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Linear Weingarten factorable surfaces in
isotropic spaces
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Abstract. In this paper, we deal with a certain factorable surface in the isotropic
3-space satisfying aK+bH = c, where K is the relative curvature, H the isotropic
mean curvature and a, b, c ∈ R. We obtain a complete classification for such
surfaces. As a further study, we prove that a certain graph surface with K = H2

is either a non-isotropic plane or a parabolic sphere.
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1. Introduction

Let M2 be a regular surface of a Euclidean 3-space R3 and κ1, κ2 its princi-
pal curvatures. Then M2 is called a Weingarten surface if the following non-trivial
functional relation occurs:

φ (κ1, κ2) = 0 (1.1)

for a smooth function φ of two variables. (1.1) immediately yields

δ (K,H) = 0, (1.2)

where K and H are respectively the Gaussian and mean curvatures of M2. (1.2)
is equivalent to the vanishing of the corresponding Jacobian determinant, i.e.
|∂ (K,H) /∂ (u, v)| = 0 for a coordinate pair (u, v) on M2. If M2 is a surface that
satisfies

aH + bK = c, a, b, c ∈ R, (a, b, c) 6= (0, 0, 0) , (1.3)

then it is called a linear Weingarten surface (LW-surface). If a = 0 or b = 0 in (1.3) ,
then the LW-surfaces reduce to the surfaces with constant curvature. Such surfaces
have been extensively studied, see [7, 8], [13]-[17], [30].

On the other hand, a surface in R3 that is the graph of the function z (x, y) =
f (x) g (y) is said to be factorable or homothetical. In various ambient spaces, these
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surfaces have been desribed in terms of their curvatures and Laplace operator in
[4, 9, 10, 12, 18, 19, 28, 29]. As distinct from the Euclidean case, a graph surface
in the isotropic space I3 is said to be factorable if it is graph of either z (x, y) =
f (x) g (y) or x (y, z) = f (y) g (z). We call them the factorable surface of type 1 and
type 2, respectively. Note that the factorable surface of one type cannot be carried
into that of another type by the isometries of I3. These surfaces of both type in I3
with K,H = const. were obtained in [1]-[3].

The main purpose of this paper is to obtain LW-factorable surfaces of type 1 in
I3. As a further study, we classify the graph surfaces of the function z = z(x, y) in I3
with K = H2.

2. Preliminaries

For general references of the isotropic geometry, see [5], [23]-[27]. The isotropic 3-
space I3 is a Cayley-Klein space defined from a 3-dimensional projective space P

(
R3
)

with the absolute figure (ω, f1, f2), where ω is a plane in P
(
R3
)

and f1, f2 are two

complex-conjugate straight lines in ω. The homogeneous coordinates in P
(
R3
)

are
introduced in such a way that the absolute plane ω is given by X0 = 0 and the absolute
lines f1, f2 by X0 = X1 + iX2 = 0, X0 = X1 − iX2 = 0. The intersection point
F (0 : 0 : 0 : 1) of these two lines is called the absolute point. The affine coordinates

in P
(
R3
)

are given by x1 =
X1

X0
, x2 =

X2

X0
, x3 =

X3

X0
. The group of motions of I3 is

defined by

(x1, x2, x3) 7−→ (x′1, x
′
2, x
′
3) :

 x′1 = a1 + x1 cosφ− x2 sinφ,
x′2 = a2 + x1 sinφ+ x2 cosφ,
x′3 = a3 + a4x1 + a5x2 + x3,

where a1, ..., a5, φ ∈ R.
Consider the points x = (x1, x2, x3) and y = (y1, y2, y3) . The isotropic distance

dI (x, y) of two points x and y is defined as

dI (x, y) = (y1 − x1)
2

+ (y2 − x2)
2
.

The lines in x3−direction are called isotropic lines. The plane containing an isotropic
line is called an isotropic plane. Other planes are non-isotropic.

Let M2 be a graph surface immersed in I3 corresponding to a real-valued smooth
function z = z (x, y) on an open domain D ⊆ R2. Then it is parameterized as follows:

r : D ⊆ R2 −→ I3, (x, y) 7−→ (x, y, z (x, y)) . (2.1)

It follows from (2.1) that M2 is an admissible (i.e. without isotropic tangent planes).
The metric on M2 induced from I3 is given by g∗ = dx2 + dy2. This implies that
M2 is always flat with respect to the induced metric g∗ and thus its Laplacian is of

the form 4 =
∂2

∂x2
+

∂2

∂y2
. The relative (or isotropic Gaussian) curvature K and the

isotropic mean curvature H of M2 are defined by

K = zxxzyy − (zxy)
2

(2.2)
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and

H =
4z
2

=
zxx + zyy

2
. (2.3)

M2 is called isotropic minimal (resp. isotropic flat) if H (resp. K) vanishes.

3. LW-factorable surfaces of type 1

Let M2 be a factorable surface of type 1 in I3, i.e., the graph of
z (x, y) = f (x) g (y) . By (2.2) and (2.3) , we get

K = (f ′′f) (g′′g)− (f ′)
2

(g′)
2

(3.1)

and

2H = f ′′g + fg′′, (3.2)

where f ′ = df
dx and g′ = dg

dy , etc. We mainly aim to classify the LW-factorable surfaces

of type 1 in I3. For this, let M2 satisfy the relation (1.3). Since at least one of a, b and
c is nonzero in (1.3), without loss of generality, we may assume b 6= 0. By dividing
both sides of (1.3) with b and putting a

b = 2m0 and c
b = n0, we write

2m0H +K = n0, m0, n0 ∈ R. (3.3)

If m0 = 0 , M2 turns to be a factorable surface of type 1 in I3 with K = const.
however such surfaces were already provided in [1]. In our framework, it is meaningful
to take m0 6= 0. By (3.1)− (3.3) , we get

(f ′′f) (g′′g)− (f ′)
2

(g′)
2

+m0 (f ′′g + fg′′) = n0. (3.4)

We have to distinguish several cases in order to solve (3.4) . Remark that the roles of
f and g are symmetric, so discussing on the cases based on f shall be sufficient. From
now on, we use the notation ci to denote nonzero constants and di to denote some
constants, i = 1, 2, 3, ...

Case 1. f (x) = f0 ∈ R− {0} . By (3.4), we find

g (y) =
n0

2f0m0
y2 + d1y + d2. (3.5)

Thereby, M2 is isotropic flat factorable surface of type 1 with H = n0

2m0
.

Case 2. f is a linear function, i.e. f (x) = c1x+ d3. It follows from (3.4) that

m0d3g
′′ − c21 (g′)

2
+ (m0c1g

′′)x = n0. (3.6)

(3.6) implies that g′′ = 0, namely g (y) = c2y + d4. In this case, M2 is isotropic

minimal factorable surface of type 1 with K = − (c1c2)
2
.

Case 3. f is a non-linear function. From the symmetry, g is also a non-linear function.
By dividing (3.4) with the product ff ′′, we get

g′′g − (f ′)
2

ff ′′
(g′)

2
+m0

g

f
+m0

g′′

f ′′
=

n0
ff ′′

. (3.7)
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By taking partial derivative (3.7) with respect to y and then dividing with g′g′′, we
deduce

1 +
gg′′′

g′g′′
− 2

(f ′)
2

ff ′′
+

(
m0

f

)
1

g′′
+

(
m0

f ′′

)
g′′′

g′g′′
= 0. (3.8)

We have two cases:
Case 3.1. g′′′ = 0, i.e.

g (y) = c3y
2 + d5y + d6. (3.9)

Up to suitable translations of y, we may assume d5 = d6 = 0. Then (3.8) reduces to

1− 2
(f ′)

2

ff ′′
+

(
m0

2c3

)
1

f
= 0. (3.10)

(3.10) can be rewritten as (
m0

2c3
+ f

)
f ′′ − 2 (f ′)

2
= 0. (3.11)

After solving (3.11) , we find

f (x) = −
(

1

c4x+ d7
+
m0

2c3

)
. (3.12)

Considering (3.9) and (3.12) into (3.4) gives the contradiction

x = − 1

c4

(
2m0c3
n0 +m2

0

+ d7

)
due to the fact that x is an independent variable.
Case 3.2. g′′′ 6= 0. By taking partial derivatives of (3.8) with respect to x and y, we
conclude (

f ′

f2

)
g′′′

(g′′)
2 −

f ′′′

(f ′′)
2

(
g′′′

g′g′′

)′
= 0. (3.13)

Due to f ′g′′′ 6= 0, neither f ′′′ nor

(
g′′′

g′g′′

)′
can vanish in (3.13). Then (3.13) can be

rewritten as
f ′ (f ′′)

2

f2f ′′′
=

(g′′)
2

g′′′

(
g′′′

g′g′′

)′
. (3.14)

Since the left side of (3.14) is a function of x, however the right side is a function of
y. Then both sides have to be equal a nonzero constant, namely

f ′ (f ′′)
2

f2f ′′′
= c5 =

(g′′)
2

g′′′

(
g′′′

g′g′′

)′
. (3.15)

From the left side of (3.15) , we write

f ′′′

(f ′′)
2 =

1

c5

f ′

f2
(3.16)

or, by taking once integral with respect to x,

f ′′ =
c5f

c5d8f + 1
. (3.17)
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Likewise, by the right side of (3.15), we deduce

g′′′

g′g′′
=
−c5
g′′

+ d9. (3.18)

Substituting (3.17) and (3.18) into (3.8) yields

1 + (m0d8 + g) d9 −
c5 (m0d8 + g)

g′′
+
m0d9
c5f

−

−2 (c5d8f + 1) (f ′)
2

c5f2
= 0.

(3.19)

Taking partial derivative of (3.19) with respect to y and considering (3.18) leads to

g′′ = −c5 (g +m0d8) . (3.20)

After substituting (3.20) into (3.19), we conclude

2 +m0d8d9 + d9g +
m0d9
c5f

− 2 (f ′)
2

ff ′′
= 0,

which yields d9 = 0 and ff ′′ = (f ′)
2
. Solving this one gives f (x) = c6 exp (c7x) . By

putting this in (3.4) we derive the polynomial equation on (f):

c27

[
gg′′ − (g′)

2
]
f2 +m0

(
c27g + g′′

)
f − n0 = 0,

which implies that the coefficients must be zero; namely n0 = 0,

gg′′ − (g′)
2

= 0 and c27g + g′′ = 0. (3.21)

(3.21) leads to the contradiction c27g
2 + (g′)

2
= 0 and therefore we have proved the

following:

Theorem 3.1. Let M2 be a LW-factorable surface of type 1 which is the graph of
z (x, y) = f (x) g (y) in I3. Then we have either

(A) f (x) = f0 ∈ R− {0} , g (y) = c6y
2 + d10y + d11;

(B) or z (x, y) = (c7x+ d12) (c8y + d13) .

4. Graph surfaces with K = H2

Let M2 be a surface of the Euclidean 3-space R3. The Euler inequality for M2

including the Gaussian and mean curvature follows

K ≤ H2. (4.1)

The equality sign of (4.1) holds on M2 if and only if it is totally umbilical, i.e. a part
of a plane or a two sphere in E3. For more generalizations, see [6, 11], [20]-[22]. Now
we are interested in the factorable surfaces of type 1 in I3 satisfying K = H2. For
this, let us reconsider (3.1) and (3.2). If K = H2, then

(f ′′g − fg′′)2 + 4 (f ′g′)
2

= 0. (4.2)

(4.2) immediately implies that

f ′′g − fg′′ = 0 and f ′g′ = 0. (4.3)
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By (4.3) we conclude that either f = const. and g (y) = c1y + d1 or g = const. and
f (x) = c2x+ d2, which yields the following result:

Proposition 4.1. The factorable surfaces of type 1 in I3 satisfying K = H2 are only
non-isotropic planes.

As a generalization, we are able to investigate the graph surfaces of type 1 in I3
satisfying K = H2. More precisely, let M2 be a graph surface of z = z (x, y) in I3. If
K = H2 on M2, then we get

(zxx − zyy)
2

+ 4 (zxy)
2

= 0, (4.4)

which yields that

zxy = 0 (4.5)

and

zxx = zyy. (4.6)

By (4.5) , we derive

z (x, y) = α (x) + β (y) (4.7)

and considering (4.7) into (4.6) gives

d2α

dx2
=
d2β

dy2
= d3, d3 ∈ R. (4.8)

By solving (4.8) , we find

α (x) =
d3
2
x2 + d4x+ d5, β (y) =

d3
2
y2 + d6y + d7. (4.9)

(4.9) implies that M2 is either a non-isotropic plane (d3 = 0) or a parabolic sphere
(d3 6= 0). Consequently, we have

Theorem 4.2. A graph surface of a function z = z (x, y) in I3 with K = H2 is either
(a piece of) a non-isotropic plane or (a piece of) a parabolic sphere given by

z (x, y) = c3
(
x2 + y2

)
+ d8x+ d9y + d10.
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