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Abstract. In the present paper we study quasi-subordination under a multivalent
function and we consider a certain subclass of (normalized) analytic functions
based on quasi-subordination. Applications and consequences of the main results
are also cosidered which some of them extend the earlier issues.
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1. Introduction

Let A be the class of (normalized) analytic functions f(z) in the open unit disk

D = {z ∈ C : |z| < 1},

which have Taylor series expansion

f(z) = z + a2z
2 + ... ; (z ∈ D).

We denote by S the subclass of A containing univalent functions. For two analytic
functions f, g we say that f is subordinate to g (or g is superordinate to f), and write
f ≺ g (orf(z) ≺ g(z)) if there exists an analytic function w(z),

w(z) ∈ Ω = {w : |w(z)| 6 |z|, z ∈ D}

such that f(z) = g(w(z)). In the special case if g is univalent in D, then we have the
following equivalence

f(z) ≺ g(z)⇐⇒ f(0) = g(0) and f(D) ⊆ g(D).

A survey on articles shows that the notation of subordination was used frequently in
the literature, see for example [4, 5, 6]. As an example, consider the following two
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classes of (normalized) analytic functions,

S∗(φ) =

{
f ∈ A :

zf ′(z)

f(z)
≺ φ(z), z ∈ D

}
(1.1)

and

K(φ) =

{
f ∈ A : 1 +

zf ′′(z)

f ′(z)
≺ φ(z), z ∈ D

}
, (1.2)

where φ(z) is analytic in D with φ(0) = 1. For φ(z) = 1+z
1−z we obtain the well-known

classes S∗ and K of starlike and convex functions, respectively. By taking

φ(z) =
1 + (1− 2α)z

1− z
, 0 ≤ α < 1

in (1.1) and (1.2) we obtain the class of starlike and convex functions of order α,
respectively, while the choice

φ(z) =

(
1 + z

1− z

)α
with 0 < α ≤ 1 gives the class of strongly starlike and strongly conex functions of
order α, respectively.

As an extension of subordination, Robertson [7] (see also [1]) introduced the
concept of quasi-subordination. Let f, g be analytic functions. We say that f is quasi-
subordinated to g, and write f ≺q g if there exist analytic functions φ and w with
|φ(z)| ≤ 1 and w(z) ∈ Ω such that f(z) = φ(z)g(w(z)). It is clear that for φ(z) = 1
we have f ≺ g. In [3] authors considered the following two classes:

S∗(n,A,B) =

{
f ∈ A :

zf ′(z)

f(z)
≺ 1 +Azn

1 +Bzn
, z ∈ D

}
and

K(n,A,B) =

{
f ∈ A : 1 +

zf ′′(z)

f ′(z)
≺ 1 +Azn

1 +Bzn
, z ∈ D

}
with −1 ≤ B < A ≤ 1, and proved certain results about the subordination proper-
ties of these two classes. Applying the notation of quasi-subordination we define the
following two classes.

Definition 1.1. Let n ∈ N, λ ∈ C − {0} and −1 ≤ B < A ≤ 1. We say that f ∈ A is
in the class S∗q (n, λ,A,B) if there exists a −π2 < θ < π

2 , such that

eiθ
(

1 +
1

λ

(
zf ′(z)

f(z)
− 1

))
≺q

1

n

n∑
k=1

1 +Azk

1 +Bzk
(1.3)

Definition 1.2. Let n ∈ N, λ ∈ C − {0} and −1 ≤ B < A ≤ 1. We say that f ∈ A is
in the class Kq(n, λ,A,B) if there exists a θ, −π2 < θ < π

2 , such that

eiθ(1 +
1

λ

zf ′′(z)

f ′(z)
) ≺q

1

n

n∑
k=1

1 +Azk

1 +Bzk
(1.4)



Analytic functions and quasi-subordination 471

It is clear that

f ∈ Kq(n, λ,A,B)⇐⇒ zf ′(z) ∈ S∗q (n, λ,A,B).

Note that the function ψ(z) = 1+Azn

1+Bzn , A 6= B,n ∈ N is multivalent and maps D onto
a disk or a half plane.

The classes S∗q (n, λ,A,B) and Kq(n, λ,A,B) reduce to the classes which were
introduced by Janowski [2] if we consider θ = 0, n = λ = 1 = φ(z). Also, by taking
n = λ = 1, A = 1, B = −1 and φ(z) = 1 the class S∗q (n, λ,A,B) becomes the well-
known class Sθ of θ − spirallike functions, (see [[6],p. 9]).

In the present paper, we aim to prove special results associated with the quasi-
subordination for subclasses of (normalized) analytic functions. Some consequencees
and applications are also considered.

In order to prove our main results, we shall use each of the following theorems.

Theorem 1.3. ([[6],p.70]) Let h be conex in D and let P : D −→ C with ReP (z) > 0.
If p(z) is analytic in D, then

p(z) + P (z)zp′(z) ≺ h(z) =⇒ p(z) ≺ h(z).

Theorem 1.4. ([[6],p.86]) Let β, γ ∈ C with β 6= 0 and n ∈ N. Suppose that Rβa+γ,n(z)
is the “open door function” with Re(βa + γ) > 0,(see [[6],p. 46]), and that h(z) is
analytic in D with h(0) = a. If

βh(z) + γ ≺ Rβa+γ,n(z)

then the solution q(z) of

q(z) +
nzq′(z)

βq(z) + γ
= h(z) (1.5)

with q(0) = a is analytic in D and satisfies Re(βq(z) + γ) > 0. If a 6= 0, then the
solution q is given by

q(z) =

[
β

n

∫ 1

0

(
H(tz)

H(z)

) βa
n

· t(
γ
n )−1dt

]−1
− γ

β

where

H(z) = z exp

(∫ z

0

h(t)− a
at

dt

)
.

2. The classes S∗
q (n, λ,A,B) and Kq(n, λ,A,B)

We begin this section with the following theorem, which gives a characterization
of the functions in S∗q (n, λ,A,B).

Theorem 2.1. Let the function f(z) belongs to the class S∗q (n, λ,A,B). Then there
exists an analytic function p(z),

p(z) ≺q
1

n

n∑
k=1

1 +Azk

1 +Bzk
; (2.1)
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such that

f(z) = z exp

(
λ

∫ z

0

e−iθp(t)− 1

t
dt

)
. (2.2)

If, in addition, the analytic function p(z) satisfies (2.1), then the function of the form
(2.2) belongs to S∗q (n, λ,A,B).

Proof. Suppose that f ∈ S∗q (n, λ,A,B). For a fixed θ, −π2 < θ < π
2 the analytic

function p defined by

p(z) = eiθ(1 +
1

λ
(
zf ′(z)

f(z)
− 1)) (2.3)

satisfies (2.1). An integration in (2.3) shows that

f(z) = z exp

(
λ

∫ z

0

e−iθp(t)− 1

t
dt

)
. (2.4)

Conversely, let f is given by (2.2), where p(z) satisfies (2.1). By differentiating loga-
rithmically of (2.4), we obtain:

p(z) = eiθ
(

1 +
1

λ

(
zf ′

f
− 1

))
,

so,

eiθ
(

1 +
1

λ

(
zf ′(z)

f(z)
− 1

))
≺q

1

n

n∑
k=1

1 +Azk

1 +Bzk

and f ∈ S∗q (n, λ,A,B). �

Corollary 2.2. Let the function f(z) belongs to the class Kq(n, λ,A,B). Then there
exists an analytic function p,

p(z) ≺q
1

n

n∑
k=1

1 +Azk

1 +Bzk
,

such that

f(z) =

∫ z

0

exp(λ

∫ w

0

e−iθp(t)− 1

t
dt)dw, (z ∈ D) (2.5)

Moreover, if the analytic function p(z) satisfies

p(z) ≺q
1

n

n∑
k=1

1 +Azk

1 +Bzk
,

then the function f of the form (2.5) belongs to Kq(n, λ,A,B).

Proof. This is a simple consequence of Theorem 2.1. In fact f(z) ∈ Kq(n, λ,A,B) if
and only if zf ′(z) ∈ S∗q (n, λ,A,B). Equivalently g ∈ S∗q (n, λ,A,B) if and only if

f(z) =

∫ z

0

g(w)

w
dw

is in the class Kq(n, λ,A,B). �

Remark 2.3. Theorem 2.1 and Corollary 2.2 remain true for complex A,B and A 6= B
too.
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Next, consider the class S∗q (n, λ,A,B) with complex A,B satisfying |A| ≤ 1, |B| ≤ 1
and A 6= B.

Theorem 2.4. Let A,B ∈ C, |A| ≤ 1 and |B| ≤ 1 with A 6= B. If the function
f is in the class S∗q (n, λ,A,B), then there exist functions fk, fk ∈ S∗q (1, λ, A,B),
k = 1, 2, · · · , n, such that

fn(z) =

n∏
k=1

fk(z), (z ∈ D).

On the other hand, if there exist functions fk ∈ S∗q (1, λ, A,B) such that

fn(z) =

n∏
k=1

fk(z),

then f ∈ S∗q (n, λ,A,B).

Proof. Let f ∈ S∗q (n, λ,A,B). By Theorem 2.1 there exists analytic functions
p(z), φ(z) and w(z) with w(z) ∈ Ω, such that

p(z) =
1

n
φ(z)

n∑
k=1

1 +Awk(z)

1 +Bwk(z)
; (z ∈ D),

and

fn(z) = zn exp

(
nλ

∫ z

0

e−iθp(t)− 1

t
dt

)
.

As easy calculation yields

fn(z) = zn exp

λ ∫ z

0

e−iθφ(t)
∑n
k=1

{
1+Awk(t)
1+Bwk(t)

− n
}

t
dt


= zn exp

(
λ

∫ z

0

n∑
k=1

(
e−iθφ(t)

1 +Awk(t)

1 +Bwk(t)
− 1

)
dt

t

)

=

n∏
k=1

z exp

(
λ

∫ z

0

(
e−iθφ(t)

1 +Awk(t)

1 +Bwk(t)
− 1

)
dt

t

)

=

n∏
k=1

fk(z),

where

fk(z) = z exp

(
λ

∫ z

0

(
e−iθφ(t)

1 +Awk(t)

1 +Bwk(t)
− 1

)
dt

t

)
By taking

pk(z) = φ(z)
1 +Awk(z)

1 +Bwk(z)

it follows that

pk(z) ≺q
1 +Azk

1 +Bzk
≺q

1 +Az

1 +Bz
.
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So, the function fk(z), (k = 1, 2, ..., n) are in the class S∗q (1, λ, A,B). On the other
hand, if there exist functions fk ∈ S∗q (1, λ, A,B) such that

fn(z) =

n∏
k=1

fk(z),

then by Theorem 2.1 the functions fk must have the form:

fk(z) = z exp

(
λ

∫ z

0

(
e−iθφ(t)

1 +Awk(t)

1 +Bwk(t)
− 1

)
dt

t

)
.

This shows that the product

n∏
k=1

fk(z) is a function fn(z) such that f ∈ S∗q (n, λ,A,B).

�

Here, we obtain another representation for the functions in S∗q (n, λ,A,B). Suppose
that

p(z) ≺q F (n,A,B) =
1

n

n∑
k=1

1 +Azk

1 +Bzk

with complex parameters A,B, |A| ≤ 1, |B| ≤ 1, A 6= B and A 6= 0, B 6= 0. By
defination, there exist analytic functions φ(z), w(z), (|φ(z)| ≤ 1 and w(z) ∈ Ω) such
that

p(z) =
1

n
φ(z)

n∑
k=1

1 +Awk(z)

1 +Bwk(z)
.

If akk = A, bkk = B and ξik = k
√
−1 for i = 1, 2, ..., k and k = 1, 2, ..., n, then

p(z) =
1

n
φ(z)

n∑
k=1

1 + (akw(z)k

1 + (bkw(z))k

=
1

n
φ(z)

n∑
k=1

(akw(z))k − (ξik)k

(bkw(z))k − (ξik)k

=
1

n
φ(z)

n∑
k=1

(akw(z)− ξ1k)(akw(z)− ξ2k)...(akw(z)− ξkk)

(bkw(z)− ξ1k)(bkw(z)− ξ2k)...(bkw(z)− ξkk)
.

Therefore

p(z) =
1

n
φ(z)

n∑
k=1

k∏
i=1

akw(z)− ξik
bkw(z)− ξik

=

n∑
k=1

1

n
φ(z)

k∏
i=1

1 +Aikw(z)

1 +Bikw(z)

=

n∑
k=1

pk(z)
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where Aik = akξ
k−1
ik , Bik = bkξ

k−1
ik and

pk(z) =
1

n
φ(z)

k∏
i=1

1 +Aikw(z)

1 +Bikw(z)
≺q

k∏
i=1

1 +Aikz

1 +Bikz

=

k∏
i=1

F (1, Aik, Bik).

3. The class Mq(n, α, λ,A,B)

It is interesting to consider the conditions in which 1 + 1
λ ( zf

′

f − 1) and 1 + 1
λ
zf ′′

f ′

are joined. In [3] authors introduced the class M(α, n,A,B) as following

M(α, n,A,B) =

{
f ∈ A : α

(
1 +

zf ′′

f ′

)
+ (1− α)

zf ′

f
≺ 1 +Azn

1 +Bzn
, z ∈ D

}
where α ∈ R and −1 ≤ B < A ≤ 1. For the class M(α, n,A,B) we have

M(α, n,A,B) ⊆M(α, 1, A,B) ⊆M(α)

where M(α) is the class of α− convex functions, (see [[6],p. 10]).

In the same way, we consider the class

Mq(n, α, λ,A,B)=

{
f ∈A : α

(
1 +

1

λ

(
zf ′

f
−1

))
+(1−α)

(
1 +

1

λ

zf ′′

f ′

)
≺q

1 +Azn

1 +Bzn

}
(3.1)

where α ∈ R and −1 ≤ B < A ≤ 1. By taking λ = 1 and φ(z) = 1 (related to the
definition of quasi-subordination) in (3.1) we obtain the class M(α, n,A,B). We aim
to obtain the same result concerning this class. The next result involves a condition
for finding a solution of Briot-Bouquet differential equation.

Theorem 3.1. Let −1 < B < A ≤ 1, α < 1 and λ ∈ C−{0}. In addition, assume that

|λ|1 +A

1 +B
+ |1− λ| ≤

√
(1− α)(3− α). (3.2)

If f ∈Mq(n, α, λ,A,B), then f is starlike with respect to the origin. Also,

zf ′(z)

f(z)
=

(
1

1− α

∫ 1

0

(
H(tz)

H(z)

) λ
1−α

t
α−λ
1−α

)−1
where

H(z) = z exp

∫ z

0

(φ(t)− 1) + (Aφ(t)−B)wn(t)

t(1 +Bwn(t))
dt,

in which φ(z) and w(z) are analytic in D, such that |φ(z)| ≤ 1 and w(z) ∈ Ω.
In the special case if φ(z) = 1, then the condition f ∈ Mq(n, α, λ,A,B) implies
f ∈ S∗q (1, λ, A,B).
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Proof. Put

q(z) = 1 +
1

λ

(
zf ′(z)

f(z)
− 1

)
.

By a straightforward calculation we see that the equation

α

(
1 +

1

λ

(
zf ′

f
− 1

))
+ (1− α)

(
1 +

1

λ

zf ′′

f ′

)
= h(z)

becomes,

q(z) +
zq′(z)

λ
1−αq(z) + 1−λ

1−α
= h(z). (3.3)

By the assumption of the theorem, there exist analytic functions φ(z) and w(z) in D,
|φ(z)| ≤ 1 and w(z) ∈ Ω such that

h(z) = φ(z)
1 +Awn(z)

1 +Bwn(z)
.

We have to verify conditions of the Theorem 1.4. We have

β =
λ

1− α
, γ =

1− λ
1− α

, h(0) = 1 = a

and

Re(βa+ γ) = Re

(
1

1− α

)
> 0.

Next, we investigate the condition

βh(z) + γ ≺ Rβa+γ,m(z) = R 1
1−α ,1

(z). (3.4)

We know that the set R 1
1−α ,1

(D) is the complex plane with slits along the half-lines

Rez = 0 and |Imz| ≥
√

1 + 2
1−α =

√
3−α
1−α (see [[6],p. 46]). Easy calculations show

that

|βh(z) + γ| ≤ |λ|
1− α

.
|1 +Awn(z)|
|1 +Bwn(z)|

+
|1− λ|
1− α

≤ |λ|
1− α

.
1 +A

1 +B
+
|1− λ|
1− α

=
1

1− α
(|λ|1 +A

1 +B
+ |1− λ|).

So, in order to have (3.4) it must be

1

1− α

(
|λ|1 +A

1 +B
+ |1− λ|

)
<

√
3− α
1− α

or equivalently,

|λ|1 +A

1 +B
+ |1− λ| <

√
(1− α)(3− α). (3.5)
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If α and λ satisfy in (3.5), then we have βh(z) + γ ≺ R 1
1−α ,1

(z). So, all conditions of

the Theorem 1.4 are satisfied and we obtain

0 < Re (βq(z) + γ) =
1

1− α
Re

(
zf ′

f

)
which means that f ∈ S∗. Also, we obtain the following representation for zf ′

f :

zf ′

f
=

(
1

1− α

∫ 1

0

(
H(tz)

H(z)

) λ
1−α

t
α−λ
1−α

)−1
where

H(z) = z exp

∫ z

0

h(t)− 1

t
dt

= z exp

∫ z

0

(φ(t)− 1) + (Aφ(t)−B)wn(t)

t(1 +Bwn(t))
dt.

In the special case if φ(z) = 1, then h(z) = 1+Awn(z)
1+Bwn(z) and we have

q(z) +
zq′(z)

λ
1−αq(z) + 1−λ

1−α
≺ 1 +Az

1 +Bz
= h1(z),

where h1(z) is convex-univalent function in D. Now by Theorem 1.3 we conclude that

q(z) = 1 +
1

λ

(
zf ′

f
− 1

)
≺ 1 +Az

1 +Bz
,

hence f ∈ S∗q (1, λ, A,B). �
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