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On the geometry of conformal Hamiltonian of
the time-dependent coupled harmonic oscillators
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Abstract. In this paper we construct the distinguished (d-) geometry (in the
sense of d-connections, d-torsions, d-curvatures, momentum geometrical gravita-
tional and electromagnetic theories) for the conformal Hamiltonian of the time-
dependent coupled oscillators on the dual 1-jet space J1∗ (R,R2

)
.
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1. Introduction

The model of time-dependent coupled oscillators is used to investigate the dy-
namics of charged particle motion in the presence of time-varying magnetic fields. At
the same time, the model of coupled harmonic oscillator has also been widely used to
study the quantum effects in mesoscopic coupled electric circuits. For more details,
please see [2].

If mi (i = 1, 2), ωi (i = 1, 2), and k(t) are the time-dependent mass, frequency,
and the coupling parameter, respectively, then the conformal Hamiltonian of the time-
dependent coupled harmonic oscillators is given on the dual 1-jet space J1∗ (R,R2

)
by [2]

H(t, x, p) = h11(t)eσ(x)

[ (
p11
)2

m1(t)
+

(
p12
)2

m2(t)

]
+ F(t, x) = (1.1)

= h11(t)eσ(x)
δij

mi(t)
p1i p

1
j + F(t, x) =

= h11(t)gij(t, x)p1i p
1
j + F(t, x),
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where σ : R2 → R is a smooth conformal function on R2, h11 is a Riemannian metric
on R, (t, x, p) = (t, x1, x2, p11, p

1
2) are the coordinates of the space J1∗(R,R2), and

F(t, x) =
m1(t)ω2

1(t)x21
2

+
m2(t)ω2

2(t)x22
2

+
k(t) (x2 − x1)

2

2
.

The jet coordinates (t, x, p) transform by the rules:

t̃ = t̃(t), x̃i = x̃i(xj), p̃1i =
∂xj

∂x̃i
dt̃

dt
p1j , (1.2)

where i, j = 1, 2, rank (∂x̃i/∂xj) = 2 and dt̃/dt 6= 0.

2. The canonical nonlinear connection

The fundamental metrical d-tensor induced by the conformal Hamiltonian metric
(1.1) is defined by (see [1] and [3])

gij(t, x) =
h11

2

∂2H

∂p1i p
1
j

=
δij

mi(t)
eσ(x) =⇒ gjk(t, x) = δjkmk(t)e−σ(x). (2.1)

If we use the notations

k1
11 =

h11

2

dh11

dt
,

Γkij
def
=

gkl

2

(
∂gli
∂xj

+
∂glj
∂xi
− ∂gij
∂xl

)
=

1

2

(
−δki σj − δkj σi + δij

mj(t)

mk(t)
σk

)
, (2.2)

where h11 = 1/h11 > 0 and σi = ∂σ/∂xi, then we have the following geometrical
result:

Proposition 2.1. For the conformal Hamiltonian metric (1.1) the canonical nonlinear
connection on the dual 1-jet space J1∗(R,R2) has the following components:

N =
(
N
1

(1)
(i)1 = k1

11p
1
i , N

2

(1)
(i)j = −Γkijp

1
k

)
. (2.3)

In other words, we have

N
2

(1)
(i)j =

1

2

(
σip

1
j + σjp

1
i − δij

mj(t)

mk(t)
σkp

1
k

)
.

Proof. The canonical nonlinear connection produced by H on the dual 1-jet space
J1∗(R,R2) has the following components:

N
1

(1)
(i)1 = k1

11p
1
i

and

N
2

(1)
(i)j =

h11

4

[
∂gij
∂xk

∂H

∂p1k
− ∂gij
∂p1k

∂H

∂xk
+ gik

∂2H

∂xj∂p1k
+ gjk

∂2H

∂xi∂p1k

]
.

So, by direct computations, we obtain (2.3). �
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3. N -linear Cartan canonical connection. d-Torsions and d-curvatures

The nonlinear connection N produces the following dual adapted bases of d-
vector fields and d-covector fields:{

δ

δt
,
δ

δxi
,
∂

∂p1i

}
⊂ X

(
J1∗ (R,R2

))
,
{
dt, dxi, δp1i

}
⊂ X ∗

(
J1∗ (R,R2

))
, (3.1)

where
δ

δt
=

∂

∂t
−N

1

(1)
(r)1

∂

∂p1r
=

∂

∂t
− k1

11p
1
r

∂

∂p1r
, (3.2)

δ

δxi
=

∂

∂xi
−N

2

(1)
(r)i

∂

∂p1r
=

∂

∂xi
+ Γsrip

1
s

∂

∂p1r
, (3.3)

δp1i = dp1i +N
1

(1)
(i)1dt+N

2

(1)
(i)jdx

j .

The naturalness of the geometrical adapted bases (3.1) is coming from the fact that,
via a transformation of coordinates (1.2), their elements transform as the classical
tensors. Therefore, the description of all subsequent geometrical objects on the dual
1-jet space J1∗(R,R2) (e.g., the Cartan canonical N -linear connection, its torsion
and curvature, etc.) will be done in local adapted components. As a result, by direct
computations, we obtain the following geometrical result:

Proposition 3.1. The Cartan canonical N-linear connection produced by the conformal
Hamiltonian metric (1.1) has the following adapted local components:

CΓ(N) =

(
k1
11, A

i
j1 = δij

m′j(t)

2mi(t)
, Hi

jk = Γijk, C
j(k)
i(1) = 0

)
. (3.4)

Proof. The adapted components of Cartan canonical connection are given by the
formulas

Aij1 =
gil

2

δglj
δt

=
gil

2

dglj
dt

=
δij

2mi(t)

dmj

dt
= δij

m′j(t)

2mi(t)
,

Hi
jk =

gir

2

(
δgjr
δxk

+
δgkr
δxj

− δgjk
δxr

)
= Γijk,

C
j(k)
i(1) = −gir

2

(
∂gjr

∂pck
+
∂gkr

∂pcj
− ∂gjk

∂pcr

)
= 0.

Using the derivative operators (3.2) and (3.3), the direct calculations lead us to the
desired results. �

Proposition 3.2. The Cartan canonical connection of the conformal Hamiltonian met-
ric (1.1) has four effective d-torsions:

T r1j = −Arj1, P
(1) (j)
(r)1(1) = Ajr1,

R
(1)
(r)1j =

∂Γsrj
∂t

p1s,

R
(1)
(r)ij = −Rk

rijp
1
k,
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where

Rl
ijk =

∂Γlij
∂xk

− ∂Γlik
∂xj

+ ΓsijΓ
l
sk − ΓsikΓlsj .

Proof. The Cartan canonical connection on the dual 1-jet space J1∗(R,R2) gener-
ally has six effective local d-tensors of torsion. For our particular Cartan canonical
connection (3.4) these reduce only to four (the others are zero) [1]:

T r1j = −Arj1, P
r(j)
i(1) = C

r(j)
i(1) = 0,

P
(1) (j)
(r)1(1) =

∂N
1

(1)
(r)1

∂p1j
+Ajr1 − δjrχ1

11 = Ajr1,

P
(1) (j)
(r)i(1) =

∂N
2

(1)
(r)i

∂p1j
+ Γjri = 0,

R
(1)
(r)1j =

δN
1

(1)
(r)1

δxj
−
δN

2

(1)
(r)j

δt
= −

∂N
2

(1)
(r)j

∂t
=
∂Γsrj
∂t

p1s,

R
(1)
(r)ij =

δN
2

(1)
(r)i

δxj
−
δN

2

(1)
(r)j

δxi
= −Rk

rijp
1
k. �

Proposition 3.3. The Cartan canonical connection of the conformal Hamiltonian met-
ric (1.1) has two effective d-curvatures:

Rli1k =
∂Ali1
∂xk

− ∂Γlik
∂t

+Ari1Γlrk − ΓrikA
l
r1,

Rlijk = Rl
ijk.

Proof. A Cartan canonical connection on the dual 1-jet space J1∗(R,R) generally has
five local d-tensors of curvature. For our particular Cartan canonical connection (3.4)
these reduce only to two (the others are zero). So, we have [1]:

Rli1k =
δAli1
δxk

− δΓlik
δt

+Ari1Γlrk − ΓrikA
l
r1 =

∂Ali1
∂xk

− ∂Γlik
∂t

+Ari1Γlrk − ΓrikA
l
r1,

Rlijk =
δΓlij
δxk

− δΓlik
δxj

+ ΓrijΓ
l
rk − ΓrikΓlrj =

∂Γlij
∂xk

− ∂Γlik
∂xj

+ ΓrijΓ
l
rk − ΓrikΓlrj = Rl

ijk,

P
l (k)
i1(1) =

∂Ali1
∂p1k

= 0, P
l (k)
ij(1) =

∂Γlij
∂p1k

= 0, S
l(j)(k)
i(1)(1) = 0. �
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4. From the conformal Hamiltonian of the time-dependent coupled
oscillators to field-like geometrical models

4.1. Momentum gravitational-like geometrical model

The conformal Hamiltonian metric (1.1) produces on the momentum phase space
J1∗(R,R2) the adapted metrical d-tensor (momentum gravitational potential)

G = h11dt⊗ dt+ gijdx
i ⊗ dxj + h11g

ijδp1i ⊗ δp1j ,

where gjk and gij are given by (2.1). We postulate that the momentum gravitational
potential G is governed by the geometrical Einstein equations

Ric(CΓ(N))− Sc(CΓ(N))

2
G = KT, (4.1)

where:

• Ric(CΓ(N)) is the Ricci d-tensor associated with the Cartan canonical linear
connection (3.4);

• Sc(CΓ(N)) is the scalar curvature;

• K is the Einstein constant and T in an intrinsic momentum stress-energy d-
tensor of matter.

Therefore, using the adapted basis of vector fields, we can locally describe the
global geometrical Einstein equations (4.1). Consequently, some direct computations
lead to:

Proposition 4.1. The Ricci tensor of the Cartan canonical connection of the conformal
Hamiltonian metric (1.1) has the following two effective Ricci d-tensors:

R11 := k11 = 0, R1i = R1
1i1 = 0,

Ri1 = Rri1r, Rij = Rrijr = Rr
ijr :=Rij ,

R
(j)

i(1) := −P (j)
i(1) = −P r (j)

ir(1) = 0, R
(i)
(1)1 := −P (i)

(1)1 = −P i (r)
r1(1) = 0,

R
(j)

1(1) = −P 1(j)
1(1)1 = 0,

R
(i)(j)
(1)(1) := −S(i)(j)

(1)(1) = −Si(j)(r)r(1)(1) = 0,

R
(i)
(1)j := −P (i)

(1)j = −P i (r)
rj(1) = 0.

Corollary 4.2. The scalar curvature of the Cartan canonical connection of the confor-
mal Hamiltonian metric (1.1) is given by the following formula:

Sc(CΓ(N))=gijRij = gijRij := R.
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Corollary 4.3. The geometrical momentum Einstein-like equations produced by the
conformal Hamiltonian metric (1.1) are locally described by

−R

2
h11 = KT11

Rij −
R

2
gij = KTij

−R

2
h11g

ij = KT(i)(j)
(1)(1)

0 = T1i, Ri1 = KTi1
0 = T (i)

1(1), 0 = T (j)
i(1)

0 = T(i)
(1)1, 0 = T(i)

(1)j .

The geometrical momentum conservation-like laws produced by the conformal
Hamiltonian metric (1.1) are postulated by the following formulas (for more details,
please see [1]): 

[
R

2

]
/1

= Rr1|r[
Rr
j −

R

2
δrj

]
|r

= 0[
R

2
δjr

]
|(r)(1) = 0,

where ”/1”, ”|r” and ”|(r)(1)” are the local covariant derivatives induced by the Cartan

canonical connection CΓ(N), and we have

Ri1 = giqRq1, Ri
j = giqRqj .

4.2. Geometrical momentum electromagnetic-like 2-form

On the momentum phase space J1∗(R,R2), the distinguished geometrical elec-
tromagnetic 2-form is defined by

F = F
(i)
(1)jδp

1
i ∧ dxj ,

where

F
(i)
(1)j =

h11

2

[
gjkN

2

(1)
(k)i − g

ikN
2

(1)
(k)i + (gjkΓrki − gikΓrkj)p

1
r

]
.

By a direct calculation, the conformal Hamiltonian metric (1.1) produces the
null momentum electromagnetic components

F
(i)
(1)j = 0.
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