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Fractional Hadamard and Fejér-Hadamard
inequalities for exponentially m-convex function

Sajid Mehmood and Ghulam Farid

Abstract. Fractional integral operators play a vital role in the advancement of
mathematical inequalities. The aim of this paper is to present the Hadamard and
the Fejér-Hadamard inequalities for generalized fractional integral operators con-
taining Mittag-Leffler function. Exponentially m-convexity is utilized to establish
these inequalities. By fixing parameters involved in the Mittag-Leffler function
Hadamard and the Fejér-Hadamard inequalities for various well known fractional
integral operators can be obtained.
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1. Introduction

A function f : [a,b] — R is said to be convex, if for all z,y € [a,b] and z € [0, 1],
the following inequality holds:

flrzz+ (1 =2)y) < zf(2) + (1 —2)f(y) (1.1)

If inequality (1.1) is reversed, then f is said to be concave.
Convex functions are equivalently defined by well known Hadamard inequality stated
as follows:

Theorem 1.1. Let f : [a,b] — R be a convexr function such that a < b. Then the
following inequality holds:

(*57) Sbla/abf@d“W' 2

Fejér-Hadamard inequality is a weighted version of the Hadamard inequality
established by Fejér [13].
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Theorem 1.2. Let f : [a,b] — R be a convex function and g : [a,b] — R be a non-

negative, integrable and symmetric to “—'*'b Then the following inequality holds:

f(a+b)/ dx</ fa < fle Hf()/a g(@)de.  (1.3)

Many researchers are continuously working on inequalities (1.2) and (1.3), and
have produced very interesting results for convex and related functions (for example
see, [1,5,6,7,8,9, 12, 11, 14, 21, 22]).

Next we define exponentially convex function.

Definition 1.3. [4, 7] A function f : [a,b] — R is said to be exponentially convex, if
for all ,y € [a,b] and z € [0, 1], the following inequality holds:

efEETA=2)y) < 2eF (@) 4 (1 — 2)ef W), (1.4)

The concept of exponentially m-convex functions was introduced by Rashid et
al. in [18]. It is defined as follows:

Definition 1.4. A function f : [a,b] — R is said to be exponentially m-convex, where
m € (0,1], if for all z,y € [a,b] and z € [0, 1], the following inequality holds:

eI GaAm=2)) < Lof () 4 (1 — 2)el ), (1.5)
Remark 1.5. If we take m =1 in (1.5), then (1.4) is achieved.

Mittag-Leffler function was introduced by the Swedish mathematician [15]. It is

defined as follows:
o0 t"
t) = _
(*) 7; T(on+1)’

where T'(.) is the gamma function and ¢,0 € C, R(c) > 0.

In the solution of kinetic equations and fractional differential equations the Mittag-
Leffler function arises naturally. It is generalized by many researchers due to it’s im-
portance. Recently in [3], Andrié¢ et al. introduced generalized Mittag-Leffler function
defined as follows:

Definition 1.6. [3] Let p,0,l,p,c € C, R(u),R(0), R() > 0, R(c) > R(p) > 0 with
p>0,7>0and 0 < ¢g <r+ R(u. Then the extended generalized Mittag-Leffler

function E01C(t;p) is defined by:

Bp(p+ng,c—p) () "
EPTec p e .
poort (5P Z Blp,c=p)  T(pn+0) Dy’ o)

where (3, is the generalized beta function defined by:

1
519(%9) =/ tzfl(l —t)yfle*ﬁdt
0

and (c)pq is the Pochhammer symbol defined as (¢),, = F(If(ﬁ)bq)
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Remark 1.7. (1.6) is a generalization of the following Mittag-Leffler functions defined
by many authors:

(i) taking p = 0, it reduces to the Salim-Faraj function E})7(t) defined in [20],

(ii) taking [ = r = 1, it reduces the function Ef2°(¢;p) defined by Rahman et al. in
17],

Eiii% taking p = 0 and [ = r = 1, it reduces to the Shukla-Prajapati function E£2(t)
defined in [23] see also [24],

(iv) taking p = 0 and | = r = ¢ = 1, it reduces to the Prabhakar function Ef, (t)
defined in [16].

The left-sided and right-sided generalized fractional integral operators containing
Mittag-Leffler function (1.6) are defined as follows:

Definition 1.8. [3] Let w, u, 0,1, p,c € C, R(u), R(a), R(1) > 0, R(c) > R(p) > 0 with
p>0,7>0and 0 < g <r+R(u).Let f € Li[a,b] and x € [a, b]. Then the generalized
fractional integral operators EZZ%Z .S and eu’g’ql’w ,—f are defined by:

(e0me, oot ) @ip) = / (z = )7 B (Wl = ) p) fd, (1)
and

b
(4t 1) @p) = [ ¢ - Bt - o ip)f0d. (18)

Remark 1.9. (1.7) and (1.8) are the generalization of the following fractional integral
operators defined by many authors:

(i) taking p = 0, it reduces to the fractional integral operators defined by Salim-Faraj
in [20],

(ii) taking I = r = 1, it reduces to the fractional integral operators defined by Rahman
et al. in [17],

(iii) taking p = 0 and [ = r = 1, it reduces to the fractional integral operators defined
by Srivastava-Tomovski in [24],

(iv) taking p = 0 and I = r = ¢ = 1, it reduces to the fractional integral operators
defined by Prabhakar in [16],

(v) taking p = w = 0, it reduces to the right-sided and left-sided Riemann-Liouville
fractional integrals.

As shown in [2] also [10], for the constant function we have:

(072 1) (@:0) = (@ = @) BLES (@ — a)4p) 1= Gt (w5p), (1)
and

(62’,7;,(117,2;,1771) (w:p) = (b— )7 EL VT [ (w(b — @) p) i= Go o p- (73 D), (1.10)

which we use in our results.

In the upcoming section, first we prove the Hadamard inequality for exponen-
tially m-convex functions via fractional integral operators defined in (1.7) and (1.8).
Also, the Fejér-Hadamard inequality for these operators is obtained. We mention
results for particular fractional integral operators associated with (1.7) and (1.8).
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2. Fractional Hadamard and Fejér-Hadamard inequalities for
generalized fractional integral operators

First we give the fractional Hadamard inequality for exponentially m-convex
functions via generalized fractional integral operators.

Theorem 2.1. Let w,p,0,l,p,c € C, R(u), R(o),R(1) > 0, R(c) > R(p) > 0 with
p>0,r>0and0<q<r+R. Let f : [a,mb] CR — R be a function such
that f € Lq[a,mb] with a < mb. If f is exponentially m-convex function, then the
following inequalities hold:

! (5F2) G, 4 0+ (mbs p) (2.1)
 Gtae) i) £ () (i)
- 2
meotl a a
< fla) _ 2 f(m))G o (7. )
> Q(mbfa) |:(€ m-e o+1,omH.b map

+(mb — a) (ef(b) i mef(ﬁ)) Gl omr (%;p)}

where m € (0, 1] and
_ w

Proof. Since f is exponentially m-convex, we have
etmy f(z) I
() o e A melV
- 2
Putting = za +m(1 — z)b and y = (1 — 2) = + zb in (2.3), we get

vV z,y € [a,mb] and m € (0,1]. (2.3)

26f(a+2mb) <ef(za+m(1fz)b)+m€f((1fz)%+zb). (24)

Also from exponentially m-convexity of f, we have

ef(zaer(lfz)b) +mef((lfz)%+zb) (25)
< ze’@ £ m(1 - 2)ef® +m (m(l —2)efGr) 4 zef(b)>
-, (ef(a) _ m%f(ﬁ)) +m (ef(b) + mef(ﬁ)) .

Multiplying both sides of (2.4) with 27~ ' E}71%(w2";p) and integrating over [0, 1],
we have

1
0

1
</ ZU—lEP’T7‘§7C(wz“'p)ef(z“+m(1_z)b)dz
- 1,0, ’

0

1
+m/ z”_lEZ’;"i’c(wz“;p)ef((l_z)%“b)dz.
) 0,
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Putting u = za +m(1 — z)b and v = (1 — 2)% + zb in (2.6), we get

w0l

mb
96t (“5) / (mb —u)° " LEPT Y (G(mb — u)H; p)du

mb
< / (mb — u)° L EPTC (G (mb — u)“;p)ef(“)du

wy0o,l

b o—1
+ ma+1/ (1} - ﬁ) BT (m”@(v - g)ﬂ;}?) ey,
o m 30, m

m

By using (1.7), (1.8) and (1.9), first inequality of (2.1) is achieved.
Now multiplying both sides of (2.5) with z"_lEﬁ’;’ff’c(wz“;p) and integrating over
[0, 1], we have

1
0

1
+ m/ Za_lEZ?%’C(wZM;p)ef((l_z)%—’_Zb)dZ
0 10,

w0l

1
< (ef(a) _m2ef(ﬁ)) / BRI (s p)ds
0

1
+m (e””) + mef("%)) /0 2B (wat p)dz.

Putting u = za +m(1 — 2)b and v = (1 — 2)% + zb in (2.7), we get

mb
/ (mb — u)c_lEZ’;’ql’c(cD(mb — )" plef Wy
a

b —1

a\o a

+mot / (v=2)" ELDee (miatw - 2)%p) el Vv
a m [ m

(f:ba:) {(eﬂa) —m*el o) /; (v= )" mpnee (mraw - S)ip) do

b

= (020 [1 (o 27 e (o= B ]

m

<

By using (1.7), (1.8) and (1.10), second inequality of (2.1) is achieved. O

Corollary 2.2. Suppose that assumptions of Theorem 2.1 hold and let m = 1. Then
following inequalities for exponentially convex function hold:

A ef) (b;p)+(ep’r’q’c* _ef) (a:p)
NG (i) < ( oo at ot b

where

o= 23
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In [19], S. Rashid et. al. prove the following Hadamard inequality for exponen-
tially m-convex function which has several misprints.

Theorem 2.3. Let f : [a,mb] C R — R be a function such that f € Lq[a, mb] with
a < mb. If f is exponentially m-convex function, then the following inequalities hold:

)Gm(%mby(mb; p) (2.9)

< pTyq,C f . o+1 P1r54,C f (ﬁ. )
B (6lt70,l7w2“7(a+2mb>+e ) (mbip) +m emo,l@2“v(a+mb)76 m'?

2m
a (a a
< m (ef( ) _ mZef(m)> GU_‘_L(at‘mb)Jr (mb; p)

4ot (ef(b) n mef(ﬁ)) GU,(HM)*-

2m

a+mb
2

Qef(

The correct form of the above theorem is stated and proved in the following
theorem.

Theorem 2.4. Let w,p,0,l,p,c € C, (), R(o),R({1) > 0, R(c) > R(p) > 0 with
p>0,r>0and0<qg<r+R. Let f : [a,mb] CR — R be a function such
that f € Li[a,mb] with a < mb. If f is exponentially m-convex function, then the
following inequalities hold:

atmb

of (25 )GU,@2“,(“+2’”b)+(mb;p) (2.10)
piTsq5C f . o+1 [ pma.c f)(a.

. <€y,a,l,w2u7(a+2mb)+e ) (mb7p) +m <€va7l,w(2m)u7(a;$b)e ) (m’p)

- 2
mo+1 " a

<M (et _ 2 f(m)> - (7. )

< sy (7 =) Gt oy (?

Hmb —a) (/O 4 me!(22)) Coa(zmm,(2522) (%;pﬂ

where m € (0,1] and & is defined in (2.2).

. z 2—z z 2—2) a -
Proof. Putting x = Za + m(Z—)b and y = b+ %E in (2.3), we get
2ol (S52) < I Gatm @Y | f(Gor 52 ). (211)

Multiplying both sides of (2.11) with z"_lEﬁzg"f’c(u}z“;p) and integrating over [0, 1],
we have

0,1

1
Qef(a+2mb)/ ZU*IEP’T’q’C(wZ“;p)dZ (212)
0

1
_ z (2—=2)
S/ 27T BT (wat p)el (30T Ddy
: o,

(-

1
— £ 2 o
+m/ 27 1Ez’:f’%’c(wz”;l7)ef(2b+ T w)dz.
0 ”
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Puttingu-2a+m2 Zbandv—zb—l—(2 Z)a in (2.12), we get

9ef (45) /jib (mb — w)? LB TP(245(mb — w); p)du
mb ’
< /1+Mb (mb—u)?~ lEz Z‘f ‘(2@ (mb — u)H; )6f(“)du
=
et / T (o= S B (mpat - Lyp) ef .

m

By using (1.7), (1.8) and (1.9), first inequality of (2.10) is achieved.
From exponentially m-convexity of f, we have

(2—2)
2

of (Gatm G320 L fs0+ 55 (2.13)

Z @, (272 s Zswy 4, 2=2) g
26 +m 5 e +m 26 +m 5 e

IN

= 2 (SO —m2ef G2} o (O 4 mel D).

Multiplying both sides of (2.13) with 271 Ef"9“(wz*; p) and integrating over [0, 1],
we have

1
2 gt 222)
/ ZU_lEz:Z,%c(wz”;p)ef(5a+m ERlE (2.14)
0
1
z (2—2) a
+m/ 27BN (wetp)e! B TR d
. s

1 o [
<5 (- m2€f(m)>/0 2T B (e p)dz

1
nfo ) [y
0

Putting u = = 20+ B33 2 in (2.14), we get

mb
/ (mb — u)g_lEZ’:;";’C(Q“(D(mb — u)“;p)ef(“>du

a+mb
2

atmb
2m -1

+mot! / 2 (v — i>o EZ’;’%’C ((Zm)”w(v — g)“;p) ef W gy
a 195 m

m

B n,:lbajla {( £@) _ n2e (7”2)) /;;’:” (U B %)UEZ’,?»?’C <(2m)”w(v B %)u@ i

m

+(mb — a) (/) 4 me! (2) /i% (v- ﬁ)a_l ELTe (@m)ta(o - %)u;p) dv] .

m

m

By using (1.7), (1.8) and (1.10), second inequality of (2.10) is achieved. O
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Corollary 2.5. Suppose that assumptions of Theorem 2.4 hold and let m = 1. Then
following inequalities for exponentially convex function hold:

a+b

of (53 )Ga,w*2u,(“+”)+(b;p)

2

p,T,q,C f . PT,q,C f .
< <6“"”l’w*2"”(”§b)+e >(b’p)+ <6M7U,l7w*2m(“3b)e ) (@)
- 2

f(a) f(b)
e +e
< fqﬂwzu,(wb)* (a;p)

2

where w* is defined in (2.8).
Remark 2.6. If we take w = p =0 in (2.10), then [18, Theorem 3.3] is obtained.

In the following we give Fejér-Hadamard inequality for exponentially m-convex
functions via generalized fractional integral operators.

Theorem 2.7. Letw, pu,0,l,p,c € C, R(u),R(c), R(1) > 0, R(c) > RN(p) > 0 withp > 0,
r>0and 0 < q<r+R(u). Let f:[a,mb] C R — R be a function such that f €
Ly]a,mb] with a < mb. Also, let g : [a,mb] — R be a function which is non-negative
and integrable. If f is exponentially m-convex function and f(v) = f(a +mb — mv),
then the following inequalities hold:

a+mb a
o/ (455) (6123;7”#&76.1:) (E;p) (2.15)
(1 m) (074 el (&3p)
2
m 2 f(-2 T, a .
< gy (7 ) (o) (7)

mb—a) (/O 4 mel G) (enre L et) (£5p)]

<

where m € (0,1] and & is defined in (2.2).

Proof. Multiplying both sides of (2.4) with z"*lEZ:fT’j’c(wz“;p)eg((lfz)%“b) and in-
tegrating over [0, 1], we have

0.l

1
92/ (“5*) / 2T TLEPTDC (a1 p)ed((1=2) 3 +2b) gy (2.16)
0
1
< /0 Za'—lEﬁ,;ﬁ,C(wzy;p)ef(za+m(1—z)b) eg((l—z)ﬁ+zb)dz

1
+ m/ ZU_lEZ’;’%’C(OJZM;p)ef((l_z)%+Zb)€g((1_z)%+zwdz.
o 1T,
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Putting v = (1 — 2)% + zb in (2.16), we get

adtm b o—1
9¢f (45*) / (1} - ﬁ) BT (m“@(v - g)“;p) eI dy
a Y m

m

b a1 a
< / (v — —) EZ nae (m"a)(v - —)“;p) ef (atmb=—mv) o9(v) gy,
m 7 m

o—1
+ m/ v— — 1O (m“w(v — g)”;p) ef e gy,
o) m

By using (1.7), (1.8), (1.9) and given condition f(v) = f(a+mb—muv), first inequality
of (2.15) is achieved.

Now multiplying both sides of (2.5) with 27~ Ef79(wz; p)ed((1=)5+20) and inte-
grating over [0, 1], we have

1
/ o— 1Ep,7‘ t{, (wzp, )ef(za+m(17z)b)eg((lfz)%Jrzb)dZ
n m/ 7L (i p)ed (1=2) S+ a((1=2) &+20) g,

1
< (ef(a) — m2€f(ﬁ)) / ZUEZ?%;C(WZM;p)eg((l—z)%-i-zb)dz
0 1P

1
+m(ef(b)+mef(ﬁ)>/ o 1E52‘fC(wz“;p)eg((lfz)%Jer)dz.
0

From above second inequality of (2.15) is achieved. O

Corollary 2.8. Suppose that assumptions of Theorem 2.7 hold and let m = 1. Then
following inequalities for exponentially convex function hold:

) (emae ) (p) < (4055, et (aip)
f(a) f(®)
< ;e (ermee., et) (aip)
where w* is defined in (2.8).
Theorem 2.9. Let w,p,0,l,p,c € C, R(u), R(o),R(1) > 0, R(c) > R(p) > 0 with
p>0,7>0and 0<qg<r+R. Let f,g: [a,mb] CR — R be the functions such

that f,g € Ly[a,mb] with a < mb. If f and g are exponentially m-convex functions,
then the following inequality holds:

(comme el ) (@p) 4+ (475 et (mbip) (217)
_
— (mb—a)
+ (ef(a) + meg(b)) {(mb - a)GU7L:1,CL+ (mb;p) - G0+1,<Iz,a+ (mb7p)}:|
where m € (0,1] and @ is defined in (2.2).

[(eg(“) + mef(b)> Goi1,0,a+ (Mb;p)
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Proof. Since f and g are exponentially m-convex, we have

ef((=atmab) | pg(zatm1-2)b) < (1 _ ;) (ef(a) 4 meg(b)) g (egw) n mef(b)> .

(2.18)
Multiplying both sides of (2.18) with z"_lEﬁzg"f’c(wz“;p) and integrating over [0, 1],
we have

ol

1
/ ZU*IEP’T’Q’C(wz“;p)ef((lfz)“+m2b)dz (2.19)
0
1
+ A Zd—lEZ:;,j,C(wzlu;p)eg(za+m(l—z)b)dz
1
< (ef(a) + meg(b)> /0 (1- z)z”‘lEZ:Z’ff’c(wz”;p)dz

1
+ (eg(“) + mef(b)) /0 z”EZ:Z’j’C(wz";p)dz.

Putting u = (1 — 2)a + mzb and v = za + m(1 — z)b in (2.19), then by using (1.7),
(1.8) and (1.9), inequality (2.17) is achieved. O

Corollary 2.10. Suppose that assumptions of Theorem 2.9 hold and let m = 1. Then
following inequality for exponentially convex function holds:

(et o) (i) + (0550 ave”) (i)
1
< 9(@) o F() b
> (b — 0,) [(6 +e ) Go+1,w ,at (bvp)
+ (ef(a) + eg(b)) {(b - a)GU,w*,a"' (b7p) - GU+17w*7a+ (ba p)}:| .

where w* is defined in (2.8).
Remark 2.11. If we take w = p =0 in (2.17), then [18, Theorem 3.2] is obtained.

Concluding remarks. The aim of this paper is to establish two versions of the frac-
tional Hadamard inequalities for exponentially m-convex functions via generalized
fractional integral operators. Further, a generalized version of the Hadamard inequal-
ity so called Fejér-Hadamard inequality is proved. The results of this paper are hold
for various associated fractional integral operators.
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