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1. Introduction

The theory of integral equations has many applications in describing of numerous
phenomena and problems from different research fields of the surrounding world, such
as: mathematical physics, engineering, biology, economics and others. In what follows,
we consider the following Fredholm-Volterra functional-integral equation:

.’17(1]) = F(t7g(t7w(t))7IFT(ta Saa7b7x7K17h1)7IVO(t>S7a7x7K27h2))> (11)

where we denote:

b
Ip,(t,s,a,b,2,K1,hy) :/ Ki(t,s) - hi(s,z(s),xz(a), z(b))ds

t
Ivo(t,s,a,x, Ko, ho) = / Ky (t,s) - ha(s,z(s),x(a))ds
a

and
F:la,b) x R* = R, K1, K> : [a,b] x [a,b] — R,
hi:la,b] x R® =R, hy:[a,b] xR* =R, g:[a,b] xR — R,

and we will apply the Picard operators technique to prove the existence and unique-
ness, data dependence, comparison and Gronwall-type results for the solution of the



552 Maria Dobritoiu

equation (1.1). Many authors have applied this technique to study the functional-
integral equations of mixed type (see [1], [2], [6], [9], [19], [27], etc.). Also, many
authors studied the functional-integral equations of Fredholm and Volterra type and
we mention some of them (see [1], [3], [7], [8], [10], [11], [12], [13], [14], [16], [17], [18]
[23], [24], [25], [26], [28], etc.).

In this paper we will use the notations from [22], [23] and [25] and we recall some
of them.

Let (X, d) be a metric space and A : X — X an operator. We have:

P(X):={Y CX /Y #0} — the set of all nonempty subsets of X,

I(A)={Y e P(X) /] A(Y) CY}— the family of the nonempty subsets
of X, invariant for A,

Fy:={z € X|A(z) =z} — the fixed points set of A.

Also, we denote by A% := 1x, A! := A, A" := Ao A", n € N — the iterate
operators of A.

Below, we present the definitions of Picard operator, c-Picard operator and
weakly Picard operator.

Definition 1.1. Let (X, d) be a metric space. An operator A : X — X is called Picard
operator (briefly PO) if there exists * € X such that:

(a) Fa =A{z"};

(b) the sequence (A™(x))nen converges to z*, for all xg € X.

Definition 1.2. Let (X,d) be a metric space and ¢ > 0. An operator 4 : X — X is
called c-Picard operator (briefly ¢-PO) if A is PO and

d(z,z*) < c-d(z,A(z)) for all x € X.

Definition 1.3. Let (X, d) be a metric space. An operator A : X — X is called weakly
Picard operator (briefly WPO) if the sequence (A™(z))nen converges for all xg € X
and the limit (which may depend on z) is a fixed point of A.

If Ais a WPO, then it can be considered the operator A* : X — X, defined by
A%®(z) ;== lim A™(z)
n—oo

and we observe that A®(X) = Fj4.

In addition, if A is a PO and we denote by z* its unique fixed point, then
A>®(z) =z* , for all z € X.

In the second section we study the existence and uniqueness of the solution of
the integral equation (1.1).

In order to obtain the presented results of this section, we applied the Picard
operators technique and the Contraction Principle.

Theorem 1.4 (Contraction Principle). Let (X, d) be a complete metric space and A :
X — X an a-contraction (o < 1). Under these conditions we have:
(1) Fa={a"};
(it) =* = lim A™(xg), for all xg € X;
n—oo
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(iii) d(z*, A™(x0)) < 2=d(z0, A(zp)).

-«

In order to obtain several Gronwall-type and comparison results for the solution
of the integral equation (1.1), in the third section we will use the Abstract Compar-
ison Lemma, the Abstract Gronwall Lemma and the Abstract Gronwall-Comparison
Lemma, which we present below.

Lemma 1.5. (see [25]) Let (X,d, <) be an ordered metric space and A : X — X an
operator. If:

(i) A is an increasing operator;

(it) the operator A is a WPO,

then the operator A is increasing.

Lemma 1.6 (Abstract Comparison Lemma). (see [22], [23], [25]) Let A,B,C : X — X
be three operators defined on the ordered metric space (X, d, <). If:
(i) A<B<C;
(ii) A, B, C are WPOs;
(iii) the operator B is increasing,
then
r<y<z= A%(z) < B®(y) < C™(z).

Remark 1.7. Let A, B,C be the operators defined in the Abstract Comparison
Lemma. In addition, we suppose that B is PO, i.e. Fg = {25 }. Then we have

A®(z) <z < C®(z), for all x € X.
But A*(X) = F4 and C*™(X) = F¢ and therefore Fy < 2% < Fc.
Lemma 1.8 (Abstract Gronwall Lemma). (see [22], [23], [25]) Let A: X — X be an

operator defined on the ordered metric space (X,d, <). If:
(i) the operator A is PO and denote by x* the unique fized point of A;
(it) A is an increasing operator,
then
(a) 2 < A(z) =z <z¥;
(b) x> A(z) =z > o7
Lemma 1.9 (Abstract Gronwall-Comparison Lemma). (see [22], [23], [25]) Let A1, Ay :

X — X be two operators defined on the ordered metric space (X,d,<). We assume
that:

(i) Ay is increasing;
(ii) Ay and Ay are POs;
(iii) A < As.
If we denote by x5 the unique fized point of Aa, then
< Ai(z) =z <.

In the section 4 we prove a result of the continuous data dependence of the
solution of the integral equation (1.1) using the General Data Dependence Theorem.
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Theorem 1.10 (General Data Dependence Theorem). Let (X, d) be a complete metric
space, A, B : X — X two operators and suppose:

(i) A is c-PO with respect to the metric d and Fa = {z%};
(i) there exists x € Fp;
(#ii) there exists n > 0 such that d(A(x), B(x)) <mn, for allz € X.

Under these conditions we have:
d(xy, xp) < c-1.
The last section of this paper contains a result concerning the Ulam-Hyers stability
of the integral equation (1.1).
Definition 1.11. (I.A. Rus [21]) Let (X, d) be a metric space and A : X — X an
operator. The equation of fixed point
x = A(z). (1.2)

is Ulam-Hyers stable if there exists a real number c4 > 0 such that for each € > 0
and each solution y* of the inequation

d(y, A(y)) <e,
there exists a solution z* of equation (1.2) such that
dy*,z*) <cy-e.

Also, in this section we will use the Remark 2.1 from I.A. Rus [21], that you can find
below.

Remark 1.12. (I.A. Rus [21], Remark 2.1) If A is a c-weakly Picard operator, then
the fixed point equation (1.2) is Ulam-Hyers stable.

Indeed, let ¢ > 0 and y* a solution of d(y, A(y)) < e. Since A is c-weakly Picard
operator, we have that

d(xz, A*(z)) < c-d(x, A(z)), for all x € X.
If we take z := y* and z* := A*°(y), then we have that d(y*,z*) < ca - € (see [20],

[21]).

2. Existence and uniqueness

In this section we present several results of existence and uniqueness for the
solution of the integral equation (1.1). These results were obtained by applying the
known standard techniques as in [1], [2], [5], [6] for particular integral equations.

We suppose that the following conditions are fulfilled:

(a1) K1,Ks € C([a,b]x[a,b]), h1 € C([a,b]xR3), hy € C([a,b]xR?), g € C([a, b] xR);
(az) F € C(la,b] x R3).

Theorem 2.1. We assume that the conditions (a1) and (az) are satisfied. In addition
we assume that:
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(i) there exist o, 8,y > 0, such that:

|F'(t, ur, v, wi) — F(t, ug, v, wa)| < aluy — ua| + Blvr — va| +v|wi — wal,

for all t € [a,b], u;,vi, w; € Ryi=1,2;
(ii) there exist L1, Lo, L3 > 0 such that:

|h1(s,u1,u2,uz) — hi(s,v1,v2,v3)] < Li(Jur — v1| + |ug — v2| + |uz — v3]),

for all s € [a,b],u;,v; € R,i=1,2,3;

|ha(s, w1, uz) — ha(s,vi,v2)| < La(Jur — vi| + [ug — v2]),
for all s € [a,b],u;,v; € Ryi =1,2;
|g(t,u) — g(t,v)] < La|u —vl),

for allt € [a,b],u,v € R;
(ZZ’L) als + (3,8M1L1 + 27M2L2)(b — Cl) <1,

where we denoted by My and My respectively, two positive constants, such that

|K1(t,8)| < My and |Ka(t,s)| < Ms, for all t,s € [a,b).
Under these conditions the integral equation (1.1) has a unique solution z* € Cla,b),
that can be obtained by the successive approximations method starting at any element
xo € Cla, b].
In addition, if x, is the n-th successive approximation, then we have:
[Ong + (3ﬁM1L1 + 2’7M2L2)(b — a)]"

Moo —aillo. (21)

1-— O{Lg — (3ﬁM1L1 + 2’)/M2L2)(b — a)
Proof. Let X = (Cla,bl,| - ||c) be a Banach space, where || - ||¢ is the Chebyshev’s
norm

[ = znllo <

lz]lc = max |z(t)|, for all z € C[a,b].
t€la,b]

Also, we consider the operator A : X — X, defined by the relation:
A(J?)(t) = F(ty g(t7 Z‘(t)), IF?“(t7 S, a, ba z, K17 h'l)a IVO(ta $,Q, T, K27 h'Q)) (22)

for all ¢ € [a, b].

The set of the solutions of the integral equation (1.1) coincides with the set of
fixed points of the operator A. From Contraction Principle it results that the operator
A must be a contraction. We have:

|A(1‘)(t) - A(y)(t)| = |F(t7g(ta Z‘(t)), IFT(t7 S, a, ba z, Ky, hl)v IVO(ta s,a,x, Ko, h2))
- F(ta g(ta y(t))v IFT’(ta S, a, ba Y, K17 hl)v IVO(ta S,a,Y, K27 h2))|
From (i) and (ii) and using the Chebyshev’s norm it results
[A(z) — AW)llcfap) < [ols + (3BMiLy + 2yMs L) (b — a)l[|z — ylicap)  (2.3)
Consequently, from (iii) it results that the operator A is an L 4-contraction with the
coefficient
LA = OéL3 + (36M1L1 + Q’YMQLQ)(b - (l).
Now, from Contraction Principle it results that the operator A has a unique fixed
point F4 = {z*} and consequently, the integral equation (1.1) has a unique solution
x* € Cla, b]; this solution can be obtained by the successive approximations method
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starting at any element g € Cla,b] and, if x,, is the n-th successive approximation,
then the estimation (2.1) is true. The proof is complete. O

Remark 2.2. In order to obtain the Theorem 2.1, of existence and uniqueness of the
solution of the integral equation (1.1) in the space Cla,b], we reduced the problem
of determination of the solutions of this integral equation to a fixed point problem.
Under the conditions of the Theorem 2.1, the operator A, defined by (2.2), is PO.

Remark 2.3. If we consider the Banach space X = (Cla,b], || - ||5), where || - || g is the
Bielecki’s norm:
2]l = max |z(t)|e ™),
t€la,b]

for all z € C[a,b], and 7 > 0 a parameter, and the operator A : X — X, defined by
(2.2), then we have another theorem of existence and uniqueness of the solution of
the integral equation (1.1) in the space Cla, b], that we present below.

Theorem 2.4. We assume that the conditions (a1) and (az2) are satisfied and also,
the conditions (i) and (i1) from Theorem 2.1 are fulfilled. Under these conditions the
integral equation (1.1) has a unique solution x* € Cla,b].

Proof. We have

|[A(2)(t) = A(y) ()] < aLse™ |z —y[l5 +3

ML
PV ot — g1

M>L o
_’_27 7_2 2€T(t a+b t)”m_yHB

and therefore, using the Bielecki’s norm, we obtain:

ML MsL
1AG) ~ Al < oL + 370 4 o THL2 0w

llz—ylls. (24
It is clear that one can find a positive parameter 7, such that

ML
aL3+3ﬂ 17149
T

’7M2L2 eT(b—a) <1,
-

and thus A is an L 4-contraction with
BM: Ly + 2W’-Msz eT(b,a)
T T

Li=als+3

and the conclusion of theorem is obtained by applying the Contraction Principle
(Theorem 1.4). O

Example 2.5. The following equation is a particular case of the integral equation (1.1),
when g(t,z(t)) = x(t):

z(t) = F(t,z(t), Ip,(t,s,a,b, 2, K1, h1), Ivo(t, s,a,x, Ko, ha)), (2.5)
where we used the same notations for I, and Iy, as at the beginning of the first

section.
Let us consider this integral equation in the following hypotheses:

(i) F € C([a,b] x R3), K1, K3 € C([a,b] x [a,b]), h1 € C([a,b] x R?),
ha € C([a,b] x R?);
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11) there exist a, 8,y > 0, such that:
Y
|F(t, u1, v1,w1) — F(t,u2,v2,w2)| < alug — uz| + Blvr — va| + yjwy — wal,

for all ¢ € [a,b], u;, v, w; € Ryi=1,2;
(4i4) there exist Ly, Ly > 0, such that:

|ha(s,u1, uz, ug) — hi(s,v1,v2,v3)] < Li(Jur — v1] + [ug — va| + |ug — vs)),
for all s € [a,b],u;,v; € R, i =1,2,3;
|ha(s,ur,uz) — hi(s,v1,v2)] < La(Jur — v1| + |uz — va),

for all s € [a,b],u;,v; € Ri=1,2;
(ZU) o+ (3,8M1L1 + 2’)/M2L2)(b — a) <1,
where we denoted by M; and Ms respectively, two positive constants, such that
|K1(t,s)| < My and |Ky(t,s)| < My, for all ¢, s € [a, b].
Then the integral equation (1.1) has a unique solution z* € Cla,b], that can be
obtained by the successive approximations method starting at any element zy €
Cla,b]. Moreover, if x,, is the n-th successive approximation, then we have:

[+ (3BM1 Ly 4+ 2yMsLs)(b — a)]™
l—a-— (3ﬂM1L1 + 27M2L2)(b —a

" = 2nlle < 7 lzo = @ifle. (2.6)

In order to prove this result, we applied the Theorem 2.1 in particular case of
g(t,z(t)) = x(t).
Remark 2.6. A similar result can be obtained for the solution of integral equation
x(t) = F(t,x(a), Ip,(t,s,a,b,x, K1, h1), Iyo(t, s,a,x, Ko, hs)), (2.7)
by applying the Theorem 2.1 in particular case of g(t,z(t)) = z(a).

Remark 2.7. In the paper [9] has been studied the existence and uniqueness of the
solution of nonlinear Fredholm-Volterra functional-integral equation:

b t
x(t) :F(t,x(a),/ Kl(t,s,x(gl(s)))d&/ Ks(t,s,2(g2()))ds). (2.8)

3. Comparison results and Gronwall lemmas

We present below a comparison result and two Gronwall-type lemmas for the
solution of the integral equation (1.1). These results have been obtained by using
the Picard operators technique and applying the Abstract Comparison Lemma, the
Abstract Gronwall Lemma and the Abstract Gronwall-Comparison Lemma as in [4],
[5], [15] for particular operatorial equations.

In order to obtain a comparison result, we consider the integral equations:

.’L‘(t) = Fi(t,g(t,x(t)),lf;r(t, s,a,b,x, K1, h§)>l€./o(t> s,a,x, Ko, h;))v (3'1)



558 Maria Dobritoiu

where we denoted:

b
I}}T(t,s,mbw,Kl, h’l) = / Ky(t,s) - h’i(sw(s),x(a),ac(b))ds

t
Lot 5,0, 2, Ko, ) = / Ko(t, s) - B (s, 2(s), o(a))ds

where
F; € C([a,b] x R?), g € C([a,b] x R),
K1, K3 € O([a,b] x [a,b],Ry), ki € C([a,b] x R?),
hh € C([a,b] x R?), i =1,2,3.

We have:

Theorem 3.1. Suppose that:

(i) the functions F;, g, K1, Ko, hi, hb, i = 1,2,3 satisfy the conditions of Theorem
2.1, and let x} be the unique solution of the integral equation (3.1) corresponding
to Fy,hi, hb, i=1,2,3;

(i) the functions Fa(t,-,-,-), h3(t, -, -, ), h3(t,, ") are increasing;

(iti) Fy < Fy < Fs, h} <hi <hi and hy < h3 < h3.
Then
] <ajy < xi.

Proof. We consider the Banach space X = (C[a,b],|| - ||c) and the operators A; :
X — X, defined by the relation (2.2) corresponding to functions Fj, g, K1, Ko, h%, h,
1=1,2,3:

Ai(x)(t) = Fi(t,g(t, a:(t)), ]}‘T(t, s,a,b,x, Ky, hzl)? I\i/o(tv s,a,, K, th))
From condition (i) it results that the operators 4; : X — X, i =1,2,3 are PO’s and
therefore each of these operators has a unique fixed point, Fiu, = {z}.
From condition (ii) we deduce that the operator A is increasing and from condition
(iii) we obtain that A; < Ay < Aj.
Now, applying the Abstract Comparison Lemma (Lemma 1.6), it results that

1 <20 <13 = ATO(SCl) < ASO(ZL'Q) < A?(I’g),

but A, As, A3 are PO’s and then by Remark 1.7, the conclusion of this theorem
follows, i.e. 27 < x5 < zj. The proof is complete. O

For the solution of the integral equation (1.1) we present below, the following
two Gronwall-type lemmas.

Theorem 3.2. We suppose that:
(i) F € C([a,b] x R?), K1, K3 € C([a,b] x [a,b],R), hy € C([a,b] x R3),
ha € C([a,b] x R?), g € C([a,b] x R);
(it) F, K1, Ko, h1,ha,g satisfy the conditions (i)-(iii) of Theorem 2.1, and denote by
x* € Cla, b] the unique solution of the integral equation (1.1);
(i) hi(s,-, ) : R® = R, ha(s,-,-) : RZ = R are increasing functions for all s € [a,b];
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(iv) F(t,-,-,-): R® = R is increasing function for all t € |a,b].
Under these conditions, the following statements are true:
(a) if x is a lower-solution of integral equation (1.1) then x < x*;

(b) if x is a upper-solution of integral equation (1.1) then x > x*.

Proof. We consider the operator A : X — X, defined by (2.2). From conditions (i)
and (ii) it results that this operator is PO and denote by z* the unique fixed point of
A. From the assumptions (i), (iii) and (iv) it results that the operator A is increasing.

Now, the conditions of the Abstract Gronwall Lemma (Lemma 1.8), being satis-
fied, it results that the conclusions of this theorem:

— if z is a lower-solution of the integral equation (1.1), i.e. x < A(x), then z < a*;
— if z is a upper-solution of the integral equation (1.1), i.e. z > A(z), then = > x*,

are true. The proof is complete. O

To obtain an effective Gronwall-type lemma, it can use the Abstract Gronwall-
Comparison Lemma (Lemma 1.9), and we obtain a result that we present below.

Theorem 3.3. We consider the integral equation (1.1) corresponding to F;, g, K1, K,
L hy, fori=1,2. We assume that:

(i) Fi € C(ja,b] x R?), K1, K5 € C([a,b] % [a,b],Ry), hi € C([a,b] x R?),
hb € C([a,b] x R?), g € C([a,b] x R), i = 1,2;

) F, g, K1, Ko, hi, b satisfy the conditions (i)-(iii) of Theorem 2.1, for i =1,2;
(ii1) hi(s,- )R> =R, hi(s,-, ) : R? = R are increasing functions for all s € [a, b];
) Fi(t,-,+-):R3 =R, g(t,-) : R = R are increasing functions for all t € [a,b].

(v) Fy < Fy,hl < h? and h} < h3.

If x is a solution of integral inequality
2(t) < Fi(t,g(t,=(0), Ip, (8 5,0, b, 2, K1, hy), Lo (t, 5,0, @, Ko, ), (32)

where

b
Ill,ﬂr(t,s,mbw,Kl, h}) = / Ky(t,s) - h%(s,x(s),x(a),x(b))ds
a

t
Iho(t 5., 7, Ko, hb) = / Ka(t, ) - B (s, 2(s), o(a))ds,

then x < xk , where a3 is the unique solution of integral equation (1.1) corresponding
to F27g7K17K27 h%7h%

z(t) = Fg(t,g(t,x(t)),llar(t, s,a,b,x, Ky, h%),I‘Q/O(t, s,a,x, Ko, h%))7

where

b
12 (t,s,a,b,2, K, h3) = / Ki(t,s) - h3(s,z(s), z(a), 2(b))ds

t
I‘Q/O(t, s,a,x, Ko, h%) = / Ks(t,s) - h%(s,x(s),x(a))ds.
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Proof. We cousider the operator A, As defined by (2.2), corresponding to Fi, g, K1,
KQ» h%’ h% and F27 9, K17 K2a h%a h‘%

From Theorem 2.1 we have that A; and Ay are POs, and we denote by =} the
unique fixed point of operator A;,7 =1, 2.

From condition (ii) it results that A; is increasing and from condition (iii) we
obtain that A1 < AQ.

If « is a solution of (3.2), then z < A;(z).

Now, we apply the Abstract Gronwall-Comparison Lemma (Lemma 1.9), and
we obtain the conclusion of the theorem. The proof is complete. O

4. Data dependence

In order to study the data dependence of the solution of the integral equation
(1.1) we consider the following perturbed integral equation:

$(t) = F(tag(tvx(t))ijT(taSaa,bvxaKlakl)vIVO(taSaa,maK%kQ))v (41)

where
b
Ip,(t,s,a,b,2, K1, k) = / Ki(t,s) - ki(s,z(s),z(a),z(b))ds

t
Iyo(t,s,a,x, Ko, ko) = / Ky (t,s) - ka(s,x(s), z(a))ds

and
F:la,b] xR - R, K,K;: [a,b] x [a,b] = R,
Ey:la,b] xR®* =R, ko :[a,b] xR? =R, g:[a,b] xR — R.
We have the following data dependence theorem of the solution of the integral equation
(1.1):
Theorem 4.1. Suppose that:

(i) F,K1, Ky, hy,hs,g satisfy the conditions of Theorem 2.1 and we denote by x* €
Cla,b] the unique solution of integral equation (1.1);
(i1) k1 € C([a,b] x R3), ko € C([a,b] x R?);
(4ii) there exists m1,m2 > 0 such that

|hi(s, u,v,w) — k1 (s,u,v,w)| < n, for all s € [a,b],u,v,w € R, and
|ha(s,u,v) — ka(s,u,v)| < ne, for all s € [a,b],u,v € R.
Under these conditions, if y* € Cla,b] is a solution of the integral equation (4.1), then

we have:

(Mym + Mans)(b — a)
CVL3 — (35M1L1 + Q’YMQLQ)(I) — a) ’

lz* =y*lle < 1— (4.2)
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Proof. We consider the operator from the proof of Theorem 2.1, A : Cla,b] — C|a, b,
attached to integral equation (1.1) and defined by the relation (2.2):
A(Jﬁ)(?f) = F(t7 g(ta l‘(t)), IFT(tv s, @, b, z, K1, h1)7 IVO(tv s,a,x, K, h2))’

for all ¢ € [a, b].

From condition (i) it results that the operator A is a L s-contraction with the
coeflicient

LA = aL3 + (3ﬂM1L1 + 2’)’M2L2)(b — a)

(Theorem 2.1) and therefore, A is ¢-PO with ¢ = 1LA

Also, we attach to the integral equation (4. 1) the operator B : Cla,b] — C|a, ],
defined by the relation:

B(z)(t) = F(t,g(t,z(t)), Irp.(t,8,a,b, 2, K1, k1), Ivo(t, s,a,x, Ko, ko)) (4.3)

for all ¢ € [a, b].

From conditions (i) and (ii) it results that the operator B is correctly defined.

The set of the solutions of the perturbed integral equation (4.1) in the space C|a, b
coincides with the fixed points set of the operator B defined by the relation (4.3).
We have:

|A(z)(t) — B(z)(t)| = |F(t,g(t, x(t)), Ipr(t,s,a,b,2, K1, h1), Iyo(t, s,a,x, Ko, hs))
— F(t,g(t,y(t)), Ir-(t,s,a,b,y, K1,k1), Ivo(t, s,a,y, Ko, ke))|
and from condition (iii) it results that
|A(x)(t) — B(x)(t)| < (Mym + Manz)(b—a), for all t € [a,b].
Now, using the Chebyshev’s norm, we obtain:
[A(z) = B(z)|lc < (Mym + Man2) (b — a) (4.4)
and applying the General Data Dependence Theorem (Theorem 1.10), with

c= and n = (Mym + Manz)(b — a),

— Ly
it results the estimation (4.2). The proof is complete. O

5. Ulam-Hyers stability

Theorem 5.1. Under the conditions of Theorem 2.1, the integral equation (1.1) is
Ulam-Hyers stable, i.e. for e > 0 and y* € Cla,b] a solution of the inequation

|y(t) - F(t7g(t7y(t))aIF?"(tasvaab7y7Kla hl)alvo(tvsaa7yaK25 h2))| <e

for all t € [a,b], there exists a solution of the integral equation (1.1), z* € C([a,b],
such that

ly*(t) — 2" ()] < g, for all t € [a,b],

1—Ly
where
LA = OéL3 + (3BM1L1 + 2’}/M2L2)(b - a).
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Proof. We consider the operator A, defined by the relation (2.2). Under the conditions
of Theorem 2.1, it results that the operator A is a contraction and therefore, A is c-PO

with the constant ¢ = ﬁ,
A
Ly=als+ (3ﬁM1L1 + QWMQLQ)(I) — a).

Now, the conclusion of this theorem is obtained as an application of the Remark 1.12
(I.A.Rus [21], Remark 2.1) anf the proof is complete. O
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