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On some new integral inequalities concerning
twice differentiable generalized relative
semi-(m, h)-preinvex mappings
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Abstract. The authors first present some integral inequalities for Gauss-Jacobi
type quadrature formula involving generalized relative semi-(m, h)-preinvex map-
pings. And then, a new identity concerning twice differentiable mappings defined
on m-~invex set is derived. By using the notion of generalized relative semi-(m, h)-
preinvexity and the obtained identity as an auxiliary result, some new estimates
with respect to Hermite-Hadamard type inequalities via conformable fractional
integrals are established. These new presented inequalities are also applied to
construct inequalities for special means.
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1. Introduction
The subsequent double inequality is known as Hermite-Hadamard inequality.

Theorem 1.1. Let f : I C R — R be a convexr mapping on an interval I of real
numbers and a,b € I with a < b. Then The subsequent double inequality holds:

(5 Sbia/abf(“)d“W' -

For recent results concerning Hermite-Hadamard type inequalities through various
classes of convex functions, please see [3]-[14], [19], [20], [18], [24], [26], [29], [38], [43],
[44] and the references mentioned in these papers.

Let us evoke some definitions as follows.

Definition 1.2. [42] A set M, C R™ is named as a relative convex (yp-convex) set, if
and only if, there exists a function ¢ : R”™ — R™ such that,

to(x) + (1 —t)e(y) € My, Vx,y € R" : p(x), p(y) € M, t € [0,1]. (1.2)
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Definition 1.3. [42] A function f is named as a relative convex (¢-convex) function on a
relative convex (p-convex) set M., if and only if, there exists a function ¢ : R* — R”
such that,

flto() + (1= t)p(y)) < tflp) + (1 =) fley), (1.3)
Va,yeR": p(x),p(y) € M,,tel0,1].
Definition 1.4. [7] A non-negative function f : I € R — [0,400) is said to be
P-function, if

fitr+ (1 =t)y) < f(z) + fly), Ve,yel, tel0,1]

Definition 1.5. [2] A set K C R" is said to be invex respecting the mapping 7 :
K x K —R" ifz+tn(y,z) € K for every z,y € K and t € [0, 1].

Definition 1.6. [25] Let h : [0,1] — R be a non-negative function and h # 0. The

function f on the invex set K is said to be h-preinvex with respect to 7, if
fla+tny,2)) < h(1—t)f(2) + h(t)f(y) (1.4)

for each z,y € K and ¢ € [0, 1] where f(-) > 0.

Clearly, when putting h(t) = ¢ in Definition 1.6, f becomes a preinvex function, see

[31]. If the mapping 7n(y, z) = y— x in Definition (1.6), then the non-negative function
f reduces to h-convex mappings, see [41].

Definition 1.7. [40] Let f : K € R — R be a non-negative function, a function
f: K — R is said to be a tgs-convex function on K if the inequality

F(( =tz +ty) <t(1=1)[f(z) + f(y)] (1.5)
grips for all z,y € K and t € (0,1).

Definition 1.8. [5], [22] A function f: I C R — R is said to MT-convex functions,
if f it is non-negative and Va,y € I and t € (0, 1) satisfies the subsequent inequality:

NG Vi—t
fltz+ (1 —-t)y) < 2\/17_tf(:17)+ N f(y). (1.6)

Definition 1.9. [27] A function: I C R — R is said to be m-MT-convex, if f is
positive and for Va,y € I, and ¢ € (0,1), among m € [0, 1], satisfies the following

inequality
Vit myv1—t
tr+m(l—1 < T)+ ———
£ ( )y)_me() NG

Definition 1.10. [30] Let K C R be an open m-invex set respecting n : K x K X
(0,1] — R and hq,hy : [0,1] — [0,+00). A function f : K — R is said to be
generalized (m, hq, ha)-preinvex, if

F(ma + t(y, 2,m)) < mha (0 () + ha(6)/ (1) (1.8)
is valid for all 2,y € K and t € [0, 1], for some fixed m € (0, 1].

fy). (1.7)

We need the subsequent Riemann-Liouville fractional calculus background.
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Definition 1.11. [23] Let f € L;]a, b]. The Riemann-Liouville integrals JZ, f and Jg* f
of order a > 0 with a > 0 are defined by

Jif) = s [ @0 0, 2> a

and

b
Jz?‘_f(x):ﬁ / (t— o) f(0)dt, b> e,

+oo
where I'(a) = / e “u* 'du. Here JO, f(x) = J)_f(z) = f(x).
0
Note that o = 1, the fractional integral reduces to the classical integral.

Due to the wide applications of Riemann-Liouville fractional integrals, many authors
extended to research Riemann-Liouville fractional inequalities via different classes of
convex mappings: for generalizations, variations and new inequalities for them, see
for instance [23]-[32] and the references therein.

We also use here the subsequent conformable fractional integrals.

Definition 1.12. Let o € (n,n + 1] and set § = « — n, then the left conformable
fractional integral starting at a is defined by

(o f) (1) = %/ (t —z)"(x — a)’ ! f(z)da.

Analogously, the right conformable fractional integral is defined by

b
(L) ()= [ =07 b= f@)ie

Notice that if a =n+1,then S =a—n=n+1—-—n=1, where n =0,1,2,..., and
hence (12£) () = (Joi f) (¢).

In [33], Set et al. obtained a generalization of Hermite-Hadamard type inequality via
conformable fractional integrals involving s-convex mappings.

Theorem 1.13. [33] Enable f : [a,b] — R be a function with 0 < a < b, s € (0,1],
and f € Lyi[a,b]. If f is a convex mapping on [a,b], then the coming inequalities for
conformable fractional integrals clasp:

o (422) < syl e

I'a+1)

< 5(n—|—s+1,a—n)+B(n+17a—n+s) f(a)+f(b)

- n! 28 ’
together o € (n,n+1],n € N, n=0,1,2,..., where T is Euler gamma function.

In recent years, some researchers have studied bounds for Hermite-Hadamard inequal-
ity, Fejér type inequality and Ostrowski type inequality etc. via conformable fractional
integrals. For more details about this topic, see [1], [15], [16], [34]-[37].
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Let us recall the Gauss-Jacobi type quadrature formula as follows.
b +oo
[ @ a0 f@)de = 3 Bt ) + B (19)
@ k=0

for certain By, k, v and rest R}, |f], see [39)].
In [21], Liu obtained integral inequalities for P-function related to the left-hand side of
(1.9), and in [28], Ozdemir et al. also presented several integral inequalities concerning
the left-hand side of (1.9) via some kinds of convexity.
Motivated by the above literatures, the main objective of this article is to establish in-
tegral inequalities for Gauss-Jacobi type quadrature formula and some new estimates
on Hermite-Hadamard type inequalities via conformable fractional integrals associ-
ated with generalized relative semi-(m, h)-preinvex mappings. These new obtained
inequalities are also applied to construct inequalities for special means.
To end this section, let us consider the following special functions:

(1) The Beta function:

I'(@)C(y)

1
= / 711 —t)vldt,  x,y >0,
0
(2) The incomplete Beta function:

Ba(z,y) = / t* 11—ty ldt, 0<a<1, x,y>0.
0

2. Main results involving Gauss-Jacobi type quadrature formula
The following definitions will be used in this section.

Definition 2.1. [8] A set K C R" is named as m-invex with respect to the mapping
n: K x K x (0,1] — R for some fixed m € (0, 1], if ma + tn(y, mz) € K grips for
each z,y € K and any ¢ € [0, 1].

Remark 2.2. In Definition 2.1, under certain conditions, the mapping 7(y, mz) could
reduce to n(y,x). For example when m = 1, then the m-invex set degenerates an
invex set on K.

We next introduce generalized relative semi-(m, h)-preinvex mappings.

Definition 2.3. Let K C R be an open m-invex set with respect to the mapping
n:KxKx(0,1] — R, h:[0,1] — [0,+00) and ¢ : I — K are continuous
functions. A mapping f : K — R is said to be generalized relative semi-(m, h)-
preinvex, if

f(mep(z) +tn(p(y), o(x),m)) < mh(1 —)f(z) + h(t)f (y) (2.1)
holds for all z,y € I and t € [0, 1] for some fixed m € (0, 1].
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Remark 2.4. Let us discuss some special cases in Definition 2.3 as follows.

(I) Taking h(t) = t, then we get generalized relative semi-m-preinvex mappings.

(IT) Taking h(t) = t* for s € (0,1], then we get generalized relative semi-(m, s)-
Breckner-preinvex mappings.

(ITI) Taking h(t) = ¢t=° for s € (0,1], then we get generalized relative semi-(m, s)-
Godunova-Levin-Dragomir-preinvex mappings.

(IV) Taking h(t) = 1, then we get generalized relative semi-(m, P)-preinvex mappings.
(V) Taking h(t) = t(1 — t), then we get generalized relative semi-(m,tgs)-preinvex
mappings.

(VI) Taking h(t) = 2\/%, then we get generalized relative semi-m-MT-preinvex
mappings.

It is worth to mention here that to the best of our knowledge all the special cases
discussed above are new in the literature.
We claim the following integral identity.

Lemma 2.5. Let ¢ : I — K be a continuous function. Assume that f : K =
[me(a), me(a) + n(ed), o(a),m)] — R is a continuous mapping on K° with re-
spect ton : K x K x (0,1] — R, for n(p(b), p(a),m) > 0. Then for some fized
m € (0,1] and any fized p,q > 0, we have

(z — mep(a))?(mp(a) +n(p(b), p(a),m) — z)? f(x)dz
mep(a) (22)

= np““(w(b),@(a),m)/o tP(1 = )7 f(mep(a) + tn(e(b), @(a), m))dt.

/nltp(a)+7l(80(b) 7‘?(‘1) 7m)

Proof. 1t is easy to observe that
me(a)+n(p(b),¢(a),m)
/ (z —mp(a))”(me(a) +n(e(b), p(a),m) — ) f(x)dz

me(a)
=n(p(b),p(a), m) /Ol(mw(a) + tn(p(b), p(a),m) — mep(a))?
x (me(a) +n(e(D), ¢(a), m) — me(a) — tn(e(d), p(a), m))?
x f(me(a) + tn(p(b), p(a), m))dt
= 1P (p(b), p(a),m) /01 t"(1 = 1)1 f(me(a) + tn(e(b), p(a),m))dt.
This completes the proof of the lemma. O

With the help of Lemma 2.5, we have the following results.

Theorem 2.6. Suppose h : [0,1] — [0,4+00) and ¢ : I — K are continuous func-
tions. Assume that f : K = [mp(a), me(a) + n(e(b), p(a),m)] — R is a continuous
mapping on K° respectingn : K x K x (0,1] — R, for n(p(b), p(a),m) > 0. If |f|ﬁ
for k > 1 is generalized relative semi-(m, h)-preinvex mapping on an open m-inver
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set K for some fized m € (0,1], then for any fized p,q > 0, we have

mep(a)+n(e(b),¢(a),m)
/ (x — mp(a))”(me(a) +n(e(b), ¢(a), m) — 2)? f(z)dz

me(a)
< P (D), p(a), m)BF (kp + 1, kq + 1) (2.3)

k—1
k=1 1 =
< [mis@p o] ([ )
0
Proof. Since | f |ﬁ is generalized relative semi-(m, h)-preinvex on K, combining with
Lemma 2.5, Holder inequality and properties of the modulus, we get
(@ — mep(a))? (me(a) + n(e(b), p(a),m) — z)? f(x)dx

1

1 3
n(p(b), p(a), m)[PHatt [/ tkr(1 t)kth]

0

/mw(a)+n(sa(b)7<p(a)M)

mep(a)

IN

k—1

k

X /0If(msa(a)+tn(¢(b),w(a),m))|kfldt]

P (o(b), p(a), m)BE (kp + 1, kg + 1)

IN

k—1

k

x / 1 (mh(1 = )£ (@)[FT + n(e)|f(B) 7T) dt]

= P (o (b), p(a), m) BT (kp + 1, kq + 1)

[l + 0] (/ hioyir) :

So, the proof of this theorem is complete. O

We point out some special cases of Theorem 2.6.
Corollary 2.7. In Theorem 2.6 for h(t) = t® where s € [0,1], we have the following
inequality for generalized relative semi-(m, s)-Breckner-preinvex mappings:

mep(a)+n(e(d),e(a),m)
/ N (& — mp(a))?(mep(a) + n(p(b), o(a),m) — z)f(z)dz

k=1
k

m| f(a)| 7T + | f(b)| 7T
s+1

< PTTH(p(b), (), m)BF (kp + 1, kg + 1)

Corollary 2.8. In Theorem 2.6 for h(t) = t~° where s € [0,1), we get the follow-
ing inequality for generalized relative semi-(m, s)-Godunova-Levin-Dragomir preinvex
mappings:

mep(a)+n(e(d),p(a),m)
/ (2 — mep(a))(mp(a) + n((b), @(a), m) — )7 (z)dx

m(a)
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k=1
k

m|f(a)| 7T + | f(b)[FT

<P (p(b), (a), m)BF (kp + 1,kq + 1) T

Corollary 2.9. In Theorem 2.6 for h(t) = t(1 —t), we obtain the following inequality
for generalized relative semi-(m, tgs)-preinvexr mappings:

me(a)+n(e(d),¢(a),m)
/ “ (z —mep(a))”(me(a) +n(e(b), p(a), m) — x)? f(x)dz

k—1
k

m| f(a)| 7T + | ()T

< Pt o(b), o(a), m)BF (kp+ 1, kq + 1) 6

Corollary 2.10. In Theorem 2.6 for h(t) = 2\/%, we deduce the following inequality
for generalized relative semi-m-MT -preinver mappings:

mep(a)+n(e(b),p(a),m)
/ (z — mp(a))”(me(a) +n(eb), p(a), m) — x)? f(x)dz

me(a)

Theorem 2.11. Suppose h : [0,1] — [0,+00) and ¢ : I — K are continuous func-
tions. Assume that f : K = [mp(a), me(a) + n(e(b), p(a),m)] — R is a continuous
mapping on K° respecting n : K x K x (0,1] — R, for n(¢(b), ¢(a),m) > 0. If | f|*
forl>1 is generalized relative semi-(m, h)-preinvex mapping on an open m-invex set
K for some fixred m € (0, 1], then for any fixed p,q > 0, we have

mp(a)+n(e(d),p(a),m)
/ (2 — mep(a))?(mep(a) + n((b), o(a), m) — 2)7f (z)de

me(a)
< P (p(b), p(a), )BT (p+1,q + 1) (24)

% |mlf (@ I(h():p.q) + | O) 1B q.p)|

~l=

where I(h(t);p,q) = /01 tP(1 = t)?h(1 — t)dt.

Proof. Since |f|' is generalized relative semi-(m, h)-preinvex on K, combining with
Lemma 2.5, the well-known power mean inequality and properties of the modulus, we
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have
mep(a)+n(p(b),¢(a),m)
I (2 — mip(@))? (me(a) + n(p(b). (@), m) — )7 (x)da
= 77p+q+1 ((p(b), (p(a)a m)
1 =1 1
<[ ra—nr] T [ra -] fome@ + o). ola)my

< [n(e(b), (a), m) [P+t
« /0 tp(l—t)th]

l/o (1= 1) f(mep(a) +tn(tp(b),w(a),m))|ldt1

=1

P (o(b), p(a),m)B T (p+ 1,q+1)

IN

_ 1 %
x / (1~ )7 (mh(1 - 8)|f(@)[ + hB)FB)) dt]

-1

= np+q+1(90(b)v p(a),m)BT (p+1,q+1)

x [mlf (@) 1(h(®):p, @) + | ) 1(h(0)s . p)]

1
1

So, the proof of this theorem is complete. O

Let us discuss some special cases of Theorem 2.11.

Corollary 2.12. In Theorem 2.11 for h(t) = t* with s € [0, 1], one can get the following
inequality for generalized relative semi-(m, s)-Breckner-preinvexr mappings:

mep(a)+n(e(d),e(a),m)
/ (z — mip(a))? (mep(a) + (2 (b), (a), m) — 2) f (z)dz

mep(a)
< Pt (p(b), p(a), )BT (p+ 1, + 1)
%

x [mlf(a)llﬂ(er Lg+s+1)+[f®)'Bla+1,p+s+ 1)} :

Corollary 2.13. In Theorem 2.11 for h(t) = t=* with s € (0,1], we deduce the follow-

ing inequality for generalized relative semi-(m, s)-Godunova-Levin-Dragomir preinvex
mappings:

me(a)+n(e(b),e(a),m)

/ (& — mp(@)(mipla) + n(o(b). (@), m) — )7 f(x)da

me(a)
1—1

<P (D), p(a), m)BT (p+1,q+1)

x [mlf(a)llﬁ(er Lg—s+1)+[f®)'Blg+1,p—s+ 1)] .

~=
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Corollary 2.14. In Theorem 2.11 for h(t) = t(1 —t), one can obtain the following
inequality for generalized relative semi-(m,tgs)-preinver mappings:

/msa(a)w(so(b)’w(a),m

“ (z —mp(a))”(mp(a) +nlp(b), p(a),m) — z)? f(z)dx

< P (o(b), p(a), m)B T (p+ 1,q + 1)8

~=

1
1

(p+2.0+2) [mlf @I +FO)]

Corollary 2.15. In Theorem 2.11 for h(t) = 2\/%, we derive the following inequality

for generalized relative semi-m-MT -preinver mappings:

mep(a)+n(p(b),p(a),m)
/ (z — mip(a))? (mep(a) + n(2(b), (a), m) — 7)1 f (z)dz

ne(a)

< (;) P (o(b), pla), m)B'T (p+ g + 1)

1
2

y [m|f(a)|lﬁ <p+ ;7q+ >+|f( )i 5(q+;’p+g)

3. Other results involving conformable fractional integrals

For establishing our main results regarding generalizations of Hermite-Hadamard
type inequalities associated with generalized relative semi-(m, h)-preinvexity via con-
formable fractional integrals, we need the following lemma.

Lemma 3.1. Let ¢ : I — K be a continuous function. Suppose K C R be an open
m-invex subset with respect to n: K x K x(0,1] — R for some fized m € (0,1] and let
n(p(d), p(a),m) > 0. Assume that f : K = [mp(a), me(a)+n(e(d), ¢(a),m)] — R be
a twice differentiable function on K° and f" € Li[mp(a), me(a) + n(e(b), ¢(a), m)].
Then for a > 0, we have

77‘)‘+2((p(a:‘),g0(a),m) Bn+2,a—n) 1, — ' lmola
o) ) {W() ey L (meta) + (@), p(a),m) = f (mip(a)

_Bn+2 a—n)f(me(a) + n(e(x), p(a)m) (n+1)!
n(p(x), p(a),m) 1o+t (p(x), p(a), m)

« l (mw(a)+n(¢(m)w(0)»m)Iaf) (me(a))

(@—n—1) (mw(a)Jrn(w(m)»«P(a),m) I, f> (me(a))

x{ Bn+2,a—n)

n(e(x), o(b),m)

B +2,a—n)f'(me(b) + n(e(x), ¢(b), m)) (n+1)!
n(e(x), p(b),m) n**2(p(x), p(b), m)
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X

(m«p(bwn(«p(z)w(b),m) I, f) (mp(b))

—(a—n—1) (mso(b)-%n(so(ac)w(b),m)_r(klf) (map(b))] }

_ 77Q+2(<P($)= 90(0')7 m)
n(e(b), ¢(a),m)

x /0 (B(n+2,a =n) = Bi(n+ 2, = n)) f"(mep(a) + tn(e(x), (a), m))dt

*2(p(3), p(b), m)
e ®), pla), m)

x/0<,6<n+2,a—n> Buln + 2,0 — ) /" (mep(b) + t(p(a), p(b), m))dt.  (3.1)

We denote
I, o(z;0,n,m, a,b)

*2(p(x), p(a), m)
n((b), p(a), m)

1
X /0 (ﬂ(n + 2’ Q= 77,) - ﬂt(n + 27 o — n))fll(m‘P(G‘) + tﬂ(@(x)a ‘P(a)v m))dt (32)

n°**t2(p(x), p(b), m)
n(e(b), p(a), m)

X /0 (B(n +2,a— n) - Bt(n +2,00— n))f”(m<p<b) + tn((p(x)? (p(b)7 m))dt'

_n

Proof. A simple proof of the equality can be done by performing two integration by
parts in the integrals from the right side of (3.2) and changing the variables. O

Using relation (3.2) and Lemma (3.1), we now state the following theorem.

Theorem 3.2. Suppose h : [0,1] — [0,+00) and ¢ : [ — K are continuous func-
tions. Let K C R be an open m-invex subset with respect ton : K x K x (0,1] — R
for some fized m € (0,1] and let n(p(b),p(a),m) > 0. Assume that f : K =
[me(a), me(a) + n(e(d), o(a),m)] — R be a twice differentiable mapping on K°
(the interior of K). If |f"|? is generalized relative semi-(m, h)-preinvex mapping on
K, gq>1,p ' +q¢ ' =1, then for a > 0, we have

1

canmab) < Sr@an ([ :
[pmel@ cimem, a,b)| < Sy oo (/ h(’”dt)

Q=

x {mwm, e(a),m)| 2 ml £ (@)] + |1 (x)]7] (3.3)

(@), 9l0),m)| 2 [l (B + 17 )]7) }
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1
where §(p, a,n) 1= / [5(71 +2,0—n) = Bi(n+2,a — n)]pdt-
0

Proof. Suppose that ¢ > 1. Using relation (3.2), Holder inequality, generalized relative
semi-(m, h)-preinvexity of |f”|? on K° and properties of the modulus, we have
|If,n#,(:n; a,n,m,a,b) ‘
_ Infe(a). pla).m)|+?
In(¢(b), ¢(a), m)]

1
x /0 B(n+2,a = n) = Bi(n+2,a = n)|[f"(mp(a) + tn(p(z), p(a), m))|dt

|a+2

In(e(), p(b), m)
In(e(b), pla),m)]

x / B(n+ 2,0 —n) — Bl + 2,0 — m)|| " (mep(b) + t(p(x), 9(b),m))dt

In(p(z), p(a), m)|*+? %

n(p(b), p(a), m)

<

(/01 [ﬁ(n—k?,a—n)—,Bt(n+2’a_n)}pdt)

1
q

<( 1 (mpla) + tnp(a), o). mlat

(p(x), p(b), m)|*+?
n(p(b), ¢(a), m)

<( 1 (molB) + (), o)) )

(p(x), p(a), m)|*+?
n(p(b), w(a), m)

< ([ om0 @i+ o]

(¢(x), o(b), m)|**?
1(p(b), p(a), m)

1
P

+|77

(/01 [5(n+2,a—n)—5t(n+2’a_n)]pdt>

1
q

1
P

< I

(/01 [ﬁ(n—l—?,a—n)—/Bt(n+2’a_n)}pdt)

1
q

=

P

+|77 </01[ﬁ(n+2,a—n)—Bt(n+2,a—n)]pdt)

1
q

<( *[mh(1 = 0l @) + hol )] )

x {m«o(x), (@), m)|**2 [m] " (@)| + |1 ()]

E

+ Inp(a). o (b), )|+ [ml £ (5)| + | (2)]7) " }
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So, the proof of this theorem is complete. O

Corollary 3.3. In Theorem 3.2, if choosing o € (n,n + 1] where n = 0,1,2,.
can get the following inequality for conformable fractional integrals:
" p(2), p(a),m) f'(mp(a) — n°* (p(@), ¢ (b), m) f' (mep(b))

(e (b), p(a), m)

.., one

~ (n+2-a)(n+1)
n(¢(b), p(a), m)

% [ ((m«»(a)+n<w(w>,w<a>,m>> I, f> (my(a)) + ((mw(bm(w(x),so(b),m)) I, f) (m@(b))l ’

< s U, "0%)

x {m«a(x), p(a),m)|**2 [m] " ()| + |1 (2)|7]

Q=

1
+n(ple), @ (b), m)| 2 [ml " )7 + |7 (x)]2] }
Corollary 3.4. In Corollary 3.3, if putting @« = n+1 wheren =0,1,2,... and |f"| < K,
one can obtain the following inequality for fractional integrals:

T (p(x), p(a), m) f'(me(a)) = n* T (p(x), 9(b), m) f’'(me(b))
(a+ D)n(ep(b), p(a), m)

«

% {J (me(a)+n(p(@),p(@),m)— (M9(0) + TGy 1), o(b),m) —f (m‘p(b»} ‘

1 1 %
<ot ([ ) ([ o)
(

o | (@), @(a), m)|**2 + [n(p(x), @(b), m)|*+2
n(¢(b), ¢(a), m) '

Theorem 3.5. Suppose h : [0,1] — [0,4+00) and ¢ : I — K are continuous func-
tions. Let K C R be an open m-invex subset with respect ton : K x K x (0,1] — R
for some fized m € (0,1] and let n(p(d), p(a),m) > 0. Assume that f : K =
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[me(a), me(a) + n(ed), e(a),m)] — R be a twice differentiable mapping on K°.
If | 1|2 is generalized relative semi-(m,h)-preinvex mapping on K, ¢ > 1, then for
a > 0, we have
617%(71 +3,a—mn)

n(p(b), p(a),m)

" {'n(w(x),so(a),m)la” [l (@) A(R(E)s ) + 117 (@)L A(R(L = B

’]fm,so(x;%n,m,a?b)‘ <

1), 0(8), m) [ [ml £ (8) 7 A((t); @, m) + 1§ (@) A((1 — 1) }
(3.4

1
where A(h(t); a,n) := /0 [B(n+2,a —n) — Bi(n+2,a —n)|h(1 —t)dt.

Proof. Suppose that ¢ > 1. Using relation (3.2), the well-known power mean in-
equality, the generalized relative semi-(m, h)-preinvexity of |f”|? and properties of
the modulus, we have

n(e(x), p(a),m)|*F?
(e (), p(a), m)]

/ 1B(n+ 2,00 = n) = Bi(n+2,a = n)||f"(mp(a) + tn(e(x), p(a), m))|dt

L [n(e(), o(b), m)|*+
(e (), p(a), m)]

/I6n+2a — Bu(n + 2,0 — )| (mep(b) + tn(p(x), 9(b), m))|dt

|If7"7#/7(x; a,n,m,a, b)| <

[n(e(x), e(a), m)|**>

n(e(b), p(a),m)

(/o1 [6(n+2.0—n) ﬂt(n+2,an)]dt>

<

Q=

x [/0 [B(n +2,a —n) = Be(n+ 2,0 — )] | " (me(a) + tn(p(x), w(a)m))qut}

1—1
q

)|a+2

n(p(b), p(a), m)

=
5
=
S
2
3

(/01 [ﬁ(n+z,a—n>—ﬁt(n+2,a—n)}dt>

Q=

1
x [/O [B(n+2,a —n) = Bi(n +2,a = n)]|f"(mp(b) + tn(p(z), w(b),m))lth]

n(e(x), p(a), m)|o+? 11

n(o(b), v(a), m)

(/01 [5(n+2,a—n)—ﬁt(n+27a_n)]dt>

IN

Q=

x l | 2.0 =n) = g0 + 20— 0] [mh(1 = 1@ + hio) |7 @)1 dt]
0
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1—1
a

+ (e (@), ¢(b), m)|**? (/01 [Bn+2,00—n) — Be(n+2,0 — n)}dt)

n(e(b), ¢(a), m)

Q=

1
x [ [ 1+ 2.0 =)= g0 + 20— w] [mh(1 = o)1 0) +h<t>|f”<m>q]dt]
0

517%(71 +3,a—mn)
n(p(b), p(a),m)

Q=

x{m(so(x), o), m)| 42 [m| " (@ A(R(E); ) + | (@)L A((L = £);0m)|

Q=

}.

(@), 9(8),m)|* 2 [ml 7 BT AR(E); @, m) + " (@)|7A(R(L = 1))

So, the proof of this theorem is complete.

Corollary 3.6. In Theorem 3.5, if the choice of « € (n,n + 1] where n = 0,1,2,...,

we get the following inequality for conformable fractional integrals:

—n* T e(x), p(a), m) f (me(a)) = n* T (e(x), o(b), m) f'(me(b))
n(p(b), p(a), m)

B (n+2fa)(n+1)!
p(a),m)

((m«p a)+n(p(@)p(a)m) I f> (mp(a)) + ((mw(bm(w(m),w(b),m)) I, f) (Wp(b))] |

61 %n—i—?) a—n)
(e (b), p(a), m)

x {m(so(x), (@), m)| 42 [m] " (@ A(R(E)s ) + | (@) P A((L = )3 m)|

Q=

+ In(e(@), o(0), 2 [ml £ (O) P Ah(t); @, m) + | (@) A(R(L = t);,m)] }

Corollary 3.7. In Corollary 3.6, if the choice of « =n+ 1 where n =0,1,2,...

|7"| < K, we obtain the following inequality for fractional integrals:

—n " (p(@), p(a), m) f'(me(a)) — " (p(), o(b), m) f' (mp(b))
(a+D)n(p(b), p(a), m)

+n“(<ﬁ(l‘), ¢(a),m) f(me(a) +n(e(z), p(a),m))
n((b), p(a), m)
(z), ¢

+na(so(x),<p(b),m)f(m<p(b) +n(e(@),eb),m))  T(a+1)
n((b), w(a), m) n(p(b), ¢(a), m)

and
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x [Jﬁw(a>+n<go<x>,so<a>,m>>—f(mﬂp(“)) + J&w(bm(w(xww),m))—f(””“P(b))] |
1
< B ImAM®):an) + AGQ - ram)]
(a+2)'77

y lm(so(x), (@), m) 2 + (), so(b),m)w]
| .

In(0(b), p(a), m)

Remark 3.8. In Corollary 3.3 and Corollary 3.6, if taking h(t) = t*, h(t) = t°,
h(t)y=t(1—t) or h(t) = 2\/‘{%, then one can get some special conformable fractional

integral inequalities for generalized relative semi-(m, s)-Breckner-preinvex functions,
generalized relative semi-(m, s)-Godunova-Levin-Dragomir-preinvex functions, gener-
alized relative semi-(m, tgs)-preinvex functions, and generalized relative semi-m-MT-
preinvex functions, respectively. For Corollary 3.4 and Corollary 3.7, we also derive
some similar Riemann-Liouville fractional integral inequalities for these functions.

4. Applications to special means

Let us begin this section by considering some particular means for two positive
real numbers «, 8 (o # ) and for this aim we recall the following means:

1. The arithmetic mean:

2. The geometric mean:

3. The harmonic mean:

2
H :H(Oz,ﬂ): 1 1
ats
4. The power mean:
1
PT::PT(a,B):(a ‘;ﬂ> >

5. The identric mean:
I=1(a,p) = {

6. The logarithmic mean:

7. The generalized log-mean:

|=

pr+l — qptl

A TS G

]p; p € R\ {-1,0}.
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8. The weighted p-power mean:

1
n P
a1 (o) e o
M, ’ ’ ) = g a;uf
Uy, U2, - ) Un i1

where 0 < a; <1,u; >0 (i =1,2,...,n) with Z%‘:l-
i=1

It is well known that L, is monotonic nondecreasing over p € R with L_; := L and
Loy := 1. In particular, we have H < G < L <I < A.

Now, let a and b be positive real numbers along with a < b. Consider the function
M = M(p(x), o(y)) : [p(x), 0(x) + n(e(y), o(2))] X [p(@), o(x) + nle(), o(x))] —
R, which is one of the above mentioned means, h : [0,1] — [0,+00) and ¢ : I — K
are continuous mappings. Replace n(¢(y), ¢(x), m) with n(e(x), ¢(y)) and setting
n(p(z), o(y)) = M(p(z), (y)), Vz,y € I, together m =1 in (3.3) and (3.4), one can
obtain the subsequent interesting results involving means:

|If7M(.’.)7¢(x; a,n, 1, a, b)|

a+2 a n a—n
_ ‘M +2(p(a), o(x)) {5( P29 a) + M(p(a), 0l@) - (@)

M(p(a), (b)) | M(p(a),o(x))

B(n+2,a —n)f'(p(a) + M(p(a), p(x))) N (n+1)!
M(p(a), p(x)) Me+2(p(a), p(z))

y [ (PlrtMe@ @, 1) (p(a) — (o = = 1) (FOFME@ @, p) (so(a))] }

MOH_Q((P(b)a(p(x)) Bn+2,a—n)r, Y
o) D { o) o)) L #0) + M (o), 0(@) = £ (o(0)
Bt 2,0 -n)f(eb) + Me®).p@) ,  (ntD)!
M(p(b), () M (p(0), ()

y [ (PO, £ (b)) = (@ = n — 1) (PO O, f) (w(b))l }

Q=

<

M 1 % at2 a x "(a)] "(z)|2
o), o) ( / h(t)dt) {M (pla). o) [|F" @] + 7" @)7]
}, (4.1)

Q=

+M2((0), @) [ BN + 11 ()]
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|If’]\/[('a')7tp(x; Oé, n7 17 CL, b)|
Bd(n+3,a—n)
M(p(a), (b))

>< {Maﬂ(go(a» o(@)[If(@[Ah(t); ) + | (@) P A((1L = B); )]

}.

Letting M (¢(z),¢(y)) == A,G,H,P,,I,L,L,,M,,Vz,y € I in (4.1) and (4.2), we
get the inequalities involving means for a particular choices of a twice differentiable
generalized relative semi-(1, h)-preinvex mappings. The details are left to the inter-
ested reader.

(4.2)

Q=

+ M2 (p(0), (@) |1 BTAR(E); @, m) + (@) T AGR(L = 1) 0m)|
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