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New subclasses of bi-univalent functions defined
by multiplier transformation

Saurabh Porwal and Shivam Kumar

Abstract. In the present paper, we introduce new subclasses of the function class
> of bi-univalent functions by using multiplier transformation. Furthermore, we
obtain estimates on the coefficients |az|, |as| and |a4| for functions of this class.
Relevant connections of the results presented here with various well-known results
are briefly indicated.
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1. Introduction

Let A denote the class of functions f of the form
f@) =2+ az¥, (1.1)
k=2

which are analytic in the open unit disk U = {z € C: |2| < 1} and satisfy the nor-
malization condition f(0) = f/(0) — 1 = 0. Let S be the subclass of A consisting of
functions of the form (1.1) which are also univalent in U.

It is well known that every f € S has an inverse f ', defined by

F7Hf(2) =2 (2 €U)
and
P @) e (Wl <nln, 1),
where
FHw) = w — aw® + (243 — az)w® — (5a3 — Sagasz + as)w* + . ..

A function f(z) € A is said to be bi-univalent in U if both f(2) and f~1(2)
are univalent in U. Let X denote the class of bi-univalent functions in U given by
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the Taylor-Maclaurin series expansion (1.1). Examples of functions in the class 3 are

142
—z

=, —log(1 - 2), 3log ( and so on.
However, the famlhar Koebe functlon is not a member of X. Other common
examples of functions in S such as z — & and 1=z are also not members of .

Lewin [7] first investigated the bi- umvalent functlon class 3 showed that
|a2| < 1.5.

Subsequently, Brannan and Clunie [2] conjectured that |as| < v/2.

Netanyahu [9], on the other hand, showed that mazexlas| = 3.

The coeffiecient estimate problems for bi-univalent function class ¥ is an inter-
esting problem of Geometric Function Theory. Several researchers e.g. (see [1], [6],
[11], [12], [14], [16], [17]), introduced the various new subclasses of the bi-univalent
function class ¥ and obtained non-sharp bounds on the first two coefficients |as| and
|as|. Recently, Mishra and Soren [8] obtain coefficient bounds for bi-starlike analytic
functions and improve results of [3].

In order to prove our main results, we shall require the following lemma due to
[10].

Lemma 1.1. If h € P then |ci| < 2 for each k, where P is the family of all functions
h analytic in U for which R{h(z)} > 0,

h(z) =1+4+ciz+cz? + 32’ +... forz€U.

2. Coefficient bounds for the function class Bx(n, 5, A, i)

Cho and Srivastava [5], (see also [4]), introduced the operator I} : A — A
defined for the function f(z) of the form (1.1) as

k+ A\
INf(z Z+Z<1+>\) apz,

where n € Ng = N U {0} and —1 < A < 1. For A = 1, the operator I} = I" was
studied by Uralegaddi and Somanatha [15] and for A = 0 the operator I} reduces to
well-known S&ligean operator introduced by Saldgean [13].

Definition 2.1. A function f(z) given by (1.1) is said to be in the class Bs(n, 8, A, 1),
(n€ Np,0<B<1,u>1,—1< A< 1), if the following conditions are satisfied:

feXand |arg { (- u)]ff(z)ZJr WL () H < B—W, (z€U) (2.1)
and .
arg { (1 — IU’)I/\g(wZ)—’_ JU’IA g(w) }‘ < 677(7 (UJ c U), (22)

where the function g is given by

(W) = w — aw? + (243 — az)w® — (5a3 — Bagas + az)w + . ... (2.3)
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Throught this paper, we shall frequently use the notation

k+A\" k4 )"
Mk:[(l—u)(m> +M(1+>\> ],k:2,3,....
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By specializing the parameters in the class Bs(n, 3, A, ), we obtain the following

known subclasses studied earlier by various researchers.

1. Bs(n,8,0,u) = Bs(n, 5, 1) studied by Porwal and Darus [11].
2. Bx(0,5,0,u) = Bx(8, 1) studied by Frasin and Aouf [6].
3. Bx(0,4,0,1) = Bx() studied by Srivastava et al. [14].

Theorem 2.2. Let the function f(z) given by (1.1) be in the class Bs(n, 3, A\, 1), n €

No,0<fB<land u>1,—-1<A<1. Then

2
|a/2| S 5 )
\/2M36 + M3(1 - B)
2
< —
|a‘3| — M37
and ,
B 4(1-8) J 2M3B+(1-28)M 1
lag] < i 2T 3 2A/;35+M22(1—B2) , (0<B<3)
= 4(1—-8 2M3B+(26—1) Mo?
o 2+ 12 2A;35+(M22(1)—5) c(3=8<)
Proof. Tt follows from (2.1) and (2.2) that
(L= IR f(2) + nI3 f () _ 8
. = =),
and .
(1= mIRgw) +pl3gw) s
2 = ),
where p(z) and ¢(w) in P and have the forms
p(2) =1+piz+p22® +ps2® + ...
and
q(w) =1+ qw + gaw® + qsw® + ...
Now, equating the coefficients in (2.7) and (2.8), we obtain
Msaz = Bp:
-1
Msas = Bp2 + %pi
—1)(B -2
Myas = Bps + B(B — 1)pip2 + %P?a

—Msas = Bqq,
B(B—1
( D) )Qi

M50~ Sasas + as) = B + B8~ Dagp + D0 HEZD gy

Ms(2a5 — as) = Bqz +

(2.4)

(2.5)

(2.6)

(2.11)

(2.12)

—~

2.13)
2.14)

—~

(2.15)

(2.16)
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M, = [(1 -0 (153 4 (’jji)w |

From (2.11) and (2.14), we obtain

where

p1=—q. (2.17)

We shall obtain a estimates on |p;| for use in the estimates of |az|, |as| and |a4|. For
this purpose we first add (2.12) and (2.15), we get

BB —-1)

5 (Pl +db)-

2Mzaj = B(p2 + ¢2) +
Using (2.17) in last equation, we have

2Mza3 = B(p2 + g2) + B(B — 1)pi.

Putting as = ﬁv from (2.11), we have after simplification

o= (P2 +q2) M3
U 2MsB 4+ M3(1-B)

By applying |p2| < 2 and |g2| < 2, we get

(2.18)

2Ms
V2MsB + MZ(1 - B)

|P1|

Therefore
26
T V2M3B+ M3(1-B)
To find a bound on |as| we may express as in terms of pi,ps,q1 and go. For this
purpose we first subtract (2.15) from (2.12), we get

BB-1)

laz| <

2Ms(as — a3) = B(p> — ¢2) + = —(p1 — 1)
Using (2.17) in last equations, we have
2Msaz = 2M3a§ + ﬁ(pg — QQ). (219)
Putting as = ﬁpl from (2.11) and using (2.18), we get
ﬁpl
2Msaz = 2Ms | - + B(p2 — q2)

2

2M3 (3% (p2 +

26 (p2 1 0o) + B(p2 — ¢2)

T 2MsB + MZ(1— B)

_5 (M35 + M3(1 — ) pa — M3 (1 — B)ga
2M;5p + M3(1 - B)

Using the inequalities |p2| < 2 and |g2| < 2 and after simple calculation, we have

26

a3<
sl < 5
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We shall next find an estimates on |a4|. At first we shall derive a relation connecting
D1,D2,P3, 91,492 and gs. To this end, first we add the equations (2.13) and (2.16), we
get

BB —-1)(B—2
My (5 5azas) = B(ps +5) + 65~ Dpapr + man) + L0 DE=D gy gy
Using (2.17) and (2.19), we have
S5Myf(p2 — g2)a
W02~ 0002 _ 5 4 g5) + 55— V(o2 — a2)

2Ms5

Using (2.11) and after simple calculation we have
2My M. +
p1(p2 — q2) 2Ms(ps + 0:) (2.20)

T 5MuB + 2MaMs(1 — )

We wish to express |a4| in terms of p1, pa, ps, ¢1, g2 and gs. For this purpose subtracting
equation (2.16) from (2.13), we get

My (2a4 + baj — bazas) = B(ps — q3) + B(B — 1)p1(p2 + q2)

-1 -2
I ) é(ﬂ )(p‘? —q).
Using (2.17), (2.19) and after simple calculation we have
SM. —1)(B -2
2Mias — 2, — g3) = Bls — au) + B0~ Uia(pe + a0) + DL
Again using equations (2.11) and (2.18), we get
2Mias = PO ) 4 By — a5) + B8~ D (o2 + a2)
404 = oM M, P2 — Qg2 P3 —4q3 P1{P2 T G2
LBB-DE-2) ()M

3 PO+ 21— p)
Using (2.20) we have

o 5MyfB(p3 + q3)
2Myay = 3 M08+ 2Mo My (1 — B) +p3—qz+ (8- 1)pi(p2 + q2)
(B-1)(B-2) (p2 + q2) M3 ]

3 ProMLB+ M2(1 - B)
[(L0MyB + 2MyM3(1 — 8)) ps — 2MaM3(1 — B)gs
5Myf8 + 2MaMs(1 — )
(2 - B)M3
0= Amten o) { s v = )
Using Lemma 1.1 and after simple calculation, we have

5 {“4(1—6) {2M36+(1_26)M22H’ (0<B<)

My 3 2M3B + M2 (1 — )
loa] < 41— B) (2MsB + (26 — 1) My? -
AZ[H . { H,(ééﬁél)-

2M33 + Ms? (1 — B)
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3. Coefficient bounds for the function class Hx(n,v, A, 1)

Definition 3.1. A function f(z) given by (1.1) is said to be in the class Hx(n, v, A, 1),
(n€ Np,0<y<1,u>1,-1<\<1),if the following conditions are satisfied:

PRS- { (1- ,u)Iff(z)ZJr qu“f(@} >q, (z€U) (3.1)
and
%{u—mmwi+ﬂﬁgw@>74wem, (3.2)

where the function g is defined by (2.3).

By specializing the parameters in the class Hx(n, 7, A, 1), we obtain the following
known subclasses studied earlier by various researchers
1. Hx(n,v,0,u) = Hs(n,v, 1) studied by Porwal and Darus [11].
2. Hx(0,7,0,u) = Hx (7, ) studied by Frasin and Aouf [6].
3. Hx(0,v,0,1) = Hx(y) studied by Srivastava et al. [14].

Theorem 3.2. Let the function f(z) given by (1.1) be in the class Hx(n,v, A, 1),
neNy,0<y<Lu>1,-1<A<1. Then

|az| < 2(17737) (3.3)
oo < 2022, (3.4)

and
laa| < Q(ITT) (3.5)

Proof. Tt follows from (3.1) and (3.2) that there exists p(z) € P and g(w) € P such

that

0—@@ﬂi+ﬂw+ﬂ@:7+gfwma (3.6)
and

(1— M)I;Lg(wl+ pIi M g(w) ¥+ (1= )gw), (3.7)

where p(z) and ¢(w) have the forms (2.9) and (2.10), respectively. Equating coefficients
in (3.6) and (3.7) yields

Msas = (1 —v)py, (3.8)
Msas = (1 — v)pa, (3.9)
Myas = (1 —v)ps, (3.10)
—Msas = (1 —v)qu, (3.11)
Ms(2a3 — a3) = (1 —¥)q2 (3.12)

and
—M4(5a§ — bagaz + a4) = (1 —7)gs. (3.13)
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From (3.8) and (3.11), we have
P11 = —q1. (3.14)
Adding equation (3.9) and (3.14), we get

2M3a2 (1 — )(p2 —|— QQ).

( L from (3.8), we have

Putting as =

P = (p2 + q2) M3
LT 2Ms(1— )

By applying the inequalities |ps| < 2 and |g2| < 2, we get

(3.15)

2
< — M.
1l < M3(1—7) 2
Therefore
2(1 1)
< .
a2l <\ =37

To obtain a bound on |as| we wish express in terms of p1,p2,¢q1 and go. For this
purpose subtracting (3.12) from (3.9), we get

2Ms(as — a3) = (1 - 7)(p2 — ¢2)- (3.16)
Using (3.8), (3.15) and after simple calculation, we have
2M3zas = 2(1 — v)p2
Using |p2| < 2 we have
21-7)
M3
We shall next find an estimate on |a4|. At first we shall derive a relation connecting

D1,D2,P3, 91,492 and ¢3. To this end, we first add the equations (3.10) and (3.13), we
get

las| <

—M4(5Clg - 5a2a3) = (1 - ’y)(p3 + Q3).
Using (3.8), (3.16) and after simple calculation, we get
2M3Ms(ps + g3)
5M4(1—7)

We wish to express a4 in terms of p1, pa, ps, ¢1, g2 and gs. Now subtracting (3.13) from
(3.10), we get

p1(p2 — q2) = (3.17)

M4(2a4 =+ 5ag — 5a2a3) = (1 — ’y)(pg — q?,).
Using (3.8), (3.16), (3.17) and after simple calculation
2Myay = 2(1 —7v)ps3
Using inequality |ps| < 2, we have

2(1-7) 0

<
las| < A
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Remark 3.3. If we put A = 0 in Theorems 2.2 and 3.2, then our estimate on |ag|
improves the corresponding results of Porwal and Darus [11].

Remark 3.4. If we put n = 0, A = 0 in Theorems 2.2 and 3.2, then our estimate on
las| improves the corresponding results due to Frasin and Aouf [6].

Remark 3.5. If we put n =0, A =0, x = 1 in Theorems 2.2 and 3.2, then our estimate
on |ag| improves the corresponding results due to Srivastava et al. [14].

Remark 3.6. Sharp estimates for the coefficients |as|, |ag| and other coefficients of
functions belonging to the classes investigated in this paper are yet open problems.
Indeed it would be of interest even to find estimates (not necessarily sharp) for
lan|, n > 5.

Acknowledgement. The authors are thankful to the referee for his valuable comments
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