[w(b− a)ρtρ]f(tb+ (1− t)a)dt =
1

(b− a)λ

(
J σρ,λ,a+;wf

)
(b)

and changing variables with x = ta+ (1− t)b, we have∫ 1

0

tλ−1Fσρ,λ[w(b− a)ρtρ]f(ta+ (1− t)b)dt =
1

(b− a)λ

(
J σρ,λ,b−;wf

)
(a).

Thus multiplying both sides of (2.5) by (b−a)
2 , we get desired result. �

Remark 2.2. Taking λ = α, σ(0) = 1 and w = 0, then the above equality reduces to
equality in Lemma 1, [5].

By using the above generalized new lemma, we obtain some new Hermite-
Hadamard type inequalities via generalized fractional integral operators.

Theorem 2.3. Let f : [a, b] → R be a differentiable mapping on (a, b) with a < b. If
|f ′| is convex on [a, b], then the following inequality for generalized fractional integral
operators holds:

|Mf (a, b;w; J)| ≤ (b− a)

2
Fσ1

ρ,λ+1[|w| (b− a)ρ] [|f ′ (a)|+ |f ′ (b)|]
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where ρ, λ > 0, w ∈ R and σ1 (k) = σ (k)

(
1
2 +

( 1
2 )
λ+ρk−1

λ+ρk+1

)
.

Proof. Using Lemma 2 and the convexity of |f ′| , we have

|Mf (a, b;w; J)| ≤ b− a
2
{|I1|+ |I2|+ |I3|+ |I4|}

=
b− a

2

{∣∣∣∣∣
∫ 1

2

0

tλFσρ,λ+1[w(b− a)ρtρ]f ′(tb+ (1− t)a)dt

∣∣∣∣∣
+

∣∣∣∣∣
∫ 1

2

0

(
−tλ

)
Fσρ,λ+1[w(b− a)ρtρ]f ′(ta+ (1− t)b)dt

∣∣∣∣∣
+

∣∣∣∣∣
∫ 1

1
2

[
tλFσρ,λ+1[w(b− a)ρtρ]−Fσρ,λ+1[w(b− a)ρ]

]
f ′(tb+ (1− t)a)dt

∣∣∣∣∣
+

∣∣∣∣∣
∫ 1

1
2

[
Fσρ,λ+1[w(b− a)ρ]− tλFσρ,λ+1[w(b− a)ρtρ]

]
f ′(ta+ (1− t)b)dt

∣∣∣∣∣
}

≤ b− a
2

{∫ 1
2

0

tλ
∣∣Fσρ,λ+1[w(b− a)ρtρ]

∣∣ |f ′(tb+ (1− t)a)| dt

+

∫ 1
2

0

tλ
∣∣Fσρ,λ+1[w(b− a)ρtρ]

∣∣ |f ′(ta+ (1− t)b)| dt

+

∫ 1

1
2

∣∣tλFσρ,λ+1[w(b− a)ρtρ]−Fσρ,λ+1[w(b− a)ρ]
∣∣ |f ′(tb+ (1− t)a)| dt

+

∫ 1

1
2

∣∣Fσρ,λ+1[w(b− a)ρ]− tλFσρ,λ+1[w(b− a)ρtρ]
∣∣ |f ′(ta+ (1− t)b)| dt

}

≤ b− a
2

∞∑
k=0

σ (k) |w|k (b− a)
ρk

Γ (ρk + λ+ 1)
×

{∫ 1
2

0

tλ+ρk [t |f ′ (b)|+ (1− t) |f ′ (a)|] dt

+

∫ 1
2

0

tλ+ρk [t |f ′ (a)|+ (1− t) |f ′ (b)|] dt

+

∫ 1

1
2

[
1− tλ+ρk

]
[t |f ′ (b)|+ (1− t) |f ′ (a)|] dt

+

∫ 1

1
2

[
1− tλ+ρk

]
[t |f ′ (a)|+ (1− t) |f ′ (b)|] dt

}

=
b− a

2

∞∑
k=0

σ (k) |w|k (b− a)
ρk

Γ (ρk + λ+ 1)

×

{
|f ′ (a)|

[∫ 1
2

0

tλ+ρk (1− t) dt+

∫ 1
2

0

tλ+ρk+1dt
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+

∫ 1

1
2

[
1− tλ+ρk

]
(1− t) dt+

∫ 1

1
2

[
1− tλ+ρk

]
tdt

]

+ |f ′ (b)|

[∫ 1
2

0

tλ+ρk+1dt+

∫ 1
2

0

tλ+ρk (1− t) dt

+

∫ 1

1
2

[
1− tλ+ρk

]
tdt+

∫ 1

1
2

[
1− tλ+ρk

]
(1− t) dt

]}

=

(
b− a

2

)
Fσρ,λ+1[w(b− a)ρ]

(
1

2
+

(
1
2

)λ+ρk − 1

λ+ ρk + 1

)
[|f ′ (a)|+ |f ′ (b)|]

where we used the facts that∫ 1
2

0

tλ+ρk (1− t) dt =

(
1
2

)λ+ρk+1

λ+ ρk + 1
−
(
1
2

)λ+ρk+2

λ+ ρk + 2
,∫ 1

2

0

tλ+ρk+1dt =

(
1
2

)λ+ρk+2

λ+ ρk + 2
,∫ 1

1
2

[
1− tλ+ρk

]
(1− t) dt =

1

8
+

(
1
2

)λ+ρk+1 − 1

λ+ ρk + 1
+

1−
(
1
2

)λ+ρk+2

λ+ ρk + 2
,

∫ 1

1
2

[
1− tλ+ρk

]
tdt =

3

8
+

(
1
2

)λ+ρk+2 − 1

λ+ ρk + 2
.

The proof is completed. �

Corollary 2.4. If we choose λ = α, σ (0) = 1 and w = 0 in Theorem 2.1, we have∣∣∣∣f (a+ b

2

)
− Γ (α+ 1)

2(b− a)α
[J αa+f(b) + J αb−f(a)]

∣∣∣∣
≤ b− a

4

(
α+ 21−α − 1

α+ 1

)
[|f ′ (a)|+ |f ′ (b)|] .

Remark 2.5. The above inequality is better than one that was given in Theorem 2 of
[5].

Remark 2.6. If we choose α = 1 in Corollary 1, we get the inequality in Theorem 2.2
in [6].

Theorem 2.7. Let f : [a, b] → R be a differentiable mapping on (a, b) with a < b.
If |f ′|q is convex on [a, b] for some fixed q > 1, then the following inequality for
generalized fractional integral operators holds:

|Mf (a, b;w; J)| ≤
(b− a)Fσ2

ρ,λ+1[|w| (b− a)ρ]

2

×

{(
3 |f ′ (a)|q + |f ′ (b)|q

4

) 1
q

+

(
|f ′ (a)|q + 3 |f ′ (b)|q

4

) 1
q

}
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where ρ, λ > 0, w ∈ R,

φ =

∫ 1

1
2

(
1− tλ+ρk

)p
dt

and

σ2 (k) = σ (k)

( ( 12)(λ+ρk)p+1

(λ+ ρk) p+ 1

) 1
p

+ φ
1
p

 .
Proof. By using Lemma 2 and properties of modulus, we have

|Mf (a, b;w; J)| ≤ b− a
2

[|I1|+ |I2|+ |I3|+ |I4|] . (2.6)

Then by using Hölder integral inequality and convexity of |f ′|q , we have

|I1| ≤
∞∑
k=0

σ (k) |w|k (b− a)
ρk

Γ (ρk + λ+ 1)
(2.7)

×

(∫ 1
2

0

(
tλ+ρk

)p
dt

) 1
p
(∫ 1

2

0

[
t |f ′(b)|q + (1− t) |f ′(a)|q

]
dt

) 1
q

=

∞∑
k=0

σ (k) |w|k (b− a)
ρk

Γ (ρk + λ+ 1)

( (
1
2

)(λ+ρk)p+1

(λ+ ρk) p+ 1

) 1
p (

3 |f ′ (a)|q + |f ′ (b)|q

4

) 1
q

,

|I2| ≤
∞∑
k=0

σ (k) |w|k (b− a)
ρk

Γ (ρk + λ+ 1)
(2.8)

×

(∫ 1
2

0

(
tλ+ρk

)p
dt

) 1
p
(∫ 1

2

0

[
t |f ′(a)|q + (1− t) |f ′(b)|q

]
dt

) 1
q

=

∞∑
k=0

σ (k) |w|k (b− a)
ρk

Γ (ρk + λ+ 1)

( (
1
2

)(λ+ρk)p+1

(λ+ ρk) p+ 1

) 1
p (
|f ′ (a)|q + 3 |f ′ (b)|q

4

) 1
q

,

|I3| ≤
∞∑
k=0

σ (k) |w|k (b− a)
ρk

Γ (ρk + λ+ 1)
(2.9)

×

(∫ 1

1
2

(
1− tλ+ρk

)p
dt

) 1
p
(∫ 1

1
2

[
t |f ′(b)|q + (1− t) |f ′(a)|q

]
dt

) 1
q

=

∞∑
k=0

σ (k) |w|k (b− a)
ρk

Γ (ρk + λ+ 1)
φ

1
p

(
|f ′ (a)|q + 3 |f ′ (b)|q

4

) 1
q
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and

|I4| ≤
∞∑
k=0

σ (k) |w|k (b− a)
ρk

Γ (ρk + λ+ 1)
(2.10)

×

(∫ 1

1
2

(
1− tλ+ρk

)p
dt

) 1
p
(∫ 1

1
2

[
t |f ′(a)|q + (1− t) |f ′(b)|q

]
dt

) 1
q

=

∞∑
k=0

σ (k) |w|k (b− a)
ρk

Γ (ρk + λ+ 1)
φ

1
p

(
|f ′ (b)|q + 3 |f ′ (a)|q

4

) 1
q

where φ =
∫ 1

1
2

(
1− tλ+ρk

)p
dt.

If we use the inequalities (2.7), (2.8), (2.9) and (2.10) in the inequality (2.6), we
get the desired result. So, the proof is completed. �

Corollary 2.8. If we choose λ = α, σ (0) = 1 and w = 0 in Theorem 2.2, we have∣∣∣∣f (a+ b

2

)
− Γ (α+ 1)

2(b− a)α
[J αa+f(b) + J αb−f(a)]

∣∣∣∣
≤ b− a

2


((

1
2

)αp+1

αp+ 1

) 1
p

+ Ω
1
p


×

{(
3 |f ′ (a)|q + |f ′ (b)|q

4

) 1
q

+

(
|f ′ (a)|q + 3 |f ′ (b)|q

4

) 1
q

}

≤ b− a
2


((

1
2

)αp+1

αp+ 1

) 1
p

+ Ω
1
p


(

3
1
q + 1

4
1
q

)
[|f ′ (a)|+ |f ′ (b)|]

where we used the fact that

n∑
i=1

(ai + bi)
r ≤

n∑
i=1

ari +

n∑
i=1

bri (2.11)

for 0 ≤ r < 1, a1, a2, a3,..., an ≥ 0 and b1, b2, b3, ..., bn ≥ 0. Also,

Ω =

∫ 1

1
2

(1− tα)
p
dt.

The following result is obtained by using the well-known power-mean integral
inequality.

Theorem 2.9. Let f : [a, b] → R be a differentiable mapping on (a, b) with a < b. If

|f ′|
p
p−1 is convex on [a, b] for some fixed p > 1 with q = p

p−1 , then the following
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inequality for generalized fractional integral operators holds:

|Mf (a, b;w; J)| ≤ b− a
2
Fσρ,λ+1[|w| (b− a)ρ] (|f ′ (a)|+ |f ′ (b)|) (2.12)

×


((

1
2

)λ+ρk+1

λ+ ρk + 1

)1− 1
q

µ1 +

(
1

2
+

(
1
2

)λ+ρk+1 − 1

λ+ ρk + 1

)1− 1
q

µ2


ρ, λ > 0, w ∈ R and where

µ1 =

((
1
2

)λ+ρk+2

λ+ ρk + 2

) 1
q

+

((
1
2

)λ+ρk+1

λ+ ρk + 1
−
(
1
2

)λ+ρk+2

λ+ ρk + 2

) 1
q

and

µ2 =

(
3

8
+

1−
(
1
2

)λ+ρk+2

λ+ ρk + 2

) 1
q

+

(
1

8
+

(
1
2

)λ+ρk+1 − 1

λ+ ρk + 1
+

1−
(
1
2

)λ+ρk+2

λ+ ρk + 2

) 1
q

.

Proof. By using Lemma 2 and properties of modulus, we have

|Mf (a, b;w; J)| ≤ b− a
2
{|I1|+ |I2|+ |I3|+ |I4|}

Then by using the power mean-integral inequality for p > 1, we have

|I1| ≤
∞∑
k=0

σ (k) |w|k (b− a)
ρk

Γ (ρk + λ+ 1)
(2.13)

×

(∫ 1
2

0

tλ+ρkdt

)1− 1
q
(∫ 1

2

0

tλ+ρk |f ′(tb+ (1− t)a)|q dt

) 1
q

and by using convexity of |f ′|
p
p−1 in (2.13), we have∫ 1

2

0

tλ+ρk |f ′(tb+ (1− t)a)|q dt =

(
1
2

)λ+ρk+2

λ+ ρk + 2
|f ′ (b)|q

+

((
1
2

)λ+ρk+1

λ+ ρk + 1
−
(
1
2

)λ+ρk+2

λ+ ρk + 2

)
|f ′ (a)|q .

If we use last equality in inequality of (2.13), then we get the following inequality as

|I1| ≤
∞∑
k=0

σ (k) |w|k (b− a)
ρk

Γ (ρk + λ+ 1)

×

((
1
2

)λ+ρk+1

λ+ ρk + 1

)1− 1
q
{(

1
2

)λ+ρk+2

λ+ ρk + 2
|f ′ (b)|q +

((
1
2

)λ+ρk+1

λ+ ρk + 1
−
(
1
2

)λ+ρk+2

λ+ ρk + 2

)
|f ′ (a)|q

}
.
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As similar to computation of |I1|, we can get |I2|, |I3| and |I4| as following:

|I2| ≤
∞∑
k=0

σ (k) |w|k (b− a)
ρk

Γ (ρk + λ+ 1)

×

((
1
2

)λ+ρk+1

λ+ ρk + 1

)1− 1
q
{(

1
2

)λ+ρk+2

λ+ ρk + 2
|f ′ (a)|q +

((
1
2

)λ+ρk+1

λ+ ρk + 1
−
(
1
2

)λ+ρk+2

λ+ ρk + 2

)
|f ′ (b)|q

} 1
q

,

|I3| ≤
∞∑
k=0

σ (k) |w|k (b− a)
ρk

Γ (ρk + λ+ 1)

(
1

2
+

(
1
2

)λ+ρk+1 − 1

λ+ ρk + 1

)1− 1
q

×

{(
3

8
+

1−
(
1
2

)λ+ρk+2

λ+ ρk + 2

)
|f ′ (b)|q

+

(
1

8
+

(
1
2

)λ+ρk+1 − 1

λ+ ρk + 1
+

1−
(
1
2

)λ+ρk+2

λ+ ρk + 2

)
|f ′ (a)|q

} 1
q

and

|I4| ≤
∞∑
k=0

σ (k) |w|k (b− a)
ρk

Γ (ρk + λ+ 1)

(
1

2
+

(
1
2

)λ+ρk+1 − 1

λ+ ρk + 1

)1− 1
q

×

{(
3

8
+

1−
(
1
2

)λ+ρk+2

λ+ ρk + 2

)
|f ′ (a)|q

+

(
1

8
+

(
1
2

)λ+ρk+1 − 1

λ+ ρk + 1
+

1−
(
1
2

)λ+ρk+2

λ+ ρk + 2

)
|f ′ (b)|q

} 1
q

.

Then by using the fact (2.11) in the inequalities of |I1|, |I2|, |I3| and |I4| and by using
necessary arrangement we get the desired result in (2.12). �

Corollary 2.10. If we choose λ = α, σ (0) = 1 and w = 0 in Theorem 2.3, we have∣∣∣∣f (a+ b

2

)
− Γ (α+ 1)

2(b− a)α
[J αa+f(b) + J αb−f(a)]

∣∣∣∣
≤ b− a

2


((

1
2

)α+1

α+ 1

)1− 1
q

η1 +

(
1

2
+

(
1
2

)α+1 − 1

α+ 1

)1− 1
q

η2

 [|f ′ (a)|+ |f ′ (b)|]

where

η1 =

((
1
2

)α+2

α+ 2

) 1
q

+

((
1
2

)α+1

α+ 1
−
(
1
2

)α+2

α+ 2

) 1
q

and

η2 =

(
3

8
+

1−
(
1
2

)α+2

α+ 2

) 1
q

+

(
1

8
+

(
1
2

)α+1 − 1

α+ 1
+

1−
(
1
2

)α+2

α+ 2

) 1
q

.
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[16] Set, E. İşcan, I., Zehir, F., On some new inequalities of Hermite-Hadamard type involving
harmonically convex functions via fractional integrals, Konuralp J. Math., 3(2015), no.
1, 42-55.
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Department of Mathematics, Faculty of Science and Arts,
Ordu University, Ordu, Turkey
e-mail: abdurrahmangozpinar79@gmail.com


